
Old Euclid drew a circle 

On a sand-beach long ago. 

He bounded and enclosed it 

With angles thus and so. 
His set of solemn graybeards 
Nodded and argued much 
Of arc and of circumference, 

Diameters and such. 

A silent child stood by them 

From morning until noon 
Because they drew such charming 
Round pictures of the moon. 
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In about 300 B.C., a man named Euclid wrote what has become one of 
the most successful books of all time. Euclid taught at the university 

at Alexandria, the main seaport of Egypt, and his book, the Elements, 

contained much of the mathematics then known. Its fame was almost 

immediate. The Elements has been translated into more languages and 
published in more editions than any other book except the Bible. 

The poem “Euclid” is reprinted with the permission of Macmillian Publishing 
Co., from Collected Poems by Vachel Lindsay. Copyright 1914 by Macmillan 
Publishing Co., renewed in 1942 by Elizabeth C. Lindsay. 



Introduction 

Although very little of the mathematics in the Elements was origi- 
nal, what made the book unique was its logical organization of the 
subject, beginning with a few simple principles and deriving every- 

thing else from them. 
The Elements begins with an explanation of how to draw an equt- 

lateral triangle, that is, a triangle with three sides of equal length. 
Euclid’s method requires the use of two tools: a straightedge for draw- 
ing straight lines and a compass for drawing circles. These tools have 
been used to make geometric drawings called constructions ever since 
Euclid’s time. 

B 

To construct an equilateral triangle, we begin by using the straight- 
edge to draw a segment for one side. The segment is named AB in the 
figure at the left above. We set the metal point of the compass at A and 
adjust the compass so that the pencil point falls on B. The compass is 
now set to draw a circle with radius AB about point A. We draw an arc 
of this circle above the segment AB as shown in the second figure. 
Next we move the metal point of the compass to point B and, keeping 
the compass set at the same radius, cross the arc that we just drew 
with a second arc, as shown in the third figure. Finally, we draw two 
line segments from the point of intersection (labeled C in the last fig- 
ure) to points A and B to form the triangle. 

Exercises 

1. Use a ruler to draw a line segment 12 

centimeters long and then use a straight- 

edge and compass to construct an equilat- 
eral triangle having this segment as one of 
its sides. 

Next, we will consider two geometric 
problems about equilateral triangles. To make 
them easier to understand, they will be 

presented in the form of a story. 

The Puzzles of the Surfer and the Spotter 

One night a ship is wrecked in a storm at sea 

and only two members of the crew survive. 

They manage to swim to a deserted tropical 



island where they fall asleep exhausted. After 
exploring the island the next morning, one of 
the men decides that he would like to spend 
some time there surfing from the beaches. 
The other man, however, wants to escape and 

decides to use his time looking for a ship that 
might rescue him. 

The island is overgrown with vegetation 
and happens to be in the shape of an equilat- 
eral triangle, each side being 12 kilometers 
(about 7.5 miles) long. 

Wanting to be in the best possible position 
to spot any ship that might sail by, the man 
who hopes to escape (we will call him the 
“spotter”) goes to one of the corners of the 
island. Because he doesn’t know which corner 
is best, he decides to rotate from one to 
another, spending a day on each. He wants to 

build a shelter somewhere on the island and a 

path from it to each corner so that the sum of 
the lengths of the three paths is a minimum. 
(Digging up the vegetation to clear the paths 
is not an easy job.) Where should the spotter 
build his house? 

The figure below is a scale drawing of the 
island in which 1 centimeter (cm) represents 
1 kilometer (km). Suppose that the spotter 
builds his house at point D. The three paths 
that he has to clear have the following lengths: 
DA = 4.4 km, DB = 9.1 km, and DC = 7.9 km. 
Check these measurements with your ruler, 

remembering that 1 cm represents 1 km. The 
sum of these lengths is 21.4 km. 

If the spotter builds his house at point E, the 
path lengths are: EA = 10.4 km, EB = 5.1 km, 
and EC = 6.9 km, and their sum is 22.4 km. So 

point D is a better place for him to build than 
point E. But where is the best place? 

12 kilometers 
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2. Use the equilateral triangle that you drew 
in the first exercise to represent the island. 

Choose several different points on it; for 

each point, measure the distance between it 

and each of the corners to the nearest 0.1 
cm, and find their sum, as illustrated for 
points D and E on page 3. 

3. On the basis of your work in exercise 2, 

where do you think is the best place for the 
spotter to build his house? And how many 

kilometers of path does he have to clear? 
(Remember that 1 cm on your map repre- 
sents 1 km.) 

4. Where do you think is the worst place on 
the island for the spotter to locate? How 
many kilometers of path would he have to 
clear from it? 

Now consider the problem of where the 

surfer should build his house. He likes the 

beaches along all three sides of the island and 
decides to spend an equal amount of time on 

each beach. To make the paths from his house 

to each beach as short as possible, he con- 
structs them so that they are perpendicular to 

the lines of the beaches. 

Perpendicular lines form right angles, 90 

degrees (90°) on a protractor or the angle 
formed by the edges of a file card. An easy 
way to draw a line that is perpendicular to 
another line is to use a file card as shown in 

the figures below. Small squares are usually 
used to indicate that lines are perpendicular. 
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In the figure above, if the surfer built his 
house at point D, the three paths to the 
beaches would be as shown. Path DX is 
perpendicular to beach AC, path DY is 

perpendicular to beach AB, and path DZ is 

perpendicular to beach BC. The lengths of the 
three paths are: DX = 1.4 km, DY = 2.9 km, 
and DZ = 6.0 km; so their sum is 10.3 km. 

The surfer, like the spotter, wants to locate 

his house so that the sum of the lengths of the 
paths is a minimum. Where is the best place 
on the island for him? 

5. Use a straightedge and compass to con- 
struct another equilateral triangle whose 

sides are 12 centimeters long. Choose 
several different points on it; for each 

point, measure the perpendicular distance 

from it to each of the sides to the nearest 

0.1 cm, and find their sum as illustrated for 

point D above. 

6. On the basis of your work in exercise 5, 
where do you think is the best place for the 

surfer to build his house? And how many 

kilometers of path does he have to clear? 

7. Where do you think is the worst place for 

the surfer to locate? How many kilometers 

of path would he have to clear from it? 
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Inductive Reasoning 

FOUR COLORS 

SUFFICE 

Introduction 

In thinking about the puzzles of the surfer and the spotter, you first 
collected some evidence—you made drawings and measured them. 
Then you looked for conclusions based on what you had observed. 

This method of reasoning is used in both science and mathematics. 
You will be using it throughout this book. The scientist who makes 
observations, discovers regularities, and formulates general laws of 

nature calls this process the scientific method. Mathematicians refer to 
it as inductive reasoning. It is the method used for drawing conclu- 
sions from a limited set of observations. 

We use inductive reasoning regularly in everyday life. Its conclu- 
sions are generally reliable and useful, but they are sometimes wrong. 
For this reason, scientists call such conclusions conjectures. 

In 1852, a young English mathematician named Francis Guthrie 
noticed that he could color every map that he could draw or had seen 
with only four colors in such a way that no two regions having a com- 
mon border were the same color. The map of the United States of 
1852 shown above is an example. Many people tried to draw maps 
that would require more than four colors, but no one succeeded, which 
seemed to confirm that “four colors suffice” but did not prove it. 

In 1976, more than a century after Guthrie made his conjecture, 
Wolfgang Haken and Kenneth Appel proved that Guthrie was right. 
To celebrate Haken and Appel’s proof, the University of Illinois used 

the postage-meter message that you see here. The method that they 
used, deductive reasoning, uses logic to draw conclusions from state- 

ments already accepted as true. 
In addition to using inductive reasoning throughout your study of 

geometry to discover what is true, you will also learn how to reason 
deductively to be able to understand way. 



Detail from Metamorphosis !lIi—Maurits Escher 
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iF this chapter, you will see how practical problems ranging from 

designing a city and measuring the earth to using shadows to tell 

time led to the development of geometry. The ideas that come 

from these problems are important because they lead to the 

solutions of other problems. As you proceed, you will become 

acquainted with geometric terms and ideas that will be useful as 

you continue your study of geometry. 
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Lines in Designing a City 
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A 

Be °G 
Some points 

Alexandria, the city in which Euclid wrote his famous book on geom- 
etry, is named for Alexander the Great. Alexander had conquered 

much of the ancient world by the time of his death in 323 B.c. He is 
thought to have planned the streets of Alexandria, which today has 

become the second largest city in Egypt. 
The map above shows the arrangement of the streets in ancient 

Alexandria. It also suggests some of the basic terms used in geom- 
etry. The streets lie along straight lines; they intersect in points and lie 
in a common plane. 

Euclid described a point as “that which has no part.” This de- 
scription conveys the idea that, when we draw a dot on paper to rep- 
resent a point, the point, unlike the dot, has a location only, without 

physical extent. The points in a figure to which we want to refer are 
labeled with capital letters. 

Euclid described a line as having “breadthless length” and said 
that “the extremities of a line are points.” These statements reveal 
that he was thinking of what we would now call a line segment. 

Chapter 1: An Introduction to Geometry 



A BoA B 
A line segment A line 

A line segment is part of a line bounded by two endpoints; it has 
a length that can be measured. Line segment AB in the figure at the 
left above has a length of 1 inch. A line, however, cannot be mea- 
sured. The arrows on the figure of the line at the right above indicate 
that a line extends without end in both directions. These figures also 
suggest that lines, and hence line segments, are always straight, like a 
stretched string or the edge of a ruler. 

Lines are usually named either by two points that they contain, 

such as line AB above, or by a single small letter. The line in the figure 
could be simply named line /. 

The map of Alexandria is printed on a flat surface, which illus- 
trates part of a plane. Planes are usually represented by figures such 
as the two at the right and are usually named, like points, with capi- 
tal letters. These figures are useful in suggesting that planes are al- 
ways flat but are unfortunately misleading in suggesting that planes 
have edges. In geometry, we think of a plane as having no boundaries. Two planes 
Although the parts of the planes shown here are bounded by edges, 
the complete planes extend beyond them, just as the line AB extends 
beyond the endpoints of the segment determined by A and B. 

Some additional terms relating points, lines, and planes are illus- 

trated and defined below. 

Definitions 

a Baa E FE 
oe D 

Collinear points Noncollinear points 

Points are collinear if there is a line that contains all of them. 

Points are noncollinear if no single line contains them all. 

Coplanar points Concurrent lines 

Points are coplanar if there is a plane that contains all of them. 
Lines are concurrent if they contain the same point. 

In the figure at the right above, lines /, m, and n all contain point 

P, their common intersection. 

Lesson 1: Lines in Designing a City 



Exercises 

Set | 

This map shows the plan of the main streets of the ancient Chinese city Ch’ang-an. 

L M N O 

_ | | oe | | 8 pegs ogy 
|_| | Ce | | 

The city of Ch’ang-an 

The intersections of the street at the bottom of If the map is accurately drawn and the street 

the map with the streets above it are labeled from A to K is 6 miles long, 

A through K. 7. how many miles is it from A to F? 
1. What word is used to describe points 8. how many miles does 1 cm of the map 

such as these, given that one line represent? 
contains them all? ree 

9. how many miles is it from A to L? 

Use your ruler to find the lengths of the 
following line segments in centimeters. 10. Is the city square? Why or why not? 

11. What regions of the city do appear to be 2. AK. 5. AB. 
square? 

Shy. JANE Osmo: 

4. AD. 
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The city, whose name means “long security,” 

was protected by a surrounding wall. 

12. Use the lengths of the streets bordering 
the city to figure out how many miles 
long the wall was that surrounded it. 

If the city were perfectly flat, then all of the 
points in it would lie in one plane. 

13. What word is used to describe points 

such as these? 

14. Are the streets in the map represented 

by lines or line segments? 

15. What is the difference between a line 

and a line segment? 

Notice that AB, CD, and HK are three differ- 

ent segments, yet they all lie in one line. 

16. On how many different lines do all the 

segments in this map lie? 

Set Il 

The points and lines in the figure below are 

related in some unusual ways. 

A 

G H 

Each point in which line segments intersect 

has been labeled with a letter. 

17. How many such points does the figure 

contain? 

18. What does the word collinear mean? 

The figure has been drawn so that each set of 
points that appears to be collinear actually is. 

For example, points E, F, and I are collinear 
and lie on the line EI. 

19. How many sets of three collinear points 

does the figure contain? List them, 
beginning with E-F-I. 

20. What does the word concurrent mean? 

How many different /ines in the figure are 
concurrent at 

21. point A? 

22. point B? 

23. point C? 

24. each of the other points? 

And now some very tricky questions about 

the line segments that can be named by using 
the letters in the figure. 

25. How many different line segments in 
the figure meet at point A? Name them. 

How many different line segments meet at 

26. point B? Name them. 

27. point C? Name them. 

Set Ill 

On a sheet of graph paper, draw a figure 

similar to, but much larger than, the one 

below. 

G D E 

B F 

A H G 

1. Use a colored pen or pencil to draw the 

following three lines: 

AI, CF, and DG. 

Draw enough of each line so that it 
crosses the entire figure. 
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2. What seems to be true about the three 6. Now try drawing all the lines again and 
lines AI, CF, and DG? see what happens. What do you think? 

Now use a pen or pencil of a different color to 7. Try changing the figure in other ways to 
draw these three lines: see what happens to the lines drawn in 

AP Cland FH. the three colors. Some examples of 
altered figures are shown here. (Be sure 

Extend each line to the edges of the figure. to make your drawings much larger!) 

3. Describe what you see. 

Now use a pen or pencil of a third color to G D E 
draw these three lines: B 

BG, CH, and EL. F 
Extend each line to the edges of the figure. A 

4. What do you notice? H G 

5. Draw the figure again, but change it so 
that it is taller or shorter, BF is higher or 5 

lower, and DH is farther to the left or G D 

right. An example of such a figure is 
shown here, but choose your own. B a 

G D E 
A H G 

8. What do you think? 

12 Chapter 1: An Introduction to Geometry 



THEREFORE, GENTLEMEN... BY 1 SHALL Prove 
SAILING CUE WEST FROM POINT TAY AND THAT THE WORLD js CONTINUING TO THE POINT OF ORIGIN... STRAIGHT ! 

5 C 5 | 

LESSON 2 

Angles in Measuring the Earth 

The ancient Greeks knew that the world was round. Eratosthenes, 

the head of the library in Alexandria where Euclid lived, figured out 
a clever way to estimate the distance around the world. His method 
depended on measuring an angle. 

Euclid described an angle as “the inclination to one another of 
two lines in a plane which meet one another.” If we draw a figure 
showing two lines, / and m, meeting at a point P, several angles are 

formed. 

l 
P 

A 

m re ge 

A ray 

The figure can also be described as consisting of four rays starting 
from point P. As the figure suggests, a ray is part of a line that ex- 
tends endlessly in one direction. To refer to a ray, we always name its A 

endpoint first, followed by the name of any other point on it. The 

name of the ray in the first figure at the right is PA. ee 
An angle is a pair of rays that have the same endpoint. The rays 

are called the sides of the angle and their common endpoint is called B 
the vertex of the angle. Angles can be named in several ways. Using 
the symbol Z to mean “angle,” we can name the angle in the second Two rays that 
figure at the right 2P or 21 or ZAPB or ZBPA. Notice that, if the form an angle 
angle is named with three letters, the vertex is named in the middle. 

13 
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Before learning how Eratosthenes measured the earth, we will 

review the way in which angles are measured. To measure an angle, 

we need a protractor. 

A protractor 

place to measure 

an angle 

The protractor measures angles in degrees and has two scales, each 
numbered from 0 to 180. The center of the protractor is placed on the 
vertex of the angle so that the 0 on one of the scales falls on one side 
of the angle. The number that falls on the other side of the same scale 
gives the measurement of the angle in degrees. Look carefully at the 
scales on the protractor in the figure above to see why the angle has a mea- 
sure of 50° and not 130°. 

The diagram above illustrates the method that Eratosthenes used 

to measure the earth. He knew that Alexandria was about 500 miles 
north of the city of Syene (now called Aswan). The points A and S$ 
represent Alexandria and Syene, respectively, and the rays AP and 
SQ represent the direction of the sun as seen from each city. At noon 
on a certain day of the year, the sun was directly overhead in Syene, 
as shown by SQ, In Alexandria at the same time, the direction of the 

sun was along AP, in contrast with the overhead direction AV. 

Chapter 1: An Introduction to Geometry 



Eratosthenes measured the angle between these two directions, 

21, and found that it was about 7.5°. Euclid had shown why it was 

reasonable to conclude that 21 was equal to 22, the angle with its 

vertex at the center of the earth. By dividing 7.5° into 360° (the mea- 
sure of the degrees of a full circle), we get 48; so the full circle is 48 
times the angle from Alexandria to Syene: 

48 X 7.5° = 360°. 

Eratosthenes concluded that the earth’s circumference (the entire dis- 
tance around the circle) was 48 times the distance from Alexandria to 
Syene: 

48 X 500 miles = 24,000 miles. 

The modern value of the circumference of the earth is about 25,000 

miles; so Eratosthenes’ estimate was remarkably accurate. 

Exercises 
ETRE POMS TINIE 

Set | 

A B 

Triangle Measurements. Each side and angle 
of the triangle above has a different measure. 
If you simply look at the figure without doing 
any measuring, 

1. which side is the longest? 

2. which angle is the largest? 

3. which side is the shortest? 

4, which angle is the smallest? 

5 . Use your ruler to measure the sides of 

the triangle, each to the nearest 0.1 cm. 

Most protractors are too large to be able to 
measure the angles of a figure such as this 
triangle easily. For example, to measure ZA, 

it is easiest to extend its sides as shown in 

color in the figure at the right above. 

6. Name the two rays that are the sides of 

ZN. 

. Use your protractor to measure ZA. 

ao nN . Carefully trace triangle ABC on your 
paper and then extend the sides of 2B. 

9. Name the two rays that are the sides of 

ZB. 

10. Measure ZB. 

Go back to the figure you drew for exer- 
cise 8 and extend the sides of ZC. 

11. Name the two rays that are the sides of 

1a GS 

12. Measure ZC. 
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Constellation Angles. 
Eudoxus, a Greek 
mathematician, was the 

first to write about 

constellations, groupings 
of stars in the sky, in the 
fourth century B.C. 

Two of the ten stars 

in the constellation Orion 
are among the brightest 
in the sky: Betelgeuse 
and Rigel. They appear 
as points B and R in the 
figure below. 

B 

13. What word describes the apparent 

relation of the points labeled X, Y, and Z 
in Orion’s belt? 

Look carefully at the four angles, 21, 2B, 22, 
and ZR. Without measuring, guess which of 
these four angles is 

14. smallest. 

15. largest. 

Use a protractor to measure each of the four 
angles to check your guesses. 

Gael il AD: 

17: -ZB: 19. ZR. 

One of the most well-known constellations is 

Ursa Major, or the Big Dipper. 

P 

20. Carefully trace the figure above and 
then extend the sides of the angles as 
necessary to measure each of the 
following angles. 

OM DY 

22a: 

7a bye a 

Set Il 

The Sliding Ladder. This figure represents a 
ladder 6 feet long leaning against a wall. 

ial Pe 
ae aac BEBE MY. 

SeeReSGeG0 
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24. On a sheet of graph paper that is 4 units 
per inch, draw two lines to represent the 
wall and floor as shown in the figure. 

Mark a scale on the wall, letting 1 inch 
(4 units) represent 1 foot. 
The safest position in which to place 

the ladder is with its top 5°/, feet above 
the floor. Place the end of your ruler at 

the 5°/,-foot point on the wall and turn 
the ruler until its 6-inch mark just 

touches the floor. Trace this safe posi- 

tion for the ladder on your paper. 

25. Approximately how far is the foot of the 

ladder from the wall? 

Use your protractor to measure the angle that 
the ladder makes 

26. with the floor. 

27. with the wall. 

Now suppose that the ladder slips down the 

wall. Place the end of your ruler at the 5-foot 

point on the wall and turn it until its 6-inch 

mark touches the floor. Trace this position on 

your paper. 

28. About how far is the foot of the ladder 

from the wall now? 

Measure the angle that the ladder now makes 

29. with the floor. 

30. with the wall. 

Place the end of your ruler at the 3-foot point 

on the wall, again being sure to turn it so that 
its 6-inch mark touches the floor. 

31. About how far is the foot of the ladder 

from the wall now? 

Measure the angle that the ladder now makes 

32. with the floor. 

33. with the wall. 

Notice that, as the ladder’s angle with the 
floor becomes smaller, its angle with the wall 

becomes larger. 

34. How big do you suppose each angle 
would be when the angles are equal? 

Set Ill 

Measuring Mars. The above map of the planet 
Mars was drawn in 1903 by the astronomer 

Percival Lowell. It shows canals and cities 
that he thought had been built by intelligent 
beings on the planet. 

Suppose that the Martians discovered 

that, when the sun is directly overhead at 

Botrodus (point B below), it is 24° from the 
vertical at Aquae Calidae (point A).” 

If the distance between the two cities is 

880 miles, what is the distance around Mars? 

(Show your reasoning.) 

“For convenience, we will assume that the Martians 

use the same units of measure that we do. 
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LESSON 3 

Polygons and Polyhedra: Pyramid Architecture 

18 

wheal 

Polygons Polyhedra 

More than 2,000 years before Euclid was born, the ancient 

Egyptians used their knowledge of geometry to build the Great Pyra- 
mid at Giza, the only one of the “seven wonders of the world” still in 

existence. This pyramid is comparable in height to a building 40 sto- 
ries high and covers an area of more than 13 acres. It was put to- 
gether from more than 2 million stone blocks, weighing between 2 
and 150 tons each! 

Its base is almost a perfect square, and its four faces are in the 

shape of triangles. Squares and triangles are special types of polygons, 
and the pyramid itself is an example of a polyhedron. The words poly- 
gon and polyhedron are Greek in origin and, although the plural of 
polygon is polygons, the plural of polyhedron is polyhedra. 

FAS @ 
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Polygons and polyhedra are related to line segments in a simple 
way. As you know, a line segment is part of a line bounded by two 
endpoints; it is a one-dimensional figure. A polygon is bounded by 
line segments and lies in a plane; it is a two-dimensional figure. A 

polyhedron is bounded by polygons and exists in space; it is a three- 
dimensional figure. 

Figure Dimensions Example 

line segment 1 wa 

polygon 2 aes 

polyhedron o > 

The most basic way to name polygons is according to their num- 
ber of sides. Some of them are illustrated here. 

hesere 
3 sides 4 sides 5 sides 6 sides 8 sides 

Triangle Quadrilateral Pentagon Hexagon Octagon 

The ways for naming polyhedra are more complicated. Some 
words, such as cube and pyramid, are already familiar to you. Others, 

such as tetrahedron and parallelepiped, are probably not. 
Whenever polygons or polyhedra are in practical problems, 

their measurements are often important. Consider the Great Pyra- 
mid, for example. A person seeing it for the first time might wonder 
how much ground it covers. In other words, what is the area of the 
polygon that is its base? Another question might concern how long it 
would take to walk around the pyramid. The answer depends on the 
perimeter of its base. A third question might concern how much stone 
was required to build the pyramid. This answer is related to the vol- 
ume of the polyhedron that is its shape. 
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In this lesson, we will review two of these terms. The easiest one 

is perimeter. The perimeter of a polygon is the sum of the lengths of 
its sides. 

B 

2 4 The perimeter of 
triangle ABC is 

3+4+5 = 12 units. 

-—— A 5 

] unit 

The second term is area. According to one dictionary, area is “the 
E | surface included within a set of lines; specifically, the number of unit 

squares equal in measure to the surface.”* This definition is obvious 
] square unit for a simple figure such as this rectangle. 

He 
The area of 

rectangle DEFG is 
2 X 5 = 10 square units. 

The figure even suggests the simple formula for the area of any 
rectangle. A rectangle with length / and width w has area A given by 

Aish: 

The base of the Great Pyramid is square, with sides 756 feet long. 

756 

756 756 

756 

Its perimeter, then, is 

756 feet + 756 feet + 756 feet + 756 feet = 

4 X 756 feet = 

3,024 feet. 

A square is also a rectangle; so its area is 

756 feet X 756 feet = 
571,536 square feet. 

“Merriam-Webster’s Collegiate Dictionary. 
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Exercises 
PERERA pBABE EIDE EPIL E DLE EEE LLL EEL LEAD LE ILD REALE 

Set | 

The Perimeter and Area of a Square. The base 
of the Great Pyramid is in the shape of a 
square. A square is a rectangle all of whose 
sides are of equal length. Because a square is a 
rectangle, each of its angles is a right angle; that 
is, each angle has a measure of 90°. 

Square Rectangle 

1. Use your ruler and protractor to accu- 

rately draw a square whose sides are 3 

inches long. Then divide it into smaller 
squares whose sides are 1 inch long. 

2. What is the area of the square? 

3. What is its perimeter? 

Without drawing it, imagine a square whose 
sides are 6 inches long. 

4. What is its area? 

5. What is its perimeter? 

Without drawing it, imagine a square whose 
sides are | foot long. 

6. What is its area in square feet? 

7. What is its perimeter in feet? 

Now think of the same square as having sides 
12 inches long. 

8. What is its area in square inches? 

9. What is its perimeter in inches? 

If a square has sides that are x units long, 
what, in terms of x, is its 

10. area? 

11. perimeter? 

Pentominoes. A game called Pentominoes 

uses the 12 pieces shown here. Their names 

are suggested by their shapes. 

12. Each piece is in the shape of a polygon. 
What is a polygon? 

13. Which piece is in the shape of a quadri- 
lateral? Why? 

14. All 12 pieces have the same area. What 

is it? 

15. All 12 pieces have the same perimeter 

except for one. Which one is it? 

Texas Ranches. Two ranches are for sale in 

Texas. Each is in the shape of a rectangle and 
their dimensions are as follows: 

Ranch A: 4 miles wide, 14 miles long. 
Ranch B: 6 miles wide, 10 miles long. 

16. Suppose that neither ranch has a fence. 

Which one would need more fencing to 
surround it? 

17. Both ranches are the same price and you 

want to buy the bigger one. Which one 

should you buy? 

18. Which is more important in this situa- 

tion: perimeter or area? 
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Seta 

A Model of the Great Pyramid. While on a 
trip to study the Great Pyramid in 1799, 

Napoleon made this sketch together with 
some notes. 

DA 196 ee de iy % ed A = 
heeft 163 ey Mme tre ie Ze Jy — 
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Use your ruler and protractor to draw a 

square 10 cm on each side for the base of the 

pyramid on a heavy sheet of paper. 

The other four faces of the pyramid are in 

the shape of triangles. Use the measurements 

shown in the figure below to draw four 

triangles on a sheet of heavy paper. 

5So° 58° 

10cm 

19. Use your protractor to measure the 

angle at the top of one of these triangles. 

20. Do any sides of the triangle appear to be 
equal? Use your ruler to check your 
answer. 

21. Cut out the square and four triangles 

and tape them together to make a scale 
model of the Great Pyramid. 

22. Make a drawing of the pyramid. 

The pyramid has five faces altogether: its 

square base and its four triangular faces. 

23. What kind of figures are squares and 
triangles? 

24. What kind of figure is the pyramid 
itself? 

The line segments in which the faces of 

the pyramid meet are called its edges. 

25. How many edges does the pyramid 

have? 

26. How many corners does it have? 

27. How many edges meet at the top of the 

pyramid? 

28. How many edges meet at each corner of 

the base? 

Each face of the pyramid lies in a plane. 

29. In how many different planes do the 

faces of the pyramid lie? 

30. If two lines intersect, they intersect in a 

point. If two planes intersect, in what do 
they intersect? 

31. Use your ruler to estimate, as best as 

you can, the height of your model in 

centimeters. 

In your model, 10 cm represent 756 feet, 
the length of one edge of the base of the 
pyramid. 

32. How many feet does | cm represent? 

33. Use this result and your estimate of the 
height of your model in centimeters to 
estimate the height of the Great Pyramid 
in feet. 

34. What view of the Great Pyramid does 
this drawing appear to show? 
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Set Ill 

A Square Puzzle. The book Mathematical 
Snapshots by the Polish mathematician Hugo 
Steinhaus begins with an illustration of four 
polygons arranged to form a square." 

i. i a oo 

A D 

Use your ruler and protractor to make an 

enlargement of this figure on a sheet of heavy 
paper by doing each of the following: 

(1) Draw a square 14 cm on each side and 
label its corners A, B, C, and D as shown 

in the figure. 

2) Mark the points E, F, G, and H at the 

indicated distances from the corners. 

3) Draw EH. 

4) Mark point P on EH. 

5) Draw PF and PG. 

“The figure is the solution to a puzzle created in 1902 

by Henry Dudeney, England’s greatest inventor of 

mathematical puzzles. The lengths in it have been 
rounded for convenience. 

Lesson 3: Polygons and Polyhedra: Pyramid Architecture 

Prlserl 4 p3K set3 He 
Test the accuracy of your drawing and 

your ability to measure angles by doing each 

of the following. 

1. ZEPF, ZFPG, and ZGPH should appear 
to be equal. What is the measure of each 

of these angles? Write the measure 
inside each angle. 

2. ZBFP should appear to be 30° larger 
than 7 AEH. What is the measure of 
each of these angles? 

3. ZBEH should appear to be 90° larger 
than ZEHA. What is the measure of 

each of these angles? 

4, Two other line segments in the figure 

should appear to have the same length 

as that of EH. Which are they? 

5. Carefully cut the four polygons out. Try 
to rearrange them to form an equilateral 
triangle (a triangle all of whose sides are 
equal). Trace the arrangement on your 
paper. 

6. About how many centimeters long is 

each side of the equilateral triangle? 

7. How large is each of its three angles? 

8. How does the area of the triangle 

compare with that of the original 

square? Why? 

9. What is the area of the triangle? 

10. How does the perimeter of the triangle 
compare with that of the original 

square? 
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LESSON 4 

Constructions: Telling Time with Shadows 

24 

The largest sundial in the world, built in 1724 in Jaipur, India, is shown 

in the photograph above. Its gnomon (the object that casts the shadow) 
is a ramp that rises 90 feet above the ground. The shadow cast by the 
ramp moves at a rate of about two inches per minute, making it pos- 
sible to accurately tell the local time within seconds! 

Sundials were the main instrument for keeping time from the days 
of ancient Egypt until the sixteenth century. At noon, the sun is at its 
highest in the sky, the shadow cast by the gnomon is at its shortest, 
and, in the northern hemisphere, the shadow points northward. 

The Egyptians were aware of these facts and put them to use in 
constructing their pyramids so that their sides faced directly north, 
south, east, and west. The method that they are thought to have used 

for finding map directions is related to a geometric construction. 
Since the time of Euclid, two tools have been used in making geo- 

metric drawings: the straightedge and compass. The straightedge is 
used for drawing lines (actually line segments), and the compass is used 
for drawing circles or parts of circles called arcs. A circle is the set of 
all points in a plane that are a fixed distance from a given point in 
the plane. The fixed distance is called the radius of the circle and the 
given point is called its center. 

Drawings made with just a straightedge and compass are called 
constructions to distinguish them from those made with other tools 
such as a ruler and protractor. 
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In this lesson, we will learn simple constructions for bisecting line 

segments and angles. To bisect something means to divide it into two 
equal parts. 

Construction 1 
To bisect a line segment. 

A A 

Let AB be the given line segment. With A as center, draw an arc inter- 
secting the segment as shown in the first figure. With B as center, 
draw an arc of the same radius that intersects the first arc in two points 
(C and D in the second figure). Draw line CD. Line CD bisects seg- 
ment AB. In other words, AM and MB have the same length. 

There is a simple way to prove that this method does what we 

have claimed. You will learn how it works later in your study of 

geometry. 

Angles can also be bisected with a straightedge and compass. 

Construction 2 
To bisect an angle. 

A A A A 

5 = a 

B B B- 
C G C C 

Let ZC be the given angle. With point C as center, draw an arc that 

intersects the sides of the angle (at points A and B in the figure). With 
A as center, draw an arc inside the angle as shown in the second fig- 

ure. With B as center, draw an arc of the same radius that intersects 

the arc drawn from point A (at point D in the third figure). Draw line 
CD. It bisects 2C. In other words, Z2ACD and ZDCB are equal in 

measure. 

This equality also can be easily proved, as you will learn later. 
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Exercises 

Set | 

Finding North by Shadows. The ancient 
Egyptians are thought to have used the 
shadow of a vertical post to find north. The 

figure below is an overhead view of some 

level ground into which a post has been stuck 

at point P. Once in the morning the tip of the 
post’s shadow touches the circle at A, and 

once in the afternoon it touches the circle at B. 

These two positions of the shadow, PA and 

Jeo} ixoveianl ZAR 

A 

sj 

1. Draw a circle larger than this one, label 
its center P, mark two points on the 

circle A and B, and draw PA and PB. 

Bisect ZP. 

The ray that bisects 2P points north. 
Label the point in which it intersects the 
circle N. Also draw the ray from P that 

points south. 

2. Check the accuracy of your drawing by 
using your protractor to measure 7 APB 
and ZAPN. What measurements do 
you get? 

3. Apply the directions given for exercise 1 

to the following figure. 

4, Check the accuracy of your drawing by 
using your protractor to measure ZAPB 
and Z APN. 

In each of your drawings, points P, A, and B 

do not lie on the same line. 

5. What word describes such points? 

On the other hand, points P, A, and B do lie 

in the same plane. 

6. What word describes these points? 

Suppose line NS in the figure below points 
north and south. 

N 

7. Draw a figure like this one on your 
paper and then use your straightedge 
and compass to construct the line that 
bisects segment NS. In what directions 
do you think this line points? Label 
them on the line. 

8. Use your protractor to measure the 
angles formed by NS and EW. Do you 
get the results that you would expect? 

9. What is the sum of all four angles? What 
do you expect it to be? 
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Bisectors in a Triangle. 

G 

3 in. 

A 4 in. B 

10. Use your ruler and protractor to draw a 
triangle with the measurements shown 
in the figure above. Then use your 
straightedge and compass to bisect each 
side of the triangle. 

11. What relation do the three bisecting 
lines that you drew seem to have to 
each other? 

12. Where do the lines seem to meet? 

Label the point in which they meet P and 

draw PA. 

13. How do the distances from point P to 

the corners of the triangle, A, B, and C, 

seem to compare? 

14. Make another copy of the same triangle. 
This time, use your straightedge and 
compass to bisect its angles. 

15. What seems to be true about the three 

lines that you drew? 

Label the point in which they meet S. 

16. Are the distances from point S to the 

corners of the triangle equal? 

Set Il 

About Sundials. A sundial was once featured 

on boxes of Kellogg’s Raisin Bran. When the 

gnomon (shadow pointer) was cut out and 
put in place, its shadow moved around the 

dial during the day. The way in which the 

hour lines are spaced suggests that the 
shadow does not always move at the same 

speed. 

Leper Kaede bai is 
n OF ous », then fe eye 

fobs A . Ba 

HOW A SUNDIAL WORKS tells time by 
ingle of a shadow cast by it is based on ti 
necow of an poles will move one side of the ol 
other ie eS st. Ps 

4 GNOMON is i 
(SHADOW POINTER) ae dow which feat the tim 

In what map direction does the shadow 

17. point at 6 o’clock in the morning? 

18. point at noon? 

19. never point? 

20. At what time of the day do you think 
the shadow moves the most slowly? 

21. When does it appear to move fastest? 

The hour lines of the Kellogg sundial have 

been redrawn and lettered in the figure below. 

Pye fey wae Ky 

Lesson 4: Constructions: Telling Time with Shadows 27 



A R 

22. Which angle in the figure seems to be 
equal to ZHOI? 

23. If your answer to exercise 22 is true, 

what does OI do to ZHOJ? 

24. Does OQ seem to bisect ZPOR? Why or 

why not? 

25. Name two angles in the figure that OC 

seems to bisect. 

26. Which angle seems to be equal to 

ACO: 

27. Name three angles in the figure that 
seem to be equal to 2COD. 

28. Which angle seems to be equal to 
Z AOR? 

A sundial in which the hour lines are evenly 

spaced is simpler to make but harder to use. 

A straightedge and compass can be used to 
construct such a sundial without the use of a 

protractor. 

29. Use your compass to draw a circle with 

a radius of 3 inches. Label its center O. 

A 

Draw a line through O as shown in 

the figure at the bottom of the preceding 
column and label the points in which it 

intersects the circle A and B. 

With your compass, draw an arc 

centered at A and passing through O as 

shown in the figure below. Label the 

points in which the arc intersects the 

circle C and D. 

A 

B 

Draw another arc centered at B and 

passing through O as shown in the left- 
hand figure below. Label the points in 
which the arc intersects the circle E 

and F. 

A A 

B B 

If you have drawn your figure accu- 
rately, points C, O, and F should appear 

to be collinear, as should points E, O, 

and D. 

30. What does collinear mean? 

Draw the lines CF and ED and number the 
angles at the center as shown in the right-hand 
figure above. Each of the six numbered angles 
in your drawing should appear to be equal. 
Measure them with your protractor. 

31. What does the measure of each angle 
appear to be? 
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Use your straightedge and compass to 
bisect 21, 22, 23, and 24. The lines in your 

drawing should now look like this. 

32. What is the measure of each of the eight 
smaller angles in the figure? 

Use your straightedge and compass to 
bisect each of these angles. The lines in your 
drawing should now look like this. 

Compare your drawing with the Kellogg’s 
sundial and number the hour spokes 
appropriately. 

If your sundial had a gnomon perpendicu- 
lar to its base and if the sundial were tilted in 
the right direction, the shadow would move 
at a steady speed across the hour lines. 

Through how many degrees would the 
shadow turn 

33. between 6 A.M. and 6 P.M.? 

34. between noon and 6 P.M.? 

35. during one hour? 

36. How long would it take the shadow to 

turn | degree? 

Set Ill 

Angle Bisectors in a Rectangle. Something 
rather surprising usually happens when the 
angles of a rectangle are bisected. The follow- 
ing exercises will help you discover what it is. 

1. On a sheet of graph paper ruled 4 units 
per inch, draw a rectangle having sides 
with lengths 1.5 and 2 inches. 

2. Draw the four lines that bisect the 

angles of the rectangle. What polygon 
do they seem to form? 

3. Draw another rectangle having sides of 

lengths 2 inches and 3 inches. Draw the 

lines that bisect its angles. What do you 
notice? 

4, Follow the directions given in exercise 3 
but with a rectangle of sides 2 inches 
and 4 inches. What do you notice? 

5. Follow the directions given in exercise 3 
but with a rectangle of sides 1 inch and 

4 inches. What do you notice? 

6. Is the size of the polygon formed related 

in any way to the shape of the rect- 

angle? Explain. 

7. Do you think there is any rectangle for 

which the polygon would shrink to a 
point? Explain. 

Lesson 4: Constructions: Telling Time with Shadows 29 



LESSON 5 

An overhead view of plots of land 
in the shape of quadrilaterals not 

far from Alexandria. 

We Can’t Go On Like This 

30 

This title may seem to be a very strange one for a geometry lesson, 
but it points out a troubling problem with what we have been doing 
so far. 

We have become acquainted with many important ideas in ge- 
ometry, mostly in an informal way. We have learned how to make 

simple constructions with a straightedge and compass, yet we don’t 
really know how they work. We have guessed some conclusions on 
the basis of the appearance of things, not always being certain that 
they were true. Our approach to geometry to this point has been com- 
parable to that of the ancient Egyptians, long before the time of Euclid. 

What has survived of Egyptian mathematics as it existed 4,000 

years ago reveals an accumulation of rules and results seemingly based 
on trial and error. The Egyptians were evidently satisfied with ideas 
that appeared to be useful, without concerning themselves about why 
they might or might not always be true. 
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Here is an example of the difficulties to which this approach to 

geometry leads. To find the areas of fields in the shape of quadrilat- 

erals, the Egyptians used the formula 

A=<(a+ eed) 

in which a, ), c, and dare the lengths of the consecutive sides. They 

had gotten this formula from the ancient Babylonians. The trouble 
with it is that sometimes it gives the correct answer and sometimes it 
does not. 

Thus when tax assessors used it to figure out the areas of four- 
sided fields, some landowners were charged correctly and some were 
not. In fact, those who were not were cheated every time! The tax 

assessors may have known that these charges were incorrect, but ap- 
parently no one could figure out what was wrong with the formula to 
cause it to give such undependable results. 

We will explore this problem and some other similarly troubling 
ones in this lesson. 

Exercises Ramses 

Set | 

The Egyptian Tax Assessor. We are back in 
2500 B.C. and three Egyptians, Ramses, 

Cheops, and Ptahotep, have recently pur- 
chased plots of land in the shapes shown here. 1] 

The tax assessor uses his formula for the 

area of a quadrilateral, 

A=<(a+ (b+ d) 

in which a, 8, ¢, and dare the lengths of the 

consecutive sides. 

What area does he calculate for the plot 

belonging to 

1. Ramses? 

2. Cheops? 

3. Ptahotep? 
Ptahotep 

The bigger the plot, the higher the tax. 

4, According to these results, who has to 
pay the highest tax? 
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The area of Cheops’s plot, being rectangular 
in shape, is easiest to check. 

5. Does it contain as many square units as 

the tax assessor says? 

Before we try to count the number of 

squares in each of the other plots, making 

some changes in the figures will make the job 
easier. 

For Ramses’ plot, we can imagine cutting off 

the triangular part on the left and moving it to 

the right. 

6. How many square units does the plot 

contain? 

For Ptahotep’s plot, we can add some lines 

as shown at the top of the next column. 

7. How many square units does the left- 

hand rectangle contain? 

8. How many square units do you 
think Ptahotep’s part of this rectangle 

contains? 

9. How many square units does the right- 
hand rectangle contain? 

10. How many square units do you think 

Ptahotep’s part of this rectangle 

contains? 

11. Use these results to determine how 

many square units Ptahotep’s property 

contains. 

12. Which one of the three is cheated the 

most by the tax assessor’s formula? 

Why? 

How to calculate area correctly is an impor- 
tant topic in geometry. Having worked 
through these exercises, you will probably 
agree that it would be convenient to 
have easier methods whose logic we really 
understand. 

Set Il 

Trisection Problems. The methods for bisect- 
ing line segments and angles by using just a 
straightedge and compass were known to the 
ancient Greeks long before Euclid was born. 
Having solved these two problems, the 
Greeks naturally wondered if just these two 
tools could be used to ¢risect a line segment or 
angle, that is, divide them into three equal 
parts. 

The trisection problem for line segments 
was solved almost immediately. Here is one 
way to do it. 

13. For convenience in checking the result 

at the end, draw a line segment AB 

3 inches long. 

A B 
3 inches 
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First, use your straightedge and 
compass to construct the line, J, that 

bisects AB. Label the midpoint C. 

These two line segments trisect the 
original line segment AB, which you can 
check with your ruler. 

An early method proposed for trisecting 
angles is illustrated below. 

A c B / A 

l 
G G B 

With C as center, draw a circle Start with 

through A and B. Label the points in angle C 
which line / intersects the circle D and E. 

Draw AD and BE. A A 

D D : | ; Q 

A B A B (C px se B 

Draw AB Trisect AB 

E E & 
l I SS 

Construct the line that bisects AD and 

label it m. (You should notice that line m 
goes through C, the center of the circle.) G B 
Where line m intersects AD and BE, 

label the points F and G as shown here. 
Draw DG and FE. 

| 2M), 
4 

Draw an arc 

centered at C 

Draw CD and CE 

Rather than carrying out this construction 
with straightedge and compass, we will 
draw an accurate figure to test the results. 

14. Use your ruler and compass to draw an 

equilateral triangle, each of whose sides 
is 3 inches long. Label its vertices A, B, 

and C to correspond to the third figure 
above. Use your ruler to find the points 

D and E on side AB that trisect it. Draw 

CD and CE. 
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15. Center your protractor on C and care- 

fully measure 2ACD, ZDCE, and 

ZECB. What does the measure of each 

angle seem to be? 

Because we can neither draw nor measure 

things perfectly, it is not easy to tell whether 

the original angle has been trisected. In fact, it 
has not. As surprising as it may seem, since the 
time of Euclid, no one has ever found a way 

that can be used to trisect any angle by using 
just a straightedge and compass! 

We have made two drawings, both of which 

might seem to be correct, yet one is not. The 
title of this lesson, “We Can’t Go On Like This,” 

describes our dilemma. It is not possible to be 

sure of what we are doing in geometry 

without developing a deeper understanding 

of the subject. 

Set III 

Cutting Up a Circle. Here is a simple problem 
about points and circles that has become 
famous because it is so baffling. 

If four points are chosen on a circle and 
connected with line segments in every pos- 
sible way, the result might look something 
like this. Notice that the circle is separated 
into eight regions. 

1. Draw a circle, choose five points on it, 

and connect them with line segments in 
every possible way. 

2. Into how many regions is the circle 
separated? 

How many regions would be formed if you 
started with 

3. just two points? 

4, three points? 

5. Put all of these results og by making 
a table like this: 

Number of points connected: 2% 
Number of regions formed: ? ? 

5 
B) 

6. What happens to the number of regions 
each time one more point is added 

to the circle? 

How many regions would you expect to be 
formed if you started with 

7. six points? 

8. seven points? 

9. Make drawings of circles having six and 
seven points. Start with large circles. 

10. Are the results what you expected? 
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This engraving from 1630 is titled Dido Purchases Land for the 
Foundation of Carthage. It depicts the hide of an ox being cut to 
solve a problem in geometry considered in this review. 

CHAPTER 1 Summary and Review 

Introduction (pp. 1-2) 
Since about 300 B.c., Euclid’s book titled the 

Elements has been the model for presenting 
geometry in a logical way. We will become 
acquainted with Euclid’s approach to mathemat- 
ics in our study of geometry. 

Lesson 7 (pp. 8-9) 
Some basic terms used in geometry are 

point, line, and plane. A line segment is part of a 
line bounded by two endpoints. 

Some terms relating points, lines, and 

planes are collinear (points that are on the same 
line), noncollinear (points that are not on the 
same line), coplanar (points that are in the same 
plane), and concurrent (lines that contain the 
same point). 

Lesson 2 (pp. 13-15) 
A ray is part of a line that extends endlessly 

in one direction. An angle is a pair of rays (called 
its sides) that have the same endpoint (called its 
vertex). 

A protractor measures angles in degrees. 

Lesson 3 (pp. 18-20) 
A polygon is bounded by line segments and 

lies in a plane. A polyhedron (plural polyhedra) is 
bounded by polygons and exists in space. 

Names for some common polygons include: 
triangle (three sides), quadrilateral (four sides), 
pentagon (five sides), hexagon (six sides), and oc- 
tagon (eight sides). 

Two numbers associated with a polygon are 
its perimeter (the sum of the lengths of its sides) 
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and its area (the number of unit squares equal 
in measure to its surface). 

A rectangle with length / and width w has 
area A given by 

A= lw. 

Lesson 4 (pp. 24-25) 
Geometric drawings called constructions are 

made with just two tools: the straightedge (for 
drawing lines) and the compass (for drawing 
circles). 

Two simple constructions are to bisect a line 
segment and to bisect an angle. To bisect some- 
thing means to divide it into two equal parts. 

Lesson 5 (pp. 30-31) 
The study of geometry in an informal way, 

as we have done in this chapter, can lead to 

many interesting and practical results. This in- 
formal approach is ultimately unsatisfactory, 

however, because conclusions based on appear- 
ances or guessing may not always be correct. 

Exercises 

Set | 

The die shown in the photograph above was 

made in Italy in about 700 B.c. and is in the 

shape of a cube. 

The corners of a cube are points. What kind 
of geometric figure 

1. are its edges? 

2. are its faces? 

3. is the cube itself? 

The figure below is a transparent view of a 

cube. 

How many edges 

4. meet at each corner of a cube? 

5. does a cube have altogether? 

How many faces 

6. meet at each corner of a cube? 

7. does a cube have altogether? 

The corners A, G, and C of the cube are 

noncollinear. 

8. What is another word that describes 

them? 

The following pattern can be used to form a 
cube. 

U 

9. In how many lines do the edges of the 
pattern lie? 

36 Chapter 1: An Introduction to Geometry 



Some harder questions 
Suppose the pattern is cut out and folded 

together to form a cube. 
With which edge would each of the follow- 

ing edges come together? 

10. JW. 
11. MN. 
12. LM. 

With which corner(s) would each of the 
following corners come together? 

13. R. 

14, W. 

Here is another transparent view of a cube. 

15. Looking at this figure as flat rather than 
three-dimensional, what polygons do 
you see in it? 

16. Make a copy of the figure, but make the 
figure look three-dimensional by 
drawing it with the hidden edges as 
dashed line segments. 

17. What is the greatest number of faces of 

a die that can be seen at any one time? 

Set Il 

Some drawings in geometry are made with a 
ruler and protractor, and others are made with 

just a straightedge and compass. 

18. What are drawings made with just a 
straightedge and compass called? 

19. Use your ruler and protractor to draw a 

triangle with the measurements shown 
below in the center of a sheet of paper. 

G 

A AOE SHOP B 

3 in. 

Extend the lines of the sides CA and CB, 

marking two points D and E on them as 

shown below. 

G 

D E 

Measure each of the following angles: 

20. Z DAB. 

21. ZABE. 

WI, ANOXCI: 

Now use your straightedge and compass to 

bisect Z DAB and Z ABE. Draw the two 

bisectors long enough so that they meet in a 
point; label it F. 

Check the accuracy of your drawing by 

measuring these angles: 

23 UD AFand ARAB: 

24. ZABF and ZFBE. 

Draw CF. 

25. Measure ZDCF and ZFCE. 

26. What does the line CF seem to do to 

ZDCE? 
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27. Draw a quadrilateral of about this shape 

on your paper. 

D C 

Use your straightedge and compass to 
bisect the four sides of the quadrilateral. 

Use the letter M to label the midpoint of 

side AB, the letter N for the midpoint of 

BC, the letter O for the midpoint of CD, 

and the letter P for the midpoint of DA. 

Connect M, N, O, and P with line 

segments to form quadrilateral MNOP. 

28. What do you notice about the sides of 

this quadrilateral? 

29. What is its perimeter in centimeters? 

Draw AC and BD. These line segments are 
called the diagonals of quadrilateral ABCD. 

30. Measure AC and BD in centimeters and 

add their lengths. 

If you have drawn and measured every- 
thing accurately, your answers to exercises 29 
and 30 should be the same, even though your 
original copy of quadrilateral ABCD may not 
look exactly like the one above! 

Set Ill 

According to the Roman poet Virgil, a prin- 
cess named Dido wanted to buy some land in 
Africa in about 900 B.c. She was told that she 

could buy as much land as she could enclose 

with the skin of an ox. 

Dido is said to have had the hide cut into 

thin strips which were then tied together to 

form as long a cord as possible. 

Suppose that her plot of land had to be in 
the shape of a rectangle, that it could face a 
river so that the cord would have to stretch 

only along three sides, and that the cord was 

900 yards long. 

If the land were in the shape of a square, it 
would look like this. 

300 

1. Including the fourth side, what is the 
perimeter of this property? 

2. What is its area? 

The following figure shows another possible 
shape for Dido’s land. 

3. In this case, how far would the cord 

reach across the top side? 

4, What is the perimeter of this property? 

5. What is its area? 

6. What length and width should the 
rectangle have for Dido to get as much 
land as possible? Make some more 
drawings to try to find out. 
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ALGEBRA REVIEW 

Simplifying Expressions 

The operations of addition and multiplication have these basic 

properties: 

Addition Multiplication 

Commutative at+b=b+a ab = ba 

Associative (a Oca, tb (ab)c = albo) 

Identity at+Q=a l-a=a 

Inverse a+ (—a)=0 a: a 1 
a 

The commutative property tells you that the result of operating on two 
numbers is independent of their order. 

The associative property tells you that the result of operating on three 
numbers is independent of the way in which they are grouped. 

The additive identity is 0 and the multiplicative identity is 1. 

The additive inverse of a number, 4, is its opposite, —a, and the 

en AS. ie ‘ 1 
multicative inverse of a number, 4, is its reciprocal, —. 

a 

Multiplication can often be understood as repeated addition; for 
example, 3a means a+ a+ a. The 3 in the expression 3a is called 
the coefficient. 

Raising to a OUR can often be understood as repeated multiplication; 
for example, a* means a: a: a. The 3 in the expression a° is called 
an exponent. 

Subtraction and Division 

The operations of subtraction and division are not listed above 

because they are defined in terms of addition and multiplication, 

respectively. 

Subtracting a number is defined as adding its opposite. 

Example: a— b= a+ (—3) 

Dividing by a number is defined as multiplying by its reciprocal. 

a 1 
Example: — = a- — 

b b 
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AE a dei 
2 +72 0]ch 

(-3)(42)(-4) 
= (-18)(-4= +72 

This figure illustrating the associative property of 
multiplication is from a Korean mathematics book. 

Exercises 
SPEDE NN PRI RAIL ELD II TREE 

Name the property or definition illustrated by 

each of the following equations. 

1 1) a) 

2. 6°A=4>3 

BR eae 

4, 100+ 0 = 100 

i mapas o aug 6 

1 
Ceol 

7 

Write each of the following expressions as a 
single integer. 

Too 

S12 e102 

ey a ais) 

10% O15} 

11. 172 — 8? 

12. (17 — 8)? 

Simplify the following expressions. 

Loan?) 

14. 27(7) 

15. xt+xetwinwtu 

RR EH TET EEO ECR 

16. 

te 

18. 

19; 

20. 

21. 

22. 

23. 

24, 

25. 

26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 

34. 

35. 

36. 

37. 

38. 

39. 

40. 

41. 

42. 

43. 

44, 

45, 

46. 

47, 

48. 

49, 

50. 
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The last chapter closed with a lesson titled “We Can’t Go On 

Like This.” It revealed that we need a stronger foundation for 

our study of geometry than the informal approach that we have 

used so far. 

Euclid led the way by organizing geometry into a deductive 

system with definitions, assumptions called postulates, and logical 

methods for proving our conclusions, called the theorems of 

geometry. In this chapter, you will become acquainted with this 

system and the nature of deductive reasoning. 



LESSON 1 

Conditional Statements 

A goal in studying geometry is to develop the ability to think criti- 
cally. Deductive reasoning is fundamental to critical thinking, and so 
we now turn our attention to this subject. 

Deductive reasoning is used by both real and fictional detectives. 

In Agatha Christie’s Murder on the Orient Express, the detective Hercule 

Poirot says: 

We have to rely solely on deduction. That to me, makes the 

matter very much more interesting... . It is all a matter of 

intellect. 

Toward the end of the mystery, Poirot reasons: 

If Ratchett had been heavily drugged, he could not have cried 

out. 

If he had been capable of crying out, he would have been 

capable of making some kind of struggle to defend himself. 

Statements such as the last two are called conditional statements. A 

conditional statement consists of two clauses, one of which begins 

with the word “if” or “when” or some equivalent word. Such state- 
ments are used by detectives and others to establish conclusions, and 

they are important in mathematics in writing deductive proofs. 
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A conditional statement can be represented symbolically by 

a— b. 

This is read “If a, then 6.” The letter a represents the “if” clause, or 
hypothesis, and the letter 5 represents the “then” clause, or conclusion. 
(The word “then,” being understood, is often omitted.) For example, 
in the statement 

If the crime was committed at a quarter past one, the 

murderer cannot have left the train, 

a represents the words “the crime was committed at a quarter past 

one” and 6 represents the words “the murderer cannot have left the 

train.” 

To see how conditional statements relate to each other, you can 

represent them by using circle diagrams. These diagrams are called 
Euler diagrams after an eighteenth-century Swiss mathematician, 
Leonhard Euler (pronounced “Oiler”), who first used them. 

To make an Euler diagram, we draw two circles, one inside the 

other. The interior of the smaller circle represents a, the hypothesis; 

the interior of the larger circle represents 5, the conclusion. Note that, 

if a point is inside circle a, it is also inside circle b. Or, briefly, “if a, 

then 8,” which is what the diagram is intended to represent. The di- 

agram at the right, for example, represents the statement 

If the hands of the watch were altered, then the time must be 

important. 

We will explore conditional statements in this lesson and put them 

to work drawing conclusions in Lessons 3 and 4. 

Exercises 

Set | 

1. What is a statement that can be repre- 

the time must 
be important 

the hands 
of the watch 
were altered 

Both statements have the same hypoth- 

Both statements have the same conclu- 

ted symbolically by “If a, then 2” 4. 
arie eer eh eo test esis. What is it? 

2. In the statement “If a, then 0,” what do 5. as 
the letters “a” and “5” represent? sion. What is it: 

6. Are they both true? 3. Draw and describe the Euler diagram 

for “If a, then 5.” 

Sometimes the conclusion of a conditional 
statement is stated before the hypothesis. 
Compare the following statements: 

Compare these two statements: 

If it is snowing, then it is cold outside. 

If it is cold outside, then it is snowing. 

Do both statements have the same 

Are they both true? Why or why not? 

You live in the United States 7. be 

if you live in the Ozarks. hypothesis: 

If you live in the Ozarks, 8. 

then you live in the United States. 9. Do they mean the same thing? 
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10. Rewrite the first statement so that the 

conclusion is stated before the hypoth- 

esis. 

11. Is the statement that you wrote true? 

It is possible to compare the following three 
statements, even though you probably don’t 
know what they mean. 

(1) Two quoits cancel each other if 
they ring the same bob. 

(2) If two quoits cancel each other, 
they ring the same bob. 

(3) If two quoits ring the same bob, 
they cancel each other. 

12. Which two statements have the same 

hypothesis and the same conclusion? 

13. Do those two statements mean the same 

thing? 

Rewrite each of the following sentences in “if- 
then” form. You may change some of the 
words, but be careful not to change the 
meanings of the sentences; for example, if you 

write a true statement in “if-then” form so 
that it turns out to be false, something is 
wrong. 

Example: Genuine phone numbers do 
not begin with 555. 

Possible answers: 
If a phone number is genuine, it does 

not begin with 555. 
If a phone number begins with 555, it 

is not genuine. 

14. Koala bears eat only eucalyptus leaves. 

15. When the cat is in the birdcage, it isn’t 
there to sing. 

16. Smokey Bear wouldn’t have to do 

commercials for a living if money grew 

On trees: 

17. All architects use geometry. 

18. I ask questions whenever I don’t 

understand. 

19. Use the stairs instead of the elevator in 

case of fire. 

20. No vampire casts a shadow. 

Set Il 

21. Write the conditional statement repre- 

sented by the Euler diagram below in 
the form “if a, then 3.” 

try again 

at first 
you don't 
succeed 

22. Rewrite the conditional statement that 

you just wrote in the form “d if a.” 

An Euler diagram, such as the one shown 
below, separates the paper into three regions; 
they are numbered 1, 2, and 3 in the figure. 

23. Which region is inside circle a? 

24. Which regions are inside circle b? 

25. Which regions are outside circle a? 

26. Which region is outside circle 5? 

27. Draw an Euler diagram to represent the 

statement 

If x, then y 

and a second Euler diagram to represent 
the statement 

If y, then x. 

28. Which of your diagrams, the first or the 
second, also illustrates the statement 

If not x, then not y? 

29. Which diagram also illustrates the 
statement 

If not y, then not x? 

30. How many “if-then” statements does a 
given Euler diagram represent? 
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31. Draw an Euler diagram to represent the 

following statement: 

All players for the Yankees make a 
lot of money. 

32. Which of the following statements are 
illustrated by your diagram? 

a) If you play for the Yankees, then you 
make a lot of money. 

b) If you make a lot of money, then you 
play for the Yankees. 

c) If you don’t play for the Yankees, 
then you don’t make a lot of money. 

d) If you don’t make a lot of money, 
then you don’t play for the Yankees. 

33. Which of the statements listed in exer- 
cise 32 are true, given that all players for 
the Yankees make a lot of money? 

34. Draw an Euler diagram to represent the 
following statement: 

If you have lived a long time, then 

you are an octagenarian. 

35. Which of the following statements are 

illustrated by your diagram? 

a) If you are an octagenarian, then you 
have lived a long time. 

b) If you have not lived a long time, 
then you are not an octagenarian. 

c) If you are not an octagenarian, then 
you have not lived a long time. 

d) You are an octagenarian if you have 
lived a long time. 

36. Which of the statements listed in exer- 

cise 35 do you think are true? 

Setalll 

In language experiments with chimpanzees, 

the biologist David Premack used plastic 
shapes to represent words. A chimp named 
Sarah learned to interpret sentences, including 

conditional statements, built from these 

One of these statements looked like this. 

The green triangle with the three holes repre- 

sented “if then” and the statement said: 

If Sarah takes the apple, then Mary 

will give chocolate to Sarah. 

1. What shape do you think represented 

the word Sarah? 

2. Where does the hypothesis appear in 

the arrangement of the shapes? 

A second statement shown to the monkey, in 
which the word “banana” appeared, looked 
like this. 

3. What shape do you think represented 

the word “banana”? 

4, What do you suppose the statement 

said? 

“The Animal Mind, by James L. Gould and Carol 
shapes.” Grant Gould (Scientific American Library, 1994). 
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Horse by Any 

Other Name Is 

Still a Horse? 
@ Zoning: Rancher faces 

jail time for having too 

many equines if the 

definition is not changed. 

By ALAN ABRAHAMSON 
TIMES STAFF WRITER 

A horse is a horse, of course. 

Of course? 
Not quite, says Yucca Valley 

breeder James K. Walker Jr. He 
owns three horses, which he says 
the breeding industry defines 
precisely as male animals at least 

five years old and 58 inches high 

at the base of the neck. The rest 
of the 29-animal herd at Clover J 
Arabians, he insists, consists of 
equines called mares, colts, 
fillies, geldings and foals. 

It’s All in the Name 

ahem, < = : vl : 

Horses, horses: From the left, a mare, a gelding, and a colt. 

What is a horse? That may depend on the source. Here is a look at several definitions: 

ACCORDING TO A HORSEMAN: 

",..In a horseman’s terminology a colt is a male horse under 
five years of age and a filly is the female counterpart. 
Youngsters of both sexes are foals until they reach the age for 
weaning. Then they are called weanlings, and later 

yearlings. After that, they are colts and fillies and after five 
they are horses and mares." 

—Complete Book of Horses and Horsemanship, C.W. Anderson 

ACCORDING TO THE DICTIONARY: 

LESSON 2 

Definitions 

Several years ago a rancher in Yucca Valley, California, got into trouble 
for having too many horses. He said that he had only 3, but the local 
officials said that he had 29. The disagreement centered on the defini- 
tion of a horse. 

According to the breeding industry, a horse is “a male animal at 
least five years old and 58 inches high at the base of the neck.” 
“Horsefeathers,” said the officials, “If it looks like a horse, trots like a 

horse and smells like a horse, it is a horse.” 

Disagreements about the meanings of words frequently come up 
in courts of law. To prevent arguments in debates, key terms are often 

defined first. Variations in a word’s meaning seldom cause much of a 

problem in everyday communication, but they are serious when we 

are trying to reason precisely. For this reason, definitions play an im- 

portant role in mathematics. 

When we define a word in geometry, the word and its definition 
are understood to have exactly the same meaning. For example, when 
we define a “triangle” as “a polygon that has three sides,” we can say 
not only that 

If a figure is a triangle, then it is a polygon that has three 
sides 

46 Chapter 2: The Nature of Deductive Reasoning 



but also that 

If a figure is a polygon that has three sides, then it is a 
triangle. 

Notice that the hypothesis and conclusion of the first statement 
are interchanged in the second. The second statement is called the 

converse of the first. 

The converse of a conditional statement is found by interchanging 

its hypothesis and conclusion. In symbols, the converse of a— d is 

b— a. 

You have seen in the preceding lesson that the converse of a true 
statement may be false. Because a statement and its converse do not 
have the same meaning, accepting a statement as true does not re- 
quire us to accept its converse as true. 

For a definition, however, the converse is always true. Because 

“a,” the word being defined, and “d,” its definition, have the same 

meaning, “a” and “d” are interchangeable. Consequently, for defini- 

tions, either form, a— 5 or b— a, implies the other. This is not true for 
ordinary conditional statements. 

The two Euler diagrams shown here represent a— b and b— a. 
Notice that the second diagram also illustrates “a, if b” because in it a 
point is inside circle a if it is inside circle b. The first diagram also 
illustrates “a only if 5” because in it a point is inside circle a only if it 
is inside circle 5. These observations show that, if both a statement 

and its converse are true, we can write 

“aif ” and “a only if 5,” 

or, more briefly, 

“a if and only if 5.” 

The phrase “if and only if” is represented by the abbreviation “iff” 

and by the symbol <> ; a<> / means both a— band b= a. 

Because the converse of every definition is true, we usually write 

definitions in the form “a iff }.” For example, the definition of a tri- 

angle given in this lesson can be written as 

A figure is a triangle if and only if it is a polygon that has 
three sides. 

Exercises 
SOE PALI NESE SIS PILES ME ESTEE EERIE NE MLSE NOL RE SLEI ESE SL DLED APE NOES LITLE OR PETROL ALS NAILED 

Set | 

Consider the statement 

All geese have two legs. 

1. Write this statement in “if-then” form. 

2. Illustrate it with an Euler diagram. is true? 

Lesson 2: Definitions 

ab 
a only if b 

3. Write the converse of the statement. 

4, If we assume that the original statement 

is true, does it follow that the converse 
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Consider the true statement 

If you are an astronaut, you are not 

more than six feet tall. 

5. What is the conclusion of this state- 

ment? 

6. Write the converse of the statement. 

7. Is the converse true? 

8. Does it have the same meaning as the 
original statement? 

Consider the statement 

You cannot comprehend geometry if 

you do not know how to reason 

deductively. 

9. What is the hypothesis of this state- 
ment? 

10. Write the converse of the statement. 

11. What is the conclusion of the converse? 

Consider the true definition 

You have arachibutyrophobia iff you 
have the fear of peanut butter sticking 
to the roof of your mouth. 

12. What does the abbreviation “iff” stand 

for? 

13. From this definition, what can you 
conclude about the word 
“arachibutyrophobia” and the words 
“the fear of peanut butter sticking to the 
roof of your mouth”? 

If the definition were represented in symbols 

as a<> band “a represents 

“arachibutyrophobia,” what does 

14. “<>” represent? 

15. “5 represent? 

In words, “a— 8” for this definition is “If you 
have arachibutyrophobia, then you are afraid 

of peanut butter sticking to the roof of your 

mouth.” 

16. Write in words, “b—> a” for this defini- 

tion. 

17. Is the sentence that you wrote necessar- 

ily true? Explain. 

For a definition to be understood, it is neces- 

sary to know the meanings of the words used 

in it. The following definition of vulgar fraction 
is correct but not necessarily helpful. 

A vulgar fraction is a common fraction 
that is either proper or improper. 

18. Which words in this definition might 
not be understood? 

19. Write the definition in “if-then” form. 

20. Write its converse. 

21. Is the converse necessarily true? Why or 
why not? 

In writing a definition, we try to say no more 

than is necessary. Consider the following 

possible definition of New Year’s Day. 

New Year’s Day is a holiday that is the 
first day of the year. 

Suppose this definition were shortened to 

New Year’s Day is a holiday. 

22. Why wouldn’t this shortened version be a 

good definition of New Year’s Day? 

Suppose instead that the definition were 

shortened to 

New Year’s Day is the first day of the 
year. 

23. Would this version be a good definition 
of New Year’s Day? Explain. 

Set Il 

Compare the following two sentences: 

(1) If it is your birthday, 
then you get some presents. 

(2) Only if it is your birthday, 
do you get some presents. 

24. Is the first sentence true for you? 

25. Is the second sentence true for you? 
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26. Do both sentences 

say the same 

thing? 

27. Which sentence 

does this Euler 

diagram illustrate? 

it is your 
birthday 

you get 
some 

presents 

Compare the following two sentences, both of 
which are true: 

(1) If it is dry ice, then it is frozen 
carbon dioxide. 

(2) Only if it is dry ice is it frozen 
carbon dioxide. 

28. What relation does the second sentence 

have to the first? 

29. Draw an Euler diagram to illustrate the 
second sentence. 

30. Combine the two sentences into a single 

sentence by using the words “if and 

only if.” 

Suppose that on an English test you wrote the 
sentence 

It is a whodunit iff it is a detective 

story 

and that the teacher crossed out the second 

“f” with a red pencil. 

31. What kind of mistake did the teacher 

think you made? 

32. To which one of these sentences 

would the “corrected” statement be 

equivalent? 

(1) If it is a whodunit, then it is a 
detective story. 

(2) If it is a detective story, then it is a 
whodunit. 

33. Would it be safe to conclude that your 

English teacher’s knowledge of math- 
ematics is “iffy”? 

Consider this statement: 

A car is a convertible iff it has a 

removable top. 

34. Write the two conditional statements 

that are equivalent to this statement. 

35. What relation does the second of your 

statements have to the first? 

Here is an interesting definition: 

A wolf pack is two wolves or is a wolf 

pack together with a wolf. 

36. According to this definition, how many 
wolves are in a pack? 

37. Why is it appropriate that this definition 

is used as an example in a book titled 

Keys to Infinity ?” 

Set III 

Here is a puzzle in logical reasoning called the 
Wason test, named after the British psycholo- 
gist Peter Wason who created it.? 

Four cards lie on a table; each card is 

either red or blue on one side and has a 

triangle or circle on the other side. 

The following conditional statement 
supposedly describes the way that the cards 

are made: 

If a card is blue on one side, it has 

a circle on the other side. 

The puzzle is to figure out which cards 

have to be turned over to find out if this 

statement is true. It turns out that the “obvi- 

ous” answer, chosen by most people, is 

wrong. 

Which cards would you choose? Explain 

your reasoning. 

“Keys to Infinity, by Clifford A. Pickover (Wiley, 1995). 
+The Math Gene, by Keith Devlin (Basic Books, 2000). 
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Raising spoon to mouth (A) pulls string (B), thereby jerking ladle (C), which 
throws cracker (D) past parrot (E). Patrol jumps after cracker, a me (F) 
tilts, upsetting seeds (G) into pail (H). Extra weight in pail pulls cord (I), 
which opens and lights automatic cigar lighter ( J), setting off skyrocket 
(K), which causes sickle (L) to cut string (M) and allows pendulum with 
attached napkin (N) to swing back and forth, thereby wiping off your chin. 

Rube Goldberg is a trademark and copyright of Rube Goldberg, Inc. 

LESSON 3 

Direct Proof 

The artist Rube Goldberg was so well known for his cleverly ridicu- 

lous inventions that his name has come to be associated with any 

complicated and impractical way of performing a simple task. His 
“self-operating napkin,” pictured above, has been featured in Scien- 

tific American and even on a U.S. postage stamp. 

The cartoon illustrates a chain of events that begins as follows: 

If you raise the spoon of soup to your mouth, the string is 

pulled. 
If the string is pulled, the ladle is jerked. 

If the ladle is jerked, it throws a cracker past the parrot. 

Notice how the hypothesis of each successive statement matches 

the conclusion of the preceding one. The chain continues, finally end- 
ing with 

If the napkin swings back and forth, the napkin wipes your 
chin. 
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What makes this series of events so preposterous is that it seems 
unlikely that the conditional statements describing them are all true. 
If they are, however, then it follows from taking them all together 
that 

If you raise the spoon of soup to your mouth, then the 

napkin wipes your chin. 

The shortest and simplest case of this sort begins with just two 
conditional statements from which a third conditional statement fol- 

lows. Such an argument is called a syllogism. 

A syllogism is an argument of the form 
a—b 
b>¢ 

‘Therefore, a — c. 

If we illustrate the statements a— b and b— c with Euler dia- 

grams and combine them into one, it is easy to see why the third 
statement, a— ©, follows. 

C C 

b b 

© © 
Extending this pattern to the situation illustrated in the Rube 

Goldberg cartoon, we get 

a>bb>¢ocodd>4eoffogg-h 

h>tirmjjokkotlommon 

from which it follows that 

Ca 

This argument is an example of a direct proof: The statements : 
a— b,b—«c,...,m— nare called the premises of the argument, and the 

statement a— nis called the conclusion of the argument. The conclu- 
sion might be considered a theorem. 

A theorem is a statement that is proved by reasoning deductively 
from already accepted statements. 

If all of the premises of an argument are true and the logic of the 
argument is correct, then the conclusion must be true. As the old say- 
ing goes, however, “a chain is no stronger than its weakest link.” If 
one of the premises is false or the logic is faulty, then the conclusion 

may be false as well. For this reason, we have to pay close attention to 

the premises and the logic used in any proof. More on this subject 
will be included in a future lesson. 
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Exercises 
PRAIRIE T EDP STE T ALO TS 

Set | 

In the Encyclopedia Britannica, a syllogism is 
described as a “valid deductive argument that 

has two premises and a conclusion having 

between them three terms.” 

Suppose that the three terms of a syllo- 

gism are: 

a, “you keep quiet” 

b, “others will never hear you make a 

mistake” 

¢, “others will think you are wise.” 

1. Write the two premises of the syllogism 
as conditional statements. 

2. Write its conclusion as a conditional 

statement. 

3. Write the pattern of the syllogism in 
terms of the symbols a, 8, and c. 

Syllogisms were discussed by the Greek 
philosopher Aristotle in the fourth century B.C. 
Write the syllogisms illustrated by the follow- 

ing Euler diagrams. 

4, 3. 

mortals mortals 

humans statues 

6. If the premises of a syllogism are true, 
does it follow that its conclusion must 

be true? 

7. If the premises of a syllogism are false, 
does it follow that its conclusion must 

be false? 

Aristotle made the following statement about 

how you can argue correctly, yet arrive at a 

false conclusion: “Admit one ridiculous 

premise and the rest follows.” 

PAE ES OS RI EE IEE LOLS TIE EE ECE DEES 

Consider the following argument: 

If you live at the South Pole, you live in 

the Antarctic. 

If you live in the Antarctic, you live 
where it is cold. 

If you live where it is cold, you see a lot 
of penguins. 

Therefore, if you live at the South Pole, 
you see a lot of penguins. 

What part of the second premise matches 

8. the conclusion of the first premise? 

9. the hypothesis of the third premise? 

10. Starting with a— 3 to represent the first 

premise, represent the entire argument 

in symbols. 

11. Which premise is ridiculous (false)? 

12. What does the fact that one premise is 

false indicate about the conclusion of 

the argument? 

Consider the following premises: 

If Captain Spaulding is in the jungle, 
there are too many cheetahs. 

If there are too many cheetahs, Captain 

Spaulding can’t play cards. 

13. What conclusion follows from them? 

14. If the two premises are true, does it 

follow that the conclusion must be true? 

Consider these premises: 

If NASA launched some cows into 

space, they would be put into low 

earth orbit. 

If some cows were put into low earth 
orbit, they would be the herd shot 

around the world. 

15. What conclusion follows from the two 

premises? 

16. What is a statement called that is proved 

from already accepted premises? 
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Consider the following statements: 

If you take a plane, you will go to the 

airport. 

If you go to Dallas, you will take a 
lane. 

If you see all the cabs lined up, you 

will see the yellow rows of taxis. 
If you go to the airport, you will see all 

the cabs lined up. 

17. Copy the statements, rearranging them 
in logical order. 

18. What “theorem” do they prove? 

Consider the following statements: 

A duck would ask for some Chapstick 
if he went to a drugstore. 

If a duck had sore lips, he would go to 
a drugstore. 

A duck would ask to have it put on his 

bill if he asked for some Chapstick. 

19. Copy the statements, writing them in 

“if-then” form and rearranging them in 
logical order. 

Each of the following exercises consists of a 
“theorem” and a proof in which two state- 

ments have been omitted. After studying the 
relations of the statements given, write the 
missing statements. 

20. Theorem. 
If two hungry vultures took an 

airplane, they would be told that 

there is a limit of two carrion per 

passenger. 
Proof. 
If two hungry vultures took an 

airplane, they would want to take 

along some food. 
(What is the second statement?) 
If they tried to carry on six dead 

raccoons, the flight attendant 

would object. 
(What is the last statement?) 

21. Theorem. 
If a group of chess players checked 

into a hotel, the manager would 
say “I can’t stand chess nuts 
boasting in an open foyer.” 

Proof. 
(What is the first statement?) 
If they stood in the lobby bragging 

about their tournament victories, 

the manager would ask them to 
leave. 

(What is the third statement?) 
If they asked why, the manager would 

say “I can’t stand chess nuts 
boasting in an open foyer.” 

The arguments in exercises 15 through 21 are 
based on pun stories in A Prairie Home Comp- 
anion Pretty Good Joke Book (Highbridge 
Company, 2000). 

Set II 

The reasoning in each of the following puzzles 
illustrates the pattern of a direct proof. 

Dice Proof. Dice players know that the num- 

bers on the opposite faces of an ordinary die 
such as the one shown here always total the 

same. 

22. What is the sum of the numbers of all 

six faces of a die? 

23. Because the numbers on each pair of 

opposite faces totals the same, what 
number do they total? 

24. What number is on the face opposite 

the 5? 

25. What number must be on the bottom of 

the die in the picture? 
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Matchbox Proof. The figure above shows three 
matchboxes. One contains two red marbles, 

one contains two white marbles, and one 

contains a red marble and a white marble. The 

labels telling the contents of the boxes have 

been switched, however, so that the label on 
each box is wrong. 

You may choose just one box and open it 
far enough to see just one marble. 

Suppose that you open the box labeled 
“1 red, 1 white” and that you see a red 
marble. 

26. If you see a red marble, then what color 

is the other marble in the box? Why? 

27. What would be in the box labeled 

“2 white”? : 

28. What would be in the box labeled 

Jeredae 

Tick-tack-toe Proofs. The sequence of moves in 
tick-tack-toe can resemble the pattern of a 

direct proof.” 
Suppose the first two moves in a game are 

as shown here (your opponent marks Xs and 
you mark Os). 

O 
29. Copy the second figure on your paper 

and mark it as needed to copy and 
complete the following sequence of 
conditional statements. 

30. If your opponent marks an X in the 
upper left, then... 

lieben 4s 

ifs, COA then a 

At this point, it is evident that the game will 

end in a draw. 
Now consider a second game in which the 

first three moves are shown here (again your 
opponent marks Xs and you mark Qs). 

x x |x 

x 

31. Make several copies of the third figure 

on your paper and continue the game in 

various ways. 

32. Can you draw any conclusions about 
whether this game will end in a win or 
draw? Explain. 

Set Ill 

A “word ladder” is a sequence of words in 

which one letter is changed at a time. For 

example, the following word ladder 

COLD 
CORD 
CARD 
WARD 
WARM 

transforms COLD into WARM. 

The mathematician and writer Rudy 

Rucker compares word ladders to direct 

proofs in the sense that successive words are 

linked to one another just as the conditional 

statements in a direct proof are linked to one 

another. 

Can you figure out a word ladder that 

transforms 

1. LESS into MORE? 

2. HEAD into TAIL? 

“Based on ideas in the chapter on tick-tack-toe in The 
Scientific American Book of Mathematical Puzzles and 

Diversions, by Martin Gardner (Simon and Schuster, 

1959). 
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ANNO'S 

HAT TRICKS 
Akihiro Nozaki and Mitsumasa Anno 

LESSON 4 

Indirect Proof 

In the book Anno’s Hat Tricks, the mathematician Akihiro Nozaki wrote: 

“If? is a very small word, but it is one of the most powerful 
ones in our language. It is the key to imaginative thinking, a 
key that opens the door to new ideas. Yet “if” can also be 
used very strictly, to test the truth of an idea or a supposi- 

tion in a logical way. .. . The pattern of reasoning that goes 
“if. .., then...” is very useful. It is no exaggeration to say 
that modern mathematics has been developed by using the 
word “if.”” 

Anno’s Hat Tricks begins with a hatter who has lots of hats in a 
box. In the first trick, he takes one red hat and one white hat and puts 

one on you and one on a friend named Tom while your eyes are closed. 

*Anno’s Hat Tricks, by Akihiro Nozaki and Mitsumasa Anno (Philomel Books, 

1985). 
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When you open your eyes, you see a red hat on Tom. What color is 
your hat? 

Putting the word “if” to work, you reason that 

If Tom’s hat is red, then mine must be white. 

In the second hat trick, the hatter starts with three hats—two red 
and one white. He puts one on you and one on Tom while your eyes 
are closed. When you open your eyes, you again see a red hat on Tom 
and, when Tom looks at your hat, he is sure that his hat is red. What 

color is your hat? 
This time we might start by assuming that your hat is red. If your 

hat is red, then Tom wouldn’t know whether his hat is white or red 

because there are two red hats. This contradicts the fact that Tom is 
sure that his hat is red. Therefore, the assumption that your hat is red 

is wrong and your hat must be white. 
We have arrived at this conclusion by reasoning indirectly. 

In an indirect proof, an assumption is made at the beginning that 
leads to a contradiction. The contradiction indicates that the 

assumption is false and the desired conclusion is true. 

The hatter’s third hat trick provides another example of indirect 
reasoning. Again, the hatter starts with three hats, two red and one 

_ white. Again, he puts one on you and one on Tom while your eyes are 
closed. When you open your eyes, you again see a red hat on Tom but 
this time, when Tom looks at your hat, he doesn’t know what color 
his hat is. What color is your hat? 

It must be red. Do you see why? 
This time we will put our argument into the format of an indirect 

proof. 

Proof 
Suppose that your hat is <— We assume the opposite 

not red. of the desired conclusion. 
If your hat is not red, then 

it is white. 
If your hat is white, then 

Tom would know that his hat 

is red. 

This contradicts the fact <— The contradiction. 

that he doesn’t know what 

color his hat is. 

Therefore, what we sup- 

posed is false, and your hat <— We end with the desired 
must be red. conclusion. 

Both the direct and the indirect methods of proof require making 
a chain of conditional statements. In the direct method, the chain be- 

gins with the hypothesis of the theorem and ends with its conclusion. In 
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the indirect method, the chain begins with the opposite of the conclu- 
sion of the theorem. From here, the chain leads to a contradiction, 

revealing that the opposite of the conclusion is false, and so the con- 
clusion itself is true. 

Patterns of two short proofs of the theorem “If a, then d.” 

Direct proof Indirect proof 
If a, then 0. Suppose not d is true. 
If 5, then c. If not d, then e. 

If c then d. If e, then f 

Therefore, if a, then d. and so on, until we come to 

a contradiction. 

Therefore, not d is false; so d is true. 

Exercises 
RES NES ESTAR VOILE SPREE I SSE LR ETE LEI IES 

Set | 

The movie producer Sam Goldwyn once said: 

“Tl tell you what I think in two words: im- 

possible!” 

This statement describes what is eventu- 

ally reached in a certain kind of proof. 

1. What is it (in one word)? 

2. According to the way that Goldwyn 
would say it, name this kind of proof in 

“two words.” 

To prove a theorem indirectly, we begin by 
assuming the opposite of the conclusion. List 
the assumption with which an indirect proof 
of each of the following statements would 
begin. 

Example. If a tailor wants to make a coat 
last, he makes the pants first. 

Answer. | Suppose that he does not make the 

pants first. 

3. If a chicken could talk, it would speak 
foul language. 

4, If a teacher is cross-eyed, he has no 
control over his pupils. 

5. Ifa proof is indirect, then it leads to a 

contradiction. 

Canton, Mississippi, once resolved to: 

A. build a new jail. 

B. build it out of the materials of the old 

jail. 

C. use the old jail until the new jail is 

finished. 

Tell whether the resolutions in each of the 

following pairs conflict with each other. 

6. A and B. 

Wem brancees 

8. A and C. 

The mathematician and author Keith Devlin 

recently wrote: 

As so often happens in mathematics, the 

best bet is to look for a proof by 

contradiction. . .. Once you have 

obtained your contradiction, you will 

have achieved your goal, since 
contradictory conclusions can be 

obtained only from false assumptions.” 

9. What kind of proof is the author 

describing? 

10. How is the assumption that is proved 

false related to the theorem being 
proved? 

“Mathematics, The New Golden Age, by Keith Devlin 

(Columbia University Press, 1999, p. 270). 
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In a book written in the thirteenth century on 

the shape of the earth, the author reasoned: 

If the earth were flat, the stars would 

rise at the same time for everyone, 

which they do not.” 

11. What is the author trying to prove? 

12. With what assumption does the author 

begin? 

13. What is the contradiction? 

14. What does the contradiction prove 

about the author’s beginning assump- 

tion? 

Set Il 

After studying the relations of the statements 
given in each of the following indirect proofs, 
write the missing statements. 

Trading Desks Proof. A classroom has five 
rows of five desks per row. The teacher asks 

the pupils to change their seats by moving 
either one seat forward or back or one seat to 

the left or right.* 

La 
Bi 
B 

15. Theorem. The pupils can’t obey the 
teacher. 
Proof. 

(What is the beginning assumption?) 

If they can obey the teacher, the 13 
pupils at the black desks will move to 
the brown desks. 

(Look at the figure to tell what this 
contradicts.) 

Therefore, our assumption is false 

and 
(what conclusion follows?) 

“The Sphere, by Johannes de Sacrobosco. 
TA problem from Mathematical Gems, by Ross 

Honsberger (M.A.A., 1973). 

Ammonia Molecule Proof. The ammonia 
molecule consists of three hydrogen atoms 
bonded to a nitrogen atom as shown in this 
figure. 

The fact that chemists have found that 
each bond angle is 107° can be used to prove 
the following theorem. 

16. Theorem. The atoms of an ammonia 

molecule are not coplanar. 

Proof. 

(What is the beginning assumption?) 

If the atoms are coplanar, then the 

sum of the three bond angles is 360°. 
If the sum of the three bond angles is 

360°, then each angle is 120°. (What 
does this contradict?) 

Therefore, our assumption is false 

and 
(what conclusion follows?) 

Poker Proof. John Scarne, for many years the 
world’s foremost authority on gambling, once 

said of the game of poker: “Poker is a game of 
strategy, deception, mathematics and psy- 
chology.”* Here is an obvious case in which 
indirect reasoning is used in the game. 

In a poker game with no “wild cards,” 
you have been dealt the “four of a kind” 
hand shown in the figure above. 

*Scarne’s New Complete Guide to Gambling, by John 
Scarne (Simon & Schuster, 1974). 
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17. Theorem. In this deal of the cards, no 
one holds a royal flush. 
Proof. 

(What is the beginning assumption?) 

If someone holds a royal flush, then 
one of the “10” cards would be in his or 
her hand. (What does this contradict?) 

Therefore, our assumption is false 

and 

(what conclusion follows?) 

Balanced Weights Proofs. Here are two 
puzzles about weights and a scale with two 

pans. In each case, the puzzle is to separate 

the weights into two sets so that one set will 
exactly balance the other. 

Puzzle 7 

Puzzle 2 

18. Can you solve either puzzle? 

Consider this argument about these puzzles. 

If a puzzle of this type has a solution, 

then the weights of the two sets will 
be equal. 

If the weights of the two sets are equal, 
then each set will weigh half the 
total weight. 

19. What conclusion follows from these 

two premises? 

Consider this argument in the form of an 
indirect proof about these puzzles. 

20. Theorem. If the sum of all of the 
weights is odd, there is no solution. 
Proof. 

(What is the beginning assumption?) 

If there is a solution, let the weights in 

one set add up to S. 

If the weights in each set add up to S, 

then the weights in both sets add up to 
S + $= 28, an even number. (What does 
this contradict?) 

Therefore, our assumption is false 

and 

(what conclusion follows?) 

Athletes Puzzle. This puzzle is from the book 

Are You as Smart as You Think? and can be solved 

by reasoning indirectly.” 

At a sports banquet there are 100 famous 

athletes. Each one is either a football or 

a basketball player. At least one is a football 

player. Given any two of the athletes, at least 

one is a basketball player. 

21. How many of the athletes are football 
players, and how many are basketball 
players? Explain your reasoning. 

Set Ill 

The following puzzle, adapted from one by 
David L. Silverman, is to decide which of the 
following statements must be true and which 
false to avoid any contradictions.’ 

A. Exactly one statement on this list is false. 

B. Exactly two statements on this list are 

false. 

C. Exactly three statements on this list are 

false. 

D. Exactly four statements on this list are 

false. 

— ° Can two of the statements be true? Why 

or why not? 

2. Can all of the statements be false? Why 

or why not? 

3. Can three of the statements be true? 

4, Can all of the statements be true? 

5. How many statements are true? 

Explain. 

“Are You as Smart as You Think?, by Terry Stickels 
(Thomas Dunne Books, 2000). 
tJournal of Recreational Mathematics (January 1969). 
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B.C.’s predicament in trying to learn the meaning of “ecology” 

from Wiley’s dictionary pokes fun at a problem that every dictio- 

nary maker has. A dictionary attempts to provide the meaning of 

every word in simpler words or words that the user already un- 

derstands. These words, in turn, are defined by even simpler words, 

but the process cannot go backward without an end. Every dictio- 
nary solves this problem by going around in circles. 

Definitions are extremely important in mathematics because, 

without them, a word can have different meanings for different 

people. To avoid the problem of the dictionary maker—that is, com- 

ing back to the point from which we begin—we must have a start- 
ing point: some words that we leave undefined. Among these 
words, the undefined terms, are “point,” “line,” and “plane.” 

You have already seen in the first lesson of Chapter 1 how these 
terms can then be used to define other terms. Here are two ex- 
amples, restated in “if and only if” terms: 

Definition. Points are collinear iff there is a line that contains all of them. 
Definition. Lines are concurrent iff they contain the same point. 
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For the same reason that it is impossible to define everything 
without going around in circles, it is impossible to prove every- 
thing. To avoid eventually coming back to the point from which 
we begin, we must leave a few statements unproved. These state- 

ments, called postulates, can then be used as a basis for building 
proofs of other statements. 

A postulate is a statement that is assumed to be true without proof. 

We begin with some useful postulates concerning our unde- 

fined terms. 

Postulate 1 ie 
Two points determine a line. A 

This postulate is suggested by the observation that, if we draw 
a line, just two points are sufficient to locate its position. The word 

“determine” in the postulate indicates that, if there are two points, 

then there is exactly one line that contains them. 
The postulate gives some meaning to the word “line” because, 

for it to be true, it would seem that a line not only must be straight, 
but also must extend without end in both directions. 

Postulate 2 
Three noncollinear points determine a plane. 

This postulate is suggested by the observation that, although a 
line cannot be drawn so that it contains three noncollinear points, 

it is always possible to imagine a plane that contains them. The 
postulate gives some meaning to the word plane because, for it to 

be true, it would seem that a plane must be flat, and have no bound- 

aries. 

From the undefined terms, then, we can construct definitions 

of other words. From the definitions and postulates, we can con- 
struct proofs, either directly or indirectly, of the statements that 

we call theorems. The structure that is built by means of logic in 
this way is called a deductive system. 

Exercises 
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Set | 

The American Heritage Dictionary of the English 2. What about an atom? 
Language gives 34 definitions for the word 
“point.” The definition given for a point in 
geometry is “a dimensionless geometric 
object having no property but location.” 

The definition says that the only property of a 

point is “location.” “Location” is defined as a 

“site or situation.” “Site” is defined as “the 

place or setting of an event.” “Place” is 

; whips : defined as “a definite location.” 
1. According to this definition, would it 

be correct to say that the period at the 3. What happens when, as in a dictionary, 

end of a sentence is a point? you try to define everything? 
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8. What are the statements that are proved 
called? 

9. What is a postulate? 

10. Is it possible to prove everything 
without going around in circles? 

Loulse Fazenda 
Buster Collier 

Duck Pond Table. In this clever “duck pond” 

table, three dipping ducks support a glass 
table top that represents the surface of the 

water. 

The following dialogue is from a scene in a 

classroom in the Laurel and Hardy film 
Pardon Us. 

Teacher: What is a comet? 

A student: A star with a tail on it. 

Teacher: Can anyone give us an example? 
Laurel: Rin-Tin-Tin? 11. What postulate does this table 

illustrate? 

12. What do the tails of the ducks represent 

in the postulate? 

13. What does the table top represent in the 

4, Which words in the other student’s 

answer did Laurel misunderstand? 

5. Why did he say “Rin-Tin-Tin”? 

If a weight is hung on the end of a piece of pesailesse 
string, the string hangs along a vertical line, a 14, What might happen if the ducks were 
line that goes through the center of the earth. lined up in a row under the table? 

15. Which word in the postulate would no 
longer be true of the arrangement if the 
ducks were lined up in this way? 

6. From whatever point you suspend the 

weight with the string, the string will 
have exactly one position. What postu- 

late is illustrated here? The points at which the ducks’ tails touch the 
7. Why does the string in this position table are coplanar because 

make a better model of a line than Points are coplanar iff there is a plane that 
when the string is lying on the floor? Containerallionthen! 

The philosopher Bertrand Russell wrote: 16. What does “iff” mean? 

I had been told that Euclid proved things, 17. Write the two “if-then” statements that 

and was much disappointed that he follow from this definition. 
started with postulates. At first I refused 18. What word names the relation that your 

to accept them unless my brother could two statements have to each other? 
offer me some reason for doing so, but he 

said: “The Complete Manual of Woodworking, by Albert 
“If you don’t accept them we cannot go Jackson, David Day, and Simon Jennings (Knopf, 

on.” 1996). 
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Intersecting Cubes. This figure shows two 
intersecting cubes. 

Tell whether each of the following statements 
is true or false. 

19. Points B, C, and F are collinear. 

20. Points B and C determine a line. 

21. Points F, E, and J are coplanar. 

22. Points F, E, and J determine a plane. 

23. Points A, E, and G are collinear. 

24, Points A, B, C, and J are coplanar. 

25. Lines DH, FJ, and EG are concurrent. 

Set Il 

Japanese Weights. According to the 
Macmillan Dictionary of Measurement, a picul is 
a Japanese unit of weight equal to 16 kwan. A 
kwan is a unit of weight equal to 100 ¢aels. A 
tael is a unit of weight equal to 10 momme. 

26. How would you define picul in terms of 
tael? 

27. How would you define picul in terms of 
momme ? 

28. How would you define momme in terms 

of tael? 

29. From these definitions, can you esti- 

mate your weight in piculs? Explain. 

The dictionary also says that the term picul 
derives from an expression for “the load that 

can be carried by one man.” 

30. Can you conclude anything from this 
derivation about how the weight of an 

elephant compares with a weight of 1 
picul? 

31. Why not simply define a picul as “the 
load that can be carried by one man”? 

Credit Card Rules. The following statements 
appear on the customer agreement for 

obtaining a credit card. 

(1) A transaction finance charge is a 
charge made if a new advance is 
added to your account. 

(2) If you go over your credit limit, you 
will be charged a fee. 

(3) A supercheck is a check designed 
for use with your credit card 
account. 

(4) If you are charged a fee, the fee will 
be added to your balance. 

(5) If your card is lost or stolen, you 
agree to report it immediately. 

32. Which of these statements are 

definitions? 

33. What words do they define? 

34. Which statements are postulates? 

35. Which two statements can be combined 

to form a syllogism? 

36. What theorem is proved by the 

syllogism? 

Crooked Lines. Obtuse Ollie refuses to use a 
ruler. He drew the following figure to illus- 
trate, as he described it, “two lines that 

intersect in two points.” 

A —B- 

Acute Alice says that his description 

contradicts one of our postulates. 

37. What does the postulate say? 

38. Is Acute Alice correct in saying that 
there is a contradiction? 
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Lalas 

39. Why would it be incorrect to criticize 

Ollie’s drawing by saying that our 
definition of a line says that a line is 

straight? 

Obtuse Ollie’s drawing and the criticism of it 

suggest a theorem. 

40. What is a theorem? 

The theorem is: 

Two lines cannot intersect in more than 

one point. 

Study the outline of the following indirect 
proof of this theorem and write the missing 
statements. 

A A B 
Se Set ee 

Figure | Figure 2 

41. Proof 

(What is the beginning assumption?) 

If they intersect in more than one 

point, then two points do not determine 

a line. (What does this contradict?) 

Therefore, our assumption is false 

and 
(what conclusion follows?) 

Set Ill 

You know that two points determine a line. 
How many lines could 20 points determine? 

The figure at the right shows 20 points 
arranged in a circle and all of the lines deter- 
mined by them. Although it would be a 
challenge to try to count them from the 
figure, you may be able to guess the correct 
number by “sneaking up” on the problem. 

If there were only two points on the 
circle, there would obviously be just one line. 

Draw figures to show the number of lines 
determined if the number of points on the 
circle is 

1. three. 

. four. 

. five. 

TaSLXG 

ao -& WwW WS . Do you see any kind of pattern in your 
results that would enable you to guess 
the number of lines for 20 points? If so, 
show your method. 
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LESSON 6 

Some Famous Theorems of Geometry 

In his book Euclid—The Creation of Mathematics, Benno Artmann wrote: 

The Greek word theorema is related to theater and means 

something seen, or, in mathematics, an insight, understanding, or 

knowledge. A mathematical theorem should answer a question 
or solve a problem that posed itself during the discussion of a 

mathematical subject.” 

The most famous theorem in all of geometry is the one named for 
Pythagoras, a Greek mathematician who lived more than 200 years before 
Euclid. The fame of the Pythagorean Theorem is due to its impor- 
tance in nearly every branch of mathematics. You may have become 
acquainted with it in your study of algebra as the equation c? = a? + b?. 
In the B. C. strip above, it is stated in words: 

The Pythagorean Theorem 
The square of the hypotenuse of a right triangle is equal to the sum 
of the squares of the other two sides. 

The Greeks did not use algebraic symbols, so the equation 
c? = a’ + b? would not have meant anything to them. They thought of 
the Pythagorean Theorem in terms of the areas of geometric squares. 

“Springer, 1999. 
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In the figures above, the right triangle is shaded yellow. The hy- 
potenuse, the side of the triangle opposite the right angle, is labeled ¢, 
and the other two sides are labeled a and 0. The area of the square on 
the hypotenuse, shaded red, is c?, and the areas of the squares on the 

other two sides, shaded blue and green, are a? and b*. The theorem 
claims that, in the first figure, the red area is equal to the sum of the 
blue and green areas; the other two figures suggest why this claim is 
true. 

Another theorem about triangles with which you may be ac- 
quainted concerns their angles: 

The Triangle Angle Sum Theorem 
The sum of the angles of a triangle is 180°. 

This theorem claims that 21 + 22 + 23 = 180° in the first figure 
below; the second figure suggests why this claim is true. 

Two more famous theorems with which most students become 

acquainted before studying geometry concern measuring the circle. 

Two Circle Theorems 
If the diameter of a circle is d, its circumference is 7d. 
If the radius of a circle is 7, its area is 7r?. 

Chapter 2: The Nature of Deductive Reasoning 



Because the diameter of a circle is twice its radius, the formula for the 

circumference of a circle is often stated as c= 277. 

You may remember that 7, the number called “pi,” is approxi- 

mately 3.14. No one will ever know its exact value in decimal form, 

because its decimal form has no known patterns and never ends! Be- 

cause of the complexity of 7, it is impossible to suggest with pictures 
why the theorems about the circumference and area of a circle are 

true. 

In an earlier lesson, we learned that a theorem is a statement that 

is proved by reasoning deductively from already accepted statements. 
Although we are not yet able to prove the theorems considered in 

this lesson, we will begin now to apply them to solving problems. 
Eventually, we will return to these theorems as we arrive at the points 

at which we will be able to prove them and, hence, include them in 

our deductive system. 

> 

Exercises 
SSSA SR RTE DRIES PRONE TS 

Set | 6. Which theorem is it? 

7. How do the checkerboard patterns on 
In a survey of the “10 mathematical formulas 

that changed the face of the world,” “e = mc?” 
ranked first, followed by “a? + b? = c?.”* It is 
interesting to note that c? appears in both of 
these formulas. 

the theorem? 

1. What does the cin the formula Raimbeau.* 

the three sides of the triangle illustrate 

A contest was held in 1025 A.D. between two of 

the most learned men in Europe, Raoul and 

a2 + 6? = c? stand for? 

2. Do you know what the cin the formula 

e€ = mc stands for? 

3. What does the cin the formula c= 7d 

stand for? 

4, What does the ain the formula 

a? + 6? = c? stand for? 

5. What does the ain the formula a = mr? 
stand for? 

This stamp, issued by 
Greece in 1955, illustrates 
a special case of one of the 

theorems in this lesson. 

“Wonders of Numbers, by Clifford A. Pickover (Oxford 
University Press, 2001). 

After throwing dust into each other’s 
eyes(!), Raimbeau challenged Raoul to prove a 
theorem. The best that Raoul could do was to 

draw a triangle on paper, cut off its corners, 

and put them together as shown here. 

8. What theorem was Raoul trying to 
prove? 

9. Does his method prove it? 

10. If he had drawn and cut out a lot of 

triangles of different shapes and gotten 

similar results, would he have proved 

the theorem? 

Tt Geometry Civilized, by J. L. Heilbron (Clarendon 
Press, 1998). 
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Target Circles. This “target” figure consists of When a bird is gliding, its A 
five circles with radii of 1, 2, 3, 4, and 5 units. wings produce a lifting Jif 

force that makes a 90° 

angle with the direction 

of the air flow at the 

leading edge of the wing. 

18. Find ZA if ZJ = 60°. 
19. Find ZA if ZJ = 45°. 
20. Find ZA in terms of 

nif ZJ =n. 

11. What are the diameters of the five 
: This figure shows an overhead view of 

circles? 
someone at C listening to stereo speakers at A 

12. What are the exact circumferences of the and B. For the sound to be balanced, 7A = ZB. 
five circles? 

13. What is the exact area of the purple A B 

region? 

14. What is the exact area of the yellow 

region? 

15. Why do you suppose that this figure 

sometimes appears in books on optical 

illusions? G 

In each of the following figures, squares have ; Pa 
been drawn on the sides of a right triangle. ho EEE 
Given the two areas shown in each figure, find 22. Find ZA if ZC = 50°. 
the third area. Show your methods. 93. Find ZA in terms of nif ZC = 7°. 

16. 
Notice that the Pythagorean Theorem consists 
of more than simply “a? + 6? = c?.” Expressed 
as a conditional statement about the figure 
shown below, it says: 

If this figure is a right triangle with 

hypotenuse ¢, then a? + b? = c?. 

a 

17. 

Cc 

24. Given that this statement is true, does it 

necessarily follow that 

If a? + 5? = c, then this figure is a 
right triangle? 

25. Why or why not? 
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Set Il 

Eye Pupil. The pupil of 
the eye controls the 
amount of light entering 
the eye. The widest that 
it gets, in dim light, is 
about 8 mm in diameter. 
In very bright light, it 
gets as narrow as 2 mm. 

What is the approximate area of the pupil 

when its diameter is 

26. 8 mm? 

27. 2mm? 

28. Approximately how many times as 

much light does the pupil let in when it 

is biggest as when it is smallest? 

Triangle Angle Sum Theorem. Use the theo- 
rem about the sum of the angles of a triangle 

to answer the following questions. 

29. If one angle of a triangle has a measure 
of 90°, what is the sum of the other two 

angles? 

30. If all three angles of a triangle are equal, 
how large is each angle? 

31. Can a triangle have two 90° angles? 

Why or why not? 

32. Can one angle of a triangle have a 
measure of 179°? Why or why not? 

B 
A 

D 

G E 

F 

33. If two angles of one triangle are equal to 
two angles of another triangle, does it 
follow that the third pair of angles have 
to be equal? Why or why not? 

“Human Information Processing: An Introduction to 
Psychology, by Peter H. Lindsay and Donald A. 
Norman (Harcourt Brace Jovanovich, 1977). 

The Stretched Cord. Baudhayana, a math- 
ematician of ancient India, wrote in a book 

titled Manual of the Cord: 

If a cord [AB in 
the figure] is 
stretched across 
the diagonal of 
a square, the 

cord is the side 

of a square 
double the area 

of the original 
square. 

34. If the side of the original square is a, 
what is its area? 

35. What is the combined area of the two 

light-green squares? 

36. What is the area of the dark-green 

square? 

37. How do you know? 

Pencil Experiment. Imagine a large triangle on 
which a pencil is placed pointing to the right 
as shown in the first figure below. If the pencil 
is pivoted about ZA, then about ZB, and then 
about ZC, it ends up as shown in the last 

figure. 

A 
Ld. 

SAN 

aan 

os 

38. In what direction is the pencil pointing 

at the end? 

39. What does this direction suggest about 

the number of degrees through which it 
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has turned in pivoting about the three 
angles? 

40. What theorem does this experiment 

seem to demonstrate? 

Aryabhata on the Circle. In the sixth century, 
the Indian astronomer Aryabhata wrote: 

The area of a circle is half of the 

circumference multiplied by half of the 

diameter. 

= C 

41. Is this statement correct? Show why or 

why not. 

Aryabhata also said: 

Add 4 to 100, multiply the result by 8 
and then add 62,000; the result is 

approximately the circumference of a 

circle of diameter 20,000. 

42. If this result were exact rather than 

approximate, to what number would 7 

be equal? 

When asked to write down a number used to 
measure circles, a backward geometry student 
named Dilcue wrote: 

43. Do you think he should get any credit 
for this answer? Explain. 

Set Ill 

The following figures show three pieces 
hinged into a chain. If the two triangles are 
rotated downward, they form the second 
figure. If they are rotated upward, they form 
the fourth figure.” | 

What do the two arrangements of the three 
pieces illustrate? Explain. 

“From Dissections, Plane and Fancy, by Greg N. 
Frederickson (Cambridge University Press, 1997). 
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CHAPTER 2 

You should be familiar with the following con- 
cepts introduced in Chapter 2. 

Basic Ideas 

Conditional statement 42 
Converse 47 
Definition 46-47 
Direct proof 51 
Euler diagram 43 
Hypothesis and conclusion 43 
If and only if (iff) 47 
Indirect proof 55-57 
Pi (7) 67 

Postulate 61 
Premises of an argument 51 
Syllogism 51 
Theorem 51 
Undefined term 60 

Postulates 

1. Two points determine a line. 61 

2. Three noncollinear points determine a 

plane. 61 

Theorems 

The Pythagorean Theorem. The square of the 
hypotenuse of a right triangle is equal to 
the sum of the squares of the other two 
sides. 65 

The Triangle Angle Sum Theorem. The sum 
of the angles of a triangle is 180°. 66 

If the diameter of a circle is d, its circumfer- 

ence is 7d. 66 
If the radius of a circle is 7, its area is 7r?. 66 

Exercises 
ES SSSR SDE I RLM IE SH IESE ME EER EP PIII CEN LE ALEC 

Set | 

Write in “if-then” form: 

1. All limericks have five lines. 

Summary and Review 

2. I will make a fortune when I perfect my 

perpetual motion machine. 

3. No toadstools are edible. 

In his book Take Time for Paradise, A. Bartlett 

Giamatti wrote: 

If we have known freedom, then we 

love it. 

If we love freedom, 

then we fear its loss.” 

These are the two premises of a syllogism. 

4, What is the pattern of a syllogism? 

5. What, in words, is the conclusion of this 

syllogism? 

6. What might allow the conclusion of a 

syllogism to be false? 

The following statement is a definition of 

daredevil: 

You are a daredevil iff 

you are recklessly bold. 

7. Write the two conditional statements 

that are equivalent to this statement. 

8. How is one of your statements related to 

the other? 

The figure below shows three birds perched 
on a power line. 

ae. i 
9. If we think of the birds as points on the 

line, what word describes their relation? 

10. How many points does it take to deter- 

mine a line? 

11. On what type of statement in our 

deductive system is your answer to the 

preceding question based? 

“Summit Books, 1989. 
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The figure below represents the advertising 
slogan of the Morton Salt Company. 

it pours 

12. What is this type of figure called? 

13. Write the slogan in “if a, then 5” form. 

14. Rewrite it in the form “d if a.” 

15. Write the converse of the slogan in “if- 

then” form. 

16. If the slogan is true, does it follow that 

its converse also is true? 

The figure below appeared in a problem on 
an SAT exam. 

B 

A M G 

Find each of the following: 

17..,Z2ABC: e 

18. x. 
19. ZBMC. 

A tripod is a device 

used to provide 

steady support to a 
camera. 

20. State the postulate that is the basis for 

the fact that a tripod has three legs. 

21. What might happen if a tripod had four 
legs instead of three? 

Geometry in Spanish. The following sentence 
appears in a geometry book written in 
Spanish: 

En todo triangulo rectangulo el 
cuadrado de la longitud de la 
hipotenusa es igual a la suma de los 

cuadrados de las longitudes de los 
catetos. 

22. Translate the sentence into English. 

23. What does the word cuadrado mean? 

24. What does the word igual mean? 

The second word in the sentence is todo. 

Looking in a Spanish dictionary, we find todo 
defined as entero, entero defined as completo, 

and completo defined as entero. 

25. What do these findings illustrate about 

the way in which words have to be 

defined in dictionaries? 

26. What are some of the undefined terms 

of geometry? 

27. Why are these words left undefined? 

Courtroom Questions. The following conver- 
sation took place in a recent criminal trial in 

California. 

Attorney: Can you calculate the area of a 
circle with a 5 mm diameter? 

Witness: | mean I could . . . I don’t know right 
now what it is. 

Attorney: Well, what is the formula for the 

area of a circle? 
Witness: Pi R Squared. 
Attorney: What is pi? 
Witness: Boy, you are really testing me. 
lee ene Nh eee 

Judge: How about 3.1214? 

Attorney: And what is the radius? 

Witness: It would be half the diameter: 2.5. 

Attorney: 2.5 squared, right? 
Witness: Right. ; 

“Reported in The Joy of 7, by David Blatner (Walker, 
1997). 
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Attorney: Tell me what pi times 2.5 Given that a = 12 and b= 16, find the area 

squared is. of 

Witness: 19. 34. the yellow square. 

28. What mistakes did the witness make? 35. the orange square. 

29. Was the judge correct? Why or why 36. the red square. 

not? 

30. Did the attorney make any mistakes? Heron of Alexandria wrote: 

How many times in an attack on a 

Set II stronghold have we arrived at the foot 

of the ramparts and found that we 

Euclid gathered together the had made our ladders too short!” 

geometric knowledge of his time, 
and arranged it 
not just in a hodge-podge manner, 
but, 
he started with what he thought were 
self-evident truths 
and then proceeded to 
PROVE all the rest by 
LOGIC. 
A splendid idea, as you will admit 

And his system has served 

Suppose that a ladder just reaches the top of a 

wall 16 feet high and that the closest the base 
of the ladder can be placed to the foot of the 

wall is 12 feet. 
as a model 
Bence: 37. How long must the ladder be to reach 

the top of the wall? 

LILLIAN LIEBER mae ; 
The Education of T. C. Mits From this diagram from the Rhind papyrus, 

we know that the ancient Egyptians calcu- 

31. What are Euclid’s “self-evident truths” lated the area of a circle as 

called? flor 
32. What are the rest of the truths proved 9 al 

by logic called? 

33. What are the names of the two types of *¢ LG 
proofs used to prove these truths? wy = 

In the figure below, squares have been drawn ae 
on the sides of a right triangle. i ~/F w h 

we 

38. If this method were correct, then to what 

fraction would 7 be equal? 

39. How do the areas of circles given by this 

method compare with their actual areas? 

“Geometry Civilized, by J. L. Heilbron (Clarendon 
Press, 1998). 
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Panda Proof. Here is another story from A 
Prairie Home Companion Pretty Good Joke Book. 

After studying the relations of the statements 

given in the proof, write the missing statements. 

40. Theorem. If a panda went to a restaurant, 

then he eats shoots and leaves. 

Proof. 
If a panda went to a restaurant, he 

would have a sandwich. 

(What is the second statement?) 
If he took out a gun, he would shoot the 

waiter. 

(What is the fourth statement?) 
If he leaves without paying, then the 

panda eats shoots and leaves. 

41, What kind of proof is this? 

Clue Proof: Mr. Boddy has been the victim of 
foul play. It happened after 4 P.M. After studying 

the relations of the statements given in the 

following proof, write the missing statements. 

42. Theorem. Colonel Mustard did it. 
Proof. 

(What is the beginning assumption?) 
If Colonel Mustard didn’t do it, then 

Miss Scarlet did it. 
What statement belongs here?) 
If it was done in the dining room, then 

it happened before noon. 
What does this contradict?) 
Therefore, our assumption is false and 

what conclusion follows?) 

43, What kind of proof is this? 

Circle in the Square. This figure shows a circle 
drawn inside a square. 

a> 
Md 

44, What is the exact circumference of the 

circle in terms of r? 

45. What is the perimeter of the square? 

46. What fraction of the perimeter of the 

square is the circumference of the circle? 

47. What is the exact area of the circle in 

terms of r? 

48. What is the area of the square? 

49, What fraction of the area of the square is 

the area of the circle? 

In one of his books, Lewis Carroll described a 

planet so small that someone can walk around it 

in 20 minutes! 

50. If someone can walk three miles in an 
hour, what is the approximate diameter of 
that planet? Explain your reasoning. 
(1 mile = 5,280 feet.) 
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ALGEBRA REVIEW 

Solving Linear Equations 

The Distributive Rule 
The distributive rule relates the operations of multiplication and 

addition. For any numbers a, 8, and ¢, 

ab + ¢ = ab + ac: 

From the definition of subtraction in terms of addition, it follows that 

alb — ¢ = ab— ac. 

Here are some examples of how the distributive rule is used to elim- 

inate parentheses. 

Example 1: 5(x + 7) 
Solution: 5x + 35 

example 2: x*(x — 9) 
Solution: Moen Ay. 

Solving Linear Equations 
Some useful steps in solving linear equations are: 

Step 7. Use the distributive rule to eliminate parentheses. 
Step 2. Simplify both sides of the equation as much as you can. 
Step 3. Add and subtract as necessary to get all of the terms 

containing the variable on one side of the equation 
and all of the other terms on the other side. 

Step 4. | Multiply or divide to get the variable alone on one side. 

Example 7: 
Q(x + 8) =x*+ 20 

Solution: 
2icalO =O) (using the distributive rule) 
x + 16 = 20 (subtracting x from each side) 

x=4 (subtracting 16 from each side) 

Example 2: 
Ae — 7) +10 = 3x 

Solution: 
B28 + 10:35 using the distributive rule) 

8x — 18 = 3x simplifying the left side) 
( 
( 

De 18 = 0 (subtracting 3x from each side) 

( 

( 

5x = 18 adding 18 to each side) 

x= = = 3.6 (dividing each side by 5) 
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The whetitone 
of Witte, 

yohiche is theleconde parte of 
Arithmetike:contatnpng thertrace 

tloi of dtootes: Dbe Cefike praatte, 
With the rule of Kguationsand 

the tvoozkes of Sarde 
Rombers. 

Though wauy ones doo beare greate price, 
The mie exerfice : po 
As neadefull,a in Wwoorke as fraunge: 
Dulle tinges and harde it will /o charnge, 
Ard make them foarpe,to right good »/¢: 
All arte/men kuowe,thei can net chufe, 
But vfe his belpe.yct asmenfee, 
Noe fharpencfefemethin it to bee. 

The srounde of artes did brede this (Rone: 
His fe is greate,and moare then one, 
Hervify ou lift your wittes te whette, 
Mache /harpeneffe therby fhall yougette, 
Dulle wittes hereby doc greately mende, 
Sharpe wrttes ave fined to their fulle inde, 
Note proue,and praife,et you doe finde, 
And to your felf be not vnkinde, 

CWhele Bookes are te bee (olde, at 
the Silefte doo2c of Poules, 

by Jhon Byngitenc. 

Exercises 

Simplify the following expressions. 

Oy Mug eas 

(8x)(2) 
nar hanna 

Die Eko 

7x2 — x? 

x = 7x7 

Ox Sy + OXY 

OXe Oy oe eaey, 

. 

ONDA FwWN = 

Use the distributive rule to eliminate the 

parentheses. 

9, 5(x + 3) 
10. 11(4 — 2) 
11. 6(3x+ 1) 
12. 8(5 — 73) 
1359212 — 2) 

14, 2x(10 + 3x) 

15. xy(x+ 9) 

16. 242 = 2% 4) 

Si ME PENT CLUDE SARTRE 

The Arte 
a3 their twozkes Doe ertende ) to bittinee {t onely (nto 
tivoo partes. Whercof the firtte is, when one nomber is 
equalle ynto one otber. And the feconde is, when one nome 
ber is compared as equalle vnto,2.0tber members, 

Altwates twillpng pou to remeber, that pou reduce 
pour nombers , to thetr leatte denominations, and 
fmallette fozmes,befo2e pou procede any farther. 

Andagatn,if your regen be foche, that the greas 
tefte denomination Cofike, be ioined to any parte of a 
compounde nontber , pou thalltourne it fo , that the 
nomber of the greatefte figne alone, mate fandeas 
equalle to the refte. ; 

Aud this is all that neadeth to be taughte , concer: 
npng this woozke. ‘ 

Potvbett,foz calle alteratio of equations. twill pro- 
pounde a felwe erdples, bicaule the ertracion of their 
tootes, maie the moze aptlp bee wroughte. And to as 
uoide the tedioufe repetition of thele woogdes: is c+ 
qualle te: ¥ {will (ete as ¥ doe ofteitin oozke bfe,a 
paire of paralleles,o2 ®emotve lines of onc lengthe, 
thus: »bicaule noe,2. thpnges,can be moare 
equalle, Auvnot marke thefe nombers, 

14.50 1 Q==—==7 1.9, 

20.28. 18. 9=—===,1 0269, 

26.3 —}—1 049 ===9.5-—I 059 —+-213,9, 

19.20 —+—192.9=—=1 05—4—1089 —1 9 76, 

18,2@ —+—2 4.9,====8,5.—}-— 2450» 

343-———12%@ ~===4 0%0 —+ 48 09 9.5 
An the fire there appeareth, 2, nombers 5 that {s 

14.56. 

REE AT RN SEDO PIS 

The first algebra book in 
English, titled The 
Whetstone of Witte, was 

written by Robert Recorde 
and published in 1557. It 
was in this book that the 
equal sign was used for the 
first time in history. 

Sr 

Solve the following equations. 

17. 5x-3=47 

| EF a aS) 

19. 4x + 7x = 33 

20. 10x=x+ 54 

21 tO xe elon a? 

222 Nie i= X30 

23.08 — Kan ee 

24. 3x —5 = 10x + 30 

= x 

=2(4 413) 

25. 4(x— 11) = 3x+ 16 

26. “x(x + 7) 

Die Dik 2) 

( 

2 

98. 6(4x — 1) = 7(15 + 3x) 
29. 8 + 2(x+3) = 10 
30. x + 7(x — 5) = 215 — 2) 

31, 4(x% + 9) + x(x — 1) = x(6 +x) 

32. Qx(x + 3) + x(x + 4) = 5x(x + 2) — 2x? 
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Where is the five-pointed star? 

In this chapter, we begin with the algebraic tools used in 

geometry and then apply them to the measurement of line 

segments and angles. In doing so, we look at the ways in which 

rulers and protractors work. These ideas are then applied to 

exploring relations between angles with respect to both their 

measures and the positions of their sides. The chapter closes 

with a look at two important relations between lines. 



© Sidney Harris 

“That, in itself, is a breakthrough.” 

LESSON 1 

Number Operations and Equality 

In your study of algebra, you learned some properties that are true 
for all numbers. Here are some examples. 

1. a= a. Any number is equal to itself (called the “reflexive” 
property of equality). 

2. a+b=b6+ a4. The order in which two numbers are added 

doesn’t matter (addition is “commutative”). 

3. a(b+ ¢ = ab+ ac. (The “distributive” property.) 

4. (a+ 3)? = a? + 2ab+ 6b. (“Squaring a binomial.”) 

5. a*— 6? = (a+ Bb)(a— 38). (“Factoring the difference of two 
squares.”) 

The first three properties are examples of statements that are accepted 
in algebra as true without proof. They are some of the postulates, also 
called “axioms,” of algebra. The word “axiom” means “a self-evident 
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or accepted rule,” and so the words postulate and axiom convey the 
same idea. 

The last two properties in the list are statements that are often 
proved in algebra, and so they are examples of algebraic theorems. 

We will use some of the postulates (axioms) of algebra when rea- 
soning about figures in geometry. These algebraic postulates about 
numbers will be just as important as our geometric postulates about 
points, lines, and planes. 

Each algebraic postulate below states that two algebraic expres- 
sions are equal to each other. If the symbols a and 4 represent real 
numbers, what do we mean by the statement a = 6? Simply that a and 
b represent the same number. The statements below are direct con- 
sequences of this idea. For simplicity, they are stated symbolically, the 

letters representing real numbers. The postulates have been given 
names with which you can identify them when you use them. 

The Reflexive Property 
a= a. (Any number is equal to itself.) 

The Substitution Property 
If a= 5, then a can be substituted for } in any expression. 

The Addition Property 
Ina—) then a+ c= b+ c. 

The Subtraction Property 
ine@—ro,then a—c= b—c. 

The Multiplication Property 
If a= J, then ac= be. 

The Division Property 
b 

If a= band c# 0, then <= — 

Here is an example of how some of these postulates are used in 

reasoning about a geometric figure. 

In triangle ABC, 2C = 90° and ZB is twice as large as ZA. How 
large is ZA? 

ZLA+ ZB+ ZC = 180°. 

(The sum of the angles of a triangle is 180°.) 

If ZC = 90°, ZA + ZB + 90° = 180°. 
(Substitution.) 

If ZA + ZB + 90° = 180°, then ZA + ZB = 90°. 
(Subtraction. 90° was subtracted from each side.) 

ff ZA + ZB = 90° and ZB = 2Z2A, then ZA + 2ZA = 90°. 
(Substitution.) 

If 3ZA = 90°, then ZA = 30°. 
(Division. Each side was divided by 3.) 
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Exercises 

Set | 

Name the property of equality illustrated by 

each of the following statements. 

1. If a2 + Bb? = c2, then b2 = ¢? — a’. 

2. If b? = 2 — a and C —@ = aie a), 
then b? = (c+ a\(c— a). 

3. is ="2 fees ae 

4. If ZA + ZB+ ZC = 180° and 

LC = ZA + ZBthen 2Z@e 7 € =a1802 

5. If 22C = 180°, then ZC = 90°. 

In this figure, the perimeter of the green region 
is equal to the perimeter of the red region. 

6. Write an equation to show this equality. 

7. Why isat+c+d=e+f+g? 

This figure shows two lines intersecting to form 
several angles, three of which are numbered. 

8. If 21 +22 = 22+ Z3, then 213: 
Why? 

9. If 21 = 22 and 22 = Z3, then 21 = Z3. 

Why? 

10. If 21 = x and 23 = #, then 

Z1+ 23 = (2%), Why? 
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This figure shows how we bisected an angle 
by using a straightedge and compass. Let’s 

check the algebra to see that 21 is the size 

that we would expect. 

A 

P 

B C 
11. If ZABC = 21+ 22 and 72b= 77 igen 

ZABC = 21+ Z1 = 221, Why? 

I 
12. If ZABC = 221, then 21 = —ZABC. 

Why? : 

The division property does not allow division 

by 0, because, if it did, some strange things could 

happen. To see why, try to tell what number 

should replace ? to make each of the following 
statements true. 

6 
13. S )  pecaise 3 3 6 

6 
14. 7) pecause Ot =o. 

0 
15. % because 6 X20 

0 
16. Owe ease a 

17. What is strange about the equations in 

exercise 16? 

Euclid listed five “common notions” at the 

beginning of the Elements. One of them is: 

If equals are added to equals, the wholes 

are equal. 

In the symbols of algebra, this notion says: 

If a= band c=4d4,thena+c=0)+d. 

It is easy to prove this statement by using our 
statement of the addition property: 

Ifa=b,thena+c=b+ 6. 

18. Ifa+c=b+ candc=4dthna+c=)+24 

Why? 



19. Use the same reasoning to show that 

If a= band c= d# 0, 

then — = — 22 aah 

Correcting Mistakes. An algebraic mistake can 
give a wrong solution. Here is an example: 

Solve for x: 24+ 7 = 19 

Solution: kek f=319 
2x = 26 (Addition) 
x = 13 (Division) 

20. What mistake was made here? 

Logical thinking helps find and fix such errors. 

Check: 
Suppose x = 13. 

21. If 2x+ 7 = 19 and x = 13, then 

2(13) + 7 = 19. Why? 

23) -- 7 = 19, then.26 + 7.= 19. 
If 26 + 7 = 19, then 33 = 19. 
This contradicts the fact that 33 # 19. 

Therefore, our assumption that « = 13 
is wrong. 

22. What kind of proof is this? 

Set Il 

Triangle and Crescents. In this figure, the 
Roman numerals represent the areas of the five 
colored regions and 

Pee IV VSI + IV. 

23. What can you conclude about how the 

total area shaded light blue compares 
with the area shaded dark blue? 

24. Why? 

Binomial Square. The figure above shows a 
large square divided into two smaller squares 
and two rectangles. The letters a and b repre- 
sent the lengths indicated. 

25. What are the areas of the two smaller 

squares? 

26. What is the total area of the two 

rectangles? 

27. How long is each side of the entire 

figure? 

Write an expression for the area of the entire 

figure 

28. in terms of the length of its side. 

29. as the sum of the areas of the four parts. 

30. Write an equation to indicate that these 

two expressions are equal. 

Chinese Proof. The figure below is from a 

Chinese textbook of 1607. 

(fees 
RR a 

i ® 
a 
7, RAR T 

31. What theorem does it seem to illustrate? 
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Part of the proof of this theorem shows that 

Area of triangle ABC = area of triangle CDE. 

Area of yellow square = 2 X area of triangle ABC. 
Area of yellow rectangle = 2 X area of triangle 
CDE. 

Another part of the proof shows that 

Area of red square = area of red rectangle. 

Which property of equality tells why each of 
the following conclusions is true? 

32. Area of yellow square = 2 X area of 

triangle CDE. 

33. Area of yellow square = area of yellow 

rectangle. 

34. Area of yellow square + area of red 

square = area of yellow rectangle + area 
of red rectangle. 

35. State the theorem that this proof demon- 

strates as a complete sentence. 

Circle Formula. There is a formula other than 

a= wr? for the area of a circle that can be found 

by algebra. 

d 
36. Use the fact that 7 = oy to write a 

formula for a in terms of d rather than 

in terms of r. Show your method. 
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Quadratic Formula. A famous theorem of 
algebra is the quadratic formula: 

—h+ Vb2 — 4ac 
If ax? + bet ¢= 0, then * = —— === eee : 

a 

37. What is the hypothesis of this theorem? 

Name the postulate that is the reason for each 
of the following first three steps in its proof: 

b ¢ 
38. If ax? + bx + c= 0, then x* + —x+ 7 = 0. 

b C b C 
39. Ifx? + —x+ — =0,then x? + —x=——. 

a a a a 

b ¢ 
40. If x2 + —x = ——, then 

a a 

2D i 4 rte bs z = eG ae a2 

ie ee iB rea a 

41. What kind of proof begins like this? 

When the quadratic formula is used to solve an 

equation such as 

9x2 + 5x +3=0 

in which a= 2, b= 5, and c= 3, the solution 

begins with 

—~5 + V52 — 4(9)(3) 
ae 9(2) 

42. What postulate is being used here? 

43, Simplify the expression and find x. 

Dilcue’s Pie. Dilcue’s mother baked him a pie 
for his birthday and everyone in the neighbor- 
hood agreed that it was the largest pie that they 
had ever seen. Dilcue was so impressed that he 
decided to figure out its circumference in feet. 
He used the wrong expression, 7rr?, to do it but 
still got the right answer! 

44, How could this have happened if using 
the wrong expression was his only 
mistake? 

45. What was the circumference of the pie? 
Show your reasoning. 

46. What was its area? 



Set Ill 

Lewis Carroll once posed the following 
problem in a letter to a young friend who was 
studying algebra.* 

Understanding you to be a distinguished 
algebraist (i.e. distinguished from other 
algebraists by different face, different 
height, etc.) I beg to submit to you a 
difficulty which distresses me much. 

If « and y are each equal to “1,” it is 

plain that 2(x? — y?) = 0 and also that 
5(” — y) = 0. Hence 2(x? — 9?) = 5(x — ). 

Now divide each side of this equation 

by (x — ). 
Then 2(x + y) = 5. 

But (x + y) = (1+ I), ie. = 2. 

So that.2 x 2 = 5. 

Ever since this painful fact has been 

forced upon me, I have not slept more 
than 8 hours a night, and have not been 
able to eat more than 3 meals a day. 

I trust you will pity me and will kindly 
explain the difficulty. } 

Can you? 

_ *The Universe in a Handerchief, by Martin Gardner 
(Copernicus, 1996). 
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QUR TEACHER SAYS HOLD STILL...!'LL 
WE HAVE TO MEASURE TRY MEASURING YOUR 
SOMETHING WITH A RULER MOUTH AGAIN... 

HMM...ONE LIP 15 ON I WONDER HOW YOU 
THE SIX AND THE OTHER | WRITE THAT... ULL PUT, 
LIP 1S ON THE NINE... | |“LIP TO LIP, THREE INCHES 

© 1980 United Features Syndicate, Inc. 

LESSON 2 

The Ruler and Distance 

As surprising as it may seem, there are no measurements in Euclid’s 

Elements. Tools such as the ruler and protractor are never mentioned. 

Although Euclid did not attach numbers to line segments, angles 

or areas, he did compare them with statements such as 

All right angles are equal to one another 

and 

In any triangle the greater side subtends the greater angle. 

Numbers are now taken for granted in geometry. In fact, applica- 
tions such as computer graphics could not exist without them. In this 

lesson, we will consider how numbers are used in measuring distances. 

Our first postulate says that 

Two points determine a line. 
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AB=9-6=3 

If we merely want to draw the line determined by two points, we can 

use a simple straightedge to do so. If we want to measure the distance 
between the points, we need a ruler. If point A falls on the 6 and point 
B falls on the 9, as happened in measuring Snoopy’s mouth, then AB, 

the distance from A to B, is 9 — 6 = 3. Because the numbers on the ruler 
being used are | inch apart, Snoopy’s mouth measures 3 inches across. 

It is convenient to think of a ruler as an infinite number line. The 

points on the line are numbered so that to every point there corre- 

sponds exactly one real number called its coordinate and, conversely, 

to every real number there corresponds exactly one point. Further- 

more, to every pair of points on the line there corresponds a real num- 
ber called the distance between them. As illustrated in the example of 
measuring Snoopy’s mouth, this distance is the positive difference be- 
tween their coordinates. We will summarize this description of a ruler 

as the Ruler Postulate. 

Postulate 3. The Ruler Postulate 
The points on a line can be numbered so that positive number 

differences measure distances. 

The figure at the right shows three points, A, B, and C, on a line 

and the numbers that are their coordinates, a, b, and c. We will use the 

symbol “A-B-C” (or “C-B-A”) to indicate that point B is between points 
A and C. Because point B is between the other two points, its coordi- 
nate, 6, must be between their coordinates. In other words, ) is greater 
than one of them and less than the other; either a< b< cora>b>« 

which suggests a way to define what it means for one point to be 

between two others. 

Definition (Betweenness of Points) 
A point ts between two other points on the same line iff its coordinate 
is between their coordinates. (More briefly, A-B-C iff a< b< cor 
fp ¢) 

Here is another example. In the figure at the right, the coordinates 

of U, S, and A are 9, 4, and 1. Computing distances, we get 

US =9-4=5,SA=4-1=3,and UA=9-1=8: 

US + SA = UA because 5+ 3 = 8. 
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These results are just what we would expect from the figure and can 

be easily proved as our first theorem. 

As you know, a theorem is a statement that is proved by reason- 

ing deductively from already accepted statements, including both 
definitions and postulates. Our proof is a direct one. To make it easier 

to read, the statements in it are listed at the left and the reasons for 

them at the right. 

Theorem 1. The Betweenness of Points Theorem 

If A-B-C, then AB + BC = AC. 

Proof for case in whicha< b<c 

ATE Oe Statements 
@- Afb c 1. A-B-C. 

Do Uae 

3. AB = 6—aand BC =c— 8. 

4, AB + BC= (b—@) + (¢— 9) 

= Cee = Le 

SNC — aa: 

6. AB + BC = AC. 

Reasons 

The hypothesis. 

Definition of betweenness 

of points and this case. 

Ruler Postulate. 

Addition 

(and simplification). 
Ruler Postulate. 

Substitution (steps 4 and 5). 

AAAS ERAY RAAT RR 
A 
40 

Exercises 

Set | 

Three important ideas have been introduced | 

in this lesson that you should get to know. 

Write each of them as a complete sentence. 

1. The Ruler Postulate. 

2. The definition of betweenness of points. 

3. The Betweenness of Points Theorem. 

Three points on a line have the following 
coordinates: point A, 123; point T, 1; and point 

W, 12. Which idea in exercises | through 3 is 
the reason for each statement below? 

4, T-W-A because 1 < 12 < 123. 

5. TW + WA = TA because T-W-A. 
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KP HF AEAS S$ doa 
D 
58 

Triple Jump. The figure above shows a triple 
jump with the jumper taking off from A and 
landing at B, C, and D. A typical jumper runs 

about 40 meters to get to the takeoff point. 
Use the numbers on the figure to find: 

6. The total distance of the jump, AD. 

7. The coordinate of C. 

8. The distance CD. 

Because A-B-C, AB + BC = AC, or7 + 5 = 12, 

according to the Betweenness of Points 

Theorem. 

Use the Betweenness of Points Theorem to 

complete the following statements. 

9. Because B-C-D, BC + ?= ?, of 5 ae a 



10. Because A-B-D, AB + ? = ?, or 7+ ?=?. 

11. Because A-C-D, AC + ?=?, or? +?4+?. 

Eclipse Problems. Eclipses occur when the 
earth, sun, and moon are in line with each 
other. 

12. What are points that lie on the same line 

called? 

The figures below (not to scale) represent the 
possible positions of the sun, S, earth, E, and 

moon, M, during an eclipse. 

5 BRM S Vie 
® @ @ @ 6 @ 

Figure A Figure B 

13. Which figure illustrates an eclipse of the 

sun? 

If the distance from the earth to the moon is 

240,000 miles and the distance from the earth 

to the sun is 93,000,000 miles, find the distance 

between the moon and the sun when 

14, S-E-M. 

15. S-M-E. 

Seven League Boots. According to legend, 
“seven league boots” allow whoever wears 
them to travel 7 leagues at each step. (A league 
is about 3 miles!) 

moment IBA C 7 D7 E70 F 

OG 

Suppose someone puts them on 4 leagues 
away from home and walks as shown in the 

figure above. 

16. What are the coordinates of points B, C, 
D, E, and F? 

How many leagues away from home is the 

person after taking 

17. two steps? 

18. five steps? 

19. If n represents the number of steps 

taken, what does 4 + 7n represent? 

Skyscraper. A side view of the 7 
lower floors of a skyscraper is 17 

shown in the figure at the 16 

right. 15 

Use the Ruler Postulate to ie 

find the distance in floors 1] 

between 10 

20. the 2nd and 9th floors. 

21. the 5th and 15th floors. 

22. Are both of these 

answers correct? Why or 

why not? 

=N WAND NOOO 

Football Field. The yard lines on a football 

field are spaced at 5-yard intervals and num- 

bered as shown in the figures above and 

below. 

A B 
I | ® | e | 

0) 10320530 =40 ~50,.40830) 20°10. 0 

23. At what yard lines are points A and B? 

24. If these numbers were coordinates as in 

the Ruler Postulate, then the distance 

from A to B would be 10 yards. Why? 

25. Why can’t we think of the numbers of 

yard lines as coordinates? 
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Suppose the lines on a football field were 

numbered like this instead. 

A B 
eS epee eee eee 
50 —40=30-20— 10 OOm2Z0mSON40m50 

26. What are the coordinates of points A and 

B now? 

27. What distance does the Ruler Postulate 

give for AB now? 

28. Is this distance correct? 

SAT Problem. The figure below appeared in a 
problem on an SAT exam. 

ABC D E 

On this number line, the numbers 3, —1, 5, 0, 

and | are indicated by the arrows. 

29. Copy the figure and write the numbers 
in the appropriate places. 

30. Which arrow indicates 0? 

31. What is the distance from the first arrow 

to the last arrow? 

Set Il 

Pole Vaulter. This time sequence photograph 

shows a pole vaulter in action. 
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Although it seems that the points at which 

the vaulter’s hands hold the pole are between 

the endpoints of the pole, this does not agree 
with the definition of betweenness of points. 

32. Without looking it up, try to write the 
definition of betweenness of points as a 

complete sentence. 

33. What is it about the pole that does not fit 

this definition? 

34. Without looking it up, try to write the 
Betweenness of Points Theorem as a 

complete sentence. 

1.4m 

The figure above shows the distances be- 
tween one hand and the ends of the pole at 

one moment of the vault. 

35. How does AB + BC compare with AC in 

this figure? 

36. Do you think AB + BC could ever be less 
than AC? 

Ladder Problem 1. 
The extension ladder 
in the figure at the 
right can be adjusted 
to different lengths. 
The upper distance 
(AB in the diagram) 
looks as if it might be 
equal to the lower 
distance (CD). 

37. Do you think these two distances would 

still look equal to each other if the ladder 

were extended by sliding the sections as 
indicated? 



Suppose that the two parts of the ladder, 
AC and BD, are the same length (that is, 
AC = BD). 

Complete the following two statements. 

38. Because A-B-C, AC = ?. 

39. Because B-C-D, BD = ?. 

40. Why is AB + BC = BC + CD? 

41, Why is AB = CD? 

Ladder Problem 2. The first rung of the ladder 
shown in the figure below is 11 inches from 
the bottom of the ladder and the last rung is 

11 inches from the top of the ladder. The 

other rungs are spaced 12 inches apart. 

EX 

42. If the coordinate of X, the bottom of the 

ladder, is 0 and the coordinate of the 

first rung is 11, find the coordinates of 

the other rungs and of the top of the 

ladder, Y. 

Check your work by comparing 

43. the coordinates of the first and last 

rungs with the distance between them. 

44, the coordinate of Y, the top of the ladder, 

with XY, the total length of the ladder. 

Stars Proof. The figure at ®@ Star X 

the right shows three stars 
as seen from the earth. The @ Star Y 
distances between the siars, 

in light-years, are: 

XY = 7.2, YZ = 9.8, 
and XZ = 16.6. @ Star Z 

45. Copy and complete the following indirect 
proof that, contrary to their appearance, 

star Y is not between star X and star Z. 

Proof 

(What is the beginning assumption?) 

(What statement follows from the 
Betweenness of Points Theorem?) 

If XY + YZ = XZ, then 7.2 + 9.8 = 16.6. 

(What is the contradiction?) 

Therefore, our assumption is false and 
(what conclusion follows?) 

Signal Problem. Suppose you are approaching 
an intersection at a speed of 30 miles per hour 
(44 feet per second) and the signal turns 
yellow. The intersection is 60 feet wide and the 
signal stays yellow for 3 seconds. 

intersection 

x feet BaeenoUrreeu « C 

46. If you don’t change your speed, how far 

can you be from the intersection to get 

through it before the light turns red? 
Show how the Betweenness of Points 

Theorem can be used to find the answer. 

Our first theorem, the Betweenness of Points 

Theorem, was proved in this lesson only for 

the case in which a< b< c. The proof for the 

case in which a> b> cis almost exactly the 

same. 

47. Using the proof on page 86 as a guide, 
write the proof for this case. (Include the 
figure with your proof.) 
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Yardstick Distances. A yardstick 36 inches 
long is represented in the figure above. Even 

though it has only eight marks on it, it can be 

used to measure every whole-number distance 

from | to 36 inches!* 

48. Show how by making a list of the 

numbers from | through 36 and naming 

Set Ill 

You have inherited a rowboat with no oars. 

According to Shaw and Tenney, a company in 
Maine that manufactures oars, the handles of a 

pair of oars should overlap by 4 inches.* 

Overhead view (not to scale) 

1. If the distance between the oarlocks, 

BC, is 42 inches and the overlap, AD, is 

4 inches, how long should AB and CD 
be? Show your reasoning. 

Inboard 

*The Incredible Dr. Matrix, by Martin Gardner 

(Scribners, 1976). 
¥ Sizes, by John Lord (Harper Collins, 1995). 
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at least one pair of points that can be 

used to measure each distance. 

For example, the beginning of your 
list would look like this: 

1 AB (or JJ) 
HS 
3 AC (or CD) and so forth 

For efficient rowing, Shaw and Tenney 

recommend that the inboard part of each oar 
(AB in each figure) should be 7/25ths of the 
overall length of the oar. The paddle, EF, is 26 

inches long. 

2. According to this information, how long 

should the oars for your boat be? Show 

your method. 

Oars come in lengths from 6 feet to 10 feet 
in 6-inch increments. 

3. What length of oars would you order for 

your boat? 



LETS HAVE ANOTHER 
SMILING CONTEST. 
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Used by permission of Johnny Hart and Creators Syndicate, Inc. 

LESSON 3 

The Protractor and Angle Measure 

Although a vast number of different units have been invented through- 
out history to measure distance, the unit chosen by the ancient 

Babylonians for measuring angles more than 4,000 years ago is still in 

use today. No other unit of measurement even comes close to having 

lasted as long as the degree. 
The scale on a circular protractor is divided into 360 equal parts, 

each part measuring | degree. If we imagine a ray with its endpoint at 
the center of the protractor turning exactly once around the scale, we 
might think of all of the positions through which it moves as a 
rotation of rays. 

The largest angle usually considered in geometry, however, has a 

measure of only 180°; so the protractor in most common use is the 

semicircular protractor. We will refer to all of the rays that correspond 
to it as a half-rotation of rays. 
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ZCOD = 145-70=75° 

When an angle is measured with a protractor, the center of the pro- 
tractor must be placed on the vertex of the angle. It isn’t necessary, how- 
ever, for the 0 mark on the protractor to be placed on one side of the 
angle. 

ZAOB = 160-60 = 100° 
or 

ZAOB = 120 -20= 100° 

In the figure above, ZAOB = 160 — 60 = 100° (or 120 — 20 = 100°, de- 
pending on which scale you choose) and, in the figure at the left, 

ZCOD = 110 35 = 75 (or 145 — 70 = 75), 
Although every protractor is numbered with two scales, only one 

of them is needed. In fact, in describing how a protractor works, we 
will find that it is convenient to think of it as having only one scale. 

With this in mind, we can say that the rays in a half-rotation can be 

numbered so that to every ray there corresponds exactly one real 

number called its coordinate, and to every real number from 0 to 180 

inclusive there corresponds exactly one ray. Moreover, to every pair 

of rays there corresponds a real number called the measure of the an- 

gle that the rays determine. The measure of this angle is the positive 
difference between the coordinates of the rays. This description of a 

protractor is very much like our description of a ruler. We will sum- 

marize it as the Protractor Postulate. 

Postulate 4. The Protractor Postulate 

The rays in a half-rotation can be numbered from 0 to 180 so that 

positive number differences measure angles. 

Angles are classified according to their measures as follows. 

Definitions 
An angle is 

acute iff it is less than 90°. 

right iff it is 90°. 
obtuse iff it is more than 90° but less than 180°. 

straight iff it is 180°. 

In the figure at the left, rays OA, OB, and OC have a common end- 
point, O, and coordinates a, b, and c. It seems reasonable to say that 

ray OB is between rays OA and OC and to use the abbreviation 
“OA-OB-OC” (or “OC-OB-OA”). As we did in defining betweenness 
of points, we can use coordinates to define betweenness of rays. 
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Definition (Betweenness of Rays) 
A ray is between two others in the same half-rotation iff its 
coordinate is between their coordinates. (More briefly, OA-OB-OC 
iff a<b<cora>b><c) 

In the figure at the right, the coordinates of rays IF, IT, and IS are 

135, 90, and 20. Calculating angles, we get ZFIT = 135 — 90 = 45°, 

ater oO) — 20 ="70" and Z FIS'= 135 — 20 = 115°: 

able lls — Zblsibecause 454 -- 70> = 115s 

Such results are true whenever one ray is between two others, and we 
prove it as our second theorem. 

Theorem 2. The Betweenness of Rays Theorem 
If OA-OB-OCG, then ZAOB + ZBOC = ZAOC. 

Proof for case in which a> b> c 

Statements Reasons 

1. OA-OB-OC. The hypothesis. 

DD G> be Definition of betweenness 

of rays and this case. 

3. ZAOB = a— band Protractor Postulate. 

ZBOC = b-«c 

A. ZAOB + ZBOC = Addition 

(a— bd) + (b-—d = (and simplification). 
a-c. 

KN ZAOC= a— c Protractor Postulate. 

6. ZAOB+ ZBOC = ZAOC. Substitution (steps 4 and 5). 

Exercises 

Set | 

90 
f 

20 

IS} 
| 

A a 

Bp 

G C 

SSRN ERECTED ARO 

4, Which ray is between the other two? Use 

Three more important ideas have been intro- 
your protractor to draw a figure. 

duced in this lesson that you should get to 5. Name and find the measures of the three 

know. Write each of them as a complete 

sentence. 

1. The Protractor Postulate. 

2. The definition of betweenness of rays. 6. exercise 4? 

3. The Betweenness of Rays Theorem. 7. exercise 5? 

Three rays in a half-rotation have the follow- 
ing coordinates: ray HE, 81; ray HI, 18; and 

ray HO, 180. 

angles formed by the rays. 

Which statement in exercises | through 3 is 

the reason for your answer to 
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The following definition is from an old book 

titled First Book of Geometry.* 

ANGLES 

§ 6. Definition —If you make any two half-lines (§ 2), 

AB and AC from a point A, they are said to form 

an angle (Fig. 19). The point A is called the vertex 

of the angle, AB and AC are called the arms of the angle. 

We name this the angle BAC, putting in the middle the 

name of the vertex, and on each side of this the name 

of a point on one of the arms. If P is another point on 

the half-line AB and Q on the half-line AC, the angle 

PAQ is only another name for the angle BAC. 

Fig. 19. 

8. What do we call “half-lines”? 

9. What do we call the “arms” of an angle? 

10. Which of the following also are correct 
names for the angle shown in the figure? 

Zi, ABC ZACABAZRACW2AO0 Pe 

Danger Area. One of 
the many ways in 
which angles are 
used in navigation is 
in the directions of 
signal lights warn- 
ing mariners of 
hazardous areas. 
The figure at the 
right shows a “red 
sector,” the interior 

of an angle marking 
a dangerous area.? 

11. What are the numbers 45 and 120 called 

with respect to the sides of the angle 
opposite the danger angle? 

12. What is the measure of this angle? 

13. What kind of angle is it? 

*Written by Grace Chisholm Young and W. H. 
Young and published in London in 1905. 
*From Dutton’s Navigation and Piloting, by Elbert E. 
Maloney (Naval Institute Press, 1985). 
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Although angles in geometry have measures 
of no more than 180°, the number of degrees 
through which something can turn is unlim- 
ited. Two examples from sports are listed 
below. 

14. A spectacular move in basketball is the 

“360.” What do you think that means? 

15. A dive in springboard diving is the 
“one-and-a-half” somersault. What do you 

think that means? 

The apparent size of an angle depends on your 
point of view. 

E ie 
G 

D 

A B 

16. How many angles do you see in this 
picture? 

17. Assuming that it is an ordinary board, 
how many of them are right angles? 

If you measured the angles as they appear in 
this picture, which angles do you think would 
be 

18. acute? 

19. obtuse? 

Birds and planes sometimes form angles in the 
sky. The photograph below shows geese flying 
in “V formation.” 

20. Is it possible to tell from the photograph 

what type of angle the birds are flying in? 

Explain. 



Bubble Angles. If four bubbles in a foam 
come together as shown in the figure at the 
left below, they quickly rearrange themselves 
to form the figure shown at the right. 

What type of angles seem to surround 

21. point A? 

22. points B and C? 

23. If the four angles surrounding point A 
are equal, how large is each angle? 

24. If the three angles surrounding point B 
and point C are equal, how large is each 
angle? 

Cactus Spokes. The “spokes” coming from the 
center of this cactus seem to be evenly spaced 

around it. 

25. If this is the case, find the measure of 

one of the angles formed by two 
adjacent spokes. 

Some of the 
spokes of the 5 
cactus are P 

represented in 

ede by OP! 
rays; the K 

numbers are 

their coordi- E 
nates. 100.8 

26. Would it be correct to say that ray CP is 

between ray CS and ray CK? 

27. Use the definition of betweenness of 
rays to explain why or why not. 

Use the coordinates of the rays to find the 

measures of the following angles. 

28. LOCr 

29. ZPCK 

30. ZSCK. 

31. Write an equation relating the measures 
of these three angles. 

32. What theorem does this equation 

illustrate? 

33. State the theorem as a complete 

sentence. 

Set II 

Runway Numbers. Airport runways have 
numbers on them indicating in what direction 
a plane is heading when it takes off. A runway 
numbered 0 points due north and a runway 
numbered 9 points due east. 

0 
N 

9 
B 

What do you think is the number of a 

runway pointing 

34. due south? 

35. due west? 

36. In what way are the numbers of airport 

runways related to the numbers on a 

circular protractor? 

Airplanes sometimes take off from either end 

of a runway, depending on conditions. 

37. If one end of a runway is numbered 5, 

what do you think the opposite end is 

numbered? 
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Two runways at an airport may have the 

same number, such as the ones in this 

photograph. 

38. What does this numbering indicate about 
the directions of the two runways? 

39. What angle do these runways make 
with “due north”? Make a drawing to 
illustrate your answer. 

40. What do the letters represent in the 

photograph? 

Pool Ball Angles. In this 
overhead view of a pool 

table, the cue ball (white) 
is shown banking off the 
lower cushion to nudge 

the 1-ball into the corner 

pocket.* 

When a pool ball banks off a cushion, the 

angles that its path forms with the cushion are 

equal. For example, in the figure below, a ball 

from point A hitting the cushion at P makes 

Z1= 22. A ball from C hitting the cushion at P 

makes ZCPX = ZDPY. 

*From Billiards, by John Grissim (St. Martin’s Press, 

1979). 
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It is easy to prove from these facts that 23 

and 24 in this figure also must be equal. Tell 
why each of the following statements in the 

proof is true. 

Al. ZCPX = Z1 + Z3 because PX=PASP@ ana 

ZDPY = 22 + ZA because PD-PB-PY. 

A2. Z1+ 23 = 22 + Z4 because 

ZCPX=Z2ADENe 

AS e/a — ean eCaulser/alu—a/ aoe 

NBC Peacock. When color television first 

began, NBC chose a peacock with 11 feathers 

as a symbol for its programs broadcast in 

color. 

How many degrees do you think the angle 
of each feather would be if the peacock had 

44, 9 feathers? 

45. 10 feathers? 

46. 12 feathers? 

47. How many degrees does the angle of 
each feather in the actual symbol seem 

to be? 

Minutes and Seconds. Units of angle measure 
smaller than the degree are the minute and 
second. One degree is equal to 60 minutes and 
1 minute is equal to 60 seconds. 

48. What unit besides the degree also is 

equal to 60 minutes, with a minute being 
equal to 60 seconds? 

49. How many seconds are there in 1 

degree? 

The earth makes one rotation on its axis in 24 

hours. 

50. How many degrees are in one rotation? 



51. Through how many degrees does the 
earth turn in | hour? 

52. Through how many (angular) minutes 
does the earth turn in 1 minute of time? 

53. Through how many (angular) seconds 
does the earth turn in | second of time? 

Our second theorem, the Betweenness of Rays 

Theorem, was proved in this lesson only for 

the case in which a> b> c. The proof for the 

case in which a< b< cis almost exactly the 

same. 

54. Using the proof on page 93 as a guide, 
write the proof for this case. (Include the 
figure with your proof.) 

Set Ill 

In 1995, a geometrical puzzle in the Washington 
Post attracted more attention than its author 
could have imagined. As J. L. Heilbron relates 
in his book Geometry Civilized, 

The United Press Syndicate, which had 

carried the quiz in which the puzzle first 
appeared, insisted it could be solved, but 

by a method too long to print. The man 
who set the puzzle . . . said that he had 
forgotten how to do it and could not 
repeat his lost performance. He had 
recourse to three dozen geometers, none 

of whom, he said, could find a solution.* 

The problem was to find the measure of 

ZEFB in the figure at the right without mea- 
suring or using any advanced mathematics. 

1. Use a ruler and protractor to make an 

accurate drawing of the figure. Make it 
as large as you can. 

*Clarendon Press, 1998. 

Several angles in the figure can be figured out 
by using the theorem about the sum of the 
angles of a triangle. 

2. Which angles are they and what are 
their measures? 

Obviously, the measure of 7EFB cannot be 
figured out as easily or the puzzle would not 
have given so much trouble. If your drawing is 
reasonably accurate, however, you may be 

able to make a good guess. 

3. What do you think the measure of 7 EFB 

might be? 
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LESSON 4 

Bisection 
re ee 

A fellow in Central City, Kentucky, was upset because his wife had 

filed for divorce and demanded an equal property settlement. Using 
drills and saws, he started to “bisect” their house into two equal parts, 

- which he called “His” and “Hers.” His wife got a restraining order to 
stop him from finishing the job.* 

In Lesson 4 of Chapter 1, you learned how to bisect line segments 
and angles with a straightedge and compass. Such figures can also be 
bisected by folding. If a line segment is drawn on tracing paper and 
one endpoint is folded onto the other, the crease divides the line seg- 
ment into two equal parts. The fold line bisects the line segment and 
intersects it at its midpoint. 

Definition 
A point is the midpoint of a line segment iff it divides the line 
segment into two equal segments. 

*Associated Press, January 21, 1983, as reported by Martin Gardner in Penrose 

Tiles to Trapdoor Ciphers (W. H. Freeman and Company, 1989). 
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If an angle is drawn on tracing paper, it can be bisected by folding 
one side onto the other. The crease line goes through its vertex and 
forms two equal angles with the sides of the angle. 

Definition 
A line bisects an angle iff it divides the angle into two equal angles. 

When we use the word “equal” in these folding examples, we 
are not thinking of numbers; we are using the word in the sense that 
Euclid used it. At the beginning of the Elements, Euclid assumed that 
“things which coincide with one another are equal to one another.” 
The word congruent is defined in the dictionary as “coinciding exactly 
when superimposed.” So we can say that, when something is bisected, 

it is divided into two congruent parts. Clearly, line segments are con- 
gruent if they have equal lengths, and angles are congruent if they 
have equal measures. 

— = A 

Another way to bisect a line segment is to use a ruler. If line seg- 
ment AB in the figure above is exactly 4.2 centimeters long, then there 
is exactly one point on it, M, that divides it into two equal segments: 

Ae Seri 

2 

and so the point is 2.1 cm from each end. In our description of how 

a ruler works, we assumed that to each number there corresponds ex- 

actly one point; so the idea that a line segment has exactly one mid- 
point follows directly from the Ruler Postulate. A statement that fol- 
lows directly from another statement is called a corollary to it. 

= 2.1 cm, 

A corollary is a theorem that can be easily proved as a consequence 

of a postulate or another theorem. 

We will call our conclusion about a midpoint a 

Corollary to the Ruler Postulate 
A line segment has exactly one midpoint. 
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Just as a line segment can be bisected with a ruler, an angle can 
be bisected with a protractor. If 7B in the figure above has a mea- 

sure of exactly 42°, then there is exactly one ray inside it, BI, that 

divides it into two equal angles: 

42° 

2 

and so the ray is 21° from each side. 
Our description of how a protractor works includes the assump- 

tion that to each number from 0 to 180 there corresponds exactly one 
ray, so the idea that an angle has exactly one ray that bisects it fol- 
lows directly from the Protractor Postulate. 

= 21°, 

Corollary to the Protractor Postulate 
An angle has exactly one ray that bisects it. 

Exercises 

Set | 

Many important words in geometry begin 
with the letter C. Explain in a few words what 

9. What relation do the two if-then state- 

ments have to each other? 

State each of the following as a sentence. 

each of the following words means. 10. The corollary to the Ruler Postulate. 

1. Collinear. 11. The corollary to the Protractor Postulate. 

2. Concurrent. } 
Arrow Illusion. In this “arrow” figure, two 

3. Congruent. points, M and N, have been marked on AB. 
4, Construction. 

5. Converse. 

A B 6. Corollary. MN 

The definition of midpoint, like all definitions, 

can be written as two different if then 12. Which one looks like the midpoint of 
statements. AB? 

7. The hypothesis of one of them is “If a 13. Could they both be midpoints of AB? 
point is the midpoint of a line segment.” Why or why not? 

What is its conclusion? 14. Which two line segments along line AB 
8. Write the other if-then statement as a are equal? (Check your answer with 

complete sentence. your ruler.) 
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Origami Duck. Origami, the Japanese art of 
paper folding, was used to create this duck.* 

Starting with a square sheet of paper, corner B 

is folded onto D. Then sides BC and DC are 

folded onto the fold AC. 

A BA 

15. Does point E appear to be the midpoint 

of AB? 

16. Is point E between points A and B? 

Because Z BAC fits onto ZDAC, ZBAC and 

ZDAC are congruent. 

17. Which angle is bisected if 
ZBAC = ZDAC? 

18. Name three more angles that are 
bisected in the folding process. 

Angle BCD is a right angle because the pro- 
cess starts with a square. Find the number of 
degrees in each of the following angles. 

ISAAC D. 

20. ZFCD. 

21. ZFCE. 

22. ZDCE. 

23. ZDFC. 

Bisection Constructions. Because this lesson is 

about bisection, this is a good place to review 
the two bisection constructions. 

*Folding the Universe, by Peter Engel (Vintage Books, 
1989). 

D G { 

24. The origami bisections by construction. 
Use your protractor to make a large 

drawing of ZBCD (the lower right corner 
of the square of origami paper). Then use 
your straightedge and compass to bisect 
ZBeD: 

Also bisect both of the angles formed. 
Finally, measure the angles with your 

protractor to check your accuracy. 

25. A short ruler construction. 

Use your ruler to draw a line segment ~~ 

AB 8 centimeters long. Then use your 
straightedge and compass to bisect AB. 

Also bisect both of the segments 
formed. Finally, measure the segments 

with your ruler to check your accuracy. 

Clock Puzzle. An old puzzle asks, if a clock 
takes 3 seconds to chime 3 o’clock, how 

long does it take to chime 6 o’clock? 
The figures below reveal the answer. (The 

points indicate the chimes and the coordinates 
represent the time in seconds.) 

3 o'clock 

A B G 
o——_@—_——_® 

O ? 3 

26. Because B is the midpoint of AC, 

AB = BC. Why? 

27. What is the length of AB? 

28. What is the coordinate of B? 

6 o'clock 

A B Gg D B le 
SS 
O 3 ? Z A 

29. What are the coordinates of D, E, and F? 

30. What is the answer to the puzzle? 
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Set Il 

Yen Measurement. The Japanese one-yen coin 

is unusual in that it is just the right size for 

measuring distances in centimeters. A row of 
five of these coins is 10 cm long. 

31. What is the diameter of a one-yen coin? 

Suppose a one-yen coin rolls exactly one 
revolution along a line without slipping, as 
shown in the figure below. 

What would be the coordinate of the point 

at which the coin touches the line 

32. at the end? 

33. midway between? 

Acetylene Proofs. Molecules of acetylene, a 
gas used in welding, contain four atoms, as 

shown in the figure below.* 

“il 

In the figure at the top of the next column, the 

points represent the atoms and the line 
segments represent the bonds between them. 

*The Architecture of Molecules, by Linus Pauling and 
Roger Hayward (W. H. Freeman and Company, 1964). 
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A B (E D 

In the acetylene molecule, AB = CD, 

A-B-C, and B-C-D. Use these facts to supply 

the reasons for the following direct proof that 

AC = BD. 

34. Proof. 
AB = CD. (By hypothesis.) 
AB + BC = BC + CD. (Why?) 
A-B-C and B-C-D. (By hypothesis.) 
AB + BC = AC and BC + CD = BD. 

(Why?) 
Therefore, AC = BD. (Why?) 

Use the additional fact that AC > 2AB to 
supply the missing statements and reasons in 
this indirect proof that B is not the midpoint of 

NG: 

35. Proof. 
(What is the beginning assumption?) 
If B is the midpoint of AC, then AB = BC. 

(Why?) 
Because AB + BC = AC, 2AB = AC. 

(Why?) 
(What does this statement contradict?) 
Therefore, our assumption is false and 

(what conclusion follows?) 

Miter Joint Proof. In carpentry, a miter joint is 
formed when two pieces of wood cut at an 

angle are joined together. 

A 

If the pieces are cut correctly, when they are 

glued together so that PA-PC-PB, PC bisects 
LAL: 

Copy and complete the following proof that 

ZAPB 

2 



36. Proof 
Statements 

1 PA-PC-PB. 
Vee ae 2). = ?. 

Reasons 
By hypothesis. 
Betweenness of Rays 
Theorem. 
By hypothesis. 
If a line bisects an 
angle, it divides 
the angle into 
two equal angles. 

3. PB bisects Z APB. 

4, 71 =>. 

jae aie = 2. APB; 

Som 4le— 7A PB. 

ZAPB 
oe 

Why? 

6. Z1= Why? 

Angle Definition. It may surprise you that not 
everyone agrees on the best way to define 
some of the terms of geometry. An example is 
“angle.” 

Compare these figures of an obtuse angle 
and a straight angle. 

a 
An obtuse angle 

i ———_ nn ws 

A straight angle 

37. Would you think that both of these 
figures were angles if they were not so 

labeled? Explain. 

We defined an angle as “a pair of rays that 

have the same endpoint” and called the 

common endpoint the vertex of the angle. 

38. What is strange about the vertex of a 
straight angle? 

In the figure below, some of the rays between 
the sides of the obtuse angle are shown. 

An obtuse angle 

39. Where are the rays between the sides of 

the straight angle? 

40. Although the corollaiy to the Protractor 
Postulate says that an angle has exactly 

one ray that bisects it, someone might say 

that the corollary is not true for a straight 
angle. Why? 

Passion Flower. A passion flower has three 

stigmas, five stamens, and ten petals.* 

In the figure below, drawn from the photo- 

graph, the stigmas are represented by the red 

rays and the stamens by the green rays. 
Imagine a circular protractor placed with its 
center at P so that the coordinate of ray PA is 

0 and the numbers on the scale increase in a 

clockwise direction. 

41. Copy the figure and mark it appropri- 

ately to answer the following questions. 

* Numbers: Facts, Figures and Fiction, by Richard Phillips 

(Cambridge University Press, 1994). 
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42. 

43, 

44, 

45. 

46. 

47. 

If points A, P, and E are collinear, what is 

the coordinate of ray PE? 

If the stamens are equally spaced around 

P, how large is ZEPC? 

If ray PD bisects ZEPC and ray PF 

bisects GPE, how large are 2FPE and 

ZEPD? 

Put all of these assumptions together to 

find the coordinates of the other rays. 

Would it be correct to say that ray PA is 

between rays PG and PC? Why or why 

not? 

Would it be correct to say that ray PE 

bisects 2GPC? Why or why not? 

Set Ill 

Rusty Compass Constructions. In about 980 
A.D., the Persian mathematician Abul Wefa 

explored making constructions with a straight- 
edge and a compass whose radius cannot be 
changed. Such a compass is called a “rusty 
compass.” 
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. Use your ruler to draw a line segment 
AB 5 inches long. Set the radius of your 
compass to | inch. Can you figure out a 
way to bisect the line segment with your 
straightedge and compass without 
changing the radius of the compass? 

. Use your protractor to draw a 50° angle 

and bisect it with your rusty compass. 

. Draw a 150° angle and try to bisect it 
with your rusty compass. 

If a rusty compass had a radius of | inch, the 
easiest line segment to bisect would be one 2 
inches long. 

4, Can you guess the size of the angle that 
would be easiest to bisect with such a 

compass? 



LESSON 5 

Complementary and Supplementary Angles 

If you ride a bicycle in a circle, the bicycle automatically leans toward 

the center of the circle. The angle at which the bicycle leans depends 
on its speed and the size of the circle. It is measured from the vertical 
because that is the “normal” direction of the bicycle. 

In the photograph, this angle is labeled A and has a measure of 
32°. If the angle of the bicycle with the horizontal were measured in- 
stead, ZB in the diagram at the right, what would its measure be? 

Because ZA + 7B = 90°, 2B = 90° — ZA = 90° — 32° = 58°. 
Two angles whose sum is 90° are complementary. Such angles are 

frequent in geometry; so complementary is an important word to know. 

Definition 
Two angles are complementary iff their sum is 90°. 

Each angle is called the complement of the other. Because the sum of 
two complementary angles is 90°, the complement of an angle is 
found by subtracting the angle from 90°. 

vertical 

horizontal 
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horizontal 

The figure above shows that there are two ways to choose the angle 

between the bicycle and the horizontal. If 2B = 58°, what would be 

the measure of ZC? Because 2B + ZC = 180°, ZC = 180° ~=ZB= 

180°%= 58° 6122 -. 

Two angles whose sum is 180° are called supplementary, another 
important word to know. 

Definition 
Two angles are supplementary iff their sum is 180°. 

Each angle is called the supplement of the other, and the supple- 
ment of an angle is found by subtracting the angle from 180°. 

Although complementary angles often share a common side, as 

do supplementary angles, our definitions say nothing about their po- 
sitions. For example, in the figure at the left, 2A and ZB are comple- 

mentary; ZDCB and ZB also are complementary. Given that 

ZA = 50°, how large is 2B? How large is 2DCB? 
That 2DCB = ZA in this figure is no accident. It is easy to prove 

that two angles that are complements of the same angle must be equal. 
The proof, which we write in two-column form, is presented below. 
The hypothesis of a theorem is often referred to as “given” and the 
conclusion as “prove,” as is done here. 

Theorem 3 
Complements of the same angle are equal. 

Given: 21 and 22 are complements of 23. 

Proves Ala 

Proof 

Statements Reasons 

ie lfanceAJrane 

complements of 23. Given. 

Lie Lil ce But 90S If two angles are comple- 
£24143, =190°; mentary, their sum is 90°. 

By ZAI ab 28} SS 9) ab By. Substitution. 

AV JEM == OY. Subtraction. 

A similar theorem with an almost identical proof is true for supple- 

mentary angles. 

Theorem 4 
Supplements of the same angle are equal. 
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Exercises 
EEE ROE RTT 

Set | 

The definitions in the dictionary for “comple- 

ment” and “supplement” are quite similar. 

Complement is defined as “something that 
completes or makes up a whole” and supple- 
ment is defined as “something added to 
complete a thing, or strengthen the whole.” 

To what number does the word “whole” 

refer with respect to 

1. complementary angles? 

2. supplementary angles? 

The word complement is easily confused with 
the word compliment. 

3. Which one would you rather get from a 
friend? 

Safe Angle. The lights at the end of a runway 
tell a pilot if the plane is approaching it at the 
safe angle of 3°. Above this angle, the lights 
look white; below it, they look red. 

runwa
y 

L 
oe 

4, If the plane is approaching the runway 
at the safe angle, what angle (2 VLP) 
does its path make with the vertical? 

5. What relation does 7 VLP have to 

AIA 

6. What angle should the path of the plane, 
LP, make with LA? 

7. What relation does ZPLA have to 

Z BLP? 

Sign Measure. An old unit of angle measure, 
the “sign,” comes from astrology: 12 signs 
were equal to 360°. 

8. To how many degrees was one sign 
equal? 

How many degrees were in 

9. the supplement of a sign? 

10. the complement of a sign? 

11. Where do you suppose the name “sign” 
came from? 

Suppose that a right angle is bisected and each 
of the two angles that result is ¢risected. 

12. Sketch a figure to illustrate this. 

13. How large is each of the smallest angles 
formed? 

14. What do the measures of all of the angles 
in the figure have in common? 

Skier Forces. The figure below shows the forces 
acting on a skier skiing downhill.* 

If a protractor is placed on the figure so that 

OD has the coordinate 0, the coordinates of 
some of the other rays are: 

OG, 90; OW, 117;,OF 31380. 

15. Draw and label the rays on your paper 

and mark their coordinates. 

*The Physics of Skiing, by David Lind and Scott P. 
Sanders (AIP Press, 1996). 
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16. Write the equation that follows from the 

fact that OD-OW-OF. 

17. Find the measures of 2 DOW, ZWOF, 

and ZDOF. 

18. What relation does ZDOW have to 

ZWOF? 

19. Find the measure of 72 WOG. 

20. What relation does 2 WOG have to 

ZWOF? 

Name two angles in the figure that are 

21. acute. 22. obtuse. 

Triangle in the Woods. While on a walk in the 
woods, Obtuse Ollie made a very large tri- 
angle by stretching a long rope around three 
trees. He told Acute Alice that its three angles 
were supplementary. 

23. Without even looking at it, Alice said 
that that was nonsense. Why? 

Ollie then claimed that two of its angles were 
supplementary. 

24. Is this possible? Why or why not? 

Alice looked at the triangle and said that 

she thought two of its angles were 

complementary. 

25. Is this possible? Explain. 

Hammer Throw. The direction, OH, of launch- 
ing the hammer in the hammer throw is 

shown in this figure. If the hammer is thrown 

in the ideal direction, then OH bisects 2 YOX. 

x< 

vertical 

‘S) horizontal 

26. Because OY-OH-OX, why does it follow 

that] INE 22 =a OXe 
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27. Given that 2 YOX is a right angle, why is 
ZYOX-= 90°? 

28. Why does it follow that 21 + 22 = 90°? 

29. If OH bisects ZYOX, why isi2 ip =eze 

30. Why does it follow that 22 + 22 = 90°, 
or 2Z. 2.= 90°? . 

31. Why does it follow that 22 = 45°? 

Set Il 

Clock Hands. A small 

child just learning to tell 

time was told that she 

could stay up until “the 

big hand is on the 6 and 

the little hand is on the 

oe 

32. What time was she supposed to go to 
bed? Draw a picture of a clock to 

illustrate it. 

33. According to the description of the 
clock, what angle would the hands 
make? 

34. If what the child was told was true, how 

is it that she might have been able to 
stay up all night? 

35. What angle would the hands actually 
make at the bedtime intended? 

Complement and Supplement. Suppose that 
ZC is the complement of ZA and that ZS is 

the supplement of ZA. 

36. Copy and complete the following table. 

ZA IAS ZS 

10° ? ? 
20° ? ? 
30° ? ? 

37. How does ZS seem to compare with ZC? 

38. If ZA = x°, what are the measures of 2C 

and ZS in terms of x? 

39. Use the two expressions and some 

algebra to show that the conclusion 

suggested by the table is always true. 



Earth Angles. The Arctic Circle connects the 
points on the earth that are 66.54° north of 
the equator. The tropic of Capricorn connects 
the points on the earth that are 23.46° south 
of the equator. 

Arctic Circle <img = 

Equator | 

Tropic of » cs 3 
Capricorn \__ 

40. What relation do these angles have to 
each other? 

On the first day of winter in North America, 

the sun is directly overhead at noon on the 

tropic of Capricorn. 

41. Where do you suppose the sun appears 
to be at the same time on the Arctic 
Circle? 

The North and South Poles are the points that 
are 90° north and 90° south of the equator. 

Equator Bes , ae 

42. What relation other than being equal do 

these angles have to each other? 

On the first day of winter in North America, 

the sun never sets at the South Pole. 

43. What do you suppose is true of the first 
day of winter at the North Pole? 

Lesson 5: Complementary and Supplementary Angles 

In the figure below, 21 and 22 are both 
complements of 2 AOC. 

A 

O G 

44, What else seems to be true? Explain 
why. 

45. Is it possible to figure out the size of 
each angle in the figure without measur- 
ing them? Explain. 

The proof of Theorem 4 is almost identical 

with that of Theorem 3. 

46. Write it, using the proof of Theorem 3 
as a guide. . 

Set Ill 

This pattern is made from 15 squares.* 

From the appearance of the figure, how large 
do you think the angles at the points of the 
stars are? Show your reasoning. 

*Numbers: Facts, Figures and Fiction, by Richard Phillips 
(Cambridge University Press, 1994). 
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LESSON 6 

Linear Pairs and Vertical Angles 

110 

Much of the American landscape is divided by section lines that run 
north-south and east-west. An exception to this pattern are the rail- 
roads. In the photograph above of Castleton, North Dakota, a rail- 

road intersects a road at a fairly sharp angle. 
The lines of the road and railroad actually form four angles, which 

are numbered in the diagram above. Notice also that the point in 
which the lines intersect, P, divides each line into two rays. Because 

the rays point in opposite directions, they are called opposite rays: rays 
PA and PC are opposite rays, as are rays PB and PD. 

Angles such as 21 and 22 that have a common side and have 
opposite rays as their other sides are called a linear pair. Angles such 
as Z1 and 23 in which the sides of one angle are opposite rays to 
the sides of the other are called vertical angles.* Because we will be us- 
ing these terms throughout our study of geometry, their definitions 
are repeated here. 

*“Opposite angles” seems like a more appropriate name because “vertical” 
suggests a connection to vertical lines, and vertical angles have nothing to do 
with vertical lines. The dictionary definition for “vertical angle” is, in fact, “one 

of two opposite angles formed by two intersecting lines.” 
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A linear pair Vertical angles 

Definitions 
Two angles are a linear pair iff they have a common side and their 
other sides are opposite rays. 
Two angles are vertical angles iff the sides of one angle are 
opposite rays to the sides of the other. 

In Lesson 5 of this chapter, we considered relations between pairs 

of angles that concerned only their measures. The definitions of com- 
plementary angles and supplementary angles say nothing about their 
sides. 

Although the definitions of linear pair and vertical angles say noth- 
ing about their measures, the figures at the top of this page suggest 
some possible conclusions about them. The angles in a linear pair, 
such as 21 and 22, seem to be supplementary. Vertical angles, such 

as 23 and 24, seem to be equal. Because both of these observations 

are useful and can be proved on the basis of what we already know, 

we add them to our list of theorems. 

Theorem 5 
: : é n 

The angles in a linear pair are supplementary. B 

Given: 21 and 22 are a linear pair. 
Prove: 21 and 22 are supplementary. 0 1\ > 

Proof a O 
G 160 

Statements Reasons 

1. Z1 and Z2 are a linear Given. 

pair. 

2. Rays OA and OC are If two angles are a linear 

opposite rays. pair, they have a common 

side and their other sides 

are opposite rays. 

3. Let the coordinates of Protractor Postulate. 

OA, OB, and OC be 0, 
n, and 180. 

AZ k= n— 0 = n°, Protractor Postulate. 

£2 = (180 — n)°. 

i, Zil ap (aor Addition. 

n° + (180 — n)° = 180°. 
Ow 7aleand 42 are Two angles are 

supplementary. supplementary if their 

sum is 180°. 

Lesson 6: Linear Pairs and Vertical Angles 111 



Theorem 6 

Vertical angles are equal. 

Given: 21 and Z3 are vertical angles. 

Provesv 7/2 = 723: BSS > 

Proof 

Statements Reasons 

1.. Z1-and?Z3,are Given. 

vertical angles. 

2. The sides of Z1 are If two angles are vertical 

opposite rays to the angles, the sides of one 
sides of 23. are opposite rays to the 

sides of the other. 

3. Zl and 22 are a linear Two angles are a linear 
pair; 22 and 23 area pair if they have a 

linear pair. common side and their 

other sides are opposite 

rays. 

4. 21 and 22 are supple- The angles in a linear 

mentary; 22 and 23 pair are supplementary. 

are supplementary. 

ey a Rae Supplements of the 

same angle are equal. 

Exercises Figures such as the one below are used in 
tests of perception. For example, it might be 

seen as a four-sided figure and two triangles. 

G 
Set | 

When this chair is closed up, the angles of the 3. What other way do you think it might be 

braces between its legs change in size. No seen? 
matter whether the chair is open or closed, 4) 
however, the way in which these angles are 
related to one another never changes. 

. Name the sets of points in the figure that 

seem to be collinear. 

5. Name the pairs of angles that seem to be 
1. Why are some of them always equal? linear pairs. 

2. Why are some of them always 6. Does the figure contain any vertical 
supplementary? angles? 
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An intersection of two roads can be danger- 
ous if they do not form 90° angles. In this 
figure, road X intersects road Y at P. 

P 

y lf 2 

xX 

7. Name two relations of 71 and 22. 

8. If 21 = 55°, how large is 22? 

9. How large is 21 if 22 = x°? 

10. If you went from one road onto the 
other, through which angle would it be 
more dangerous to turn? 

Sun Directions. Four special directions of the 

sun in the course of a year are shown along 
the lines AD and BC in the figure below.* 

The lines of the map directions bisect the 

angles formed by these lines. 

If a circular protractor is centered on point O 
so that ON has the coordinate 0, the coordi- 

nate of OA is 50. 

11. Copy the figure and write the coordi- 
nates of all of the rays on it. 

Rays OA and OB show the directions of the 

sun at sunrise in midsummer and midwinter. 

12. How large is 2AOB? 

* Stonehenge Complete, by Christopher Chippindale 
(Cornell University Press, 1983). 

Rays OC and OD show the directions of the 

sun at sunset in midsummer and midwinter. 

13. How large is 2COD? 

14. Why must ZAOB = ZCOD? 

15. How large are 2AOC and ZBOD? 

In the following figure, 21 = 22 = 23. 

16. Can you conclude from this that 21 
and 22 must be vertical angles? 

The theorem about vertical angles can be 
written in the form of a conditional 
statement: 

If two angles are vertical angles, then 
they are equal. 

17. Write the converse of this statement. 

18. Is it true? 

19. If two angles are not equal, can they be 

vertical angles? 

20. If two angles are not vertical angles, can 
they be equal? 

Ship Position. Navigators ordinarily use 
three lines to determine a ship’s position. If 

the lines are accurate, they intersect in a 

single point locating the ship as shown in the 
figure below. 

21. What word describes lines that contain 

the same point? 

Lesson 6: Linear Pairs and Vertical Angles 113 



22. Draw and label a large figure similar to 

the one below. Use your protractor to 

measure the six numbered angles in 
your figure. 

23. How many of the six angles do you 

need to measure to be able to figure out 

the rest? 

Without knowing the measures of any of the 
angles, it is still possible to know what 

number three consecutive angles add up to. 

JAS Towhatmumbenisy/4ls--9 Anas 

equal? 

25. Is it possible to tell to what number 

LiAZ3 Zo is equal? Explain: 

Because of small errors, when a navigator 
draws the three lines, they may form a 

triangle such as the one shown in the figure 
below. 

Regardless of the shape of the triangle, it is 
possible to draw some conclusions about the 
numbered angles. 

26. To what number is 723 + 26+ Z9 

equal? 
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27. How do you know? 

28. To what number is 71 + 24 + 27 equal? 

29. Explain your reasoning. 

30. Why are 22 + 23 = 180°, 
25 + 26 = 180°, and 28 + 29 = 180°? 

31. Whyis 22 + 23+ 25 + 26 aoa — 

540°? 

32. To what number is 22 + 25 + 28 equal? 

33. Explain your reasoning. 

Set Il 

Steep Slope. Trees sometimes grow on very 
steep slopes. In the figure below, a vertical 
line along which the tree grows is shown 
intersecting a line representing the slope. 

34. Copy and complete this table for 
various measures of the angles in the 
figure. 

pa YEW) £3 Z4 
2. ? ? 4 
33% ? ? ? 
48° ? iy ? 

35. How does 24 compare with 22? 

36. Why? 

37. How does 23 seem to compare with 71? 

38. If 21 = x°, what are the measures of 22, 

Z3, and Z4 in terms of x? 

39. Use the expressions for 71 and 23 and 

some algebra to show that the conclu- 

sion suggested by the table is always 

true. 



Hedge Shears. A pair of hedge shears is 

shown in this figure. 

40. As the shears are opened and closed, 

most of the angles vary in size, but two 
angles never change and are always 
equal. Which two angles are they? 

41. As the shears are used, which of the 

rays with endpoint at S are always 

between two other rays? 

42. What pair of angles can change in size 
but are always equal to each other? 

43. Show in a short proof why the angles 

you named in exercise 42 are always 

equal. 

Bent Light Ray. According to Einstein’s 

theory of relativity, a ray of light passing by 

the sun is bent by an angle of 1.75 seconds. 

light ray B G 

The figure above is a highly exaggerated 
illustration of how the light is bent. 

44, How many minutes are in 1 degree and 
how many seconds are in 1 minute? 

45. Given that 7ZCBD = 1.75 seconds, how 

large is ZABD? 

Lesson 6: Linear Pairs and Vertical Angles 

Pinhole Camera. The angle of view of a 
pinhole camera is shown as 21 in this figure. 

Given: 21 and 22 are vertical angles and 
Z1 and 22 are complementary. 

46. How large do you think the angle of 
view of this camera is? 

47. Copy and complete the following proof by 
using the facts given about the lens. 

Proof 

Statements Reasons 

alee aJzare Given. 

vertical angles. 
D e/a e/a Why? 

ee aleancdea mane 

complementary. Why? 

Ae al ea Why? 

Deeale+ 21 =? and 

so.221=?. Why? 
6.721 =": Why? 

SAT Problem. The following figure appeared 
in a problem on an SAT exam. 

(3x + 2y)° 

It shows two intersecting lines and the 

measures of the angles that they form in 

terms of w, x, y, and z. 

48. What is the value of w? Show your 

reasoning. 
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Set Ill 

The proof of the vertical angle theorem as it appears in a Chinese 
geometry book is shown here. 

A—- 223. HRA S. 
B—> [#] = BR AB,CD #1 & ROM, <—C 

LAOD fel ( BOC 2 8 1K fi, 
<gj— 

LAOC fal | BOD & 3 1K #4, 

ee O 
B D 

E—>( #)] /AOD= (BOC, 1 AOC= / BOD. 

D 

F —»> (#)] LAOD+ ( AOC=2/R 

| BOC+ pa, C 

(= 8 i BK — ARR BAAD. <—H 
é°% 1 AOD+ {| AOC= / BOC+ / AOC 

CA FE Fy wh 4), <— | 

st s/eAOD =/BOC (88% & fi &), +—J 
th te / AOC= / BOD, 

The symbols in the box labeled A say: “Theorem 3. Vertical angles 
are equal.” The symbol in the box labeled B says: “Given.” 

. What do you think the symbols in box C say? 

» Box Di 

Box E? 

Box F? 

. What do you think the symbols 22R mean in box G, given 

that there is no angle R in the figure? 

6. The symbols in box H are the reason for the equations in box 

G. State the theorem in this lesson that you think they 

represent. 

7. What do you think the symbols in box I say? 

8. Box J? 
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LESSON 7 

Perpendicular and Parallel Lines 

Four Corners is an unusual place. It is the only place in the United 
States where you can be in four states at once! It is the point in which 
the border lines of Utah, Colorado, Arizona, and New Mexico inter- 

sect. The border lines are perpendicular because they form right angles. 

Definition G 
Two lines are perpendicular iff they form a right angle. 

In the figure at the right, lines AB and CD form the right angle 
AOC, marked by the small square shown in the figure. As we will see, A Oe aie 
this fact implies that all four angles at O are right angles. The sym- 
bol for “perpendicular” is | and, to indicate that lines AB and CD D 
are perpendicular, we write AB | CD. 

It is easy to prove that, if two lines form a right angle, the other AB INGD 
angles must be right angles as well. The proof follows from what we 
know about linear pairs and vertical angles. 
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1}2 

m\||n 

Theorem 7 

Perpendicular lines form four right angles. 

Given: m L n. 
Prove: mand n form four right angles. 

Proof 
Because m | n, we know that they form a right angle, which 

we name 21. Because 41 is a right angle, 21 = 90°. Because 21 

forms a linear pair with 22, they are supplementary. Because 

Z1+ 22 = 180° and 21 = 90°, 22 also is 90°. 
Because 21 and 23 are vertical angles, as are 22 and 24, and 

vertical angles are equal, 23 = 21 = 90° and 24 = 22 = 90°. So 
all four angles are right angles. 

Because every right angle has a measure of 90°, we know that all 

right angles are equal. We will occasionally use this fact in proofs, so 
we State it as a 

Corollary to the definition of a right angle 
All right angles are equal. 

The first figure at the left below shows a linear pair, 21 and 22, 

in which 21 = Z2. It is easy to prove from what we know about lin- 

_ ear pairs that OB, the line of the common side of the two angles, must 

be perpendicular to AC, the line of their other two sides. 

Theorem 8 
If the angles in a linear pair are equal, then their sides are 
perpendicular. 

Given: 21 and 22 are a linear pair and 21 = 22. 

Prove: OB L AC. 

Proof 
Because 21 and 22 are a linear pair, they are supplementary; 

so Z1 + Z2'= 180°. Because 21 = 22) 71-71 =1803se 
221 = 180° by substitution. Dividing by 2 gives 21 = 90°; so 21 is 
a right angle. By definition, two lines that form a right angle are 
perpendicular, so OB 1 AC. 

Another word that names a relation between two lines is parallel. 

Definition 
Two lines are parallel iff they lie in the same plane and do not 
intersect. 

The symbol for “parallel” is ||. To indicate that lines m and n are 
parallel, we write m || n. Our definitions for the words perpendicular 
and parallel are about lines. Because line segments and rays are parts 
of lines, we also refer to them as being perpendicular or parallel if 
they lie in lines that are perpendicular or parallel. 
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Exercises 
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Set | 

When light travels from air into water, it is 

partly reflected and partly refracted (bent).* In 
this figure, AB intersects CE at W. 

State the reason for each of the following. 

1. If 25 + 26 = 90°, then 25 and 26 are 
complementary. 

2. If ZSWR is a right angle, then SW L WR. 

3. If ZSWR and ZAWE are right angles, 
then ZSWR = ZAWE. 

4, If 22 and 23 are supplements of 2 RWB, 

then 22 = 23. 

5. If 22 = 23, then WA bisects Z2SWR. 

6. If ZAWC = ZAWE, then AB 1 CE. 

The parallel bars 

used in gymnastics 

are a good illustra- 
tion of parallel 

lines. 

7. Write the definition of parallel lines as a 

complete sentence. 

8. What are two reasons why parallel bars 

may not actually be parallel? 

*Introductory Physics, by Mashuri L. Warren (W. H. 
Freeman and Company, 1979). 

Lesson 7: Perpendicular and Parallel Lines 

A dartboard is divided into sectors by ten lines 

through its center. 

9. What relation do the ten lines have to 
one another? 

10. Why must the angles of the opposite 
sectors be equal? 

11. Why must some of the pairs of angles in 
the figure be supplementary? 

12. How many pairs of perpendicular lines 

do there appear to be on the board? 

Cube Illusion. The “Necker cube” illusion is 

named after the Swiss scientist who first 

studied it in 1832.7 It shows the edges of an 
ordinary cube. 

13. Name the edges of the cube that appear 
to be parallel to AB. 

14. Name the edges that appear to be 
perpendicular to HE. 

15. Name an edge that appears to be neither 
parallel nor perpendicular to CG. 

16. Which edge of the cube is “in back”: CB 

or HE? 

Visual Intelligence: How We Create What We See, by 
Donald D. Hoffman (Norton, 1998). 
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Mud Cracks. This photograph shows cracks in 

mud that has dried up in the sun.* 

Many of the cracks seem to meet at right 

angles. The line segments in the figure below 
represent two cracks, AB and CD, meeting at 

point B. 

D 

What relation do 71 and 22 have with 

respect to 

17. their sides? 

18. their measures? 

When mud cracks, these angles tend to be 
equal. If they are equal, 

19. what is the measure of each angle? 

20. what kind of angle is 21? 

21. What does this prove about the cracks 

AB and CD? 

22. State the theorem of this lesson to which 

all of these ideas are related as a com- 

plete sentence. 

*Mathematical Snapshots, by H. Steinhaus (Oxford 

University Press, 1969). 
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A Deceptive Figure. Appearances can some- 
times be deceiving. In this figure, 21 is a right 

angle but 22, 23, and 24 are not. 

> 

wD 

23. Is it correct to conclude that any lines in 

the figure are perpendicular? Explain. 

The figure seems to contradict several of our 
theorems. How does it seem to contradict the 
theorem 

24. about vertical angles? 

25. about a linear pair? 

26. about perpendicular lines? 

27. Is it possible that 22 and 24 could be 

vertical angles? Explain. 

Bisecting a Linear Pair. This figure shows a 
linear pair in which ZAOB = 50°. 

28. How large is Z2BOC? 

29. Use your ruler and protractor to make 

an accurate enlargement of the figure. 
Then use your straightedge and com- 
pass to bisect ZAOB and Z BOC. Label a 

point X on the bisector of 2AOB and a 

point Y on the bisector of 2 BOC. 



30. How large should 2BOX and ZBOY be? 
Check the accuracy of your construction 
by using your protractor to measure 

these angles. 

31. How large is ZXOY? 

This figure shows a linear pair in which OX 
bisects 2 AOB and OY bisects 2BOC. 

32. Why are ZAOB and ZBOC 

supplementary? 

33. To what number is 2m + 2n equal? 

34. To what number is m + n equal? 

35. What kind of angle is 2XOY? 

36. Why? 

37. How are OX and OY related? 

38. Why? 

In the figure below, a L b, 22 = n°, 23 = 27’, 

and 24 = 3n°. 

39. Write an equation for the sum of the 
four numbered angles and solve it for n. 

40. Find the measures of the four angles. 

41. What relation does 71 have to 23? 

42. What relation does 72 have to 24? 

Gravity pulls the water in a waterfall vertically 

downward to the horizontal surface of the lake 

below. In the diagram, WA represents the line 
of the waterfall and points A, B, and C repre- 
sent points in the plane of the lake’s surface. 

43. Copy and complete this proof. 

Given: WA 1 AB and WA LL AC. 

Prove: 2WAB = ZWAC. 

Proof 

Statements Reasons 

1. WA 1 AB and Why? 

WA 1 AC. 

2. ZWAB and ZWAC Why? 

are right angles. 
3. ZWAB = ZWAC. Why? 

44, Copy and complete the following proof. 

Given: Z1 and 22 

are complementary B 
and PB-PC-PD. P j 

Prove: AB 1 PD. 5 G 

A 

D 

Proof 
Statements Reasons 

leealeande22ane Why? 

complementary. 

De Nk =? Why? 

3. PB-PC-PD. Why? 

Ay ZBED = 21 2: Why? 

abe — 90. Why? 

6. ZBPD is a right Why? 

angle. 

ds, Why? 
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Set Ill 

Just a few letters of the alphabet contain both parallel and perpen- 
dicular lines. One of them is F, the first initial of Franklin Delano 

Roosevelt. It and Roosevelt’s second initial were made into puzzles 
in 1933, the year Roosevelt first became president.* 

Copy the five pieces shown below onto a file card or stiff sheet 

of paper, cut them out, and see if you can arrange them to form the 
letter F. 

i , a ; 

4 Load 

Tl) G ‘ 

a 
ep 

f 
> fF 4 r 

| 

fi 

Either draw a diagram of the arrangement or tape the pieces to your 
paper. 

*New Book of Puzzles, by Jerry Slocum and Jack Botermans (W. H. Freeman and 
Company, 1992). 
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Basic Ideas 

Acute, right, obtuse, 

and straight angles 92 
Addition, subtraction, 

multiplication, and 

division properties 79 
Axiom 78 
Betweenness of points 85 
Betweenness of rays 93 
Bisector of an angle 99 
Complementary angles 105 
Congruent 99 
Coordinate of a point 85 
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Corollary 99 
Linear pair 111 
Midpoint of a line segment 98 
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Parallel lines 118 
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Reflexive property 79 
Substitution property 79 
Supplementary angles 106 
Vertical angles 111 

Postulates 

3. The Ruler Postulate. The points on a line 

can be numbered so that positive number 

differences measure distances. 85 

4. The Protractor Postulate. The rays in a half- 

rotation can be numbered from 0 to 180 

so that positive number differences 
measure angles. 92 

Theorems 

1. The Betweenness of Points Theorem. 
If A-B-C, then AB + BC = AC. 86 

2. The Betweenness of Rays Theorem. 
If OA-OB-OC, then 
ZAOB + 7BOC = ZAOC. 93 

Corollary to the Ruler Postulate. A line segment 
has exactly one midpoint. 99 

Summary and Review 

SRE 

© The New Yorker Collection 1956, Charles Addams from cartoonbank.com. 

All rights reserved. 

Corollary to the Protractor Postulate. An angle 
has exactly one ray that bisects it. 100 

3. Complements of the same angle are 
equal. 106 

4, Supplements of the same angle are equal. 

106 

5. The angles in a linear pair are 
supplementary. 111 

6. Vertical angles are equal. 112 

7. Perpendicular lines form four right 
angles. 118 

Corollary to the definition of a right angle. 
All right angles are equal. 118 

8. If the angles in a linear pair are equal, 

then their sides are perpendicular. 118 
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Exercises 

Set | 

The Very Large Array is a radio telescope in 

New Mexico consisting of 27 dishes. The 

dishes can be moved along three straight 
tracks, each about 12 miles long. 

£ “ye eee eo ® ot i es a ee ise 

Suppose the centers of the dishes along one 
track are in a line and have the coordinates 
shown in the figure below. 

[DD oe ge GRA Cranes mre 

eS Ste US aul = ee Ssh ING? IZ 

1. Is F between E and H? Use the definition 

of betweenness of points to explain why 

or why not. 

2. Which point is closer to C: point B or 

point D? Explain. 

3. Is E midway between A and I? Show 
why or why not. 

Sliding Bevel. The handle and blade of a 
sliding bevel, a tool used in carpentry, can be 

adjusted to different angles. 
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Regardless of the angle, 2BEV and Z2VEL 
always form a linear pair. 

4, What other relation do they always 

have? 

5. If ZBEV = x°, what is the measure of 

ZVEL in terms of x? 

6. If ZBEV is larger than 2 VEL, what type 

of angle is ZBEV? Z VEL? 

7. If ZBEV = ZVEL, how large is each 
angle? 

8. If ZBEV = ZVEL, what can you con- 

clude about the handle? 

9. State the theorem that is the basis for 

your answer. 

Old Quadrant. The figure below, from a book 
published in 1542, shows an astronomical 
quadrant used to measure the direction of the 
sun. 

a | 

u 

34 4 
s 
z 
4 
2 3 | 

The rays CE and CD have coordinates 65 and 
18. 

10. Find the measure of ZECD. 

11. Write the fact that ray CS is between 
rays CE and CD in symbols. 

The ray CS pointing toward the sun looks as if 
it might bisect ZECD. 

12. What would be the measure of ZECS if 

it did? 



13. What would be the coordinate of CS? 

14. Check your work by using the coordi- 

nate of CS to find the measure of 7SCD. 

Ollie’s Logic. Obtuse Ollie thought it over and 
decided: “Either two lines intersect or they do 

not.” He then reasoned: 

“If they intersect, they are perpendicular. If 

they don’t intersect, they must be parallel.” 

After thinking about Ollie’s reasoning, Acute 
Alice decided that most of it was nonsense. 

15. Does anything that Ollie said make 
sense? If so, what? 

16. Explain what is wrong with his 

reasoning. 

SAT Problem. The figure below appeared in a 
problem on an SAT exam. 

A B 

O D 

ZAOC = 70°, ZBOD = 80°, and ZAOD = 110°. 

17. Copy the figure and mark the coordi- 
nates 0 and 70 on rays OA and OC. 

18. What is the coordinate of ray OD? 

19. What is the coordinate of ray OB? 

20. What is the measure of 7 BOC? 

Shoe Laces. A common way of lacing shoes is 
shown in the figure below. 

21. What are two ways in which 21 and 22 

are related? 

22. If 21 and 22 were complementary, how 

many degrees would each one measure? 

23. If 21 and 22 were supplementary, what 

would be true about AD and BC? 

24. If 21 and 23 were both supplementary 

to 22, what could you conclude about 
ZalsandeZoi 

25. Why? 

Axioms and Corollaries. Oliver Wendell 
Holmes, a Supreme Court justice for many 
years, once said: 

The law embodies the story of a nation’s 
development through many centuries, and it 

cannot be dealt with as if it contained only the 

axioms and corollaries of a book of 

mathematics. 

26. What is an axiom? 

27. What is a corollary? 

One of the axioms of algebra used in geometry 
is the reflexive property of equality. 

28. State it as a sentence. 

Complete the following statements of the 

corollaries of this chapter. 

29. A line segment has... 

30. An angle has exactly one ray... 

31. All right angles... 
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Clock Problems. The following two questions 
are from an old geometry book.* 

How many degrees are there in the angle 
formed by the hands of a clock 

(1) at 5 o’clock? 

(2) at 10 o’clock? 

32. What is the answer to each question? 

If you reasoned that 10 is twice 5, you might 
think that the second answer should be twice 

the first. 

33. How can the second answer be correctly 

obtained from twice the first? Draw a 

figure showing both times on the same 

clock to illustrate your answer. 

Stilt Distances. Suppose a person 6 feet tall 

puts on stilts 6 feet long so that his or her feet 
are on cleats x feet above the ground. 

34. How “tall,” in terms of x, is the person 

when wearing the stilts? 

*Wentworth’s Plane Geometry, by George Wentworth 
and David Eugene Smith (Ginn, 1910). 
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35. How far, in terms of x, is it from the top 

of the stilts to the top of the person’s 

head? 

36. Copy and complete the following proof for 
the stilts figure. 

Given: S-F-T, F-T-H, and ST = FH. 

Prove eae 

Proof 

Statements Reasons 

1. S-F-T and F-T-H. Why? 

2. SE + FT = ? and Why? 

Fre tH —?. 
Sosy lela Why? 

4, Sk -- FTE + TH Wile 

Den Why? 

Chair Design. In the design of a comfortable 
chair, the seat is normally slanted between 5 

and 8 degrees from the horizontal and the 
back is tilted between 20 and 25 degrees from 
the vertical. 

In the diagram below, OA and OB represent 

the seat and back of the chair; VT 1 HZ. 

Given that 21 = x and 23 = y’, find 

37. Z2 in terms of x. 



38. ZAOB in terms of x and y. 

39. Copy and complete the following indirect 
proof that, for a comfortable chair, 

ZAOB cannot be a right angle. 

Proof. 
(What is the beginning assumption?) 

ZAOB = 90°. (Why?) 

90 — x + y= 90. (Why?) 

—x« + y= 0. (Why?) 

y = x. (Why?) 

This contradicts the fact that, if x is 

between 5 and 8 degrees and y is 

between 20 and 25 degrees, y # x. 

Therefore, our assumption is false and 
(what conclusion follows?) 

40. According to the chair-design rules on 
page 126, can the back of a comfortable 

chair be perpendicular to the seat? 

Another SAT Problem. This description 
appeared in a problem on an SAT exam: 

A, B, C, and D are points on a line, with D 

the midpoint of segment BC. The lengths 

of segments AB, AC, and BC are 10, 2, and 
12, respectively. 

41. Draw a figure to illustrate what is being 

described. 

42. What is the length of segment AD? 

Graphite and Diamond. Although both 
graphite and diamond consist of carbon 
atoms, the different geometrical arrangements 
of the atoms in them give the minerals very 
different properties. 

Carbon atoms in graphite, a very soft 

mineral, are arranged in flat sheets as shown 

in the figure below. The points represent the 

atoms and the line segments represent the 
bonds between them. All of the angles are 
equal. 

43. What kind of polygons do the bonds 
between the atoms form? 

44, To how many degrees do you think the 
angles of one of the polygons add up? 

45. Copy and complete the following proof. 

Given: 21 + 22 + 23 = 360° and all of 
the angles in the figure are equal. 

Proof 

Statements Reasons 

1 Zl a 22 23 = 360% Why? 
and all of the angles 
in the figure are equal. 

OF ale Mies yale S00 Why? 

soigZ1 =» 360°. 

BaG alee. Why? 

Carbon atoms in diamond, the hardest 

mineral at the earth’s surface, are arranged in 

space as shown in this figure. (The green 
segments have been added to make the figure 

look more three-dimensional.) 
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The atom at O is bonded to four atoms at A, B, 

Grand): 

46. How many angles do the bonds from O 

make with one another? 

47. Name them. 

Chemists have found that each of these angles 
has a measure of 109.5°. 

48. Copy and complete the following indirect 
proof. 

Given: Each angle whose vertex is O has 

a measure of 109.5°. 

Prove: ZAOB and ZBOC cannot be a 

linear pair. 

Proof 
(What is the beginning assumption?) 

ZAOB and ZBOC are supplementary. 

(Why?) 
ZAOB + ZBOC = 180°. (Why?) 

This contradicts that fact that 7 AOB + 

Va @ C—aO ORS O FO 

Therefore, our assumption is false and 

(what conclusion follows?) 
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49. Because 2 AOB and ZBOC cannot be a 
linear pair, would it be correct to con- 

clude that points A, B, and C are not 

coplanar? Explain. 

March Times. In military marching, “quick 

time” corresponds to taking 120 steps, each 
30 inches long, per minute. 

Ist 2nd 3rd 4th 
step step step step 
a a 

0 30 60 90 120 

If a marcher starts at 0 and marches along a 

line, what is the coordinate of the end of the 

50. fifth step? 

51. 100th step? 

52. nth step? 

What is the marcher’s “speed” in 

53. steps per minute? 

54. inches per minute? 

55. miles per hour? (1 mile = 5280 feet.) 

“Double time” is 180 steps, each 36 inches 

long, per minute. 

56. What is the speed of a marcher doing 
“double time” in inches per minute? 

57. Is the speed of a marcher doing “double 
time” double the speed of a marcher 

doing “quick time”? Explain. 



ALGEBRA REVIEW 

Operations with Polynomials 

Addition and Subtraction 
To add or subtract polynomials, add or subtract like terms (those 
having the same degree and variable). 

Example 1: 
Solution: 

Example 2: 
Solution: 

Example 3: 
Solution: 

Example 4: 
Solution: 

Multiplication 

(5x2 + 3x — 10) + (x? + 8) 
(6x2=Pex-e (3x) + (10 + 6) = 
6x2 + 3x-2 

(2erOes 4a (vee Oy— 1) 
Qu 7a (5) — Oy) + (4 — 1) = 
9x — 4y + 3 

(Oye Onn 2) 
(8x— 3x) 4 (7 — —2) = 
Sx-E9 

(7x2 — 5x + 1) — (4x2 — x + 3) 
(7x2 — 4x2) + (—5x+ 4) + (1-3)= 
3x2 — 4x — 2 

To multiply two polynomials, multiply each term of one polyno- 

mial by each term of the other and then add the resulting terms. 
(This method uses the distributive rule, as the first example below 
illustrates.) 

Example 1: 
Solution: 

Example 1 again: 
A briefer solution: 

(ARE AN Oa to) 
(7% + A)\(38x 4+ 5) = 
(7x + 4)(3x) + (7x + 4)(5) = 

(7x)(3x) + (4)(3x) + (7x)(5) + (4)(5) = 
Q1x2 + 12x + 35x + 20 = 
Q1x2 + 47x + 20 

a 
(7x + 4)(3x% + 5) = 

ae 

Dette bx 12K 20 = 
Q1x2+ 47x + 20 

Algebra Review 129 



Example 2: (x — 3)(x* — 6x + 2) 
Solution: a, 

(4 ="3) (x2 SOx 
—_ 

x3 .— 6x? + 2x = 3A ep ele penis 
5 x? — 9x? + 20x—6 

imes 10 are 80. : . 
rte Snes e = Example 3: (5x — 9)? 
RY 1 think he’s pretty weighty. LGN Solution: (baa OVSai—-9)= 

ce ee noe, tee oy 25x* — 45x — 45x + 81 = sa Moet ce eer aa a 5x2 — 90x + 81 

A page from a nineteenth-century book titled Examp le 4: (x + I)(x + 2)(x— 4) 
Marmaduke Multiply. The book was used in Solution. er I)(x + 2)(x— 4) = 
many elementary schools to help children learn (x* + 3x + 2) x — 4) 
the multiplication table by using pictures x3 — Ag? + 3x? — 12 eget 
and rhymes. Bee ee a eps S 

Exercises 

Add. Multiply. 

Ll. 62449) (x8) 182 4112) 2) 

PRN CP) ENG) 14. (bx 4)0x— 5) 

3. (8x? — 2) + (x? + 10) 15. (4x + 1)(4x = 1) 

A. (x2 + 6x — 1) + (2x? — 4) 16. (x =o )\ee te oe) 

5. (2x +4) + (8x — 2) + (7x — 5) 17. Qy=al\2y4 = aye 5) 

6. (x2 — %") 4 (Ox? 30) x 8) 18. (2 Weer) 

7, (6x 2y $3) (7 2 Ok =o yet Oe SLO ont soe tene 

20. (> 2)ia= 3) 426) 
Subtract. 

Sis) — (44) 

OF Te EN) =k 7a) 

10x? = 84) = (2025 Sa) 

11. (5x2 +.9x + 6) — Bx? — %+ 7) 

12) (oye 2) ne | 
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Do the indicated operations. 

21. 

22. 

23. 

24, 

50x a OOS ee 7) 

(10x — 1)? 

(x + 4)8 

xt (xe) eet) 



Chapter 4 

Congruence 

Design drawing for intarsia wood panels with fish—Maurits Escher 
© 2002 Cordon Art B.V.—Baarn-Holland. All rights reserved. 

Two figures are said to be congruent if they have the same size 

and shape. Congruent triangles, in particular, appear in many 

important applications of geometry; therefore much of this 

chapter deals with the conditions needed to prove them so. 

Along the way, we will review coordinates in two dimensions, 

look at several important types of triangles, and learn how 

congruence is the basis for geometric constructions. 



I cee 

You ARE | : 
ERE - oe 

LESSON 1 
increasing 

Coordinates and Distance 

Maps usually include roads and landmarks. The one in this cartoon 
gives this poor fellow no help because it shows neither. If the man 
were on a road and the map looked like the one at the left, he could 

know that he was headed in the right direction and he could figure 
out how far he had to go. 

Locating points on a line is easy. First, we choose a starting point 
O, the origin. Next, we decide which is to be the increasing direction. 

We can use a ruler as shown above to find that the coordinate of point 
P is 2 and that for point O is 0. The distance from O to P is the differ- 
ence between their coordinates, 2 — 0, in inches. By the Ruler Postu- 

late, we get the correct distance however the ruler is placed and what- 
ever units are used. Recall that the numbers assigned to points in this 
way are called coordinates. Choosing an origin and ruler gives us a 
one-dimensional coordinate system. In the figure at the left, point B has 
coordinate —2. What are the coordinates of points A and C? 
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To locate points in a plane, we use a two-dimensional coordinate 
system. We begin by taking two perpendicular lines as axes. Their 
intersection gives our origin, O. The line with the same direction as 
that of the bottom of this page is the horizontal axis, or the x-axis, as 
the label “x” shows. The other axis is called the vertical axis, or y-axis, 

labeled “y.” Using our ruler, we establish coordinates on each axis as 

shown in the figure at the right. The axes separate the plane into four 
regions called quadrants. The quadrants are identified by numbers, 
shown as Roman numerals in the figure. 

Two coordinates in our system locate a point in the plane. They are 
found by drawing perpendicular lines from the point to the axes as 
shown in the figures below. 

The coordinates of a point are written in parentheses and separated 
by a comma, the x-coordinate always being listed first: (x, y). 

Coordinates can be used to find the distances between points in 
the plane. In the figure at the right, the grid lines drawn at unit inter- 
vals make it easy to see that the lengths of the legs of right triangle 
ABC are 

AB = 4 units and BC = 3 units. 

The length of AC is not obvious, but we can find it by using the 
Pythagorean Theorem: 

AB? + BC? = AC? 

and so AC = V AB2 + BC2 = V 42 + 32 =V164+9=V25 = 5, in 
the same units as were used on the axes. 

We can find the distances between the points even without the 

grid, as long as we know their coordinates: 

AB=5-—1=4, BC =6-— 3 =3, and 

AC = VAB?2 + BC2 = V(5 — 1)2 + (6 — 3)2 = V 42 + 32, etc. 

Coordinates 

C(5, 6) 

(2) 

A (1, 3) BG) 
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Using the same units for all distances, we can find the distances in 
terms of general coordinates as the figure at the left shows: 

AB = x2 — ™, BC = yo — y1, and 

GOG, 5) 
AC = VAB?2 + BC2 = V(x2 — x1)2 + (yg — 91)2. 

The Pythagorean Theorem gives us this useful distance formula for 
Bix, y,) any two points in the coordinate plane. 

emai: 

The Distance Formula 

5 , X The distance between the points P; (x, y;) and Po (%, yp) is 
] 2 

Vo i)? (Vo = 91)". 

Exercises 

Set | 

Pin-Board Geometry. A blind mathematician, 4. has a y-coordinate of 4? 

Nicholas Saunderson, invented the “pin 

board,” a device in which pins mark the 

positions of the intersections on a coordinate 

grid. To form geometric figures, rubber bands 
are stretched around the pins. 

5. is in the second quadrant? 

6. is on the y-axis? 

The coordinates of point B are (—4, 7). 

7. What are the coordinates of the other 

two corners of the triangle? 

8. What are the coordinates of the four 

corners of the square? 

9. If the x-coordinate of a point is 0, where 

must it be? 

10. If the y-coordinate of a point is 0, where 

must it be? 

Grids. One dictionary definition of “grid” is 
“a pattern of horizontal and vertical lines 

forming squares of uniform size on a map, 
chart, or aerial photograph, used as a refer- 

ence for locating points.”* 

11. To which axis of a graph are the 

1. What are the lines labeled x and y horizontal lines parallel? 
called? 12. How many numbers are needed to 

2. What is the point labeled O called? locate a point on a grid? 

LPS waste Se Eos *The American Heritage Dictionary of the English 
3. have an wx-coordinate of 4? Language. 
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30 HIGH ASPECT RATIO: 
THIN WINGS 

Albatrosses 

Gannets 

Hummingbirds pjyers Murres 

Grebes 

Sea ducks 

Swans 
Ducks 

LOW LOADING: 
LARGE WINGS 

HIGH LOADING: P fond 10 Quail puting = SMALL WINGS 

Diving petrels 20 30 
a0) Crows Cormorants 

Bustards 

7 ; Rails Grouse 

Starlings Eagles -10 Pheasants 
Storks Woodpeckers 

Vultures Doves 

Condors 
=20 

Peacocks 

Turkeys 

3¢0 1 LOW ASPECT RATIO: 
= BROAD WINGS 

The figure below shows the design of a grid Birds and Bats. The graph above compares 
map that soldiers learn to read. different groups of birds according to their 

ability to fly. The region in yellow shows the 

added to the axes for reference. 

wings are small and broad? 

17. In which quadrants are the bats? 

150 151 182 153 154 155 156 157 the point 

18. (0, 0)? 20, (—108—15ye 
13. Why do you suppose they are told to a ( ) 

area occupied by bats.* Numbers have been 

16. In which quadrant are the birds whose 

Which group of birds seems to be closest to 

memorize the phrase “Read right up”? 19. (10, 15)? 21. (0, 25)? 

14. What are the coordinates of point A? 22. What are the approximate coordinates 

e oe of the two points in which the “bats 
Another definition of “grid” is “a football region” intersects the x-axis? 
field.” 

15. What does a football field have in *Exploring Biomechanics, by R. McNeill Alexander 

common with a grid map? (Scientific American Library, 1992). 
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An Early Graph. The figure below, from 
Newton’s Opticks (1704), shows part of the 
first graph to appear in a book in which the 

axes are perpendicular and all four quadrants 

are shown. 

23. Which point is the origin? 

What seems to be true about the coordinates 

of 

24. points D and P? 

25. point T? 

Set Il 

Tidal Current. The figure below is part of a 
tidal-current chart for Upper Chesapeake 

Bay.* The arrows show the direction of the 

current. 

*Dutton’s Navigation and Piloting, by Elbert S. Maloney 
(Naval Institute Press, 1985). 
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Three current arrows are shown in the graph 
below. 

26. What seems to be true about them? 

27. Find the coordinates of the endpoints of 

arrow AB and use them with the 

distance formula to calculate its length. 

28. Do the same for arrow CD. 

29. Do the same for arrow EF. 

30. Do your results agree with the appear- 
ance of the arrows on the graph? 

Japanese Floor Plan. In a traditional Japanese 
home, a grid of points determines the 
floor plan.* The figure at the top of the next 
page shows both the post pattern and the 
corresponding floor plan on different parts of 
the same grid. 

Suppose that the origin of the grid is at 
the lower-left corner and the grid lines are | 
unit apart. What are the coordinates of 

31. point A; and the corresponding point 

Ao? 

32. point B; and the corresponding point 
By? 

V Architecture: Form, Space, and Order, by Francis D. K. 
Ching (Wiley, 1996). 



Traditional Japanese Residence 

ee ll Tr t i ' ‘ \ ' ' 1 

a aes ee ve 
5h na See oe oo ca i 
‘ ' ' ' | ; : ' ' \ t 

' H ; * ! ! 1 : 
conic eee te a eee B Rasa ete aaah Ue ees eee oe sa ean ¢ ane an amma 

' o 1 ' ¥ } 

a ee ee Okt t ' " r ij ‘ 
Soar fr ec mak Becca + Rees aa eas eat ze a ai hae oe 

' ' t t ' “i 

t | \ : ' ! ; ' : | 
H i | i : i i \ ; ! 
Spe aa a ei pet ae (ee ee eee: 
ee | yao hae, ea ane ae Cae aaa 
: i ' ' i : : ' i | 
a nC a 
a | ere ae ee oe oa 
Nee al Foe Ae eho ee eek, o Ae Ne : 
hae beg Ay ; +-----> PORE, oe i Saat eos eas aS, 
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' : ' ' } ; ( { H : ‘ : Sannin EEE cnn Gn SR En RG IR Ic 

t ' ‘ { 1 ] t ' 

a a i a rn a cr a , , ' H t 1 t 
ol oss yultaac na ace = RES AS ve la ST a ee Ae 

; 
Modular grid Post pattern Floor plan 

33. How are the coordinates of each point 
on the floor plan related to the coordi- 
nates of the corresponding points in the 
post pattern? 

34. Where would the floor plan appear on 

the grid if the x-coordinates of its points 
matched those of the post pattern but 

the y-coordinates were 10 units larger? 

Computer Screen. The coordinates of a 
computer screen are usually given in “pix- 
els.” Suppose that the coordinates of two 
corners of a window on the screen are as 
shown in the figure below.* 

Internet Folder 

9 items, 7.2 GB available 

” 

3 Browse eBay 
the Internet 

(900, 800) 

Oo 
QuickTime Player 

*The Geometry Toolbox for Graphics and Modeling, by 
Gerald E. Farin and Dianne Hansford (A. K. Peters, 

1998). 

What are the coordinates of 

35. the lower-right corner of the window, 

B? 

36. the upper-left corner, D? 

If the pixels are 0.25 mm square, what is 

the distance 

37. from A to C? 

38. from B to D? 

Suppose that you use the computer 
mouse to click on one of the three icons. 

39. If the computer reads the coordinates 
(410, 670), which icon did you click? 

Distance Formulas. There are distance 

formulas for all numbers of dimensions!* 

40. Write the formula for the distance 

between two points, P(x), y,) and 
P5(x2, yg) in two dimensions. 

41. Use it to find the 

distance between 

the opposite 
corners of this 

square. Leave 

your answer in (iT) 

radical form. 

Beyond the Third Dimension: Geometry, Computer 
Graphics, and Higher Dimensions, by Thomas F. 

Banchoff (Scientific American Library, 1990). 
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42. Would it be correct to say that the 

distance formula for one dimension is 

V (iy ae? 

43. Use it to find the distance between the 

opposite corners of this line segment. 

The distance formula for three dimensions is 

V(x — x1)2 + (yo — m1)? + (zo — Q)?. 

44, Use it to find the distance between the 
opposite corners of this cube. 

49. If an accurate tracing of triangle ABC 

were made, do you think you could get 
it to fit exactly on triangle CDO? 

Explain why or why not. 

(4, 4, 4) 

Geile Set III 

A Circle Challenge. The circle in the figure 

below has its center at the origin. 

45, What do you think the distance formula 

for four dimensions might be? y 

46. Use it to find the distance in four dimen- 

sions between the opposite corners of this 

hypercube. 

A (63, 16) 

x 

aaa) 

(1, I, if 1) 
F (20, -62) 

The figure has been accurately drawn but, 
even though all six points appear to lie on the 

Triangle Coordinates. Use the coordinates of circle, two of them do not. (Remember that a 
the vertices of the two triangles in the figure pos ome has a position only and, 
at the top of the next column to find the unlike the dots in the figure, has neither 

lengths of the sides of width nor breadth.) 
One of the points is actually inside the 

47. triangle ABC. circle and one of them is outside it. Which 
48. triangle CDO. points are they and how can you tell? 
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LESSON 2 

Polygons and Congruence 

There is not much variety in the housing development in Palm Beach, 
Florida, pictured above. The lots, houses, and swimming pools look 

very much alike. Most of the shapes in the photograph are polygons. 
In an earlier lesson, a polygon was described as a “figure bounded B 

by line segments that lies in a plane.” The figure at the right, outlining Chin 18) 
a section of the roofs of the houses in the photograph, suggests a more 
precise way to define this word. 

Definition 
A polygon is a connected set of at least three line segments in the 
same plane such that each segment intersects exactly two others, 
one at each endpoint. 

The line segments are the sides of the polygon and their endpoints 
are its vertices.* Because each side of a polygon intersects exactly two 

others, a polygon always has the same number of sides as it has verti- 
ces. If n is this number, the polygon is an “z-gon.” The roof figure, for 
example, is a 5-gon. 

*The word “vertices” is the plural of “vertex,” the same word used to name the 

common endpoint of the sides of an angle. 
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H / 

Not polygons 

Our definition of “polygon” excludes figures such as those shown 
at the left. Both figures consist of at least three line segments in the 
same plane, but in neither figure does each line segment intersect ex- 
actly two others, one at each endpoint. 

D M 

Ree Vii A iz? (0, P 

Because the houses in the photograph seem like mirror images of 
one another, it appears that two roof sections such as those shown 

above are congruent; that is, that they have the same size and shape. There- 
fore, if we traced one polygon, we could place the tracing so that it 
fits exactly on the other one. For these polygons, we would have to 

turn the tracing over to get them to coincide. In doing so, we are es- 
tablishing a correspondence between the vertices of the polygons called 
a congruence. When the tracing of polygon ABCDE is made to coin- 
cide with polygon MNOPQ, vertex A falls on P, veriex B falls on O, 

and so forth. To indicate the correspondence of the vertices, we can 

write A <= P, B = O, and so on, or, more briefly, ABCDE < PONMQ. 

Because each pair of sides and angles that correspond in a con- 
gruence must coincide, each pair of corresponding parts must be equal. 
Congruence is easiest to define for triangles. 

Definition 
Two triangles are congruent iff there is a correspondence between 
their vertices such that all of their corresponding sides and angles 
are equal. 

B B 

G 
D 2 F 

The tick marks and arcs in these triangles indicate the parts of 
them that are equal. For example, AB = EF and 2C = ZD. Triangles 
ABC and DEF are congruent, but simply saying it does not tell us the 
correspondence between their vertices that would make them coin- 
cide. Writing “AABC = AEFD” does. The symbol “=” means “is con- 
gruent to,” and “AABC = AEFD” indicates that the congruence corre- 
spondence is 

ABC = EFD. 

From this abbreviated statement, we can tell without even looking at 
the triangles that 

ZLA= ZE, ZB= ZF, ZC= ZD, 
AB = EF, BC = FD, and AC = ED. 
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It is easy to prove from the definition of congruent triangles that, if 
two triangles are congruent to a third triangle, then they must also be 
congruent to each other. The proof is included as an exercise in this 
lesson. 

Corollary to the definition of congruent triangles 
Two triangles congruent to a third triangle are congruent to each 
other. 

Exercises 

Set | 

Connect the Dots. A popular children’s 
puzzle consists of a set of numbered dots that 

are to be connected in sequence to make a 

picture. In the example below, the result is a 
polygon. 

1. What are the line segments called with 
respect to the polygon? 

2. What are the points called? 

3. How many sides does this polygon 
have? 

4, What is it called with respect to its 

number of sides? 

5. If the last point had not been connected 
to the first point, would the figure still 
have been a polygon? Explain why or 
why not. 

REED POT PEDO IE SSR RLS OEM ILS E PELE SOOO LETS LSID SEILER PELE LE SEED REP ELLE 

A tracing of the 
polygon at the 
right would fit 
exactly on the 
polygon at the 
left. 

6. What does this indicate about the two 

polygons? 

7. What can you conclude about their 

corresponding sides and angles? 

Paper-Clip Patent. This drawing of a paper 
clip is from the patent issued to its inventor.* 

It is a single piece of wire bent into five parts. 

*United States Patent 4,949,435 issued to Gary K. 

Michelson on August 21, 1990. Included in Jnvention 
by Design, by Henry Petroski (Harvard University 
Press, 1996). 
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The figure below shows the five parts as line 

segments. The inventor described the clip by 

saying that BC 1 CD and DE 1 CD. 

é. D 

B is 

8. What does this tell you about 7C and 

ZD? 

He also stated the size of 7B and ZE in 

degrees. 

9. How large do you think each one is? 

10. Why must some of the angles formed 

where BA and FE intersect be equal? 

11. Explain why the paper-clip diagram is 
not a polygon. 

Origami Duck. The 
origami duck consid- 
ered in an earlier lesson 
is based on folding a 
square sheet of paper 
as shown in the figure 
below. 

A E B 
eee 

‘(ee 
D G 

Name the triangles that appear to be congru- 
ent to the following triangles. 

12, AAFG. 

13; -AACD, 

14. ACDF. 

LSeAACE 

16. Name a triangle that is not congruent to 
any other triangle in the figure. 
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Name the quadrilaterals that appear to be 

congruent to quadrilateral 

17. CDEG. 

18. BCFE. 

19. ADCE. 

Art Gallery. The 
floor plan of an art 

gallery with four 

“wings” is shown at 
the right. 

20. How many walls does each wall of the 

gallery meet? 

21. How many walls does the art gallery 

have altogether? 

22. What is a polygon having this number 
of sides called? 

23. How many corners does the floor of the 

gallery have? 

24. How many guards do you suppose 

would be necessary if the owners 

want to keep all the walls of the gallery in 
view at the same time? 

Puzzle Figure. This figure once appeared as 
part of a puzzle in a magic magazine.* 

AS ae S 

25. What kind of polygon do the outer 
edges of the figure appear to form? 

*The Pallbearers Review, July 1969. Reported in Wheels, 
Life, and Other Mathematical Amusements, by Martin 

Gardner (W. H. Freeman and Company, 1983). 



The figure contains four congruent polygons, 

each shaded a different color. 

26. What kind of polygons are they? 

If a tracing of the yellow polygon were 
placed on the green one, which of its vertices 

would fit on 

Zeer: 

28. B? 

29@;, 

Copy and complete the following congruence 
correspondence between the vertices of the 

yellow and green polygons. 

30. ABHJGD 3? 

If a tracing of the green polygon were 
placed on the red one, which of its vertices 
would fit on 

31. M? 

32. I? 

33. E? 

Copy and complete the following congruence 

correspondences between the vertices of 

34. the green and red polygons: 
HBCFIE < ? 

35. the green and blue polygons: 
HBCFIE = ? 

36. the red and blue polygons: 

MNIEHK <=? 

Set Il 

Tessellation Pattern. The figure below is a 
tessellation, a pattern of shapes that fit perfectly 

to cover a surface. 

37. What do the two types of polygons in 
the figure have in common? 

All of the line segments in the figure are equal. 

38. If the sides of one polygon are equal to 
the sides of another, does it follow that 

the polygons must be congruent? 

The polygons shaded yellow are convex and 
the polygons shaded blue are concave. 

Convex Concave 

39. Ifa line that contains a side of a polygon 
lies partly inside the polygon, which 

kind of polygon is it? 

Suppose nails are stuck into the vertices of a 

polygon and a rubber band is stretched 
around the nails so that all of the nails are 

inside it. 

40. If the rubber band takes the shape of the 
polygon, which kind of polygon is it? 

Draw and identify examples of 

41. two pentagons, one convex and the 

other concave. 

42. two quadrilaterals, one convex and the 
other concave. 

43. Can a triangle be concave? 

Polygons on a Grid. On graph paper, draw a 
pair of axes extending 10 units in each 
direction from the origin. 

44, Plot these points and connect them to 

form a triangle: (2, 1), (5, 5), (9, 0). 

45. Would you get a different triangle if you 
connected the points in a different 

order? 

44, (continued) On the figure that you drew 
for exercise 44, plot these points and 

connect them to form a quadrilateral: 

(=7, 4), (—4; 6), (=4, 8), (0, 3): 
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46. Do you think someone else could get a 
different quadrilateral by connecting the 
same points? Explain. 

44, (continued) On the figure that you drew 
for exercise 44, plot the following points 

and connect them to form a quadrilateral 

that is not congruent to your previous one: 
(—6, =4) (33, a2) oO), =) 

47. How many different quadrilaterals do 

you think can be drawn that have the 

same vertices as the one you just drew? 

Dividing a Rectangle. An unusual way to 
divide a 3-by-7 rectangle into six congruent 
pieces is shown in the following figure.* 

48, What is the area of the rectangle, given 
its dimensions of 3 and 7? 

49. Because each of the six pieces is congru- 
ent, how large would you expect the 
area of each one to be? 

50. What are you assuming to be true about 
the areas of polygons that are 
congruent? 

51. Does your answer to exercise 49 agree 
with what you see inside each piece? 
Explain. 

52. How large do the angles of each piece 
appear to be? 

53. Do any of the sides in one of the pieces 

appear to be equal to each other? 

54. If a tracing were made of one of the 
pieces, could it be made to coincide with 
each of the others without turning it 
over? 

*Discovered by Michael Reid and reported in 

Tracking the Automatic Ant, by David Gale (Springer, 
1998). 
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Proof Without a Figure. Although most 
theorems are much easier to understand and 
prove with a good diagram, the corollary to 
the definition of congruent triangles doesn’t 
need one. 

55. Give the reasons for the statements in 

the following proof. (Don’t bother to 
copy the statements.) 

Two triangles congruent to a third 
triangle are congruent to each other. 

Given: AABC = AXYZ and 

ADEF = AXYZ. 

Prove: A ABC = ADEF. 

Proof 

Statements Reasons 

1. AABC = AXYZ Why? 

and ADEF = AXYZ. 

2) LN EX. ZBISITZ YS Why? 

ZC = ZZ, AB = XY, 

BC = YZ, AC = XZ, 

LO ee Xe eV 

ZF = ZZ, DE = XY, 

EF = YZ, DF = XZ. 

3. ZA = ZD, ZB = ZE, Why? 

ZC = ZF, AB = DE, 

BC = EF, AC = DF. 

4, AABC = ADEF. Why? 

Set Ill 

The polygons on the next page were created 
by the Polish mathematician Waclaw 
Sierpinski, pictured on this postage stamp 

issued in honor of his work in 1982. 

Penrose Tiles to Trapdoor Ciphers, by Martin Gardner 
(W. H. Freeman and Company, 1989). 



—_ e 

Oe 

How many sides does the first polygon 
have? 

The second polygon? 

. Can you figure out how many sides the 
third and fourth polygons have? 

. If the series of polygons were to con- 
tinue in this way, how many sides do 

you think the tenth one would have? 

(A calculator would help!) 

. How many sides do you think the nth one 
would have? Show your reasoning. 
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LESSON 3 

ASA and SAS Congruence 

In World War II, the British air force used “skip bombs” to destroy 
dams that supplied much of the power that ran the Nazi war machine. 
A feature film titled Zhe Dam Busters tells the amazing story of this 
adventure. 

For the bombs to work, they had to be dropped from a plane fly- 
ing 60 feet above the water. At the time, no instrument on a plane 
could measure this distance accurately. The problem was solved with 
two flashlights, one mounted in the airplane’s nose and the other in 
the tail. The flashlights were pointed in fixed directions and, when the 
two beams of light met on the water’s surface, the pilot knew that the 

plane was at the correct height to release the bomb. 
The method worked because the two light beams and the body of 

the plane formed a triangle. The two angles formed by the beams with 
the body of the plane and the length of the plane determined the ver- 
tices of the triangle and hence its size and shape. Even though a tri- 
angle has six parts, three sides and three angles, the airplane triangle 
shows that just three of them, two angles and their “included” side, 

are sufficient to determine its size and shape. 
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G D fe 

a side included an angle included 
by 2 angles by 2 sides 

The words “included” and “opposite” describe the relative posi- 
tions of the sides and angles of a triangle. In AABC, for example, 

side AB is said to be included by ZA and ZB and to be opposite ZC. In 
ADEF, ZD is said to be included by sides DE and DF and to be oppo- 
site side EF. 

The tick marks and arcs in these figures are used to call attention 
to certain parts of the triangles as well as to identify equal sides and A 
angles. The marks here indicate that AB = DE and ZA = ZD. 

These two triangles are clearly not congruent because they do not 
have the same size and shape. However, the three parts marked in 

each triangle determine the size and shape of that triangle. If tracing 
paper were placed over AABC and AB were traced along with the 
angles A and B, the tracing paper could be removed and the rest of the A 

C 

triangle could be drawn simply by extending the sides of the angles yy, NN / B 
as shown at the right. zh ’ 

ie ? 

iE 

If tracing paper were placed over ADEF and ZD were traced 
along with the sides DE and DF, the tracing paper could be removed 
and the rest of the triangle could be drawn simply by connecting 
points E and F. 

The first of these observations suggests that, if we know that two 
angles and the included side of one triangle are equal to two angles 
and the included side of another triangle, that is sufficient to establish 

that they are congruent. The second observation suggests the same 
conclusion for two sides and the included angle. We will abbreviate 
these conclusions as “ASA” and “SAS” and, because they will form ~ 

the foundation for our reasoning about congruent triangles, we state D FE 
them as our next postulates. 

Postulate 5. The ASA Postulate 
If two angles and the included side of one triangle are equal to two 

angles and the included side of another triangle, the triangles are 
congruent. 

Postulate 6. The SAS Postulate 
If two sides and the included angle of one triangle are equal to two 
sides and the included angle of another triangle, the triangles are 
congruent. 

It is important to learn these postulates well enough to be able to 

say them as complete sentences. The appropriate sentence and figure 
should come to mind when you see ASA or SAS. 
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Exe rci ses 8. What do you think the abbreviation for 

the other congruence postulate is in 
French? 

9. State it in English as a complete 
sentence. 

Set | 

Bermuda Triangle. The triangle on the map 
below has been featured in both books and 
movies. Stretching from Bermuda to Florida to 
Puerto Rico, it is known as “the Bermuda 

Congruence Correspondences. In a section on 
triangles in his book Architecture,* Francis 
Ching wrote: Triangle.” 

The triangle signifies stability. When 
resting on one of its sides, the triangle is 

an extremely stable figure. When tipped to 
stand on one of its vertices, however, it can 

either be balanced in a precarious state of 

equilibrium or be unstable and tend to 

fall over onto one of its sides. 

me In the figures below, ATRI = AANG and 
% AANG = ALES. Use these congruence corre- 

spondences to copy and complete the follow- 

ing equations. 

1. Which sides of the triangle include 2B? 

2. Which side is opposite 2 P? 

3. Which angle is opposite FP? 

4, Which angles include side FB? 

French Postulate. In France, one of the congru- 

ence postulates is stated in these words: 

Si deux triangles ont deux cétés égaux 
chacun a chacun comprenant un angle 
égal, ils sont égaux. 

5. Refer to the figure below and write our 
abbreviation for this postulate. 

10. TR=? 

LieAh=r 

1271 =? 

13. LS =? 

14. ZE=? 

6. State the postulate in English as a 15. Why is ATRI = ALES? 
complete sentence. 

7. What do you think the abbreviation for *Architecture: Form, Space, and Order, by Francis D. K. 
this postulate is in French? Ching (Wiley, 1996). 
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Triangle Names. The figure above, from a 
geometry book published in 1901, illustrates 

the words that are used to name triangles 
according to their sides and angles.* 

Compare the relative sizes of the sides and 
angles of the triangles and the words inside 
them. Use your observations to tell what you 
think each of the following words means with 
reference to triangles. 

16. Equilateral. 19. Obtuse. 

17. Acute. 20. Scalene. 

18. Isosceles. 21. Right. 

Intersecting a Triangle. In the figure below, 
line / contains vertices A and B of the triangle 
and line 2 contains vertex C. 

A G 

m n 

In geometry, two sets of points intersect iff they 
have at least one point in common. 

How many sides of AABC are intersected 

by 
22. line 1? 

23. line m? 

24. line n? 

*First Steps in Geometry, by G. A. Wentworth and 

G. A. Hill (Ginn, 1901). 

Soa aie 
ae 

Is it possible for a line to intersect 

25. exactly one side of a triangle? 

26. no sides of a triangle? 

Set Il 

Eye Focus Triangle. 
When your eyes focus 

on an object in front of O 

you, your pupils and 
the object are at the 

vertices of a triangle. 

In the figure above, your eyes are at L and R 

and the object is at O; for most people, the 

distance between L and R is about 3 inches. 

27. Draw a line segment LR 3 inches long 

near the bottom of a sheet of paper. Use 

your protractor to draw ZL = 80° and 

LAR = HS", 

28. Approximately how far is the object from 

your eyes? 

29. Measure ZO with your protractor. 

30. Does the measure of 7O seem to be 

consistent with the measures of 7L and 

ZR? Explain why or why not. 

As the object moves away from you, what 

happens to 

31. the sizes of ZL and ZR? 

32. the size of ZO? 
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Astronomy Problem. The following words 
from an astronomy book describe the first part 

of a calculation of the distance from the earth 

to the moon.* 

A 

B 

In the triangle ABC, the angle ACB at the 
center of the earth is known from the 

difference in latitudes of A and B and in 

this case is equal to about 94°. AC and BC, 

the sides of the triangle, are radii of the 

earth and are known from measurements 

of the size and shape of the earth. Since 
two sides and the included angle are 
known, the third side AB can be 

computed. 

The radius of the earth is approximately 

4,000 miles. 

33. Use your ruler and protractor to make 

an accurate drawing of AABC, making 
AG — 1B Gwe cimeancde 4 Gr— 19 

34. What is the length of AB in centimeters? 

35. What is the approximate distance in 

miles between points A and B on the 
earth? Explain. 

36. Measure ZA and ZB with your 

protractor. 

37. What seems to be true about them? 

Molecule Path. The 
figure at the right 
shows the path of a 
gas molecule that 
bounces off a wall; 

ZA = Z2 andiAG? DB; 

*Pictorial Astronomy, by Dinsmore Alter, Clarence H. 

Cleminshaw, and John G. Phillips (Crowell, 1974). 
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38. Why does it follow that 2 ADB and 

ZCDB must be right angles? 

39. Why is ZADB = ZCDB? 

40. Why is DB = DB? 

41, Why is AADB = ACDB? 

42, What can you conclude about AB and 

BC? 

Pond Problem. 
The figure at the 

right shows a way to 

find the distance 

across a pond. Posts 

are put in the ground 
at the five lettered 

points so that X-O-A, 

Y-O-B, XO = OA, and 

YO = OB. 

43. What do the symbols X-O-A and Y-O-B 

mean? 

44, What relation does ray OA have to ray 

OX and ray OB have to ray OY? 

45. Why is ZXOY = ZAOB? 
46. Why is AXOY = AAOB? 
47. How do answers to these questions 

help in finding the distance across the 
pond? 

Set Ill 

Match Puzzles.‘ Starting each time with the 
arrangement of matches shown below, can 
you show how to leave two triangles by 
removing 

1. four matches? 

2. three matches? 

3. two matches? 

Make drawings to illustrate your answers. 

There must be no “loose ends.” 

*From Mathematical Circus, by Martin Gardner 
(Knopf, 1979). 



Permission granted by Virgil Partch second cowboy 
turns here B 

§ 
"Very, very exclusive.” 

— A aA. cowboys 

first cowboy start here 

stops here 

LESSON 4 E 
second cowboy 

stops here 

Congruence Proofs 

There does not seem to be any easy way for the two cowboys in the 
cartoon above to get over to that drive-in. Yet there 7s an easy way for 
them to find out how far away it is. In fact, if they know the approx- 
imate length of their horses’ strides, they can measure the distance 
(AD in the figure) without any special instruments or even getting off 

their horses! The method, that of a Roman surveyor of long ago, is 
based on congruent triangles.* 

The cowboys start from a position, A, directly across from the 

drive-in, D. They ride a short distance along a line / that is perpen- 
dicular to AD, counting strides as they go. One cowboy stops at point 

B and the other continues an equal distance along / to point C. 
The second cowboy then turns left and rides until he reaches the 

point, E, where the first cowboy is in line with him and with the drive- 

in. The distance from C to E must be equal to the distance from A 
to D. Do you see why? 

*Science Awakening, by B. L. van der Waerden (Oxford University Press, 1961). 
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It is because the two triangles in the figure (shown at the left be- 
low) are congruent and, because CE and AD are corresponding sides 
of these triangles, CE and AD must be equal. This conclusion comes 

from our definition of congruent triangles: Two triangles are congru- 
ent iff there is a correspondence between their vertices such that all 
of their corresponding sides and angles are equal. Because we will use 
this definition frequently when reasoning about congruent triangles, 
we state part of it more briefly here. 

Definition (Brief Restatement) 
Corresponding parts of congruent triangles are equal. 

The figure at the left shows the triangles with the parts that we 
know marked. From the method described, the angles at B are verti- 

cal angles; so they must be equal. The triangles are congruent by ASA. 
All of this information is organized below in the form of a two- 
column proof. 

Given: CA | AD, CB = BA, ZC is a right angle and 
ZCBE and Z DBA are vertical angles. 

Prove: CE = AD. 

Proof 
Statements Reasons 

SI CAMeAD: Given. 
2. ZA is a right angle. Perpendicular lines form 

right angles. 

3. ZC is a right angle. Given. 
AAG. All right angles are equal. 
5. ZCBE and ZDBA are Given. 

vertical angles. 
6, 4CBE—42 DBA Vertical angles are equal. 

7. CB = BA. Given. 

8. ACBE = AABD. ASA. 

9. CE = AD. Corresponding parts of 
congruent triangles are equal. 

Notice how this proof is organized. To claim that the two triangles 
are congruent by ASA, we need to show that two pairs of angles and 
the pair of sides included by them are equal. In other words, we need 

to write three equations: two about the angles (steps 4 and 6) and one 
about the sides (step 7). Notice how step 4 follows from steps 2 and 3; 
step 2 in turn follows from step 1. Step 6 follows from step 5, step 8 

from the three equation steps, and step 9 from step 8. 

The proof didn’t have to begin with the statement chosen as step 

1. It could just as well have begun with statements 3, 5, or 7 instead. 

There can be several “correct” orders for the steps of a proof. 
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Exercises 

Set | 

Roof Plan. The 
design usually used 
for a roof is shown 
in the figure at the 
right.* 

The following diagram shows a side view 
of the rafters and ceiling joists. We can prove 
different things about the figure depending on 
what we assume about it, that is, what we take 

as “given.” 

B 

A G 
E D F 

1. Copy the figure and mark the following 
“given” information on it: 

Given: D is the midpoint of AC, 
BD 1 AC. 

Why is AD = DC? 

Why are 21 and Z2 right angles? 

Why is 21 = 22? 

Why is BD = BD? 

Why is AABD = ACBD? 

Why is ZBAD = ZBCD? Roni he cha bd 

8. Make another copy of the figure and 
mark the following “given” information 
on it instead: 

Given: 21 = 22, ZABD = ZCBD. 

9. Why is BD = BD? 

10. Why is AABD = ACBD? 

11. Why is BA = BC? 

*How to Design and Build Your Own House, by Lupe 
Di Donno and Phyllis Sperling (Knopf, 1981). 

12. Make another copy of the figure and mark 

the following “given” information on it: 

Given: BA = BC, BD bisects Z ABC. 

13. Why is ZABD = ZCBD? 

14. Why is BD = BD? 

15. Why is AABD = ACBD? 

16. Why is 21 = 22? 

17. If 21 and 22 are a linear pair, why is 
BD 1 AC? 

Repeating Patterns. The figure below contains 
several repeating patterns. 

What kind of polygons do 

18. the blue lines seem to form? 

19. the red line segments form? 

In the figure, AB = BC, 21 = 24, and 22 = 23. 

20. Which triangles must be congruent? 

21. Why? 

Also, BC =.CE, BX = CY, and-23 = 25. 

22. Which triangles must be congruent? 

23. Why? 

24. Why is AABX = AECY? 

25. Why is AX = YE? 

Lesson 4: Congruence Proofs 153 



Set Il 

Strange Results. If the congruence postulates 
are not used correctly, some strange conclu- 
sions can result. Here are two examples. 

Example 1 
B 

D 

Given: DB bisects Z ADC; ZA and 
ZDBC are right angles. 

Prove: A ADB = ABDC. 

Proof 
Statements Reasons 

1. DB bisects Given. 

ZADC. 

2. ZADB = ZBDC. _ If an angle is bisected, 
it is divided into two 
equal angles. 
Reflexive. 
Given. 

3. BD = BD. 
4. ZA and ZDBC 

are right angles. 
J. CA Za BC: All right angles 

are equal. 
6. AADB= ABD@€. ASA: 

The figure for this proof is drawn accurately, 
and all of the given information is true. 

26. Does ABDC look as if it could be 
congruent to AADB? Why or why not? 

27. What is wrong with the proof? 

Example 2 
D 

A B G 

Given: DB = DC. 
Prove: AB = AC. 
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Proof 

Statements Reasons 

1. DB = DC. Given. 

2. AD = AD. Reflexive. 

3. ZDAB = ZDAC. Reflexive. 

4, ADAB = ADAC. SAS. 

5. AB = AC. Corresponding parts 
of congruent triangles 

are equal. 

Again the figure is drawn accurately. 

28. What is really true about AB and AC? 

29. What is wrong with the proof? 

Congruence Proofs. Write complete proofs for 
each of the following exercises. In each case, 
copy the figure and mark the given informa- 
tion on it. Also copy the “given” and “prove” 
before writing your statements and reasons. 
(Each proof can be written in five steps.) 

30. 

N 

Given: HN = NR; NO bisects ZHNR. 

Prove: A HNO = ARNO. 

31. 

U S E 

L 

Given: 2BGU and ZEGL are vertical 

angles; BG = GE and UG = GL. 
Proves BU =_GE. 



32. 

T Is 

Given: ZC = ZO; ZR and ZN are 

supplements of 71; CR = ON. 

Provem. CRE = AONT. 

Bt 

U T 

A 

B 

Given: ZT and 22 are complements of 

Z1; TA = AU and TU = UB. 
Prove: AU = AB. 

Grid Exercise. On graph paper, draw a pair of 
axes extending 10 units in each direction from 
the origin. 

34. Plot the following points and connect 
them to form AABC: A(3, 1), B(3, 8), 
(7A): 

35. Find the lengths of its sides. 

34. (continued) On the figure that you drew 

for exercise 34, plot the following points 
and connect them to form ADEF: 

D3, eal); E(3, —8), FZ, a1), 

36. In which quadrant is ADEF? 

37. What would happen if you folded the 

graph paper along the x-axis? 

38. How are the coordinates of the vertices 

of ADEF related to those of AABC? 

39. Find the lengths of its sides. 

40. From the observation that ZA and ZD 

are right angles, why does it follow that 
AABC = ADEF? 

34. (continued) Draw the triangle on which 

AABC would fit if you folded the graph 
paper along the y-axis. Label its vertices 

G, H, and I so that AABC = AGHI. 

41. In which quadrant is AGHI? 

42. What are the coordinates of its vertices? 

43. How are the coordinates of its vertices 

related to those of AABC? 

34. (continued) Plot the following points and 

connect them to form AJKL: J(1, 3), 
K(8,.3), Di, 7). 

44, Is AJKL = AABC? 

45. How are the coordinates of the vertices 

of AJKL related to those of AABC? 

46. Is it possible to fold the graph paper so 
that the vertices of AABC and AJKL 
would fit together? If so, where would 
you fold the paper? Check your answer 
by trying it. 

River Problem. Acute Alice and Obtuse Ollie 

are standing on the bank of Muddy Boggy 
Creek. Ollie asks Alice how wide she thinks 

the river is. Alice adjusts the rim of her hat as 

she looks across the river, then walks along the 

river bank and gives Ollie an answer.* 
The “three-dimensional” figure below 

illustrates the situation. 

D 

A G 

B 

47. Copy it and mark the parts that Alice 
used to figure out her answer. 

48. Tell how she did it. 

*Adapted from a problem in You Are a Mathematician, 
by David Wells (Wiley, 1995). 
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Set Ill 

The Problem of the Handcuffed Prisoners* 
Nine dangerous prisoners have to be carefully 
watched. Each day they are taken out for 

exercise, handcuffed in threes as illustrated in 

this sketch made by one of their guards. How 
can they be handcuffed so that, on four con- 

secutive days, no pair of prisoners are together 

in the same group more than once? 

Although this puzzle is much more 
difficult to solve than it first appears, a solu- 

tion can be found quite easily by using some 

simple geometry. 

Draw a circle and write the numbers 1 

through 9 (except 3) placed as shown in the 

lower figure at the right. Those on the circle 

are equally spaced. Draw another circle of the 
same size and on it draw the diameter and 

two congruent triangles as shown in red. 
Write the number 3 in the center of this circle 
and cut it out. 

Place it on the first circle so that it looks 

like the diagram. Copy the set of three num- 
bers on the diameter, and the two sets of three 

numbers at the vertices of the two triangles. 

You should get a list like this: 123, 456, 789, 

corresponding to the way in which the 
prisoners are arranged in the sketch. 

Now rotate the circle so that the diameter 

falls between 4 and 9 and write down the new 

sets of numbers (on the diameter and at the 
vertices of the triangles). Do this again with 
the diameter placed between 7 and 5, and 

again with the diameter between 8 and 6. 
If you haven’t copied any numbers incor- 

rectly, you have the solution to the puzzle. 
Strange as it may seem, puzzles of this sort 

have practical uses, including the statistical 
design of scientific experiments! 

*Adapted from a problem by Henry Ernest Dudeney, 

Amusements in Mathematics (1917); paperback published 
by Dover, 1958. 
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LESSON 5 

Isosceles and Equilateral Triangles 

Euclid began the Elements with the construction of an equilateral tri- 
angle (Book I, Proposition 1). He ended it comparing five geometric 
solids called the “regular polyhedra” (Book XIII, Proposition 18). A 
beautiful polyhedron discovered more than 2,000 years later is shown 
in the figure above. It was discovered by Louis Poinsot, a French 

mathematician, in 1809 and is called a “great icosahedron.” 
The edges of the great icosahedron form a large number of tri- 

angles of various shapes. Most of them, such as AABC in the figure 
beside the photograph, are scalene because they have no equal sides. 
Some of the triangles, such as ADEF, are isosceles because they have 
two equal sides, and some, such as AGHI, are equilateral because they 
have three equal sides. 

Definitions 
A triangle is 

scalene iff it has no equal sides. 
isosceles iff it has at least two equal sides. 

equilateral iff all of its sides are equal. 
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These definitions depend on the relative lengths of the sides of a 
triangle. Triangles are also classified according to the measures of their 
angles. 

Definitions 
A triangle is 

obtuse iff it has an obtuse angle. 
right iff it has a right angle. 
acute iff all of its angles are acute. 
equiangular iff all of its angles are equal. 

The sides and angles of triangles are related in special ways. For 
example, if a triangle has a pair of equal sides, it will also have a pair 

of equal angles, and conversely. Furthermore, a triangle is equiangu- 
lar iff it is equilateral. 

D D 

a BD ca 

These ideas are easy to prove by using our congruence postulates. 

Consider ABCD with BD = CD, for example. If you traced it and 

flipped the tracing over, it would look the same. In fact, if you placed 

the flipped triangle on the original triangle, the two triangles would 

coincide. CD would fit on BD because they are equal, 72D would fit 

on ZD, and BD would fit on CD. We have the congruence corre- 

spondence, ABCD = ACBD by SAS. It follows that ZC = ZB because 

corresponding parts of congruent triangles are equal. So, if two sides 

of a triangle are equal, two of its angles also must be equal. 

Here is our argument arranged as a proof in two-column form. 

Theorem 9 
If two sides of a triangle are equal, the angles opposite them are 

equal. 

Given: In ABCD, BD = CD. 

lenis AC = 238. 

Proof 
Statements Reasons 

lin ABCDSBD = CD Given. 

222.) = 2p; Reflexive. 
35 CD = BD, Given. 
A. ABED =ACBD. SAS. 
5. ZC = ZB. Corresponding parts of congruent 

triangles are equal. 
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The converse of this theorem is also true. 

Theorem 10 

If two angles of a triangle are equal, the sides opposite them are 
equal. 

From these two theorems, it follows that all equilateral triangles 

must be equiangular and vice versa. 

Corollaries to Theorems 9 and 10 
An equilateral triangle is equiangular. 
An equiangular triangle is equilateral. 

These facts are all easy to prove; their proofs are considered in the 

exercises. 

Exercises 
SUED CREDLE ESPACE SOOT ORES TNO 

Set | 

In the figure below, AB = AD and ZC = ZBDC. 

B Ge 

A D 

1. Copy the figure and mark the equal 
parts on it. 

Which angle of AABD is opposite AB? 

Which angles of AABD must be equal? 

Which side of ABCD is opposite ZC? 

Which sides of ABCD must be equal? 

Does it follow that AABD and ABCD are 
congruent? 

A 

ego. St 

The figure at the right 

appeared in an edition 

of Euclid’s Elements R G 

published in 1665. In 

AABC, AB = AC; 

AD = AE. D E 

7. What kind of triangle is AABC? 

Lesson 5: lsosceles and Equilateral Triangles 

8. Why is ZABC = ZACB? 

9. What angle do AACD and AABE have 
in common? 

10. Why is AACD = AABE? 

11. Why is 2D = ZE? 

“Tsosceles.” “Isosceles” is a strange word. Not 
only is it strange, it is very old. It comes from 
the Greek word isoskeles and is used only in 
geometry. 

12. What does it mean to say that a triangle 

is isosceles? 

13. Is an equilateral triangle isosceles? 
Explain why or why not. 

According to the dictionary, “isosceles” 

means “having equal legs.” 

14. Where are the equal angles in an isosce- 
les triangle with respect to its legs? 

If it is possible, draw an example of an 

isosceles triangle that is also 

15. a right triangle. 

16. a scalene triangle. 

17. an obtuse triangle. 
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Alcoa Building. The architects who designed 
the Alcoa building in San Francisco used a 
grid of isosceles triangles.* 

|i 

18. Copy this figure based on that grid and 
mark the following information on it: 
AL = LC = CO = OA; ZA= ZC. 

19. What kind of triangles are ALAO and 
ALCO? 

20. Why is 21 = 23 and 22 = 24? 

21. Why is 2422 =23- 2a 

From the figure, we see that LA-LO-LC and 

OA-OL-OC. 

22. Why is ZALC = 21 + 22 and 

LINO = ZB se Laby 

23. Why is ZALC = ZAOQC? 

24, Why is ALAO = ALCO? 

25. Why is 21 = 22 and 23 = 24? 

26. What relation does LO have to ZALC 

and ZAOC? 

Shuffleboard Court. 
The figure at the 
right shows one of 
the scoring zones of 
a shuffleboard court. 
SH = HU = UF 
FL = LE = EB. 

“Geometry in Architecture, by William Blackwell (Wiley, 

1984). 
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27. What relation does OD appear to have to 

SB, HE, andjWibe 

28. What relation do SB, HE, and UL appear 

to have to one another? 

29. What kind of triangles are ASBF, AHEF, 

and AULF? 

Given that ZF = 36°, find the measures of 

30. 25 andiZ4B: 

31, 42LUF and 2 ULE 

O25 ance 4B I) 

Set II 

Theorem 10 can be proved in a way almost 

identical with the proof of Theorem 9. 

33. Write a complete proof of Theorem 10 by 

first copying it, the figure, and the 

“given” and “prove.” Use the proof of 

Theorem 9 as a guide in writing your 
proof. 

Theorem 10. If two angles of a triangle are 
equal, the sides opposite them are equal. 

G e) 

E le dies! a 

Given: In AEFG, ZE = ZF. 

Prove: GE = GF. 

Theorem 9 can be used to prove its corollary. 

34. Write a complete proof of the corollary 

by first copying it, the figure, and the 

“given” and “prove.” Copy the state- 

ments and give the reasons. B 

Corollary. An equilateral triangle 
is equiangular. 

Given: AABC is equilateral. 

Prove: A ABC is equiangular. A 



Proof 

Statements Reasons 

1. AABC is equilateral. Why? 

2. BC = AC and AC = AB. Why? 

oa —e Brand 2B = ZC. Why? 

AN Ze Naa C. Why? 

5. AABC is equiangular. Why? 

The proof of the corollary to Theorem 10 is 

almost the same. 

35. Copy the following and use the proof in 
exercise 34 as a guide in writing your 
proof. B 

Corollary. An equiangular 
triangle is equilateral. 

A E 
Given: AABC is equiangular. 
Prove: A ABC is equilateral. 

Hydrogen Sulfide. One of the reasons that 
rotten eggs stink is hydrogen sulfide. The 
hydrogen sulfide molecule consists of a sulfur 
atom bonded to two hydrogen atoms.* 

In ASHHg, S represents the center of the 

sulfur atom; H; and Hp represents, the centers 

of the hydrogen atoms; SH; = SHp. 

36. What kind of triangle is ASH) H» with 

respect to its sides? 

The measure of 7H, is 43.9°. Find the 
measure of 

37. (2Hy¢. 

*The Architecture of Molecules, by Linus Pauling and 
Roger Hayward (W. H. Freeman and Company, 1964). 

38. ZS. 

39. What kind of triangle is ASH,H2 with 

respect to its angles? 

40. If you knew that SH; = SH2 = 1.34 

angstroms, could you use the 
Pythagorean Theorem to find the length 
of H,H9? Explain. 

In the figure below, AABD is equiangular and 
D is the midpoint of AC. 

B 

A dD C 

41. Copy the figure and mark this informa- 
tion on it. 

ABDC is evidently obtuse. 

42. What further conclusions can you draw 
about ABDC? Explain your reasoning. 

Star Puzzles. In the accurately drawn figure 
below, 10 line segments connect the 5 lettered 
points. 

A 

D G 

43. What kind of polygon is the blue 
polygon? 

44, Why isn’t the red star a polygon? 

All of the sides and angles of the blue polygon 
are equal. 

45. Do you think that the 5 line segments 

that form the red star also must be 

equal? Explain why or why not. 

Lesson 5: Isosceles and Equilateral Triangles 161 



In this accurately drawn figure, the 5 line 

segments that form the red star are equal. 

A 

D C 

46. Do you think that the 5 sides of the 

blue polygon also must be equal? 

Explain why or why not. 

47. If you also knew that the angles at the 

corners of the red star were equal, could 

you then conclude that the sides of the 

blue polygon also are equal? Explain 

why or why not. 

SAT Problem. The figure below appeared in a 
problem on an SAT exam. 

T 

QUiR 

In it, PS is a line segment and 
PQ = OT = TR=RS. 

48. What is the value of y? Show your 

reasoning. 

Drawing Exercise. 

49. Draw a line segment 3 inches long. Use 
your straightedge and compass to 
construct an equilateral triangle with the 
line segment as one of its sides. Label 

the corners of the triangle A, B, and C. 

Use your ruler to mark point X on AB so 

that AX = 1 inch. Mark point Y on BC so 

that BY = 1 inch. Mark point Z on AC so 

that CZ = 1 inch. Connect points X, Y, 

and Z to form AXYZ. 
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50. What seems to be true about AAXZ, 

INBY Xs, and AN@ZLY 2 

51. Explain why it must be true. 

52. What seems to be true about AX YZ? 

53. Explain why it must be true. 

Set Ill 

In this remarkable drawing by Maurits Escher, 
the artist has filled part of a plane with 

lizards.* 

SU) I 

1. In how many different directions are the 

lizards crawling? 

2. Through how many degrees would one 
of the lizards have to turn to be crawling 

in the same direction as one of the 

lizards next to it? 

3. The lizard at the bottom of this page 
looks like the ones in the drawing and 
yet, other than being blue, it couldn’t fit 
in with all the rest. Why not? 

*The Magic of M. C. Escher (Abrams, 2000). 



LESSON 6 

SSS Congruence 

In 1875, the Reverend Samuel Manning described the experience of 
riding in a train across a bridge like the one in the picture above: 

The road is carried across valleys hundreds of feet in depth on 
rude trestle bridges, which creak and groan beneath the weight 
of the train. Anything apparently more insecure than these 
structures can hardly be found elsewhere, and I always drew a 

long breath of relief as I found myself safely on the other side.* 

Although the bridge in the photograph doesn’t look capable of 
supporting a heavy train, part of its strength comes from the frame- 
work beneath it. The framework is composed of “trusses,” based on 
the triangle, the simplest rigid shape that a structure can have. 

If models of a triangle and a quadrilateral are made by threading 
drinking straws together, the triangle will hold its shape but the quad- 
rilateral will collapse. The shape of the triangle, then, is completely 

determined by the lengths of its sides. 
Thus, if the sides of one triangle are equal to the sides of another, 

the triangles must be congruent. We now have enough facts about tri- 
angles to be able to prove it. 

* American Pictures (1875). 
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Theorem 11. The SSS Theorem 
If the three sides of one triangle are equal to the three sides of 
another triangle, the triangles are congruent. 

Our proof, after that of Euclid, is based on copying one of the tri- 

angles and then showing that the other triangle is congruent to this 
copy. The figures illustrate the construction and proof. 

E 

B J 

POR D le 

Given: AB = DF, BC = FE, and AC = DE. 

Prove: A ABC = ADFE. 

Proof 
The first part: Drawing a new triangle congruent to \DEF. 

First, draw ray AX from point A so that 2CAX = ZD (Protractor 
Postulate). Next, choose point P on ray AX so that AP = DF (Ruler 
Postulate). Draw CP (two points determine a line). AAPC = ADFE 
(SAS). f 

ad oe. D 

P 
X 

The second part: Showing that the new triangle is congruent to AABC. 
Draw BP. AP = DF (corresponding parts of congruent triangles 

are equal) and AB = DF (given), so AP = AB (substitution). From this 
information we know that AABP is isosceles; so 21 = 22 (if two 
sides of a triangle are equal, the angles opposite them are equal). 

Also, PC = FE (corresponding parts of congruent triangles are 
equal) and BC = FE (given); so PC = BC (substitution). So ACBP 
also is isosceles and 23 = 24. 

Because 21 = 22 and 23 = 24, 21+ 23 = 22+ ZA (addition). 
But 21 + 23 = ZABC and 22 + 24 = ZAPC (Betweenness of 
Rays Theorem, which holds because BP divides both 2 ABC and 

Z APC); so ZABC = Z APC (substitution). From this information we 
know that AABC = AAPC (SAS). Finally, AABC = ADFE because 
two triangles congruent to a third triangle are congruent to each other. 

The proof is long but the theorem is easy to use. You should learn 
the SSS Theorem well enough to be able to recall it as a sentence when- 
ever you see it referred to as SSS. 
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Exercises 

Set | 

Force Triangles. The figure above shows a boat 

held in place by three ropes. If the arrows 

represent the forces acting on the ropes, 
triangles can be drawn having the arrows as 

their sides.* 

F; F; 
F. 
3 F; 

F; F, 

1. How do you know that these triangles 

are congruent? 

2. Why are the angles of one triangle equal 
to the angles of the other? 

Plumb Level. This device, called a plumb 
level, consists of a wooden frame in the shape 

of an isosceles triangle. A string with a weight 
on it is suspended from its vertex. 

*Project Physics (Holt, Rinehart and Winston, 1981). 

B W G 

If the weight hangs over the midpoint 

or BG 

3. why is AABW = AACW? 

4, why is 21 = 22? 

5. In what other way are 21 and 22 

related? 

6. Why is AW 1 BC? 

The weight causes AW to always be 
vertical. 

7. What can therefore be concluded about 

BC? 

Suppose instead that the weight line bisects 
ZBAC: 

8. If this is the case, is it still true that 

AABW = AACW? Explain why or why 

not. 

Equal Parts. The two triangles below have 
been accurately drawn and their equal parts 

have been marked. 

B 

A G 

D le 

9. Are the triangles congruent? Explain 
why or why not. 

10. How many pairs of equal parts do they 

have? 
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Are two triangles necessarily congruent if Draw AD, BD, AC, and BC. 

they have 21. Which line segments in your drawing 
11. three pairs of equal parts? are equal because of the way that you 

constructed them? 

22. Why is AACD = ABCD? 

23. Why is ZACD = ZBCD? | 

24. Why is AACE = ABCE? 

Angle Bisection. In Chapter 1, you learned how 995 Why is AE = BE? 
to bisect line segments and angles. We can use 

congruent triangles to understand why these Set II 
constructions work. 

12. four pairs of equal parts? 

13. five pairs of equal parts? 

14. six pairs of equal parts? Explain. 

15. Use your protractor to draw an angle of Linkage Problem 1. The figure below shows a 
50°. Use your straightedge and compass linkage made of two pairs of equal rods 
to bisect the angle. Label your drawing (AB = CD and AD = CB). The rods can pivot 
as shown in the figure below. Draw AD about their ends, and so the figure can change 

and BD: its shape. 

C $n 

16. Which line segments in your drawing 
are equal by construction? 

17, Why is CD = CD? 

18. Why is AACD = ABCD? 

19. Why is ZACD = ZBCD? B 
26. Draw the figure by using line segments to 

Segment Bisection. The method for bisecting a represent the rods as shown below. Use 
line segment can be understood in a similar, tick marks to show AD = CB and draw 

but slightly longer, way. AG: 

20. Use your ruler to draw a line segment 6 
cm long. Use your straightedge and 
compass to bisect it. Label your drawing 
as shown in the figure below. 

A 

27. What seems to be true about AADC and 

ACBA? 
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Suppose the linkage were adjusted to a 
slightly different shape. 

28. Do you think your observation about 

AADC and ACBA would still be true? 

Explain why or why not. 

29. Can anything be concluded about 
ZADC and ZCBA? Explain. 

30. Do AB and CD appear to bisect each 
other? Explain. 

31. Can anything be concluded about 
ZAEC and ZDEB? Explain. 

36 

38. 

39. 

40. 

36. 

41. 

. (continued) Draw OC. 

No matter what shape the linkage is 
adjusted to, AAOC is always congruent 

to ABOC. Why? 

Why are ZAOC and ZBOC always 

equal? 

What relation does line OC have to 

ZAOB? 

(continued) Draw OD. 

What relation does line OD have to 

Z AOB? Explain. 

26. (continued) Draw DB. 42. Why must lines OC and OD be the same 

line? 
What can you conclude about 

43, What does this prove about points O, C, 
32. ADAB and ABCD? aria De 

33. ZDAB and ZBCD? 
Grid Exercise. On graph paper, draw a pair of 
axes extending 10 units in each direction from 
the origin. 

34. As the linkage is slightly changed, what 
is always true about AAED and ACEB? 
Explain. 

35. Can anything be concluded about AAEC 44, Plot the following points and connect 

and ADEB? Explain. them to form AABC: 
(24), BU7N7).. Clo, =2). 

Linkage Problem 2. The following figure shows 45. What kind of triangle do you think 
another linkage.* In it, OA = OB and AABC is? 

AD = DB = BC = CA. 46. Find the lengths of its sides. 

47, Do these lengths agree with your answer 
to exercise 45? If not, what kind of 

triangle is AABC? 

44, (continued) Plot the following points and 
connect them to form ADEF: 

D(=9.0)" E (0; —2), F(=6,.—9), 

48. Find the lengths of its sides. 

49, What can you conclude about AABC and 

ADEF? Why? 

Which angle(s) in your drawing are 
36. Draw the figure, by using line segments equal to 

to represent the rods, and mark the equal 50. ZA? 
parts on it. 

bay VANS: 
37. What seems to be true about points O, 

Crand D>? 

*Geometry and the Imagination, by David Hilbert and 
Stefan Cohn-Vossen (AMS-Chelsea, 1999). 
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Set Ill 

Bracing the Square. This puzzle once 
appeared in the “Mathematical Games” 
column of Scientific American magazine.* 

Suppose a square is made of four rods, 

hinged at their ends. How many more 
rods of the same length and also hinged at 

their ends are needed to make the square 

rigid? 

The figure below shows a solution with 23 
rods that was discovered by a number of 

readers of the magazine. As long as the rods 
lie flat in a plane, no arrangement with fewer 
than 23 rods will work. 

*Martin Gardner’s Sixth Book of Mathematical Games 
from Scientific American, by Martin Gardner (W. H. 
Freeman and Company, 1971). 
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1. Trace the figure on your paper and use 
the facts that the sum of the angles of a 

triangle is 180° and that each angle of a 
square is 90° to write down as many of 

the angle measures in the figure as you 

can. 

The fact that points X, Y, and Z are collinear 

makes the structure rigid. 

2. Draw segments XY and YZ and explain, by 
using the angles at Y, why X, Y, and Z 
must be collinear. 



IS THERE MUCH CALL 
FORK SMUDGED CIRCLES? 

© 1979 United Features Syndicate, Inc. 

Vitruvius, a Roman architect of the time of Julius Caesar, wrote in his 

book On Architecture: 

Let the architect be educated, skillful with the pencil, instructed 
in geometry. . .. Geometry is of much assistance in architecture, 

and in particular it teaches us the use of the rule and compass. 

Euclid established the tools used in making geometric construc- 
tions: the pencil for marking points, the “rule” (straightedge) for draw- 
ing lines, and the compass for drawing circles. You have learned to use 
these tools in two constructions: 

Construction 1. To bisect a line segment. 
Construction 2. To bisect an angle. 

You learned in Lesson 6 that both constructions are based on the 
SSS theorem. In this lesson, we will see how the straightedge and com- 
pass can be used to copy simple figures. 

The word “compass” (originally “compasses”) comes from the 
Latin word compassare, meaning “to measure off by steps.” For ex- 
ample, if we have a line segment of length “1 unit,” we can use the 

compass to measure off steps on a line, each | unit long. 

A—B 
] Open Is neh 405 

This example illustrates the basic construction of copying a line segment. 
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Construction 3 
To copy a line segment. 

a l 
A B G D 

Let AB be the given line segment. Set the radius of the compass to 
the length of AB by putting the metal point on A and the pencil point 
on B. Draw a line (/) and mark a point C on it. With C as center, draw 
an arc of radius AB that intersects the line (D in the figure at the right 
above): CD = AB. 

Even though we may not know the measure of an angle, we can 
use a straightedge and compass to copy it. 

Construction 4 
To copy an angle. 

A be 

Let ZA be the angle to be copied. Draw a ray BC as one side of the 
angle to be drawn. With point A as center, draw an arc that intersects 

the sides of A (points D and E in the figure at the left below). With 
point B as center, draw an arc with the same radius as shown in the 

figure at the right below. This arc intersects BC at point F. We drew 

it above BC, and that is where the copied angle will be. 

oe a 
A D B FG 

Go back to ZA and set the radius of the compass to the distance 
between points D and E. With F as center, draw an arc having this 

radius so that it intersects the arc through F giving point G. 

G 

B FING 
Draw BG to finish the construction: 2A = ZB. 
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Drawing DE and FG shows why this works. AADE = ABFG by 
SSS, and so 2A = ZB because corresponding parts of congruent tri- 
angles are equal. 

Sae ae 
A D B EB 

Because of SSS congruence, it is just as easy to copy an entire 

triangle. 

Construction 5 
To copy a triangle. 

cS 

l en oa el ee A B D E 

Let AABC be the triangle to be copied. Draw a line (/) and copy 
AB on it (DE in the figure at the right above). 

Return to the triangle and set the radius of the compass to the 
length of AC. With D as center, draw an arc having this radius, as shown 
in the figure at the left below. 

Reset the radius of the compass to the length of BC. With E as 
center, draw an arc having this radius so that it intersects the first arc 
at point F, as shown in the middle figure below. 

Draw DF and EF to finish the construction, as shown in the fig- 

ure at the right below. 

F F 
SEN. aa 

] ! l 
ee —— 
D is D is D E 

To see why AABC = ADEF, mark the equal lengths on the sides 

of the two triangles. They are congruent by SSS. 

G E 
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Exercises 

Set | 

This old engraving shows a geometer standing 

beside a globe of the earth. 

1. What tool is he holding? 

2. What could it be used to compare on the 

globe? 

3. Can a circle be drawn on a globe? 

4, Cana line be drawn on a globe? 

In making constructions, it is customary to 

draw arcs of circles rather than the entire 
circles. The following figures show why! Tell 
what is being constructed in each figure. 

Gf, 
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Light Reflection. Euclid’s book on light, 
Optics, gives the following rule for light 

reflected from a mirror: The angle of incidence is 
equal to the angle of reflection. Both angles are 
measured from a perpendicular line /, as 

shown in the figure below. 

angle of | angle of 
incidence | reflection 

AB represents the mirror and CP the 

incident ray of light in the figure below. We 

will use Euclid’s rule to find the reflected ray. 

G 

A p B 

9. Draw a figure similar to the one above. 

Use your straightedge and compass to 
bisect Z APB. Label the bisector line 1 

Write the number 2 inside the angle that 
line 7 makes with PC. 



10. What relation does line / have to line 

AB? 

11. What relation does 72 have to 21? 

9. (continued) On your drawing, use your 
straightedge and compass to draw the di- 
rection of the light ray after it leaves point 
P. Name another point on this line D. 

12. What construction did you use to find 

ray PD? 

Bridge Girder. This design, a Warren girder, is 
frequently used in bridge construction.* It is 
based on equilateral triangles. 

13. Use your straightedge and compass to 
construct such a row of triangles. 

14. Why are they all congruent? 

15. Why are all of the angles in the triangles 
equal? (There are two reasons.) 

16. How does the line containing the tops of 
the triangles appear to be related to the 
line containing their bases? 

Equidistant Points. A cartoon in the New 
Yorker once showed a family on vacation in a 

car passing a road sign saying “This spot is 
exactly equidistant between Disneyland and 

Disney World.” 

17. Choose two points on your paper 
several inches apart and label them X 
and Y. Draw line segment XY and use 
your straightedge and compass to 
construct its midpoint. Label the mid- 
point A. Point A is equidistant from X 
and Y. 

18. What do you think “equidistant” 

means? 

* Structures, or Why Things Don’t Fall Down, by J. E. 
Gordon (Plenum, 1978). 

19. How many midpoints does a line 

segment have? 

17. (continued) On your drawing, use your 
compass to find several more points, each 

of which is equidistant from X and Y. 

20. How many points do you think can be 

found that are equidistant from the 

endpoints of a line segment? 

21. Where do all of these points appear to 
lie? 

Car Jack. The car jack in the picture below is a 

linkage of four bars of equal length. As a screw 
through A and B is turned, the distance 
between A and B changes.* 

WK yas OJ 

22. Draw a line segment AB and construct 
two triangles ACB and ADB so that 
AC = CB = AD = DB as shown in the 
figure at the right above. Identify the 
equal lengths with tick marks. 

23. What kind of triangles are AACB and 
AADB? 

24. Why is 21, = 22 and 23 = 24? 

25. Why is 21+ 23 = 22 + 24? 
26. Why is ZCAD = ZCBD? 

27. Why must AACB and AADB be 

congruent? 

28. Why is 21 = 23 and 22 = 24? 

29. How is AB related to ZCAD and ZCBD? 

t Mathematics Meets Technology, by Brian Bolt 
(Cambridge University Press, 1991). 
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A Construction with an Unexpected Result. 

Za 

X Aj Bb GD fo G Hb 

30. Use your ruler to draw a horizontal line 
segment 5 inches long in the center of a 
sheet of paper. Label it XY. Construct 
equilateral triangle XYZ having XY as its 
base. Use your ruler to mark points on XY 
0.5 inch apart; do the same on XZ. Label 

the points as shown in the figure above. 
Now use your straightedge to draw 

line segments between the points 
labeled with the same letter (that is, 
A Ag, B,Bo, etc.) 

Something should now appear to be in the 

figure that isn’t really there. 

31. What is it? 

The finished figure contains many pairs of 

congruent triangles. 

32. To which triangle is AXA;Ag9 congruent? 

33. How do you know that these triangles 
are congruent? 

Stair Design. In his book On Architecture, 
Vitruvius suggested using steps that are 3 
units high, are 4 units wide, and cover a slant 
distance of 5 units. 

34. Use your straightedge to draw a line at 
the top of a sheet of paper and your 
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compass to mark off 5 equal units as 

shown in the figure below. 

M OVP AN 

gg mS 

Label your figure as shown and copy 
the lengths 3, 4, and 5 as needed to do 
the following construction. 

Starting with a side 4 units long, 
construct near the upper left of your 
paper a triangle whose other sides are 3 
and 5 units long (AABC as shown in the 
figure below). 

Extend line AC and construct ACDE 
and AEFG congruent to AABC as shown 
in the figure. 

G 

35. What kind of triangles do the triangles 

appear to be? 

36. How do you know that they are 

congruent? 

Suppose a staircase of 16 steps having this 

design goes up 10 feet between floors. 

37. Find the height and width of each step 

in inches. 

38. What horizontal distance will the stairs 

cover? 

Guitar Frets. In 1743, a Swedish craftsman 

without mathematical training developed an 
accurate construction for locating the frets on a 

guitar.* 

*Another Fine Math You've Got Me Into... , by Ian 

Stewart (W. H. Freeman and Company, 1992). 



39. 

Although the construction requires just a 
straightedge and compass, we will start with a 
ruler to speed up the work. Refer to the figure 
above and the following directions to do the 
construction. 

First, use your ruler to draw a line 

segment GI 12 cm long and label its 
midpoint U. Divide UI into 12 equal 
segments, each 0.5 cm long. 

Put the ruler aside and use your 
straightedge and compass to do the 
following. 

Using UI as one side, construct ATUI 

so that TU = TI = GI. Draw line seg- 
ments between T and the equally spaced 
points along UI. Use your scale on UI to 
set your compass at 3.5 cm. Find A on 
UT so that UA = 3.5 cm. Draw line 
segment IA and extend it to R so that 
AR = IA. If IR is the length of the guitar 
string, the points of intersection between 
I and A mark the positions of the 11 frets 
between I and A. 

- What do you notice about the spacing of 
the frets along the fingerboard? 

Set Ill 

The drawing below is from a book by 
Miranda Lundy, a designer and artist who 
lives in Cornwall, England. She titles it 

9% 
“Twelve Around One. 

The arcs suggest how the drawing can be con- 
structed with a straightedge and compass. 

1. Use these tools to try to make as accu- 
rate an enlargement of the drawing as 
you can. 

How many of each of the following polygons 

appear to be in the drawing? 

2. Squares. 

3. Equilateral triangles. 

4, Isosceles triangles that are not 

equilateral. 

*Sacred Geometry, by Miranda Lundy (Walker and 
Company, 2001). 
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CHAPTER 4 Summary and Review 

Basic Ideas 

Congruent polygons 140 
Congruent triangles 140 
Coordinate systems 132-133 

Distance formula 134 

Included and opposite sides and angles 147 

Polygon 139 
Quadrants 133 
Triangles: scalene, isosceles, equilateral 157 

Triangles: obtuse, right, acute, 

equiangular 158 

Postulates 

5. The ASA Postulate. If two angles and the 

included side of one triangle are equal to 
two angles and the included side of 

another triangle, the triangles are 

congruent. 147 

6. The SAS Postulate. lf two sides and the 
included angle of one triangle are equal 
to two sides and the included angle of 
another triangle, the triangles are 

congruent. 147 

Theorems 

Corollary to the definition of congruent triangles. 
Two triangles congruent to a third 
triangle are congruent to each other. 141 

9. If two sides of a triangle are equal, the 
angles opposite them are equal. 158 

Corollary. An equilateral triangle is 
equiangular. 159 

10. If two angles of a triangle are equal, the 
sides opposite them are equal. 159 

Corollary. An equiangular triangle is 
equilateral. 159 

11. The SSS Theorem. If the three sides of one 
triangle are equal to the three sides of 
another triangle, the triangles are 
congruent. 164 
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Constructions 

1. To bisect a line segment. 23 

2. To bisect an angle. 23 

3. To copy a line segment. 170 

4. To copy an angle. 170 

5. To copy a triangle. 171 

Exercises - 

Set | 

Polar-Bear Pattern. This 

polar-bear symbol was 

designed by Francois 
Brisse for the Northwest 

Territories of Canada.* 

At first glance, the outline of the bear 

appears to be a polygon. 

1. Look carefully at the outline to tell why 

it is not. 

It is reasonable to say that the bears in the 
figure below are congruent, even though they 
are not polygons. 

2. Why? 

Asioiolod lolol 
Siviol lol lal 
‘al Lleol iol sla 
Fol ood oo ol ol sal ak 
Sof aol ool oll oll al sal 
Pol of aloal ol al al 

*Canadian Mineralogist, vol. 19, 1981, as reported in 

Symmetry: A Unifying Concept, by Istvan Hargittai and 
Magdolna Hargittai (Shelter Publications, 1994). 



3. What is unusual about the arrangement 
of the bears? 

Turkish Geometry. The following figures 
appear in a Turkish geometry book. 

A 

ikizkenar 
ucgen 

Eskenar 

uc¢gen jen 

Cesitkenar 

li¢gen 

What do you know about the angles of 

4, an eskenar iicgen? 

5. an ikizkenar iiggen, assuming that a # 0? 

6. a cesitkenar ticgen? 

From Euclid. Among the statements near the 

beginning of Euclid’s Elements are the 

following ones: 

(1) Things that are equal to the same thing 
are also equal to each other. 

(2) Things that coincide with one another 
are equal to each other. 

(3) A scalene triangle is that which has its 
three sides unequal. 

(4) If in a triangle two angles are equal, the 
sides that are opposite the equal angles 

will also be equal. 

7. Which one of these statements is a 

definition? 

8. Which statement is one of our theorems? 

9. What is the difference between a 

postulate and a theorem? 

The first statement might be written in 

symbols as “If a= b and c= 6, then a= c.” 

10. From which property of equality can we 

draw the same conclusion? 

11. In which statement does the word 

“equal” seem to mean “congruent”? 

Angles of Repose. 
If a grainy material 

is poured to form a 

pile, the pile forms 

an angle with the 
horizontal called 

the “angle of 
repose.” 

One way to construct this angle for round 
gravel is illustrated by the figure above, in 
which ZLAV is the angle of repose. 

12. Use your straightedge and compass to 
construct the figure by first constructing 
equilateral AAVG and then bisecting 
ZGAV and ZGVA. 

13. Why is ZGAV = ZGVA? 

ZGAV ZGVA 

ie at) 
15. Why is ZLAV = ZLVA? 

16. Why is LA = LV? 

? 14. Why is 

Find the measure of 

17. ZG. 19. ZALV. 

18. ZLAV. 20. ZGRV. 

21. How large is the angle of repose for 
round gravel? 

The figure at the 
right illustrates 
the angle of repose 

for a pile of coal 

ashes: AS = SH and A 

AS 1 SH. 

Find the measure of 

Nh, HESS. D3 ae 

24. Do you think the angles in this figure 
could be constructed with just a straight- 
edge and compass? Explain why or why 
not. 
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Congruence in 3-D. A tetrahedron is a 
polyhedron that has four triangular faces. 

In the tetrahedron above, AB = CD, AC = BD, 

and AD = BC. 

25. Why are the four faces congruent? 

26. Why is ZBAC = ZBDC? 

27. What other angles in the polyhedron are 
equal to these two angles? 

28. Which angles are equal to ZABC? 

Set Il 

SAT Problem. The following figure appeared 
in a problem on an SAT exam. Below it was 
a note stating that it is drawn inaccurately. 

What is the value of x if 

29. y= 60? 
30. y = 75? 
31. y= 89? 

32. What is strange about this problem? 

What must be the value of y for the triangle 

to be 

33. isosceles? 

34. equilateral? 
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Lines and Midpoints. The figure below shows 
four lines that intersect in six points. 

35. Use your straightedge to draw a large 
figure showing four lines that intersect 
in a similar way. Draw the line segments 
AF, BE, and CD and then use your 
straightedge and compass to construct 
the midpoints of these three segments. 

36. What seems to be true about the three 

midpoints? 

Ollie’s Mistake. Obtuse Ollie decided to hide 
a bag of silver dollars by sinking it in a lake. 
He took it out in a rowboat and cut a notch in 

the boat’s rim to mark the spot where the bag 

sank. When he went back to get the gold, Ollie 

discovered that, no matter where he went, the 

notch in the boat’s rim told him that he had 

found the spot!* 

37. On graph paper, draw a pair of axes 
extending 10 units in each direction from 
the origin. 

Suppose that, in looking for his 

money, Ollie took his boat first to A(0, 3) 
and then to B(—2, —1). Plot these two 
points. 

38. How far is point B from point A? 

*Based on a story in The Geometry Toolbox for Graphics 
and Modeling, by Gerald E. Farin and Dianne 
Hansford (A. K. Peters, 1998). 



Suppose points A and B are each actually 5 
units from the location of Ollie’s money. 

37. (continued) On your drawing, use your 
compass to draw two circles with radii 
of 5, one circle centered at A and 

the other at B. 

39. How many points are 5 units from both 

points A and B? 

Where is Ollie’s money if it is in 

40. the second quadrant? 

41. the fourth quadrant? 

Suppose the boat started from a dock located 
at the point (3, 8) and that Ollie’s money is at 
the closer of the points in exercises 40 and 41. 

42. Where is the money? 

Rigid Structures. These photographs of a rock 
in Sweden show ancient carvings of a sled or 

boat.* 

The Xs in the squares are braces added to 

make the structures rigid. 

*Cat’s Paws and Catapults: Mechanical Worlds of Nature 
and People, by Steven Vogel (Norton, 1998). 

Although a square can be made rigid with 
two braces, one is sufficient because one brace 
is enough to form triangles. 

43. Draw a pentagon and just enough braces 
to make it rigid. 

Make the same type of drawing for 

44, a hexagon. 

45. an octagon. 

How many braces are enough to make 

46. a decagon rigid? 

47, an n-gon rigid? 

Pool Proof. In the figure below, a pool player 
wants to hit a ball at A so that it banks off the 

cushion at B and hits the ball at C. Point D is 

an imaginary point outside the table at which 

the player aims. 

48. Tell the reasons for the statements in the 

following proof about the path of the 

ball. 

oy) 

Given: A-B-D; DE = EC, and DC 1 / 

Prove: AB + BC = AD. 

Proof 
Statements Reasons 

1. A-B-D. Why? 

2. AB+ BD = AD. Why? 

oe DE=——Crand DC 11 Why? 

4. Z1 and 22 are right angles. Why? 
5, Al = 22. Why? 

6. BE = BE. Why? 

7. ADBE = ACBE. Why? 

8. BD = BC. Why? 

9. AB + BC = AD. Why? 
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Masonic Tools. If asked which tocol in this 

Masonic emblem could be used to bisect an 

angle, most people would probably choose the 

compass. 

49, Use the figure below to explain how the 
carpenter’s square could be used 

instead. 

Suppose that, after the angle has been bisected, 
the carpenter’s square is taken away. If a line 
is drawn through X and Y, then it must be 

perpendicular to BP. 

50. Use the figure below to explain why. 

ign 

B ip 

Men Ye 
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Write complete proofs for the following. In 
each case, copy the figure and mark the given 
information on it. Also copy the “given” and 
“prove” before writing your statements and 
reasons. 

ot. A 

G D 

Guens ZN A lands22 ae 

Prove: AB = CD. 

52. 

Given: O is the midpoint of XY; 

Z1 = 22 and OA = OB. 
Prove: ZA = ZB. 



ALGEBRA REVIEW 

Factoring Polynomials 

Factoring reverses the operation of multiplication. The distributive 

rule shows the multiplication of a and b+ «. 

ab+ ¢ = ab+ ac 

Reversing this operation on ab + ac, we get 

ab + ac= a{b+ do. 

We have factored a out of ab + ac by using the distributive rule in re- 
verse. Taking the greatest common factor gives the simplest remain- 

ing expression, as seen below. 

Example 1: Bactorox 72 20¥,— "10. 
Solution: The greatest common factor of the three 

terms is 5. 
once 20y 10 = 54 Ay — 2). 

Example 2: Factor 20x? + 36x. 
Solution: The greatest common factor of the two 

terms is 4x. 
20x2 + 36x = 4x(5x + 9). 

When two polynomials such as x + 3 and x + 8 are multiplied, the 
result is a polynomial whose terms have no common factor: 

(oN Si Te 4, 

To see how to reverse this operation (that is, factor x? + 11x + 24), 
we have to find two factors of 24 whose sum is 11. The general case 

makes the reason for finding these numbers more obvious: 

(x + a)(x + BD) = x2 + bx + ax + ab= x2 + (a+ Dx + ab. 

\ ce eee 

Example 3: Bacto aoa aon: 
Solution: The last term, —35, can be factored into 

7 ANnGe— O39) Ors 

So x7 2e= 35 = (4 {7)\(x'— 5). 
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The next examples illustrate how to extend this process. 

3 Ej 5 8 7 Example 4: 

nou 1213 Solution: 

14/15|16b bp eee) 
202122 p22 5) 
2677 28h 3031 

Solution: 

What do the numbers in the 

green boxes have in common? 
What do the numbers in the 

red boxes have in common? 

Why, except for the first two, 
do the ved boxes appear only 
in the fourth and sixth 

columns ? 

Exercises 

Factor. 

Ome = 2 

OX aeo 

6x — 4 

4x + 12y 

x2 + 10x 

3x? = 2x? 

15a — 40 

8x + 2xy 

Get 00 Cx 

Qarh + Qarr? 

x2 + 8x+ 16 

SE eS IS so 

—_— yrs . x7 — 16 

. x2 + 13x 4+ 30 — iS) 

182 Chapter 4: Congruence 

Example 5: 

Factor 2x2 + llx+ 9. 
The first term, 2x*, can be factored into 

2x and x; so 

Qn? + 11x + 9O=Qe+ le saeee 
The last term can be factored into 

3 and 3 or | and 9. 

By trial and error, we write: 

(Qe + 3)(x + 3) = 2x? + 9x + 9. (No.) 
(Qx + 1)(x-+ 9) = 2x2 + 19x 4 ONNag 
(2x + 9)(x + 1) = 2x? + 11x + ORIYess 
So, 2x? + lix+ 9 = Qe + 9) 

Factor 4x? — 28x — 120. 
All three terms of this polynomial have a 

common factor of 4, so we factor it out first: 

A(x? OU 
Factoring x? into x and x, we write: 

Looking at the factors of 30, we have 
1 and 30, 2 and 15, 3 and 10, and 5 and 6. 

Observing that the factors 3 and 10 

have a difference of 7, we write: 

Ax + 3)(% — 10). 
So, 4%? — 28x — 120 = 4(x + 3) aloe 

14. 

15. 

16. 

WE 

18. 

19: 

20. 

2A. 

22. 

23. 

24, 

25. 

x? + 13x — 30 

x2 +%—42 

Qn? — 15x+7 

3x2 + x- 10 

a Ay 

a Ay Aye 

ha Aye 

wa? — ar 

5x? — 20x 

x? + x? — 12x 

2X2 — SZ 

PeaGoa m= Bierre o4| 



Me 4 

: 4 yy, 

rf, 
“ 

mM WS 
15 OWN size? 
\ ‘ ‘ \ 

ANN 

\ \ \\ 
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Which boxer is taller? 

So far in our study of geometry, we have paid most of our 

attention to line segments and angles that are equal. The word 

“equal,” in fact, has appeared in almost every theorem that we 

have proved. In this chapter, we turn to comparisons of line 

segments and angles that are not equal. Again, the emphasis is 

on the properties of triangles. Our survey concludes with one of 

the simplest, yet most useful, ideas of geometry, the Triangle 

Inequality Theorem. 



LESSON 1 

Properties of Inequality 

Are we born with the ability to tell which things are close and which 
are far away, or do we learn it? Two psychologists at Cornell Univer- 
sity, Eleanor Gibson and Richard Walk, did an interesting experiment 

to answer this question. The kitten in the photograph above is sitting 
on a strip in the middle of a large sheet of glass. Behind the kitten is a 
floor directly underneath the glass; in front of it is another floor sev- 
eral feet below the glass. Even when a kitten is just old enough to 
move about, it is afraid to move off the “cliff” to the “deep” side. Chicks 
and baby goats just 1 day old and human infants just old enough to 
crawl behave exactly the same way.* 

“Perception, by Irvin Rock (Scientific American Library, 1984). 
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The figure to the right of the photograph shows geometrically the 
difference in appearance between the two sides of the visual cliff. If 
point E represents the viewer’s eye, the angles of the equal squares 
are unequal and there is a sudden change in their size at the edge of 
the cliff. This difference is a visual cue that helps give a sense of depth. 

Looking at the numbered angles, we see that 23 is larger than 24, 

which we can write as 23 > Z4. Or, to indicate that 24 is less than 23, 

we can write 24 < 23. Comparing the sizes of the angles on either 
side of the cliff, we can write 21 < 22 < Z3 and 24> 25> Z6. 

So far in our study of geometry, we have paid a lot of attention to 
equalities between line segments and equalities between angles. In 
fact, nearly every theorem that we have proved has had the word 

“equal” in it. In this chapter we will consider several important theo- 
rems dealing with inequalities, including one of the most basic ideas 
in all of geometry, the “triangle inequality” theorem. 

We begin by adding some assumptions about inequality to our 
list of axioms from algebra.* As before, these assumptions are stated 

symbolically, the letters representing real numbers. They also have 
names by which you may refer to them. 

The “Three Possibilities” Property 
Either a> b, a= b, or a< b. 

The Transitive Property? 
If a> band b>« then a>. 

The Addition Property 
eae then a+ c> bic 

The Subtraction Property? 
ino spihen a— ¢> b— ¢. 

The Multiplication Property 
If a> band c>0, then ac> be. 

The Division Property 
b 

If a> band c> 0, then = >= 
Gi 

To this list of assumptions, we add two more properties that fol- 

low from them. 

The Addition Theorem of Inequality? 
iereeenand. 6d, then a+ ¢> b+ ad. 

The “Whole Greater than Part” Theorem 

If a>0, b>0, and a+ b=c6 then c>aandc> b. 

*Chapter 3, Lesson 1. 

tThis property and the others marked with a dagger are expressed in terms of the 

symbol > but are equally valid in terms of the symbol <. 
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The “whole greater than part” theorem comes from Euclid. Near 
A the beginning of the Elements, he states: 

Pp The whole is greater than the part. 

In the figure at the left, BA-BP-BC; so 21 + 22 = ZABC. The measures 
of these angles are positive numbers; so we have the “obvious” and 

G easily proved conclusions that Z2ABC > 21 and ZABGS eo tine 

“whole greater than part” theorem will be considered in an exercise 

in this lesson. 

Exercises 

Set | 

Hat Illusion. This figure is a 

remarkable optical illusion.* 

1. If the height of the hat 

is h and the width of 

its brim is w, how 

might h and w be 
related? 

2. Which one of the 

properties of inequal- 

ity does exercise 1 

illustrate? 

3. Without measuring anything, how do 

you think 4 and w compare? 

4, Use your ruler to measure each distance 
to the nearest 0.1 cm. 

Pecking Order. One chicken will peck another 
if both want the same grain of food. 

5. If hen A always pecks hen B and hen B 
always pecks hen C, what conclusion 

might follow? 

6. Which property of inequality is a 

“pecking order” like? 

Equalities and Inequalities. Name the 
property of equality or inequality illustrated by 
each of the following statements: 

7. Either 7 > 3.14, 7 = 3.14, or w7 < 3.14. 

*From The Snark Puzzle Book, by Martin Gardner 

(Simon & Schuster, 1973). 
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22 
8. Because 7 < ae La De 

9. If ZA + ZB = 90°, then ZB = 90° — ZA. 

10. If 2B = 90° — ZA and ZA < ZB, then 
ZA < 90° — ZA. 

11. If ZA < 90° — ZA, then 27A5 03 

12. If 272A < 90°, then ZA =< 453 

Deceiving Appearances. Although the triangles 
below may appear to be equilateral and 
congruent, they are not. 

B Bi 

E D 
A F 

In AABC, AB > AC and AC = BC. 

13. What kind of triangle is AABC? 

14. What can you conclude about AB and 

BC? 

15. Why? 

In ADEF, DF < EF and EF < DE. 

16. What kind of triangle is ADEF? 

17. What can you conclude about DF and 

DE? 

18. Why? 

19. Why aren’t the triangles congruent? 



Perspective Inequalities. When you look up at 
a tall building from the ground, the floors look 
progressively shorter. 

Look carefully at the figure at the left above to 
tell what symbol should replace the question 
mark in each of the following statements. 
(Base your answers on appearances.) 

20. AB = HI but 2 APB ? ZHPI. 
2PeB@— CD but ZBPC ? ZCPD. 
22. ZPIH ? ZPBA. 
23. ZPHG ? ZPGF. 
24. ZPHI ? ZPGH and ZPGH ? ZPFG; 

so ZPHI ? /PFG. 

In the fourteenth century, the Italian artist and 

architect Giotto designed a tower, the 

campanile in Florence, in which the upper 

levels are successively taller. 

25. Why do you suppose he designed the 
tower in this way? 

Set Il 

AAW? .B..'C= 4 hD EB 
-—>-—_+—__+—1 

SAT Problem. The figure above appeared in a 

problem on an SAT exam. The points are 

spaced on the line so that AB < BC < CD < 

DE. 

All of the following statements, except for 
one, must be true. Either tell why each 

statement must be true or identify it as the 

one that could be false. 

20. ABC) and BG DE. 

27. Abe ebO es CD aD E: 

Jon NC Cre 

29. ADE DE. 

30. BD > BC. 

31 ABI BD 

Scalene Triangle. The following exercises are 
about the sides and angles of a scalene 
triangle. 

32. Use your ruler to draw and label three 

line segments of the following lengths: 
@= 12 cm, 6= 10 cm, and c= 8 cm. 

33. Use your straightedge and compass to 
construct a triangle having sides of these 

lengths. Label the sides a, , and c. Label 

the angles A, B, and C so that ZA is 

opposite side a, 2B is opposite side 8, 

and ZC is opposite side c. 

34. Use your protractor to measure each 

angle as accurately as you can. 

35. List the names of the angles in order of 

size from largest to smallest. 

36. Do you think that the order of the angles 
could have been predicted from the 
order of the sides? If so, how? 

Rectangle Inequalities. The figure below is a 
rectangle. 

ae ty- 25 
x=4 

37. What is its perimeter? 

38. If x>0, y> 0, and p= 2x + 2y, does it 
follow that p > 2«? Why or why not? 

39. What is the rectangle’s area? 

40. If x>0, y>0, and a= xy, does it follow 

that a> x? Explain. 
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HERE, SNOOPY! 
(LL THROW THE 
BALL, AND YOU 
CHASE IT! 

OKAY? CMON, 
BOY! HERE, 
SNOOPY ! 

G00D GRIEF! 
IF THERE'S 

ANYTHING T 
DON'T FEEL , 
LIKE DOING, (TS 
CHASING A 

ITS HARDTOHIDE , 
BEHIND SOMEONE WHOS 
VERTICAL WHEN YOU'RE 

HORIZONTAL ! 

PEANUTS reprinted by permission of United Feature Syndication. 

Vertical Lines and Angles. The word vertical is 
used in two different ways in geometry. 

41. What does it mean to say that a line is 

vertical? 

There are no vertical lines in the figure below 

and yet it seems to contain two pairs of 

vertical angles. The word vertical in “vertical 

angles” comes from the fact that they have the 

same vertex. 

A 

Cf 

42. What else must be true for two angles to 

be vertical angles? 

In the figure, AB = AC, 21 < 23, and 22 = 24. 

43. Is it possible to draw any definite 
conclusion about whether 21 and 22 are 
vertical angles? Explain your reasoning. 
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44, Is it possible to draw any definite 

conclusion about whether 73 and 24 are 

vertical angles? Explain your reasoning. 

Use the properties of inequality in this lesson 
to complete the following proofs. 

45. The Addition Theorem of Inequality. 
If a> band c> d, then a+ ¢-> 642 

Proof 
Statements Reasons 

il, a> & Why? 

DOG OG Why? 

Ce Why? 

4,b6+c¢>b+ 42. Why? 

5. ave boe"d Why? 

46. The “Whole Greater than Part” Theorem. 

If a> 0, b>0, and a+ b=6 thencec>a 

and c> b. 

Proof 

Statements Reasons 

1. a>0 (and b> 0). Why? 
2.07 6 = b (and 

a+b>da). Why? 
Shad (N= E Why? 

4. c> b(and c> a). Why? 



Optics Figure. In the following figure from 
Euclid’s Optics, an eye at point E is looking 

at two equal lengths, AB and CD. 

A C 

E B D 

Give the reasons for the following proof that, 

although AB = CD, ZAEB > ZCED. 

47. Given: EA-EC-ED. 

Proves. ~ ABD > ZCED. 

Proof 
Statements Reasons 

1. EA-EC-ED. Why? 

2a AKL) = 

ZAEC + ZCED. Why? 

oe AEC > 0. Why? 

Pent) 7 CED. Why? 

Write a complete proof for the following. 

48. D 

A Ea 

Given: A-B-C; ZADB = ZDAB. 
Prove: AC > DB. 

Set Ill 

The following statements appear in a book on 

psychology.* 

(1) If A>Band B>C, then A>C. 

(2) If A= Band B=C, then A=C. 

(3) If A= Band C>0, then A+ C>B. 

Although they appear to be about numbers, 
they are actually rules about making choices. 
In them, the symbol > means that you prefer 

one object over another and = means that you 
have no preference between them. 

Suppose A, B, and C represent the 
following objects respectively: an apple, a 
banana, and a cookie. 

1. Tell what the first rule says in regard to 

these objects. 

2. Which of our properties of inequality is 
represented by the same symbols? 

3. Tell what the second rule says in regard 
to these objects. 

4, Which of our properties of equality is 
the basis for knowing that this pattern is 
true for numbers? 

5. Tell what the third rule says in regard to 
these objects. 

6. Is the third rule true if A, B, and C 

represent numbers and = and > mean 

“equal” and “greater than”? If you think 

so, prove it. If not, give an example to 

show why not. 

*Human Information Processing: An Introduction to 
Psychology, by Peter H. Lindsay and Donald A. 
Norman (Harcourt Brace Jovanovich, 1977). 
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LESSON 2 

The Exterior Angle Theorem 

> 

Imagine a UFO (unidentified flying object) hovering in the sky. Ob- 
servers below wonder how big it is and how high it is above them. 
They can find its elevation by using some simple geometry. The di- 
agram above shows how. 

The observers measure the UFO’s angles of elevation as seen 
from two positions: 21 and 22 in the diagram. If the distance between 
the observers is known, then in AABC we know the measures of 21, 

BC, and 23 (the supplement of 22). The size and shape of the tri- 
angle are therefore determined by ASA. A scale drawing of the fig- 
ure can be made and the distance AD can then be measured. 

If the UFO moves to the position shown in the second diagram, 
AABC changes in size and shape because both 21 and 22 get larger. 
In each figure, 72 seems to be larger than 21. Strange as it may seem, 
22 is always larger, no matter where the UFO happens to be! We can 
prove it by using congruent triangles and inequalities. 

The basic reason is that 21 is “in” the triangle and 22 is “outside” 
it. We will call 21 an interior angle of AABC to distinguish it from the 
exterior angles of AABC, of which 22 is an example. 
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Definition 
An exterior angle of a triangle is an angle that forms a linear pair 
with an angle of the triangle. 

Theorem 12. The Exterior Angle Theorem 
An exterior angle of a triangle is greater than either remote interior 

In AABC on page 190, exterior 22 forms a linear pair en are 
ZACB. The other two angles of the triangle 21(ZB) and ZA aré 
called remote interior angles with respect to 22. Regardless of the po- 
sition of point A, we can prove that 22 > 21 and 22 > ZA. 

angle. 

Given: ZACD is an exterior angle of AABC. 
Prove: ACD > ZA and ZACD > ZB. 

gle, ZA, Euclid saw 23 as part of 2ACD. He read the betweenness 

of rays CA-CP-CD from the figure. Look at the figure now and see if 
you can guess Euclid’s plan of attack. 

Euclid reasoned that exterior ZACD > 23 (the whole is greater 

Our proof, that of Euclid, begins by adding some things to the B 

figure at the right. The additions are shown here in red. In proving 

that the exterior angle, 2 ACD, is greater than the remote interior an- 

than the part) and that 23 = ZA because AAMB = ACMP (SAS); so 
exterior ZACD > remote interior 7A. The following proof in two- 

column format fills in the details. B 

Proof 
Statements Reasons Zz 

1. ZACD is an exterior Given. 

angle of AABC. 
2. Let M be the A line segment has exactly 

midpoint of AC. one midpoint. 

3. AM = MC. The midpoint of a line segment 

divides it into two equal segments. 
4, Draw line BM. Two points determine a line. 

5. Choose P on line BM The Ruler Postulate. 

so that BM = MP. 

6. Draw CP. Two points determine a line. 

ae 2B = MIP» Vertical angles are equal. 

8. AAMB = ACMP. SAS. 

oe — 2.3. Corresponding parts of 
congruent triangles are equal. 

10. ZACD = 23 + Z4. Betweenness of Rays Theorem. 

MeeZACD > 23. “Whole Greater than Part” Theorem. 

be ACD!> ZA. Substitution. 

The other conclusion, that 2 ACD > ZB, can be proved in a similar 

way by adding some more things to the figure. We will consider how 
in one of the exercises. 
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Exercises 
NRTA < SECTS RATIOS PING PATTIE AL IAS IIE. 

Exterior Angles. 
Set | The sides of the 

acute triangle 
Garage Door. One type of design for a garage at the right have 
door is shown in the following figures.* been extended to 

form its exterior 
angles. 

9. Which of the numbered angles in the 

figure are not exterior angles of the 
triangle? 

How many exterior angles does a triangle 
have 

10. at one vertex? 

11. altogether? 

Is it possible that all of the triangle’s exterior 
The ae XY rotates as a ¥ B angles could be 

pin at moves up or é 

down a vertical channel G 12. equal? Explain. 

BD a@Ae— C6 Bie 13. unequal? Explain. 
; A 

1. Name all of the 14. Draw a right triangle and extend its 
angles in the sides to form all of its exterior angles. 

figure that are Mark the exterior angles with arcs. 

exterior angles to x 15. Draw an obtuse triangle and do the 

AABC. D same. 

Reasoning from the figure above and the two 
figures that you have drawn, how many 
exterior angles of a triangle can be 

What happens to the size of each of the 

following angles as the door is being opened? 

ip JE OMe 
16. acute? 

te AOS 17. right? 
4. ZBCA. 18. obtuse? 
5. As the door moves and AABC changes 

shape, why is 7B always equal to Rainbow. Aristotle used the figure below in 
ZBAY? trying to explain the rainbow. 

6. Why is 2BCY always larger than ZBAY? R 

7. Why are ZBAY and ZDAX always 
equal? 

8. In what way are the measures of ZB and 
ZDAX always related? Explain. cS A 

Oils 

*Mathematics Meets Technology, by Brian Bolt } The Rainbow: From Myth to Mathematics, by Carl B. 
(Cambridge University Press, 1991). Boyer (Princeton University Press, 1987). 
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The sun is on the horizon at S, a cloud is at R, 

and the observer is at O. The points S, O, C, 

and A are collinear. 

19. Of which triangle is ZROA an exterior 
angle? 

20. Write the two inequalities that follow 
from this fact. 

21. Of which triangle is 2 ROS an exterior 
angle? 

22. Write the two inequalities that follow 
from this fact. 

23. Of which two triangles is 2RCA an 
exterior angle? 

24. Write the four inequalities that follow 
from this fact. 

25. Is ZORC an exterior angle of AROS? 
Explain why or why not. 

Lines and Angles. The figure below shows 
three intersecting lines. 

314 
2 

6 
7 

8 
12 

Find each of the following sums. 

pommeoie 22 +°73 + ZA. 

oe et 2 Loa ZA LD + 26+ 27 + 

oe 9 10.4 211+ 212. 

Boma 25 +29, 

wat 2 / + 7 11. 

Ome 4 t 20+ 28 + 210 + 212. 

31. What does the result obtained in exercise 

30 indicate about the sum of the exterior 

angles of a triangle? 

Set Il 

Exterior Angle 
Theorem. This 

figure illustrates 
how the proof of 

the Exterior 

Angle Theorem 

can be com- 

pleted. In it, line 

AC has been 

extended to E. 

32. Why can N be chosen as the midpoint 

of BC? 

33. Why can Q be chosen so that AN = NQ? 

34. Why is ABNA = ACNQ? 

35. Why is 2B = 21? 

36. Why is ZACD = ZBCE? 

37. Why is ZBCE > 21? 

38. Why are 2BCE > ZB and 

ANC = be 

Angle Sum. After proving the Exterior Angle 
Theorem, Euclid proved that, in any triangle, 
the sum of any two angles is less than 180°. 

Prove that, in AABC, ZA + ZB < 180° by giv- 

ing a reason for each of the following statements. 

39. Draw line AB. 

40. 22 is an exterior angle of AABC. 

41. 21 and 22 are supplementary. 

AD Vere A SO" 

ASS 2 A. 

VE Nig SN VEE SERN ae Lad Ne 

AS ANSO = la aA so ZA ZA 1 1807 
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Angle in a Triangle. Suppose a triangle of any 
shape is drawn and a point is marked inside it. 

If line segments are drawn from this point to 

two of the vertices, the angle formed always 

seems to be larger than the angle at the third 
vertex of the triangle. 

B 

C 
A 

46. Copy the figure and extend the line AP 

to intersect side BC at point X. 

47. Use the resulting figure to explain why 
ZAPC is larger than ZB. 

Proclus’s Proof. Proclus, a Greek philosopher 
and mathematician of the fifth century, 
proved that it is impossible to draw from a 
point to a line more than two line segments 
of the same length. In other words, in the 
figure at the left below, it is impossible that 

PA = PB = PC. 

! 
A 

A 
lz BaaP. B 

Gi 

(Ee 

Use the second figure, which has been 
drawn so as to make the angles in it easier to 
see, to explain the following steps in Proclus’s 
argument. 

48. Suppose PA = PB = PC. Then ZA = Z1, 
Z2 ZC, and ZA = AG? Why: 

49, What equations follow from these 
equations by substitution? 

50. What do they contradict? 

51. What kind of proof has Proclus used to 
show that it is impossible that 
PA = PB = PC? 
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Drumhead Geometry. Drumheads were once 

used to measure angles of elevation to find 

distances! This figure from the sixteenth 

century shows them being used to find the 
height of a tower.* 

it f 
iy 

Make a scale drawing of the figure by 
doing the following. 

1. Draw a horizontal line and mark two 
points 2 inches apart to represent the 
drumheads. Use your protractor to draw 
two angles of elevation measuring 45° 
and 34° so that their sides intersect at the 
point marking the top of the tower. 

2. Measure the height of the tower in your 
drawing in inches. 

3. If the two drums are 40 feet apart, how 

high is the tower? 

“History of Mathematics, by David Eugene Smith (Ginn, 

1923; reprint, Dover, 1958). 



LESSON 3 

Triangle Side and Angle Inequalities 

As artists during the Renaissance began to master perspective, some 
of them began to play tricks with it. The strange-looking portrait above picture 
of Edward VI, one of the kings of England, is an example. The artist A B 

has painted it in a peculiar perspective so that it is almost unrecogniz- 

able when viewed from the front. When viewed from a certain spot in 

Ee 

the edge of its frame, however, the perspective is such that the distor- 
tion disappears and the portrait looks normal, as seen at the right. 

Artists usually paint pictures to be viewed as shown in the first 
diagram at the right. The diagram shows the top edge of the picture, A 
AB, and the eyes, E, seen from overhead. If the viewer’s eyes are cen- 

tered with respect to the edges of the picture, EA = EB. The triangle 
ABE, then, is isosceles and so ZA = ZB. 

The second diagram shows how the artist intended the painting 
of Edward VI to be viewed. The viewer has to look at the picture from 
a point much closer to one edge than the other: EA > EB. The angles at B 
A and B have changed as well: now ZB > ZA. The larger angle, ZB, is 
opposite the longer side, EA. 

This relation of unequal sides and unequal angles holds true for 
all triangles. E 
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Theorem 13 
If two sides of a triangle are unequal, the angles opposite them are 

unequal in the same order. 

G C 

D 

F _ Xo 
Given: AABC with BC > AC. 

Proves ae abe 

Like many of the proofs in this book, this one follows Euclid’s. 

The shorter side, AC, is copied along the longer side CB as CD. AD is 
then drawn to form an isosceles triangle. Study the figure carefully 

and you may discover Euclid’s plan before reading any further. 

Euclid’s proof is based on observing that ZCAB> Z1 and 
Z1= 22;so ZCAB > Z2. But 22 > ZB; so ZCAB > ZB. Here is the 
proof in two-column format. 

Proof 
Statements Reasons 

1. AABC with BC > AC. Given. 
2. Choose D on CB The Ruler Postulate. 

so that CD = CA. 

3. Draw AD. Two points determine a line. 

4.71 = 22. If two sides of a triangle are 

equal, the angles opposite 
them are equal. 

5, ZCAB = 71 + ZDAB: Betweenness of Rays 
Theorem (AC-AD-AB). 

6. ZCAB > Z1. “Whole Greater than Part” 

Theorem. 

Jao CAB 72: Substitution. 

S222. 242. An exterior angle of a triangle 
is greater than either 
remote interior angle. 

IF AC AB sab: Transitive. 

Just as the converse of the isosceles triangle theorem is true, so the 
converse of this theorem is true. 

Theorem 14 
If two angles of a triangle are unequal, the sides opposite them are 
unequal in the same order. 
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Exercises 
TORRE 

Set | 

The symbol at the 
right is sometimes 
painted on streets.* 

1. What does the symbol mean? 

2. Why is it painted in this way? 

Theorem 13 says: 

If two sides of a triangle are unequal, the angles 
opposite them are unequal in the same order. 

Theorem 14 says: 

If two angles of a triangle are unequal, the sides 
opposite them are unequal in the same order. 

3. How are these statements related to each 

other? 

Complete the statements and give the reasons 
for the following proof of Theorem 14. 

G 

A B 

Given: AABC with ZA > ZB. 

Prove: BC > AC. 

Proof 
Suppose that BC is not longer than AC. 

4. Then either BC = AC or ?. 

5. Why? 

6. If BC = AC, then ?. 

7. Why? 

8. This contradicts the hypothesis (given) 

that ?. 

Gt BC <-AC, then ?: 

*Can You Believe Your Eyes? by J. R. Blocker and 
Harold E. Yuker (Brunnel/Mazel, 1992). 

10. Why? 

11. This also contradicts the hypothesis 

thateee 

12. Therefore, what we supposed is false 

and ?. 

13. What kind of proof is this? 

Triangle Drawing 71. In AABC (not shown), 
AB = 6 cm, AC = 8 cm, and BC = 4 cm. 

14. Which angle of the triangle must be the 
largest? 

15. Which angle must be the smallest? 

16. Use your ruler and compass to construct 
AABC. 

17. What kind of triangle is it? 

18. Use your protractor to measure each of 

its angles. 

Triangle Drawing 2. In ADEF (not shown), 
DE = 7 cm, ZD = 50°, ZE = 40°, and 

ZF = 90°. 

19. Which side of the triangle must be the 
longest? 

20. Which side must be the shortest? 

21. Use your ruler and protractor to draw 

ADEF. 

22. Use your ruler to measure sides DF and 

EF, each to the nearest 0.1 cm. 

Triangle in Perspective. If a triangle is seen “in 
perspective,” it is hard to tell what kind of 
triangle it is. An illustration of triangles seen 
in perspective is the photograph above of a 
cubic fluorite crystal, all of whose faces are 

equilateral triangles. 
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Here is another triangle 

shown “in perspective.” VE 

Suppose YZ > XZ and 

el aXe 

xX 

23. What can you conclude about 2X 

ennval “ANC? 

24, Why? 

25. What can you conclude about ZY 

ange an 

26. Why? 
27. What can you conclude about XY 

and XZ? 

28. Why? 

Set Il 

Folding Experiment. This experiment 
appeared in an old book titled First Book of 
Geometry.* 

29. Use your ruler to draw a large triangle 

similar in shape to the first figure below. 

Cut the triangle out and then fold the 
shorter side AB onto the longer side BC 
as shown in the second figure. The 
figure at the top of the next column 
shows the result. After answering the 
following questions, tape the triangle to 
your paper. 

B 

A C 

*Written by Grace Chisholm Young and W. H. 
Young and published in London in 1905. 

198 Chapter 5: Inequalities 

E G 

30. On what angle did ZA fall? 

31. In what way is 2BDE related to ADEC? 

32. What does this relation show about how 

ZBDE compares with ZC? 

33. What theorem does this experiment 

illustrate? 

Look at this figure. 

34. What does the fold line BE do to ZABC? 

35. How can your answer to exercise 34 be 

used to prove that 2BDE = ZA? 

Not Quite Equilateral. Here are some pairs of 
triangles that are almost equilateral but not 
quite. 

36. Are the triangles in the figure above 
congruent? Why or why not? 

37. Which side of AABC is longest? 

38. Which side of ABCD is longest? 

39. What can you conclude about these two 

line segments? Explain. 



40. In the figure above, which side of AEFG 
is longest? 

41. Which side of AFGH is longest? 

42. What can you conclude about these two 

line segments? Explain. 

43. Are these triangles congruent? Why or 
why not? 

44, Is it possible to decide whether or not 

the triangles in the figure above are 

congruent? Explain your reasoning. 

In the figure below, AABC is equilateral. 

B 

A D (& 

Prove that BD > DC by giving a reason for 
each of the following statements. 

Ad ZC = ZABC. 

46. ZABC = 41 + 22. 

47, ZABC > 22. 

48. ZC > 22. 

49. BD > DC. 
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In the puzzles of the Surfer and the Spotter in 

the introduction to this book, we assumed that 

the shortest path from the surfer’s house to the 

beach was along a line perpendicular to the 
line of the beach.* 

In the figure above, our assumption means that, 

if PX | AB, then PY > PX. 

50. Explain, by using the geometry that you 
now know, why this is true. (Hint: 
Notice that 7 PXA is an exterior angle of 
APXY.) 

Set Ill 

This message was created by Marvin Miller.* 

What does it say? 

*Introduction, p. 4. 

¥ Riddles of the Sphinx and Other Mathematical Puzzle 
Tales, by Martin Gardner (The Mathematical Associa- 

tion of America, 1987). 
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4 
The Triangle Inequality Theorem 

LESSON 4 

Venus is an interesting planet. Sometimes seen as the “morning star” 
and sometimes as the “evening star,” it is often brighter than any ob- 

ject in the sky except the sun or moon. 

The series of photographs above at the same scale show something 
first noticed by Galileo through his telescope. He saw that Venus has 
phases, like the moon. But, unlike the moon, Venus at its full phase ap- 

pears only about a sixth as large as it does at its new phase. Galileo rea- 
soned that, when Venus is in its full phase, it must be much farther from 

Earth than when it is in its new phase. Let’s see how this could be so. 

In the figure at the left, points S and E represent the sun and Earth, 

and the points labeled V represent some positions of Venus. In each 

sun-Earth-Venus triangle, SE and SV stay about the same, but the 

length VE changes a lot. 

cs E The average distance from the sun to Earth, SE, is 93 million miles; 

the average distance from the sun to Venus, SV, is 67 million miles. 

V In the sun-Earth-Venus triangle at the left, what can we conclude about 

the length VE? The Triangle Inequality Theorem tells us that the sum 

? of the lengths of any two sides of a triangle is greater than the length 
67 . of the third side. From this theorem, we can write the inequalities 

67 + 93 > VE, 67 + VE > 93, and 93 + VE Gz 

The last of these inequalities doesn’t tell us anything about VE, be- 

cause 93 > 67. From the other two, we can conclude that 

160 > VE and VE > 26. 
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At its farthest, Venus is 160 million miles from Earth, more than six 

times the distance at its nearest, 26 million miles. This fact explains 

why the apparent diameter of Venus in its full phase is about a sixth 

of that in its new phase. 

Our proof of the Triangle Inequality Theorem follows Euclid’s. Its 
ingenuity helps explain why the Elements is such a significant book 

and why it is available today, not only in bookstores but also on the 

Internet! 

Theorem 15. The Triangle Inequality Theorem 
The sum of any two sides of a triangle is greater than the third side. 

Given: ABC is a triangle. 

Prove: AB + BC > AC.* 

Before reading the proof, see if you can figure out the plan from 
the figures at the right. 

Proof 
Statements Reasons 

1. ABC is a triangle. Given. 
2. Draw line AB. Two points determine a line. 

3. Choose D beyond B The Ruler Postulate. 

on line AB so that 

BD = BC. 

4, Draw CD. Two points determine a line. 

iy, ye If two sides of a triangle are 

equal, the angles opposite 
them are equal. 

6 ZACD= 22+ 23. Betweenness of Rays 
Theorem (CA-CB-CD). 

TZACD > 22. “Whole Greater than Part” 

Theorem. 

CweACD > 21. Substitution (steps 5 and 7). 
9. In AACD, AD > AC. If two angles of a triangle are 

unequal, the sides opposite 

them are unequal in the 

same order. 

10. AB + BD = AD. Betweenness of Points 

Theorem (A-B-D). 
11. AB + BD > AC. Substitution (steps 9 and 10). 
12; AB + BC >' AC. Substitution (steps 3 and 11). 

*Also, AC + CB > AB and BA + AC > BC. These inequalities can be proved 

in the same way. 

Prove: 
—_ft—e > — 
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Exercises 
RRR ORS PFI EES TROY EOI LENE 

Set | 

POSEN A DOTS ENTERS ES SPR PLES FS RS EL 

Donkey Sense. Soon after the Elements was 
written, some people made fun of the Triangle 

Inequality Theorem, saying that it is obvious 
even to a donkey and needs no proof. They 

pointed out that, if a hungry donkey were at 

one corner of a triangle and some hay were 

put at another corner, the donkey would walk 

along the side between them rather than along 

the other two sides. 

D H 

1. State the Triangle Inequality Theorem as 

a complete sentence. 

2. Use it to write the inequality relating the 

sides of ADPH that the donkey knows. 

3. Write the other two inequalities relating 
the sides of the triangle. 

4, If, rather than proving it, Euclid had 

assumed the theorem to be true, what 
would it be called? 

5. Does assuming something to be true 
explain why it is true? 

Sun, Earth, and Venus. The sun, Earth, and 
Venus usually determine a triangle, but 

sometimes they do not. 
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6. What relation exists between three 

points if they do not determine a 

triangle? 

The average distance from the sun to Earth 

is 93 million miles; the average distance from 
the sun to Venus is 67 million miles. 

Tell whether or not each of the following 
situations is possible. In the cases that are 

possible, find the distance between Earth and 

Venus. 

7. The sun is between Earth and Venus. 

8. Venus is between Earth and the sun. 

9. Earth is between Venus and the sun. 

Spotter Problem. In the puzzle of the Surfer 
and the Spotter in the introduction to this 
book, the spotter wanted to go to the corners 

of the island to look for ships. (Recall that the 
island is in the shape of an equilateral triangle 
with sides 12 km long.) 

Copy and complete the following 
inequalities by replacing each question mark 
with a number. 

10.” PA“ PB >? PA PC > tame 
|e oti AB ean 

11. (PA + PB) + (PA + PC). + (PB + P@jeae 

12 -e2 PAGED ie PO ne 

13. PAG PBT PC. 

14. As long as the spotter builds his shelter 
at some point within the island, what 
can you conclude about the sum of the 
lengths of the paths from his shelter to 

the corners? 



SAT Problem. The following problem 

appeared on an SAT test. 

If x is an integer and 2 < x <7, how 
many different triangles are there with 
sides of lengths 2, 7, and x? 

15. Could x = 3? Explain why or why not. 

16. What do you think is the answer to the 

problem? Explain. 

Distance and Collinearity. In proving our first 
theorem, the Betweenness of Points Theorem, 

we showed that, if A-B-C, then AB + BC = AC. 

A B a 

We can now prove that, if AB + BC = AC, then 

A, B, and C must be collinear. 

B 
ie | 

Complete the following steps in the proof. 

17. Suppose ?. 

If A, B, and C are not collinear, connect 

them to form AABC. 

isan ABC, AB + BC >? . Why? 

19. This contradicts the fact that ? . 

20. Therefore, what we assumed is false 
and ?. 

The Third Side. The lengths of two sides of an 
isosceles triangle are 4 and 9. 

21. Is it possible to tell the length of the 
third side? Explain. 

The lengths of two sides of a scalene triangle 
are 5 and 7. 

22. Is it possible to conclude anything at all 
about the length of the third side? 

Explain. 

Lesson 4: The Triangle Inequality Theorem 

The lengths of two sides of a right triangle are 
6 and 8. 

23. What could be the length of the third 
side? (Hint: Think of the Pythagorean 
Theorem.) 

Set Il 

Heron’s Proof. Heron, a Greek mathematician 
who lived after Euclid, created a different 

proof of the Triangle Inequality Theorem. 

Given: ABC is a triangle. 

Prove: AB + BC > AC. 

Complete Heron’s proof by giving a 
reason for each of the following statements. 

24. Let line BD bisect ZABC. 

25. N= 22) 

260743) = s22yand ZA > 21. 

Die ean ee, 

28. AB > AD and BC > DC. 

29.,AB + BC > AD + DC. 

30. AD + DC = AC. 

31. AB + BC > AC. 

Quadrilateral Inequality. The Triangle 
Inequality Theorem can be extended to 
polygons other than triangles. 

32. Use this figure to 

prove that, for B 

quadrilateral 

ABCD, AB + BC + 
CD > AD. (Hint: A D 
Draw AC.) 
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Light Path. Heron used the Triangle 
Inequality Theorem to show that reflected 

light follows shortest paths. 

destination 

A 
Source 

The figure above shows two possible rays of 

light from a source at point A being reflected 
by the mirror at a special point X and any 

other point Y. The light continues to B, its 

destination. 

Some extra lines have been added to the 
figure for use in the proof: A-X-C, BC 1 m, 
and CD = DB. Tell why each of the following 

statements is true. 

305 AY YC AC: 

34, AX + XC = AC. 

Dorma mata Cree XE oN Gs 

36. AGYDEABYDiand ACK D = ABD: 

37. YC = YB and XC = XB. 

38. AY + YB > AX + XB. 

39. 21 = 22. 

40), 22: = 23: 

41, Z1 = 23. 

42. Which statement above shows that the 

path of the light from A to B is shortest 
at reflection point X? 

43. Which statement shows that the angles 

of the path from A to X to B are equal? 
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Work Triangle. In the design of a kitchen, the 
“work triangle” (a triangle with the refrigerator, 
stove, and sink as its vertices) should have 
a perimeter between 6.5 meters and 7.0 meters. 
The “sink to stove” side of the triangle should 
be between 1.2 meters and 1.8 meters.* 

Suppose that, in this kitchen, the perimeter of 

the work triangle is 7 meters and the “sink 
to stove” side is 1.5 meters. 

44, What is the sum of the other two sides? 

45. If x represents the length of the 
refrigerator—sink side of the triangle, what 
is the length of the refrigerator—stove side 
in terms of x? 

46. Draw the “work triangle” and write the 
three expressions for the lengths of its 
sides on it. 

47. Write and solve the three inequalities for 

the triangle that follow from the Triangle 
Inequality Theorem. 

48. What can you conclude about what the 
length of the refrigerator—sink side of the 
triangle should be? 

*The Shape of Space: Food Preparation Spaces, by Robin 
Crane and Malcolm Dixon (Van Nostrand Reinhold, 

1990). 



Set Ill 

The numbers in the following chart are the distances in miles 

between four cities, but one of them is wrong. 

Paris Rome Cairo 

London 214 895 285 

Paris 590 1,998 

Rome F326 

The triangle below (not to scale) shows London, Paris, and Rome 
and the distances between them. 

i 

Draw and label triangles for 

1. London, Paris, and Cairo. 

2. London, Rome, and Cairo. 

3. Paris, Rome, and Cairo. 

895 

4, Which of the four triangles contradict the Triangle Inequality 

Theorem? Explain. 

5. Which distance in the chart do you suspect is wrong? 
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CHAPTER 5 Summary and Review 

Basic Ideas 

Addition, subtraction, multiplication, and 

division properties of inequality 185 

Exterior angle of a triangle 191 
“Three possibilities” property 185 

Transitive property 185 

“Whole greater than part” theorem 185-186 

Theorems 

12. The Exterior Angle Theorem. An exterior 
angle of a triangle is greater than either 
remote interior angle. 191 

13. If two sides of a triangle are unequal, the 

angles opposite them are unequal in the 
same order. 196 

14. If two angles of a triangle are unequal, 

the sides opposite them are unequal in 

the same order. 196 

15. The Triangle Inequality Theorem. The sum 
of any two sides of a triangle is greater 
than the third side. 201 

Exercises 
IR RETEST 

Set | 

American puzzle maker Sam Loyd drew this 
picture a century ago. It shows the young 
George Washington after he had cut down the 
cherry tree. The puzzle is to find 
Washington’s face as he looked when he was 
president. 
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1. Where is he? 

2. How does the picture have to be viewed 

to see him? 

Minerals are compared in the Mohs scale by 
what they will scratch and what will scratch 

them. Diamond will scratch quartz and quartz 

will scratch glass. 

3. What conclusion seems to follow from 

this statement? 

4, Which property of inequality is this 

comparison of minerals like? 

Gateway Arch. The Gateway Arch in St. Louis 
is shown head on in this photograph. 

5. Which property of inequality names the 
ways in which its height and width 
might compare? 

6. Without measuring, how do you think 
the height of the arch compares with its 
width? 

7. Measure its dimensions on the scale 

drawing on page 207 in inches. 

8. Use the fact that 1 inch represents 252 

feet in the drawing to find the height 
and width of the Gateway Arch. 



ca 
B 

Portuguese Theorem. The following words 
appear in a Portuguese geometry book: 

Teorema: Um angulo externo de um 
triangulo é maior do que qualquer dos 
angulos internos nao adjacentes. 

9. What is our name for this theorem? 

10. Write it as a complete sentence. 

11. What is an “exterior angle”? 

What can you conclude about the angles of a 
triangle if it has an exterior angle that 

12. has a measure of 1°? 

13. is a right angle? 

14. is obtuse? 

Soccer Angle. The following description of the 

goal keeper in soccer is from a book on the 
Olympics.* 

Keepers utilize their geometry skills in 
another tactic called “cutting the shooter’s 

angle.” The goalie imagines a straight line 
between himself and the ball and the 

middle of the goal so the shooter always 

has an equal amount of goal to shoot at 
from both sides. 

*The Science of the Summer Games, by Vincent Mallette 
(Charles River Media, 1996). 

In the figures below, M is the midpoint of LR, 

and points K and S represent the positions of 

the keeper and the shooter. 

In this figure, the shooter is “centered” so 

that SL = SR. 

goal 

M 

s 

15. Draw the figure and mark it as needed 
to give a reason for each of the follow- 
ing statements. 

16. LM = MR. 

17. SM = SM. 

18. ASML = ASMR. 

19. 21 = Z2 and 23 = 24. 

20. SM LR: 

In the figure below, the shooter is closer to 

the left side of the goal so that SL < SR. 

goal 

M 

Ss 

21. Draw the figure and mark it as needed 

to give a reason for each of the 
following statements. 

22a a. 

23. 24 > ZL. 

24. 24 > ZR. 

25, OK > OM. 
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Roman Column. The drawing below of an 

ancient Roman column was made in 1646.* 

26. Center your protractor on the point at 

the lower left. What do you notice about 

the angles formed by the lines from this 
point? 

27. What do you notice about the lengths of 
the sections of the column? 

28. Why do you suppose the column might 
be designed in this way? 

29> Whyas Zli= 22 and¥Z22.— 23? 

30. Why is 21 < 23? 

Set Il 

Integers and Triangles. The numbers 1, 3, and 
5 are consecutive odd integers and the numbers 
2, 4, and 6 are consecutive even integers. 

* Perspective in Perspective, by Lawrence Wright 

(Routledge and Kegan Paul, 1983). 
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The figures below show the results of 

trying to construct triangles with these 
numbers as their sides. 

31. Explain in each case why no triangle is 

possible. 

32. How are points D, E, and F related? 

33. Try to construct a triangle GHI whose 
sides are the consecutive odd integers 3, 
Seances. 

In general, if n is an integer, then n, n + 2, and 

n+ 4 are either consecutive odd integers or 
consecutive even integers. 

From the Triangle Inequality Theorem, we 
know that, if n, n+ 2, and n+ 4 are the sides 

of a triangle, then 

n+ (n+ 2) na 

34. Solve this inequality for n. 

35. Do you think a triangle can have sides of 
1,000,000, 1,000,002, and 1,000,004? 
Explain why or why not. 

36. As the numbers in a set of consecutive 
odd or even integers get larger and 
larger, what does the triangle having 
them as sides look more and more like? 

Different Definition. Near the beginning of 
Euclid Simplified, a book published in 1875, is 
this statement: 

The base of an isosceles triangle is the 

unequal side. 

37. If an isosceles triangle has an “unequal 
side,” how many “unequal angles” does it 

have? 



38. How does the statement disagree with 43,. 2 ULAB= 21 + 22. 
our on of it ee triangle? 44 UA. 

39. Is an SE ee ee AB IEA Se LB AS 

40. If one side of an isosceles triangle has a NGA RLS 

length of 10, what possible conclusions 
can you draw about the lengths of its 
Meth o cides? Explain. SAT Problem. The following description 

appeared in a problem on an SAT exam. 

Screen Display. The figures below show a ball A triangle has sides of lengths x, x — 2, 
as it moves from one position to another on a and 7 — x. 

stereoscopic screen display. On an actual 
display, the ball appears to be in front of the 47. Write the three inequalities for this 
screen in the first figure but behind the screen triangle that follow from the Triangle 
in the second.* Inequality Theorem. 

48. From these inequalities, what can you 

conclude about «? Show your reasoning. 

Draw the figures with appropriate markings 

and write complete proofs for each of the 

following. 

49, 

The figure below shows an overhead view of (E 

someone looking at a stereoscopic display. The eee 8 
stereoscopic effect works only as long as the A B 
eyes see an object as completely in the shaded 

region. 
Given: AB > AC; ZA and ZB,are 

complementary. 

Prove: ZA + ZC > 90°. 

50. 

aan, C 

In the figure, LA = RB and LB = RA. Prove f 
that LB > LA by giving a reason for each of the Given: Point X on ae AC of AABC 
following statements. such that XB = XC. 

Prove: AC > AB. 

41. ALBA = ARAB. 

Ae aN — 22). 

*Information Visualization: Perception for Design, by 
Colin Ware (Morgan Kaufmann, 2000). 
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ALGEBRA REVIEW 

Simplifying Fractions 

Exercises 

Reduce to lowest terms. 

ie 

Dy 

3. = 

4. a 1) 

5 aT 
es eae 

c ras 

A fraction is in “lowest terms” if its terms (its numerator and 
denominator) have no common factor other than 1. 

In general, if n # 0, 

These equations express the fact that the terms of a fraction can be 

multiplied or divided by the same number without changing its 

value. 

Sie se ID 
Example 7. Reduce ROTC eens to lowest terms. 

Bae 1b 3(x + 4) 3 
Solution: a a 
Saat x2 +7x+ 12 (x+3)\(x+ 4)5 Meee 

i x ; ' 
Example 2: Express re and 93 fractions with a 

common denominator. 

! 2(5) 10 (x = 5) (3) eae) 
Solution: ee eee 
ne tae Wx—5) Ax—5) (x—5)(2) Ax—5) 

D 
8. a Express as fractions with a 

Sy ae), common denominator. 

x? + 5x +6 
9, —————_—_ 2 3 

10x + 20 14, a and a 

x2+x— 20 
105 x2 — x — 30 15: Si ce 

ie TX 

Express as fractions with the l 1 
les : 16. — and — 
indicated denominators. x y 

Uk a with denominator 4w. 17. cd and 
x +2 3x + 6 

1. a with denominator x*. 18. and —~ 
x x-1 x2-— 1 

13. gts with denominator x — 2. 19. ~ and i 
Ce py4 RZ 
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The word “parallel,” from the Greek word parallelos, meaning 

“side by side,” suggests the idea of lines that have the same 

direction, something that we take for granted. In this chapter, we 
consider several ways to prove that lines are parallel and 

encounter the Parallel Postulate, an assumption that has been the 

subject of more controversy than everything else in Euclid’s 

Elements combined! From the Parallel Postulate follow several 

more useful theorems about triangles. 



LESSON 1 

Line Symmetry 

This symmetric design was cut from paper. Although it contains eight 
pairs of monkeys (16 monkeys in all), the artist cut out only one of 
them.* A trick that children sometimes use in cutting paper made it 
possible: folding the paper in advance. 

One pair of the monkeys and the fold that produced them are 
shown in the figure at the left. The monkeys are symmetric with re- 
spect to the line of the fold. The second figure at the left suggests 
how to define this symmetry in terms of points: A and B are sym- 
metric with respect to / if they coincide when the paper is folded along 
1; they will coincide if / is the perpendicular bisector of segment AB; a 
point such as C on line / coincides with itself. 

Definition 
Two points are symmetric with respect to a line iff the line is the 
perpendicular bisector of the line segment connecting the two points. 

Although the perpendicular bisector can be found by folding, it 
can also be constructed with straightedge and compass. You already 
know how.* The construction is based on our first postulate that two 
points determine a line-more specifically, on the fact that two points 
each equidistant from the endpoints of a line segment determine a 
line that is the perpendicular bisector of the line segment. 

Theorem 16 
In a plane, two points each equidistant from the endpoints of a line 
segment determine the perpendicular bisector of the line segment. 

*The Art of Chinese Papercuts, by Zhang Daoyi (Foreign Language Press, 1989). 
tConstruction 1. To bisect a line segment (Chapter 1, Lesson 4, page 25). 
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In the first figure at the right, the two points are on opposite sides 
of the line segment. In the second figure, they are on the same side. 
Either way, the proof is the same. 

Given: CA = CB and DA = DB. 

Prove: CD is the perpendicular bisector of AB. 

Proof 
Because CD = CD, AACD = ABCD (SSS); so 21 = 22. Also, 

CE = CE; so AACE = ABCE (SAS), and so 23 = 24. From the 
figure, 23 and 24 are also a linear pair; so their sides are 
perpendicular and CD 1 AB. Finally, AE = BE because they also 

are corresponding parts of AACE and ABCE; so CD bisects AB. 

This proof provides an easy way to construct a line perpendicu- 
lar to a given line and passing through any given point. 

Construction 6 
To construct a line perpendicular to a given line through a given point. 

The following steps show that the method is the same whether or 
not the point is on the line. 

1. Let / be the 2. With P as center, draw _3. Use the compass 

given line and an arc that intersects / to find another 

P be the given in two points (A and B). point C that is 
point. Note that P is equidis- equidistant from 

; : tant from A and B. A and B. 
Point on line 

P P P 

x 
Point not on line G 

P, ee es 
eis > ie 7 

i : 

Line PC is the perpendicular bisector of segment AB according 
to Theorem 16, because P and C are equidistant from the endpoints 

A and B of the segment by construction. 

4, Draw PC. 
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Exercises 

Set | 

Rope Trick. An old way to make perpendicu- 
lar lines on the ground is shown in the 

figures below.” ry 

pai: SA ne : 
N 

W E 

Ss 

The ends of a long rope are tied to posts at W 

and E. Someone holding the rope at its center 
walks north until the rope is tight on both 

sides and places a post at the point N. Point S 

is located in a similar way by walking to the 

south. 

1. Draw the third figure and mark the 

lengths on it that must be equal from 
this procedure. 

2. Why is the line NS perpendicular to 

WE? 

3. Does NS bisect WE? 

4, Does WE necessarily bisect NS? 

Explain. 

Lines of Symmetry. Copy each of the follow- 
ing figures and sketch its line(s) of symmetry. 

De 6. 

Isosceles Angle 
triangle 

*Geometry Civilized, by J. L. Heilbron (Clarendon 
Press, 1998). 
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/\ 2 
Equilateral Isosceles 

triangle triangle 

9 10. 

Rectangle Square 

Baseball Diamond. According to major league 
rules, a baseball diamond should be laid out 

so that the batter is facing east. 

7; 

N 

woe H S 

R) 
[= 

11. Use your ruler to draw line segment HS 
8.5 cm long. Construct a line as its 
perpendicular bisector. Label the mid- 
point M and mark off points F and T so 
that MH = MS = MT = MF. Connect 
points H, F, S, and T to form a diamond. 

12. Measure HF in centimeters. 

In your drawing, 1 cm represents 15 feet. How 
many feet is it from home plate to 

13. first base? 

14. second base? 

15. In what direction is the sun in the late 

afternoon? 

16. Why are baseball diamonds laid out in 

the directions that they are? 

17. Why is a pitcher who is left-handed 

called a “southpaw”? 



Paper Chain. The figure below shows a paper 
chain. The chain was produced by cutting out 
just one penguin.” 

BARA DA 
18. How many times do you think the paper 

was folded before it was cut? 

19. How many lines of symmetry between 
pairs of neighboring penguins are there 
in all? 

20. How many times would a paper have to 
be folded to produce a chain of 16 
penguins in this way? 

Stealth Bomber. In this view of the B-2 Stealth 
Bomber, points S and T are symmetric with 

respect to line /. 

21. What can you conclude about line /? 

Give a reason for each of the following 
statements. 

22. SM = MT. 

23. ZBMS and ZBMT are right angles. 

24, ZBMS = ZBMT. 

25. MB = MB. 

26. ABMS = ABMT. 

27. BS = BT. 

*Wild Animal Paper Chains, by Stewart Walton and 
Sally Walton (Tupelo Books, 1993). 

Set Il 

Race to the Fence. Acute Alice and Obtuse 
Ollie were standing on the opposite sides of a 
long straight fence when they decided to race 
to some point along it. Because Ollie was 
closer to the fence, Alice said it was only fair 

that they run to the point on the fence 
equidistant from both of them.* 

Alice 

fence 

Ollie 

28. Draw a figure similar to but larger than 
the one shown above. Use your straight- 

edge and compass to find the point to 

which they ran. Also draw their paths. 

Alice 

fence 

Ollie 

29. If Alice and Ollie were initially at equal 

distances from the fence, as shown in this 

figure, where would the point have been? 

Describe its location in words and draw a 

figure to illustrate it. 

tBased on a problem in You Are a Mathematician, by 
David Wells (Wiley, 1995). 
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Clairvoyance Test. The following problem 
appeared in a “clairvoyance” test.* 

30. Make an accurate copy of this figure 
by placing your paper over it and 
marking the five corners. Draw the 
figure and then choose a point anywhere 
inside it. Use your straightedge and 
compass to construct perpendicular 
lines from your point to each of the 
pentagon’s five sides. (Extend the sides 
with your ruler if necessary.) 

31. Add the lengths of the five perpendicu- 
lar line segments by marking them 
along the edge of a sheet of paper. 
Measure the total length with your ruler 
to the nearest half inch. 

*The Incredible Dr. Matrix, by Martin Gardner 

(Scribner’s, 1976). 
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32. Why do you suppose this problem 

might be used on a test of “supernatural 
power”? 

Linkage Problem. Linkages are used to control 
motion in machines. The linkage below is 

made of six rods that are equal as follows: 

AB = AD, CB = CF = CD, and EF = ED. The 

rods can pivot about their ends; so the figure 
can change its shape.t 

+ Mathematics Meets Technology, by Brian Bolt 
(Cambridge University Press, 1991). 



Regardless of the shape of the linkage, a 
line through AC is always perpendicular to a 
line through BD. 

33. Why? 
34. What other pairs of points determine 

two lines that are always perpendicular? 

35. Draw the figure by using line segments to 
represent the rods. Also draw AC and 
EC. 

36. Regardless of the shape of the linkage, 
ZB is always equal to 2D. Why? 

37. Is ZB always equal to ZF? Explain why 

or why not. 

One Problem, Two Solutions. The figure 
below by Scott Kim has line symmetry, but 
the line is not shown. 

ZOTNLEOUN BLvOBT EW 
PROBLEM 
SOL.UTLON 

38. If the figure were folded on the 
symmetry line, where would the fold 

be? 

39. To what letter on the other side of the 

line does the letter S correspond? 

40. To what letter does U correspond? 

41. What is strange about the figure? 

Kepler’s Diagram. The figure at the top of the 
next column was drawn by the astronomer 
Johannes Kepler in 1608.* 

*Age of Kings, by Charles Blitzer (Time-Life Books, 
1967). 

geb.ato 1583 
F205 

14.Seph.4 undrs’ Oo4y 

42. Draw the figure using the following 
procedure. Use your ruler to draw a 
horizontal line across your paper and 

mark a line segment 3 inches long on it 

for the base of the figure. Construct 

perpendicular segments at each endpoint 
of the base as illustrated here. 

€ D 

SA Bae 

Copy AB on each perpendicular to 
determine C and D. Use only your 
straightedge and compass and what you 
notice about the symmetry of Kepler’s 
figure to complete your drawing. 

43. How many squares does Kepler’s figure 
appear to contain? 

44, What kind of triangle do all of the 
triangles in the figure appear to be? 

45. How many triangles do there seem to be 

in all? 
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Set Ill 

An Unusual Set of Points.* Make an accurate tracing of the figure 
below. Choose any two points and connect them with a line 

segment. Construct the perpendicular bisector of the line segment. 

What do you notice? Do it again with several other pairs of points. 

What seems to always be true? 

He 

nD} 

Ne 

er 

*Wheels, Life, and Other Mathematical Amusements, by Martin Gardner (W. H. 

Freeman and Company, 1983). 
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HERE. YOU TAKE 
A STICK AND I'LL 
TAKE A STICK. 

TY ye 

SH 

IVE Gor 5 DID YOU KNow Py ere 
THAT PARALLEL. Tr b 
LINES NEVER ENS Gee 

MEET © 

SEE THAT! | THEY 
MEET! . 5 CLAMS, PLEASE! NOW cuT 

THAT OUT ! 

Used by permission of Johnny Hart and Creators Syndicate, Inc. 

LESSON 2 

Proving Lines Parallel 

So far in our study of geometry, we haven’t paid much attention to 

parallel lines. The idea that they never meet is the basis for our defini- 

tion of them, as you may recall. 

Definition 

Two lines are parallel iff they lie in the same plane and do not 

intersect. 

B. C. and Peter’s approach to trying to determine whether two 

lines meet illustrates the fact that, in practice, our definition of paral- 

lel lines is difficult to use. Lines are infinite in extent. We can’t look 

everywhere along them to find out if they intersect. 

The solution to this problem is to look at a third line that cuts 

across the two lines that we are wondering about. For example, lines / 

and 4 in the figure at the right appear to be parallel. The third line, ¢, 

intersects them to form a number of angles. If we know that certain of 

these angles are equal, such as the pair indicated, then it is easy to 
prove that the lines must be parallel. 

The third line is called a transversal. The word “transversal” comes 

from the Latin word ¢transversus, meaning “turned across.” A 

transversal is a line that “goes across”—that is, “intersects” two or more 
lines in different points. 

I 

/ 
t 
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I; lp 

Corresponding 
angles 

Alternate interior 
angles 

] 
6 

4/3 87 

l; I> 

Interior angles on 
the same side 

of the transversal 

When a transversal intersects two lines that lie in the same plane, 

it forms pairs of angles that are given special names. In the figure at 
the left, 21 and 25 are called corresponding angles. The other pairs of 

corresponding angles are 22 and 26, 24 and 28, and 23 and 27. 

The transversal also forms two pairs of alternate interior angles: 

Z2 and Z8 are alternate interior angles, as are 23 and Z5. 

Finally, angles such as 22 and 25 are called interior angles on the 
same side of the transversal. So are 23 and 28. 

All we need to know that two lines are parallel is to know that the 

angles in one of these pairs are related in a special way. We begin by 
proving that, if a pair of corresponding angles are equal, then the lines 

are parallel. 

Theorem 17 

Equal corresponding angles mean that lines are parallel. 

l, l> I I> 

Given: Lines /, and Jy with transversal ¢, 21 = 22. 

Prove: 1, || ls. 

Our proof, from Euclid’s Elements, is indirect. Look at the figure 
at the right above, which illustrates the possibility that the lines might 
intersect, and you may see the contradiction immediately. 

Proof 
Suppose /; and Jy are not parallel. Then they must intersect 

(because they lie in the same plane). If 4 and /, intersect in some 
point C, then they form a triangle, AABC. But 22 is an exterior 

angle of this triangle, and 21 is a remote interior angle; so 
Z2 > 21, which contradicts the hypothesis that 21 = 22. So the 
assumption that the lines are not parallel is false, and i; || 2. 

Knowing that equal corresponding angles mean that lines are par- 
allel makes it easy to establish some other ways to prove lines parallel 
as well. 

Corollary 7. Equal alternate interior angles mean that lines are 

parallel. 

Corollary 2. Supplementary interior angles on the same side of a 
transversal mean that lines are parallel. 

Corollary 3. In a plane, two lines perpendicular to a third line are 

parallel. 
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Exercises 
STE RIIS SSIS ES ISIS EEE DDE GIA RESET PIES LED DES SESE NAL NS ETE LEIE TIRELESSLY NE 

Set | 

Complete the following proofs of the 
corollaries of this lesson by giving the missing 
statements. 

1. Corollary 7. Equal alternate interior 
angles mean that lines are parallel. 

Gicieal— 72) 

Prove: a|| 6. e 

b 
3 

G 

Proof 

Statements Reasons 

1, ?ofsle Given. 

SY aD ie Vertical angles are equal. 

OMe Substitution. 

Aart} | |. Equal corresponding angles 
UL 

mean that lines are 

parallel. 

2. Corollary 2. Supplementary interior 

angles on the same side of a transversal 
mean that lines are parallel. 

Given: Z1 and 72 are 

supplementary. 

Prove: a|| 6. 

a 

b 
3 

Proof c 

Statements Reasons 

1. PLL wd 62, Given. 
Ds Le co a? The angles in a linear pair 

saci are supplementary. hd 

Bo! os Supplements of the same », 

a angle are equal. 

4, ?/\ ~~’ “) —Equal corresponding angles 
<< mean that lines are 

parallel. | 
S wv 

3. Corollary 3. In a plane, two lines 

perpendicular to a third line are 

parallel. 

Given:a 1 cand 61. 

Prove: a|| b. 

a 

b 

Cc 

Proof 
Statements Reasons 

1. Pic ~ Given. 

2. 2am\ t's Perpendicular lines form 
teers right angles. 

3. ? 2, =42 All right angles are equal. 
4. 2’) .,,, ,.~5Equal-corresponding angles 

mean that lines are 
parallel. 

Folded Paper. The figure below shows a sheet 
of paper folded into an accordion shape. The 

pleated edge outlined in color lies in a vertical 

plane. 

4, What are ZB and ZC called with respect 
to lines AB, BC, and CD? 

5, If 2B = ZC, why is AB || CD? 

6. If CD L DE and DE EF, why is 

CD || EF? 
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Snake Track. As a sidewinding snake moves 

across the desert, its track appears as a series 

of lines, each at an angle of about 60° to the 

snake’s line of travel.* 

In the figure below, tis the snake’s line of 

travel and a, b, and care parts of its track. 

7. What are 21 and 22 called with respect 

to the transversal? 

8. If 21 and 22 each equal 60°, what can 
you conclude about the lines of @ and 5? 

9. Why? 

10. What are 73 and 24 called? 

11. If 23 = 60° and Z4 = 120°, how are 23 

and 24 related? 

12. What can you conclude about the lines 

of band c? 

13. Why? 

*“How Snakes Move,” by Carl Gans (Scientific 

American, June 1970). 

222 Chapter 6: Parallel Lines 

I-Beam. A shape commonly used in beams of 

structural steel is shown below. 

Can you conclude that a|| } if you know that 

14. Z1 = 22? 

15. 21 and 22 are supplementary? 

16. ah cand) ec? 

Parallel Lines. Some of the line segments in 
the figure below appear to lie in parallel lines. 

| Foca 

17. Copy the figure and mark its angles as 
needed to answer the following 

questions. 

18. Which lines are parallel if 

ZAED = ZBED? 

19. Why? 

20. Which lines are parallel if 

VA) BE 4B e G2 

21. Why? 

22. Which lines are parallel if 2DAC and 
ZACF are supplementary? 

23. Why? 



Set II 

Drafting Triangles. Two identical drafting 
triangles are sometimes placed together by a 
navigator in plotting a chart. 

A B 

D 

G 

Ei F 

24. As long as points A, D, C, and F are 

lined up, AB must be parallel to EF. 
Why? 

25. Why must BC be parallel to DE? 

Optical Illusion. In the optical illusion below, 

two lines cross a V-shaped pattern.* 

— 

Ze 
26. Draw the figure as shown below, in 

which all but one of the Vs have been 

removed. 

2g 

*Can You Believe Your Eyes? by J. R. Block and Harold 

E. Yuker (Brunner/Mazel, 1992). 

27. If 21 = 22, can you conclude that x || y? 
Explain. 

Suppose line AB is drawn to intersect y at D. 

26. (continued) Extend line AB so that it 

intersects line y. Label the intersection D. 

28. If 21 = 22 and BD = BC, can you con- 

clude that x || y? Explain. 

Different Proofs. Here are two different proofs 
for the same problem. Tell the missing reasons 

in each proof. 

A B 

G 

D le 

Given: ZABD and ZBDE are right 

angles. 
Prove: AB || DE. 

29. Proof 

Statements Reasons 

1. ZABD and ZBDE Given. 

are right angles. 

2. AB | BD and 

BD 1 DE. Why? 

3. AB || DE. Why? 

30. Proof 

Statements Reasons 

le2AB Drands“b DE Given. 

are right angles. 
QD, ZINAD) = ADS. Why? 

3. AB || DE. Why? 

Construction Exercise. Use your construction 

tools to do the following construction as 

accurately as you can. 

31. Construct AABC with base AB = 11 cm, 

AC = 9 cm, and BC = 7 cm. Construct the 

line that bisects 7C and let D be the point 

in which the line intersects AB. Construct 
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Set Ill 

What Do You See? Sometimes what you think 
you see determines how you see it.* 

the perpendicular bisector of CD; let E 
be the point in which the bisector 

intersects AC, let F be the point in which 

it intersects CD, and let G be the point in 

which it intersects BC. Draw DE and DG. 1. Which cross bar in the figure below is 

Mark your figure as needed to answer the perpendicular to the vertical bar? 
following questions. 

32. How many right angles are in the 

figure? 

33. Why is ACFE = ACFG? 

34. Why is EF = FG? 

35. Why are all four triangles surrounding 
F congruent? 

36. Whyis CG = GD = DE= EC? 

37. Why is CG || DE and GD |} EC? 
ee | ak | 2. Which cross bar in the figure below is 

38. Is EG || AB? perpendicular to the vertical bar? 

Write complete proofs for each of the 

following. 

39. 

D 

: G 

A B Pir ee 
3. If you didn’t give the same answer to 

both questions, why not? Aren’t they the 

Given: AE = AD and ZE = ZBCE. same figure? 
Prove: AD || BC. 4, Is it possible that both cross bars are 

perpendicular to the vertical line? 
40 Explain. 

: 5. If they are, does it follow that they are 
B (S 

parallel? Explain. 

A D 

é' *Human Information Processing: An Introduction to 
Given: AB = CD and AD = BC. _ _ Psychology, by Peter H. Lindsay and Donald A. 
Prove: AB || CD. Norman (Harcourt Brace Jovanovich, 1977). 
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LESSON 3 

The Parallel Postulate 

The most famous and enduring riddle of geometry arose from a 
construction. 

Construction 7 
To construct a line parallel to a given line through a given point. 

The idea behind this construction is simple: equal corresponding 
angles mean that lines are parallel. To construct the parallel line, we 
draw a transversal and copy an angle. 

1. Let / be the given line and P be the given point. 

Choose any point O on line / and draw line PO. Name one of 
the angles formed at O 21 as shown in the second figure at 
the right. 

3. Copy 21 at P as shown in the third figure. Name it 22. 

Because 21 and 22 are equal corresponding angles formed by 

lines m and / and transversal PO, m || J. 
The problem is: 

Is line m the only line that can be drawn parallel to / through 
point P? 
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The answer surprised mathematicians when it was discovered in the 

1830s, and it is not what you might expect even today. To see why, we 

need to take another look at what we know about perpendicular lines. 

p We know how to construct a line m perpendicular to a given line / 

through a given point P. Suppose we do so, with / and m intersecting 
at A as shown at the left. Could there be another line n passing through 
P and perpendicular to / with intersection point B as added in color? 

l No, because, if there were, then the remote angle PAB of APAB would 

be equal to the triangle’s exterior angle at B. This equality would con- 
tradict the fact that an exterior angle of a triangle is greater than either 
remote interior angle and proves that 

Through a point not on a line, there is exactly one line 

perpendicular to the given line. 

Can we use a similar proof by contradiction to show that there 

SSS + m can’t be two different lines m and n through P and parallel to a given 
n? line /? This riddle took more than 2,000 years to work out. The sur- 

prising answer came with the discovery of non-Euclidean geometries, 

which we will learn about in Chapter 16. There are consistent geome- 
l tries that satisfy all of the postulates and theorems that we have learned 

so far in which more than one line can be parallel to a given line 
through a point not on it! This fact astonished people when it was dis- 
covered in the 1830s. 

Euclid knew that he needed some further assumption to go for- 
ward with his development of geometry (his Fifth Postulate), and we 
need such a postulate, too. We call ours the Parallel Postulate. 

Postulate 7. The Parallel Postulate 
Through a point not on a line, there is exactly one line parallel to 
the given line. 

With this postulate, it is easy to prove the following theorem. 

Theorem 18 
In a plane, two lines parallel to a third line are parallel to each other. 

Exercises 

Set | 1. How many lines does the figure appear 
to have? 

Optical Illusion. 
Every pair of lines in we ae cy —| What determines whether or not two lines are 

this optical illusion aa ol ole 2. perpendicular? 

appears to be either 3. parallel? 

perpendicular or me er ae + 
parallel. 4, What do you see in the figure that “isn’t 

there”? 
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Windshield Wipers. One type of windshield 

wipers has two blades that remain parallel as 

they move back and forth. 

In the figure below, the lines of the wipers, 
aand 3b, form angles with the transversal c. 

5. Which angle corresponds to 21? 

6. If these two angles are always equal, 
why do the wipers always stay parallel? 

7. What are 22 and Z3 called with respect 

to lines a, b, and c? 

8. If these two angles are always supple- 
mentary, why are the wipers always 
parallel? 

9. Name another pair of angles that, if they 

were equal, would ensure that the 

wipers are parallel. 

10. If 21 and 24 are supplementary, does it 

follow that the wipers are parallel? Why 

or why not? 

Exactly One. The words “exactly one” have a 

twofold meaning: that there is at least one and 

that there is no more than one. 

11. Which would be easier to prove: that a 

cat has at least one flea or that it has no 

more than one flea? 

Tell whether one or more of the following 
expressions could correctly replace the question 
mark in each of the following statements: “at 
least,” “no more than,” “exactly.” 

12. A line segment has ? one midpoint. 

13. An angle has ? one ray that bisects it. 

14. A triangle contains ? one right angle. 

15. Two lines intersect in ? one point. 

16. Lines are perpendicular if they form ? 

one right angle. 

17. Through a point on a line, there is ? one 
line perpendicular to the line. 

18. Through a point not on a line, there is ? 

one line perpendicular to the line. 

Parallelogram. The figure below shows a 

method for constructing a parallelogram, a 
quadrilateral with two pairs of parallel sides. 

19. Draw two intersecting lines and mark 
points A, B, and C on them as shown in 

the figure. Use your straightedge and 
compass to construct parallelogram 
ABCD by copying 21 as illustrated. 

20. Why is AD || BC and CD || BA? 

21. What else seems to be true about seg- 

ments AD and BC as well as about 

segments CD and BA? 

What relation seems to exist between 

2) ae aleandean CD)? 

235) aleande ADC? 

24. Does parallelogram ABCD appear to 
have line symmetry? Explain why or 

why not. 

Euclid’s Assumption. Euclid made the 
following assumption: 

If two lines form interior angles on the 
same side of a transversal whose sum is 

less than 180°, then the two lines meet 

on that side of the transversal. 
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The figure above shows four lines intersecting 
at four points. 

25. How many of these lines can be consid- 

ered to be transversals? 

26. Copy the figure and write the measures 
of the other angles surrounding each of 
the four points. 

In what direction (left, right, up, or down) do 
lines 

27. aand 6 intersect? 

28. cand d intersect? 

Set Il 

Gateway. Architect Francis Ching wrote: 

Two points can denote a gateway signifying 
passage from one place to another. Extended 
vertically, the two points define both a plane 
of entry and an approach perpendicular to 
it 

“Architecture: Form, Space, and Order, by Francis D. K. 
Ching (Wiley, 1996). 
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A B 

29. Draw the gateway described by doing 
the following. 

(1) Mark two points 4 cm apart and label 
them A and B. 

(2) Draw line AB and construct two lines, 
aand b, perpendicular to it at points 

A and B. 

(3) Mark point C on line a and point D 
on line 6 so that AC = BD = 5 cm. 

(4) Draw CD. 

In the plane of the gateway (that is, the plane 
of your paper), how many lines can be drawn 
that are perpendicular to AB 

30. through point A? 

31. through point D? 

32. What relation do lines a and 0} have? 

33. Why? 

34. What relation do lines AB and CD seem 

to have? 

35. How many lines can be drawn that are 

parallel to AB through point C? 

36. Why? 

29. (continued) Draw line segments AD and 
BG, 

Tell whether you think we have enough 
information to be able to prove each of the 
following statements. 

37. ADB = ABCA. 

38. AD = BC. 

39. AADE = ABCD: 

40. ZACD = ZBDC. 

41. AABC = ACDA. 



Theorem 18. Complete the following indirect 

proof of Theorem 18. 

In a plane, two lines parallel to a third 

line are parallel to each other. 

G SS SSS CE 

Given: Lines a, 6, and ¢ lie in a plane; 

a|| cand || c. 
Prove: a|| b. 

Proof 

42. Suppose ?. 

If aand bare not parallel, then they 

intersect in some point P. 

43. But a|| cand 4|| c. Why? 

44, This contradicts the fact that ? . 

45. Therefore, what we assumed is false 

and ?. 

Proclus’s Claim. The Greek geometer Proclus 
said, “In a plane, if a line intersects one of two 
parallels, it will intersect the other also.” 

In the figure at the 

right, a || 6 and line c G p 
intersects line a at P. 

46. Does it follow that 

line c must also b 

intersect line 5? 

47, Explain why or 

why not. 

Set Ill 

A Dragon Curve. The figure at the right, a 
model of a “dragon curve,” can be formed by 

folding paper.* 

*Mathematical Magic Show, by Martin Gardner (Knopf, 
1977). 
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. Cut a strip of paper 12'% inches long 
and '/, inch wide. Fold it in half by 
putting the narrow ends together. Fold 
the result in half in the same direction. 

Continue in this way two more times. 

Open the paper so that, when viewed 

from the edge, every fold forms a right 
angle. 

. On graph paper, draw a pair of axes 
extending 10 units in each direction from 
the origin. Plot the following points and 

connect them in alphabetical order with 

line segments: 

aeceeemeG (2,4, M 2, 6), 
Bue OH (1,3),  N (, 5), 
Cee (0,0), © 6,8), 
Dee (3,1), P (9, 7), 
E62, Ki42), O18, 4). 
Feo al aml, 3) 

. How is the figure that you have drawn 

related to your paper strip? 

. Which point corresponds to the position 

of the first fold? 

. Which points correspond to the position 
of the second fold? 

. In what way is the second half of the 

figure (from I to Q) related to the first 
half (from A to I)? 

. What do you notice about the coordi- 

nates of the corners of the two halves of 

the figure? 
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LESSON 4 

Parallel Lines and Angles 

a 

230 

Biologists see a lot of geometry when looking at a spider’s web. Jean 

Henri Fabre, in his book The Life of the Spider, wrote: 

In each sector, the various chords, the elements of the spiral 
windings, are parallel to one another. . . . With the two 

radiating lines that frame them they form obtuse angles on one 
side and acute angles on the other; and these angles remain 
constant in the same sector, because the chords are parallel. 

In the figure at the left, lines a and 6 are the “radiating lines” and 
the segments between them are the parallel “chords.” Fabre said that 

le angles such as 21 and 23 are equal because the chords are parallel. In 
other words, parallel lines form equal corresponding angles with a 
transversal. 

This statement seems like a theorem that we have already proved, 

but it is not. Look at the two statements written in if-then form: 

Theorem 17. If two lines form equal corresponding angles, then 
the lines are parallel. 

Statement about spider web. If two lines are parallel, then they 
form equal corresponding angles. 
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It is tempting to assume that these two statements say the same 

thing, but they do not: one is the converse of the other. Remember that 
the converse of a true statement may be false. Here is another pair of 

statements about parallel lines that obviously do not say the same 

thing: 

Statement. If two lines are parallel, then they lie in the same 
plane. (True.) 

Converse. If two lines lie in the same plane, then they are 

parallel. (False.) 

This is a reminder that, even though we may think that the con- 
verse of a theorem that we have already proved is true, to add it to 

our deductive system we must either assume it as a postulate or prove 

it as a new theorem. In regard to Fabre’s statement about the spider 
web, we can easily prove it by using the Parallel Postulate. 

Theorem 19 
Parallel lines form equal corresponding angles. 

Given: Lines J; and J with 

transversal ¢, ; || do. ] Z 
Prove: Z1 = 22. t 

I; Iz 
Proof 

Suppose that 21 # 22. Draw a line /3 through point P so that 
23 = Z1 (the Protractor Postulate). Equal corresponding angles 
mean that lines are parallel; so i; || /3. But d || /2 (given); so, through 
point P, we have two lines parallel to /;. This contradicts the Parallel 

Postulate, which says that, through a point not on a line, there is 

exactly one line parallel to the line. So our assumption that 21 # 22 

is false, and hence 21 = 22. 

Now that we have proved the converse of Theorem 17, it is easy to 
prove the converses of its corollaries as well. 

Corollary 7. Parallel lines form equal alternate interior angles. 

Corollary 2. Parallel lines form supplementary interior angles on 
the same side of a transversal. 

Corollary 3. In a plane, a line perpendicular to one of two parallel 
lines is also perpendicular to the other. 

I; 
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Exercises 6. Corollary 2. Parallel lines form 
supplementary interior angles on the 

same side of a transversal. 

UDOT SS OEE NT ESE LLLY SELLE SIL SEB LAI SS ELIS LSP ATE LEED LEIS, 

Set | 

Which Fishpole? The figure below appeared 
in a book of puzzles.* The four lines labeled 

A, B, C, and D are parallel. 

Given: a|| b. 
Prove: 21 and 22 are supplementary. 

Proof 
Statements Reasons 

eal ? 
2. AWS 23, ? 
3. 22 and 23 are ? 

supplementary. 
4. 22+ 23 = 180°. ? 
D2 2 A= 80% g 

1. What can you conclude about the acute Gland '20 are ? 
angles at A, B, C, and D? supplementary. 

2. Why? 

3. Which fishpole caught the fish? 7. Corollary 3. In a plane, if a line is 
Wh at 3 perpendicular to one of two parallel 

4. What is “puzzling” about this puzzle: lines, it is also perpendicular to the 

ther. 
Corollary Proofs. Complete the following ihe 
proofs of the corollaries of this lesson by 
giving the missing reasons. a 

5. Corollary 7. Parallel lines form equal Z, b 
alternate interior angles. 

Gi || b y 4 ; iven: a|| b. 
Given: c | aand a|| 6. : = 22. a 

ee ae oa 3 b Prove-ac VD 

Proof 
Proof c Statements Reasons 

Statements Reasons cla 
1. all 6. ? Dec liasva right angle. ? 

DTN ES ? 3. Z1 = 90". ? 
oe ? 4. all b. p 
Tele 298 ? 5. Z1= 22. ? 

6. 22 = 90°. ? 
7. 22 is a right angle. ? 
S.A CalaG: i 

* Challenge! by Charlie Rice (Hallmark Editions, 1968). 
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Bent Pencil. The pencil in this cup appears to 
be bent because light rays are bent when they 

go from air into water. 

15. i 

16. 

City Streets. This map shows some of the 
streets in New York City. The streets running 

from left to right on the map are parallel. 

In the figure below, PE || CI and 
ZPEN = ZCIL. 

P. 

42nd St. 

8. Why is 21 = 23? 

9. Why is ZPEN = 21 + 22 and 

VAC —923) 4-242 

WOrWhyis 21+ 22 = 23 + 24? 

11. Why is 22 = 24? 

12. Why is EN || IL? 

“OAV UUSAIS | 
SPILIaWY aU} JO aNUaAY 

34th St. 

Find the Angles. In each of the following 
figures, the arrowheads indicate parallel lines. Seventh Ave. and Avenue of the Americas are 
Find the measures of the indicated angles. perpendicular to 34th St. 

13 17. What relation must Seventh Ave. have to 

: 42nd St.? Why? 

hip 18. What relation must Seventh Ave. and 

1/2 Avenue of the Americas have? Why? 

5 One of the acute angles at the intersection of 

Broadway and 37th St. is 67°. 

14. 19. How large are the other three angles at 
that intersection? 

] Z 20. How large are the angles at the intersec- 
B) tion of Broadway and 40th St.? 

21. How do you know? 
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T Puzzle. This four- : core * Overlapping Angles. 
piece puzzle in the \\ GEE 

shape of the letter T 

was once used to 

advertise sausage! 

Its edges are parallel 

and perpendicular, 

and the two slanted 

cuts are parallel. In the figure at the left above, BA || ED and 

Tell in what way each of the following eR IR 5 Ee 

pairs of angles is related and why. 34. Is this necessarily true? Explain why or 

29, L1 and 22. oe 
93. £2 and Z3. PaaS Be | In the figure at the right above, 2B = ZE. It 

looks as if BA || ED and BC || EF. 
We, 8) euayel ZA, 

25. 22 and 24. 35. Is this necessarily true? Explain why or 

Yay eb ae why not. 
2): 25 andio: Sand Dune Lines. When desert sand dunes are 

seen from a high altitude, they often seem to 
form parallel lines.* 

Set II 

Parallel Construction. In the figure below, 
line / has been constructed through point C 
by copying ZA of AABC as 21. 

One way to describe parallel lines is to say 

that they are “everywhere equidistant.” This 

description suggests that, if x || y in the figure 

28. Draw a figure similar to this one and do Re nee bimrer both Perea 
the construction. 

29. Why is /|| AB? A Cx 
30. Why is line / the only line that can be 

constructed parallel to AB through y 
point C? D 

31. Why is 23 = ZB? B 
: 4 SS 

B20 hat sse sete 220 *The Flying Circus of Physics, by Jearl Walker (Wiley, 
33. What is ZA + 22 + ZB? 1977). 
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36. Copy the figure and add to it as needed 
to answer each of the following questions. 

37. We can add line AD to the figure. Why? 

38. Why is ZCAD = ZBDA? 

39. Why is AB || CD? 

40. Why is Z2BAD = ZCDA? 

41. Why is AD = AD? 

42. Why is AABD = ADCA? 

43, Why is AB = CD? 

44, In general, what would you measure to 

find the distance between two parallel 

lines? 

SAT Problem. In the figure below, a || 0. 

45, Write an equation relating the measures 
of the two indicated angles. 

Find the measure of 

46. the acute angle. 

47, the obtuse angle. 

Construction Problem. In the figure below, 
line b has been drawn parallel to line a 
through P. Also PA = PB. 

[a Bay, 

A a 

48. Draw line a and point P. Use your 
straightedge and compass to construct 
b|| aand PA = PB. 

49. What seems to be true about 71 and 22? 

50. Use what you know about angles and 
parallel lines to prove it. 

de 
Johannes 
Kepler 

1571-1630 
|MAGYAR POSTA 

Set Ill 

Astronomer Johannes Kepler was the first to 

figure out the orbits of the planets. 

He used diagrams like the one above to 
calculate the shape of Earth’s orbit.* The 

points M and S represent Mars and the sun 
and E and E' represent two positions of 
Earth. The three lines in blue are parallel and 
everything lies in the same plane. The angles 
numbered 1, 2, and 3 can be measured from 

Earth. From these angles, Kepler was able 

to figure out the measures of the angles 
numbered 4, 5, and 6 and the angle at M. 

How did he figure out the measure of 

Vee ey WAlene 

Tay eae 4, 2M? 

Starting with SM as one side, Kepler was then 

able to draw AMSE' and hence determine the 

position of Earth at E'. 

5. Suppose that 21 = 84°, 22 = 124°, and 
EMD Binds a4), 0, and 2M. 

6. Show how Kepler drew AMSE' by using 
your ruler and protractor to draw it. 
ete Viss—allO ken 

* Constructing the Universe, by David Layzer (Scientific 
American Library, 1984). 
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LESSON 5 

The Angles of a Triangle 

vee 

Mes 
= ZZ 

When Lewis and Clark set out on their historic expedition across 
America, most of the land west of the Mississippi was unknown terri- 

tory. The map that they used, shown above, had been drawn in 1802. 
It would be many years before the entire country was surveyed. 

To map the United States, surveyors used a method called trian- 
gulation—so named because it locates points by means of a network 
of triangles. The entire country is now “criss crossed with an elabo- 
rate network of many thousands of triangles, measured by surveyors’ 
transits, and the corners of all of them are marked by permanent stones 
called ‘bench marks.’”* The initial point from which the triangulation 
began was in a pasture in Meades Ranch, Kansas. Part of the network 

of triangles starting from this point is shown in the map at the left. 
Meades Ranch is marked with an arrow. 

Surveyors check their accuracy over short distances by measur- 
ing the angles of the triangles in their network. That the sum of the 
angles of a triangle is 180° is a famous theorem of plane geometry.* 
Now that we have the Parallel Postulate, we can prove it. 

*Triangles, by Henry M. Neely (Crowell, 1962). 
*Chapter 2, Lesson 6. 
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Theorem 20. The Angle Sum Theorem 
The sum of the angles of a triangle is 180°. 

Given: AABC. 

Prove: ZA + ZB + ZC = 180°. 

Proof 
Statements 

J ANABC. 
2. Through point B, 

draw line DE || AC. 

— 

Bee alee sAcand: 23, — AC: 

Ae alee — 7 1) BC, 

5. ZDBE and Z3 are 

supplementary. 

6. ZDBC + 23 = 180°. 

fee 9 7 3 = 180°. 

SeraNe AB + ~C = 180°. 

Reasons 

Given. 

Through a point not on a line, 
there is exactly one line 

parallel to the line. 

Parallel lines form equal 

alternate interior angles. 

Betweenness of Rays 

Theorem (BD-BA-BC). 
The angles in a linear pair 
are supplementary. 
The sum of two supple- 
mentary angles is 180°. 

Substitution (steps 4 and 6). 
Substitution (steps 3 and 7). 

This theorem has some useful corollaries. 

Corollary 7. If two angles of one triangle are equal to two angles 
of another triangle, the third angles are equal. 

Corollary 2. The acute angles of a right triangle are complementary. 

Corollary 3. Kach angle of an equilateral triangle is 60°. 

A fourth immediate consequence of Theorem 20 concerns the mea- 
sure of an exterior angle of a triangle. We already know that an exte- 
rior angle of a triangle is greater than either remote interior angle. 
Now we can prove that it is equal to their sum. 

Theorem 21 
An exterior angle of a triangle is equal to the sum of the remote 

interior angles. 

Several proofs of this theorem have been discovered. We will con- 

sider one of them in the exercises. 
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Exercises 

Set | 

Corollary Proofs. Complete the following 
proofs of the corollaries of this lesson by 

giving the reasons. The proofs are written in 

paragraph form. 

Corollary 7. If two angles of one triangle are 
equal to two angles of another triangle, the 
third angles are equal. 

Given: In AABC and ADEF, ZA = ZD 

ange a bi—w abe 

Pouce A Ca—e/ ale 

Proof 

1 ZA BZ © = 1808 and 

ZD + ZE+ ZF = 180°. Why? 

2. It follows that 

ZAP ZB + ZO =2D 4k ZraWhys 

3. Because ZA = ZD and ZB = ZE, 

it follows that 

ZD AEA © SZ) A areZ Be Whe 

4, Therefore, ZC = ZF. Why? 

Corollary 2. The acute angles of a right 
triangle are complementary. 

(SG 

Joe 
Given: AABC is a right triangle with 

right ZC. 

Prove: 2A and ZB are complementary. 

Proof 

5. AABC is a right triangle with right ZC; 
so ZC = 90°. Why? 

238 Chapter 6: Parallel Lines 

6. Because 2A + 2B + ZC = 180%, it follows 

that ZA + ZB + 90° = 180°. Why? 

7. So ZA + ZB = 90°. Why? 
8. Therefore, 2A and ZB are complemen- 

tary. Why? 

Corollary 3. Each angle of an equilateral 

triangle is 60°. 

A CG 

Given: AABC is equilateral. 

Prove: ZA = 60°, ZB = 60°, ZC = 60°. 

Proof 

9. AABC is equilateral; so it is also equian- 
gular. Why? 

10. Because AABC is equiangular, 
A = ZB = ZC. Why? 

11. Because 2A + ZB + ZC = 180°, it follows 

that ZA + ZA + ZA = 3ZA = 180°. Why? 

12. So ZA = 60°. Why? 
13. It follows that 7B = 60° and ZC = 60°. 

Why? 

Exterior Angle Theorem. One way to prove 
Theorem 21 is given here. Complete the proof 
by giving the reasons. 

Theorem 27. An exterior angle of a triangle is 
equal to the sum of the remote interior angles. 

B 

A & D 

Given: ZBCD is an exterior angle of 
AABC. 

Prove ZBCD'= ZA > ZAR 



Proof 

14. Through point C, draw line / parallel to 
AB. Why is this possible? 

15. 21 = ZB. Why? 

16. 22 = ZA. Why? 

17. ZBCD = 21 + 22. Why? 

18) Therefore, 2BCD = ZA.+ ZB. Why? 

UFO Angles. The angles of elevation of a 
UFO at A are measured from two positions, 

B and C. 

B G 

19. Write the two inequalities that follow 

from the Exterior Angle Theorem. 

20. Write the equation relating the measures 
Oma), 22, and-Z A: 

DigmiincdeaAN it) 41 — 42 and 22 — 70- 

Right and Wrong. Obtuse Ollie told Acute 
Alice that, because ZC is the right angle of 

the triangle below, ZA and ZB must be the 
wrong angles.* 

G 

PN. 
*From an idea in The Heart of Mathematics, by Edward 

B. Burger and Michael Starbird (Key College 
Publishing, 2000). 

‘\ 

22. What kind of angles must they actually 
be? 

Alice told Ollie that, if he is correct, then 

“two wrongs make a right.” 

23. What does she mean? 

Another Kind of Triangle. 
The triangle in this picture is == 

made of steel. 

24, What kind of geometric 
triangle has a similar 
shape? 

25. What is the triangle in 

the picture used for? 

26. How large are its 

“angles”? 

Economics Graph. The following words from 
an economics book describe the graph of the 
“consumption” function.* 

At any point on the 45° line, the distance 

up from the horizontal axis (which is 
consumption) exactly equals the distance 
across from the vertical axis (which is 
income). 

P income 

consumption 

27. From the fact that XP 1 OX, what kind of 

triangle is AOPX? 

28. What is the relation of ZOPX to ZPOX? 

29. What is the measure of ZOPX? 

30. Why is XP = OX? 

+ Economics, by Paul A. Samuelson and William D. 

Nordhaus (McGraw-Hill, 1989). 
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Set Il 

North Star and Latitude. In Peculiar, Missouri, 
the North Star is always 38° above the 

horizon. The angle between Peculiar and the 

equator also is 38°, which isn’t really peculiar, 

because we can prove it.* 

In the figure at the 
right, the angle of 
elevation of the 
North Star at P is 
Z.1; the latitude of 

P is 22. Also, 

OA || PC, 
OA | OB, and 

OP PAS 
Explain why 

Z1= 22 by 
answering each of 
the following 
questions. 

31. Why is 21 = 24? 

32. What relation does 24 have to 23? 

33. Why? 

34, What relation does 22 have to 23? 

35. What relation does 24 have to 22? 

36. Why? 

37. Why is 21 = 22? 

Angle Bisectors. In the figure below, the 
bisectors of an interior and an exterior angle 
of AABC meet at E. 

*Peculiar, Missouri, is on highway 71 in Cass County. 

B 

beh 
A C D 
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38. Draw a larger AABC with exterior 
ZBCD. Use your straightedge and 
compass to bisect 2BAC and ZBCD. 
Label the point in which the bisectors 
meet E. 

39. Use your protractor to measure ZB and 

ZE. How do they seem to compare in 

size? 

Tell why each of the following equations is 
true. 

40. ZBCD = ZBAC + ZB and 
ZECD)= ZEAC + ZE 

Al. 2y=2x+ ZB and y=x+ ZE. 

42. 2y = 2x + 2ZE. 

AS. 224223 = "24-22 E 

44, ZB = 22K. 

Write proofs for the following. 

45. 
GC 

D 

A F B 

Given: In AABC and AADE, 

ZADE = ZB. 

Prove: ZAED = ZC. 

46. 

B 

A G 
D 

Given: AABC is a right triangle with 
right ZABC; ZABD and ZC 
are complementary. 

Prove: AABD is isosceles. 



Catch Question. This problem appeared in a 
collection of “catch” questions.* 

~< x< 

A B 

Suppose lines AX and BY bisect two of the 

angles of a triangle whose third vertex is out 

of view. If AX | BY and the base AB of the 

triangle is 10 inches long, how tall is the 
triangle? 

47, Draw the figure and mark this 
information on it. 

48. Reasoning from your figure, explain 
why this is a “catch” question. 

*The Unexpected Hanging and Other Mathematical 
Diversions, by Martin Gardner (Simon & Schuster, 
1969). 

Set Ill 

This proof appeared in a book of proofs 

without words.’ 

1+3 

1. What do you think is being proved? 

2. Briefly explain in words how the proof 

works. 

*Proof by Fouad Nakhli in Proofs Without Words: 
Exercises in Visual Thinking, by Roger B. Nelsen 
(Mathematical Association of America, 1993). 
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LESSON 6 

AAS and HL Congruence 

Vea A G 

Surveyors have been using triangulations—networks of triangles some- 
times numbering in the thousands—for centuries. Triangulations of 
millions of triangles are now used in computer programming. 

The images above show how the image of a mountain can be gener- 
ated from repeated divisions of triangles.* The sequence, Fractal Demo, _ 
by Alvy Ray Smith, begins with a single triangle in “three-dimensional 
space.” The triangle is divided into 4 triangles by connecting the 
midpoints of its sides. The figure is then “bent” at the midpoints to 
give it the impression of being three-dimensional. Each of the 4 
triangles is then transformed in the same way, resulting in 16 triangles. 
This process is repeated as shown, and the triangles are eventually 
filled in to create the picture of the mountain. 

Consider a pair of triangles formed by this process, as shown at 
the left. Are they congruent? Although it is hard to tell from their ap- 
pearance, we know several sets of conditions that are sufficient to 
prove triangles congruent. In fact, we have given them names: ASA, 
SAS, and SSS. 

Are there any other sets of parts that can be used to prove tri- 
angles congruent? Yes; we will consider two of them in this lesson. 

* Visualization: The Second Computer Revolution, by Richard Mark Friedhoff and 
William Benzon (Abrams, 1989). 
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Theorem 22. The AAS Theorem 
If two angles and the side opposite one of them in one triangle are 
equal to the corresponding parts of another triangle, the triangles 
are congruent. 

ae : A B ou 

Given: AABC and ADEF with ZA = ZD, ZB = ZE, and BC = EF. 

Prove: \ABC = ADEF. 

lag : A B cae 

Take a good look at the figures above and you may see the proof. If 
two angles of one triangle are equal to two angles of another triangle, 
the third pair of angles also are equal. Consequently, AAS follows from 
ASA. 

Proof 
In AABC and ADEF, ZA = ZD and ZB = ZE. Therefore, 

ZC = ZF, and so, with BC = EF, AABC = ADEF by ASA. 
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As the name of the next theorem, HL for “hypotenuse-leg,” im- 

plies, the theorem applies only to right triangles. - 

Theorem 23. The HL Theorem 
If the hypotenuse and a leg of one right triangle are equal to the 
corresponding parts of another right triangle, the triangles are 
congruent. 

B [= 

Given: AABC and ADFF are right triangles (with right angles 
C and F); AB = DE and BC = EF. 

Prove: AABC = ADEF. 

B B 

A C PA G B 

ADEF = APBC (SAS) AABC = APBC (AAS) 

so AABC = ADEF 

Again, a careful look at the figures above may reveal the proof. 

Proof 
Extend line AC (two points determine a line) and choose point 

P on it so that PC = DF (the Ruler Postulate); also, draw BP. 
APBC = ADEF (SAS); so PB = DE (corresponding parts of 

congruent triangles are equal). Because AB = DE (given), AB = PB 
(substitution). 

AB and PB are equal sides of AABP; so ZA = ZBPC (if two 

sides of a triangle are equal, the angles opposite them are equal). 
AABC = APBC (AAS); so AABC = ADEF (two triangles 

congruent to a third triangle are congruent to each other). 
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Set | 

i 
Hang Glider. A popular type of hang glider is D aN: 
the Rogallo. A B 

In AABC, DE || AB. 

6. Why is 21 = ZA and 22 = ZB? 

7. How many pairs of angles in ADEC and 

AABC are equal? 

Sees WE C= ABC? 

AAS names a way to prove triangles congru- 

ent. Does SSA name another way? 

_ 2 SSA? C 
The design of its sail consists of two triangles: 

AABC and AADC. They share a common D 

side; so AC = AC.* 

A A B 

In AABC, DB = CB. 

9. How many pairs of parts in AABC and 

AABD are equal? 

B D 10. Is AABC = AABD? 

C HL names a way to prove triangles congruent. 
Does HA name another way? 

Name the way of knowing that AABC = AADC 
if HA? 4 

eee ale— 4) and 23.— 924. E 

2. AB = AD and BC = CD. 

oo Al— 72 and AB = AD: 

4. 2B = ZD and 23 = 24. B C D 

5 - ZB = ZD = 90° and BC = CD. 
In this figure, AC 1 BD, AB = DE, and 

Congruent or Not? SSS names a way to prove Zi gE 
triangles congruent. Does AAA name another 
way? 11. How many pairs of parts in AABC and 

ADEC are equal? 
peat ee. , 

*Hang Gliding and Soaring, by James E. Mrazek (St. 12. Is AABC = ADEC! 
Martin’s Press, 1976). 13. Explain why or why not. 
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(78) | 
AABC 9} AA’B’C’ a] 4 

e/ |o yy « <C=20'=2R, AB=A'B,, © 
AC=A‘C’ 

(22) 

Korean Theorem. A theorem from a Korean 

geometry book is shown above. 

14. What do you think ZC = ZC’ = ZR 

means? 

15. What do you think AABC = AA'B'C’ 
means? 

16. What theorem do you think is illus- 

trated? State it as a complete sentence. 

The Korean name for the theorem, RHS, is 

remarkable in that it is an abbreviation of three 

words in English rather than Korean. 

17. What do you think the three words 

identifying this theorem are? 

Triangle Problem. In AABC, AD 1 BC, 
BE 1 AC, and AD = BE. 

A 

B D G 

18. Copy the figure above and mark it as 
needed to answer the following questions. 

19. Why is ABAE = AABD? 

20. Why is ZBAE = ZABD? 

21. Why is BC = AC? 

22. What kind of triangle is AABC? 
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““c’ AABC=AA/BC’ 

(RHS 33] 

Set II 

Mirror Distances. 
A wall mirror is 

sometimes used to 

create the illusion 

that the space of a 

room is twice as 

large as it actually 

is. 

This illusion follows from the fact that, when 

we see light from an object reflected in a 

mirror, the object and its reflection seem to 

be at the same distance from the mirror. 

object 

mirror eye 

In the figure above, line m represents the 

mirror. Both AB and n are perpendicular to 
m, and the angle of incidence, 21, is equal to 

the angle of reflection, 22. 



23. Copy the figure and mark it as needed 
to answer each of the following questions. 

24. Because AB | mand nL m, AB || n. Why? 

292 — ZA. Why? 

26. 22 = ZB. Why? 

27. Because 21 = 22, 

28. DC = DC. Why? 

29. ABDC = AADC. Why? 

30. Therefore, BD = AD. Why? 

A-= ZB. Why? 

Angle Bisection. The figure below illustrates 
the first steps in a different way to bisect an 

angle. 

Two arcs have been drawn intersecting the 

sides of ZA so that AB = AC and AD = AE. 

31. Use your straightedge and compass to 
make a large copy of the figure. Draw 

BE and CD. 

32. Which parts of AADC and AAEB can be 

used to prove them congruent? 

33. Why is AADC = AAEB? 
34. Why is ZADC = ZAEB? 
31. (continued) Label the point in which BE 

and CD intersect P. Draw AP. 

35. Which parts of ABDP and ACEP can be 

used to prove them congruent? 

36. Why is ABDP = ACEP? 
37. Why is DP = PE? 
38. Which parts of AADP and AAEP can be 

used to prove them congruent? 

39. Why is AADP = AAEP? 

40. Why does AP bisect 2 DAE? 

Origami Frog. The origami pattern for the 

Japanese jumping frog begins with a square 
sheet of paper and the two folds shown 

below.* 

A iB B 

First, corner C is folded onto corner A. Then, 
side DA is folded onto the fold DB. 

41. Copy the figure and mark the following 
information on it: AB = BC = CD = DA = 
DES DAE ABE DB wand ABLE BC. 

42. Why is AABD = ACBD? 

43. Why is ZABD = ZCBD? 

What is the measure of 

44, Z ABD? 

45. ZFEB? 

46. Why is EF = FB? 

47, What kind of triangles are AADE and 

AFDE? 

48. Why is AADE = AFDE? 

49, Why is AE = EF? 

50. Why is AE = FB? 

More on Equal Parts. Each of our methods for 
proving triangles congruent requires showing 
that three pairs of parts are equal. Can two 

triangles have more than three pairs of equal 

parts but not be congruent? 
Consider, for example, one pair of equal 

angles and three pairs of equal sides. 

51. Do you think it is possible that two 
triangles could have these equal parts and 
yet not be congruent? Explain why or 
why not. 

*Folding the Universe, by Peter Engel (Vintage, 1989). 
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Consider two pairs of equal sides and three 

pairs of equal angles. 

52. Use your ruler and protractor to draw, 

as accurately as you can, AABC with 

AB = 7.2 cm, ZA = 21°, AC = 10.8 cm, 
ZB = 127°, and ZC = 32° and ADEF with 
DE = 10.8 em,<2D = 217) 2S 3127°; 
EF = 7.2 cm:and ZF ="32>. 

53. Do you think two triangles can have five 

pairs of equal parts and not be 

congruent? 

54. Do you think two triangles can have six 

pairs of equal parts and not be 

congruent? Explain. 

Set Ill 

Is Every Triangle Isosceles? Here is a proof 
originally published in 1892 that is so strange 
that it has since become famous.* 

The proof supposedly shows that every 
triangle is isosceles and is based on the figure 
below. 

(S 

AABC represents any triangle. The bisector 

of ZACB, CE, and the perpendicular bisector 

of AB, DE, intersect at E. Lines EF and EG are 

drawn from E so that EF | AC and 
EG 1 BC. Finally, lines EA and EB are drawn. 

1. Copy the figure and mark it as necessary 
to explain each of the following statements. 

*Mathematical Recreations and Essays, by W. W. Rouse 
Ball (Macmillan, 1892). 
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ACEF = ACEG. Why? 
EF = EG. Why? 
AEAD = AEBD. Why? 
EA = EB. Why? 
AAFE = ABGE. Why? 
AF = BG. Why? 
AF + FC = BG + GC. Why? 
AF + FC = AC and BG + GC = BC. Why? 
AC = BC. Why? 

eS RDA ee! Soke 

—_ > 

Although it seems as if our reasoning is 
correct, something is obviously very wrong. 
All triangles are not isosceles. The problem 

with the proof is that we have assumed 

something from the figure that isn’t really 

true. Here is the same triangle with the lines 

accurately drawn. Compare the steps of the 

proof with it. 

G 

11. Which statements in the proof are 

actually false? 



CHAPTER6 Summary and Review 

Basic Ideas 

Angles formed by a transversal 220 

Line symmetry 212 

Parallel lines 219 

Transversal 219 

Postulate 

7. The Parallel Postulate. Through a point not 

on a line, there is exactly one line parallel 

to the line. 226 

Theorems 

16. In a plane, two points each equidistant 

from the endpoints of a line segment 

determine the perpendicular bisector of 

the line segment. 212 

17. Equal corresponding angles mean that 

lines are parallel. 220 

Corollary 7. Equal alternate interior angles 

mean that lines are parallel. 220 

Corollary 2. Supplementary interior angles on 
the same side of a transversal mean that 

lines are parallel. 220 

Corollary 3. In a plane, two lines perpendicu- 
lar to a third line are parallel. 220 

18. In a plane, two lines parallel to a third 
line are parallel to each other. 226 

19. Parallel lines form equal corresponding 
angles. 231 

Corollary 7. Parallel lines form equal alternate 

interior angles. 231 

Corollary 2. Parallel lines form supplementary 

interior angles on the same side of a 
transversal. 231 

Corollary 3. In a plane, a line perpendicular to 

one of two parallel lines is also perpen- 

dicular to the other. 231 

20. The Angle Sum Theorem. The sum of the 
angles of a triangle is 180°. 237 

Corollary 7. If two angles of one triangle are 
equal to two angles of another triangle, 
the third angles are equal. 237 

Corollary 2. The acute angles of a right 
triangle are complementary. 237 

Corollary 3. Each angle of an equilateral 
triangle is 60°. 237 

21. An exterior angle of a triangle is equal to 
the sum of the remote interior angles. 
237 

22. The AAS' Theorem. If two angles and the 
side opposite one of them in one triangle 
are equal to the corresponding parts of 
another triangle, the triangles are 
congruent. 243 

23. The HL Theorem. If the hypotenuse and a 
leg of one right triangle are equal to the 
corresponding parts of another right 
triangle, the triangles are congruent. 244 

Constructions 

6. To construct a line perpendicular to a 

given line through a given point. 213 

7. To construct a line parallel to a given line 
through a given point. 225 
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Exercises Lot of Lines. A common occurrence of parallel 
lines and transversals is shown in this 

Set | photograph.* 

Flag Symmetries. At first glance, the flags 
below all appear to have line symmetry, but 

one does not. 

Algeria Barbados 

6. What does the photograph show? 

The figure below illustrates one method by 
which the lines might have been made 
parallel. 

oo 

Cuba Jamaica 

1. What is a simple test to determine 
whether such figures have line symmetry? 

2. Which flag does not have line symme- 
try? Explain. 

3. Describe the line (or lines) of symmetry d 
of the other three flags. Cheek i 

Draw two points A and B on your paper as 
shown in the figure below. 7. What is it? 

Construct the figure by doing the following. 

A 
t 8. Draw a line to show the transversal in 

the figure and use your compass to mark 
points A, B, C, and D equally spaced 
along it. 

° Without using your protractor, con- 
B struct a line through A that makes a 60° 

angle with the transversal. 

4. Use your straightedge and compass to Finally, construct lines 6, ¢ and d 
construct the line such that A and B are parallel to line a. 
symmetric with respect to it. 

5. What relation does the line have to line *Across the American Landscape, by James Corner and 

segment AB? Alex S. MacLean (Yale University Press, 1996). 
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Alphabet. The shapes of some of the letters of 
the alphabet illustrate some of the definitions 

and theorems of geometry. Complete the 

definition or theorem suggested by each of 

the following figures. 

10. 

11. 

12. 

13. 

An exterior angle of a triangle is equal .. . 

Parallel lines... 

In a plane, two lines... 

If two lines form a right angle. . . 

4 

Equal alternate . . . 

14. ? 

? 

If the angles in a linear pair... 

135: 

Vertical angles . . 

Ollie’s Mistakes. In their big review for the 
geometry test, Obtuse Ollie misstated four 
theorems. Acute Alice drew a figure for each 
one to show him that something was wrong. 
Rewrite each theorem so that it is stated 
correctly. 

16. “In a plane, a point equidistant from the 

endpoints of a line segment determines 
the perpendicular bisector of the line 

segment.” 

A B 

17. “If two angles and a side of one triangle 
are equal to two angles and a side of 
another triangle, the triangles are 
congruent.” 

18. “If two sides of one triangle are equal to 

two sides of another triangle, the third 

sides are equal.” 

Vaan 
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19. “A line perpendicular to one of two 

parallel lines is also perpendicular to the 

other.” 

Triangle Division. Each of the equilateral 
triangles below is divided into five triangular 
pieces.* Make a large copy of each figure and 
write in the measures of the other angles. a 

Laken 
<q 

*Which Way Did the Bicycle Go? by Joseph D. E. 
Konhauser, Dan Yelleman, and Stan Wagon 

(Mathematical Association of America, 1996). 
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23. 

24. 

What do all of the triangular pieces in all 

three figures have in common? 

How many pieces in each figure are 

equilateral triangles? 

Angle Trisection. Although it is impossible to 
trisect most angles with only a straightedge 
and compass, it is possible to trisect a right 

angle. 

26. 

27. 

28. 

G 

A A B 

ie E 

A B A B 

. Use your ruler and protractor to draw 

right ZA as shown in the first figure 
above. 

With A as center draw an arc intersect- 
ing the sides of the angle at B and C as 
shown in the second figure. 

With B as center, draw an arc with the 

same radius intersecting arc BC at D as 
shown in the third figure. With C as 
center, draw an arc with the same radius 

intersecting arc BC at E. 
Draw AD and AE as shown in the 

fourth figure. 
Finally, use your protractor to check 

the accuracy of your construction. 

Draw DB and EC. What kind of triangles 
are ADAB and AEAC? 

What can you conclude about 2DAB 
and ZEAC? Why? 

What can you conclude about ZEAB? 
Why? 



THE LITTLE TYKE 
HOLDS THREE 

WORLD RECORDS! 

GEE, HES GOT A 
LITTLE TRACK SUIT 
AND SHOES AND 
EVERYTHING! 

Up 

es (=~ 

Surveyor’s Triangle. Surveyors use a right 
triangle in drawing perpendicular lines. If the 
triangle is defective, it can seem to produce 
two lines perpendicular to line / through point 
P as shown in the figure below.* 

idl tal 

Triangle 
Triangle Reno 

29. In a plane, through a given point, how 
many lines can be drawn perpendicular 

to a given line? 

30. State the theorem that would be contra- 

dicted if lines m and n are both perpen- 

dicular to 1. 

31. What relation would the line that is 

actually perpendicular to line / at P have 

to the angle shown in red? 

*Elementary Surveying, by Paul R. Wolf and Russell C. 
Brinker (Harper Collins, 1989). 

ITS A LITTLE THING L INVENTED 
To SEE HIM WITH - 

OH YEAH! Now 
1 SEEHIM. 

weArn HAVE YOU EVER THOUSHT 
OCF GOING INTO THE 
EXTERMINATING BUSINESs ? 

Used by permission of Johnny Hart and Creators Syndicate, Inc. 

32. Draw line /, mark point P on it, and use 
your straightedge and compass to 
construct the line through P that is 
perpendicular to /. 

Set II 

Magnifying Glass. 
A magnifying glass C 
can be used to FE 
focus the light rays 
of the sun on a 
small spot. In this 
figure, AB || CP || 
EF, and CP is the 

perpendicular P 
bisector of BF. 

33. If all of the lines lie in the same plane, 

why must it be that AB 1 BF and 

EF oO BF? 

34. Why does it follow that ZABF = ZEFB? 

35. What word describes lines such as BP, 

CP, and FP that meet in a single point? 

30.. Why is ABDP = AFDP? 

37. Why does it follow that 2 PBF = ZPFB? 

38. What conclusion follows about 7 ABP 

and ZEFP? 
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Measuring a Tree. The figure below appeared 
in an old geometry book.* 

6 nh ig 

It illustrated a method for finding the height 
of a tree on the other side of a river. The 

directions said: 

Find the point C B 

directly opposite the 

tree where the angle of 

elevation ACB of the 

tree is 45°. Lay off from A 

C a line CD perpen- 

dicular to AC and of 

such length that the D 
angle ADC = 45°. GC 

39. If this is done, what can you conclude 

about ZB and ZCAD? 

40. What can you conclude about BA and 

AC and about AC and CD? 

41. Why? 
42. Why would CD have to be equal to the 

height of the tree? 

Quadrilateral Problem. In quadrilateral 
ABCD, AD = BC and AB || DC. 

D G 

A B 

43. Name a pair of angles in the figure that 
must be supplementary. 

*First Steps in Geometry, by G. A. Wentworth and 
G. A. Hill (Ginn, 1901). 
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44, How do you know? 

45. Do you know that any angles in the 

figure are equal? If so, which ones? 

Isosceles Triangle. In isosceles AABE, 
AB = BC = CD = DE. 

46. Draw the figure and E 
mark it as needed to 

answer each of the 

following. 

Find the measures of the D 

following angles in terms 
of x. 

47, ZECD. G 
AS mae WDB: — 

A B 
49, Z DBC. 

50. ZACB. 

51. ZA. 

52. Z ABE. 

53. Write an equation and solve for x to find 

the measure of ZE. 

Stair Steps. In the D iS 
figure at the right 
illustrating two stair B 

steps, AABC and ‘s 

ACDE are right 

triangles, AB = CD, A 

and C is the 

midpoint of AE. 

54. Copy the figure and mark it as needed to 
explain why BC || DE. 

SAT Problem. 
The figure at the 
right appeared 
on an SAT exam. 

Three angles formed by parallel lines m 
and n and the transversal have been marked. 

55. The problem is to find p — g. Explain how 
this can be done. 



ALGEBRA REVIEW 

Operations with Fractions 

Addition and Subtraction 
Recall that division is defined in terms of multiplication: 

a ee 
b b 

For fractions having the same denominator, it follows that 

a @ 1 l l ORNS dS Sys le a ait aie ak # ee 

mee gh ME 
and that 

Cae Cis € 

OS ay b 

Before fractions having different denominators can 
be added or subtracted, they must be expressed as 

fractions having a common denominator. 

In general, Dieffe figuur iff wii bedetit ais flertel vor aines 
THT gangen/alfo mag man aud air finfftail/ayn 

Cee =. ad Ff be _ ad+ be febfiad ain fybentail bee tical fe Al be alle 

bd bd bd bd peek sae dy a Vr = 
A 8 fein Sacks achtatl/das fein fechetail der 

and Vili 4 t ais gang machert. 
IX Di Sigur besaige ann nevon ayilfftatldas fe 

a Gad be _ ad— be XI rk Sas cp eas ae fers 
Dd bd bd poe XX __ Dif Sigur begaichet/swenyigt ainundreys 

xX XxT figt tail ae fein ee asain 
wndreiffige ain gang machen « 

x 2 
poeple: S a y This excerpt from a popular arithmetic book 

published in Germany in 1514 shows Roman 
Kiifion: - 4 A 7. aS 6 numerals being used to write fractions. The 

4 4 4 first fraction is y Do you recognize the 

others ? 

Example 2: Z a! 
ell eae || 

an 1 Mie 18 Solution: ge = aa (x—I(et 1) (e+ D(x-1) 
x2 +y— x2 +5 _ 26 

Geebl) (ean iee wees 
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Exercises 

Do the indicated operations. 

Express your answers in 

lowest terms. 

ie 

ae 

5 te 

oie 
256 

Multiplication 
Multiplying fractions is easy. In general, 

a 

b 

Division 

The definition of division expresses division as multiplication by the 
reciprocal; so, in general, 

¢ _ a 
fh RP 

Chapter 6: Parallel Lines 

ay ech Gee 
b= pac 

x 
Example 3: ox a 

2 
Solution: ee = OES 

1 4 4 

x x 
Example 4: SUeE os ss 

Solution: a “+3 = 
x+6 45 

fy) cee iss 
x 

5x 7X 
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x+A4 x+2 
10. = A 
7 10 10 a7 

(ee 18. 
1, brag iy’ 

12% uu +5 19. 
x 

He coger esz 
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2 4 8 

ar 8r2 
i, == 0 SS 

2 3 

ad 
be 

x(x 3) Ate 

x(x +6) 4x6 

~4 
J 
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ord 2 

x2- 1 x+1 
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How many squares does this figure contain? 

This page is rectangular, as are the doors that you walk through 

and the floors that you walk on. Rectangles, squares, 

parallelograms, and other quadrilaterals are found everywhere. 

In this chapter, you will see that what you know about triangles 

and parallel lines can be applied to understanding the geometry 

of quadrilaterals. To learn to see and identify the various types 

of quadrilaterals and to instinctively know their properties are 

the goals of this chapter. 



LESSON 1 

Quadrilaterals 

convex polygons 

ais 

258 

a concave 
polygon 

The window in the above photograph, used in an ad for the Marvin 

Window and Door Company, has an unusual shape. Unlike most win- 

dows, which are rectangular in shape, it appears to have only one 
right angle and sides of four different lengths. It is like a rectangle, 
however, in that it is a quadrilateral and is convex. 

A polygon is convex if, for each pair of points inside the polygon, 

the line segment connecting them lies entirely inside the polygon. Ex- 
amples of such segments are shown in green in the convex polygons 
at the left. A polygon is concave if, for a pair of points inside the poly- 

gon, the line segment connecting them does not lie entirely inside the 
polygon. 

Although all triangles are convex, quadrilaterals and other poly- 

gons may be convex or concave. For convenience, when we deal with 

any polygon having more than three sides, we will always consider it 
to be convex unless stated otherwise. 
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D D 

B © B G 

Two sides of a quadrilateral that intersect, such as AD and DC in 

the figure at the left above, are called consecutive. A pair of sides that 
do not intersect, such as AB and DC, are called opposite. The same 

terms are applied to the vertices and angles of a quadrilateral; 7A and 

ZD, for example, are consecutive angles; points A and C are opposite 
vertices. 

Every quadrilateral also has two diagonals (AC and BD in the ex- 
ample at the right above). 

Definition 
A diagonal of a polygon is a line segment that connects any two 
nonconsecutive vertices. 

All of the diagonals from one vertex of a polygon divide the poly- 
gon into a set of triangles; so we can extend our knowledge of tri- 
angles to polygons in general. For example, in regard to a quadrilat- 
eral, the diagonal from one vertex results in two triangles. Using the A 

\ ke B @ 

fact that the sum of the angles of every triangle is 180°, we can eas- 
ily show that the sum of the angles of every quadrilateral is 360°. 

Theorem 24 
The sum of the angles of a quadrilateral is 360°. 

From this theorem (whose proof is considered in an exercise), it 
immediately follows that, if a quadrilateral is equiangular, each of its 

angles is a right angle. This is, in fact, how the rectangle got its name: 

the Latin word rectangulum means “right angled.” 

te Ow all 
If these angles a rectangle 

are equal, each 

is a right angle. 

Definition 
A rectangle is a quadrilateral each of whose angles is a right angle. 

Corollary to Theorem 24 
A quadrilateral is equiangular iff it is a rectangle. 
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Exercises 
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Set | 

Theorem 24. Complete the following proof of 
Theorem 24 by giving the reasons. The proof is 
written in paragraph form. 

The sum of the angles of a quadrilateral is 

360°. 

A D A D 

Given: ABCD is a quadrilateral. 

Prove: ZA + ZB+ ZC + ZD = 360°. 

Proof 
1. Draw BD. Why? 

2. LA + LI 24 — 180" and 
£2 + 23 + ZC = 180°. Why? 

3. ZA+ 214+ 244+ 224+ 23+ ZC = 360°. 

Why? 

Awe 22 — 7 ABCrandi43n-24—42C DAS 

Why? 

5. ZA + ZABC + ZC + ZCDA = 360°. 

Why? 

Corollary. Complete the following proof of 
the corollary to Theorem 24. 

A quadrilateral is equiangular iff it is a 

rectangle. 

Proof that, if a quadrilateral is equiangular, it is a 

rectangle. 

B GC (2S aRe 

A D 2. = 

Givens ABCD with ZA — AB ——4 © =p: 

Prove: ABCD is a rectangle. 
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Proof 
6. If the measure of each angle is n°, then 

4n = 360. Why? 

7. So n= 90. Why? 

8. So ZA, ZB, ZC, and ZD are right angles. 

Why? 

9. So ABCD is a rectangle. Why? 

Proof that, if a quadrilateral is a rectangle, it is 
equiangular. 

Given: ABCD is a rectangle. 
Prove: ZA = ZB = ZC = ZD. 

Proof 
10. Because ABCD is a rectangle, ZA, ZB, 

ZC, and ZD are right angles. Why? 

11, So ZA = 2B = 2C= 2D. eee 

Carpets. This photograph shows a freeway 
overpass under construction near Santa 
Barbara, California.* Old carpets were used to 

keep the concrete from hardening too quickly. 

Carpets usually have the shape of 
equiangular quadrilaterals. 

12. What are equiangular quadrilaterals 
commonly called? 

*Below from Above: Aerial Photography, by Georg Gerster 
(Abbeville Press, 1986). 



ABCD is an equiangular quadrilateral. 

D G 

A B 

13. What kind of angles does it have? 

14. Why are AD and BC perpendicular to 
AB and DC? 

15. Why are the opposite sides of ABCD 

parallel? 

Rectangles. Each of the figures below is a 
rectangle. The diagonals are shown in blue. 

i 
16. What is always true about the angles of 

a rectangle? 

What seems to be true about 

17. the opposite sides of a rectangle? 

18. the diagonals of a rectangle? 

Rhombuses. Each of the figures below is a 
rhombus. The diagonals are shown in blue. 

LIV IK 
What seems to be true about 

19. the sides of a rhombus? 

20. the diagonals of a rhombus? 

Squares. Each of the figures below is a square. 

eo 
What property do you think squares have in 

common with 

21. rectangles? 

22. rhombuses? 

Parallelograms. Each of the figures below is a 
parallelogram. The diagonals are shown in blue. 

LT 
>w 

What seems to be true about 

23. the opposite sides of a parallelogram? 

24, the opposite angles of a parallelogram? 

25. the diagonals of a parallelogram? 

SAT Problem. The figure below appeared in a 

problem on an SAT exam. 

What can you conclude about 

26.92% 7 2yG 

AE a 
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Set Il 

Penrose Tiles. “Penrose tiles,” named after 

physicist Roger Penrose, who discovered them, 

can be used to tile a plane in infinitely many 

ways. A sample of doing so is shown above.* 

The tiles have the shapes of the two 
quadrilaterals in the figure below. 

D B 

7 
A B 

28. Which Penrose tile is convex? 

29. Find the measure of 7 BCD. 

30. Make a large copy of the figure and 

draw AC and CE. 

The figure is drawn so that AB = BE = ED = 
DA and CB = CE = CD. Mark this information 

on your figure. 

31. How do you know that AADC = AABC 

and AEDC = AEBC? 

30. (continued) Find the measures of the rest 

of the angles and mark them in your 
figure. 

32. What do all four triangles in the figure 
have in common? 

*The Penguin Dictionary of Curious and Interesting 
Geometry, by David Wells (Penguin, 1991). 
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33. What seems to be true about points A, C, 

and E? 

34. Explain why jt is true. 

35. Does the figure appear to have line 
symmetry? Why or why not? 

We have proved that, if a triangle is equilateral, 

it is also equiangular. 

36. If a quadrilateral is equilateral, does it 

follow that it is also equiangular? Use 
the figure to explain why or why not. 

Gemstone Pattern. One pattern used in 
cutting gemstones is the “oval cut” shown 
here. 

37. What polygons are the shapes of its 
faces? 

Our knowledge of the angles of triangles and 
quadrilaterals can be easily extended to other 

polygons such as the one in the center of the 
pattern above. To see how, look at the figure 

below. In it, a pentagon has been divided into 
triangles by the diagonals from one vertex. 

38. How many sides does a pentagon have, 
how many diagonals were drawn, and 

how many triangles were formed? 

39. Draw a hexagon and the diagonals from 
one vertex. 

40. How many sides does a hexagon have, 
how many diagonals did you draw, and 

how many triangles were formed? 



41. Copy the figure above, which shows the 
polygon at the center of the “oval cut,” 

and draw the diagonals from one vertex. 

42. How many sides does the polygon have, 
how many diagonals did you draw, and 

how many triangles were formed? 

Use your observations and results to do the 
following exercises. In general, if a polygon 
has n sides, in terms of n, 

43. how many diagonals can be drawn from 

one vertex? 

44, how many triangles do these diagonals 
form? 

45. Show that your answers are correct for a 

quadrilateral. 

The figure below suggests that the sum of the 
angles of a pentagon is 3 X 180° = 540°. 

If the pentagon is equiangular, then each angle 
540° _ 108° 

is 

46. What is the sum of the angles of a 

hexagon? 

47, If the hexagon is equiangular, how large 
is each angle? 

48, What is the sum of the angles of an 
octagon? 

49. If the octagon is equiangular, how large 
is each angle? 

50. What, in terms of n, is the sum of the 
angles of an n-gon? 

51. If the n-gon is equiangular, how large is 
each angle in terms of n? 

Linkage Problems. The figure below shows a 
linkage made of four rods. The rods can pivot 
about their ends; so the figure can change its 

shape. 

52. What can you conclude about the four 
angles of the linkage when it is in an 
arrangement such as the one shown? 

Suppose the linkage is arranged so that points 
B, C, and D are collinear, as shown at the left 

below. 

B 

53. What can you conclude about the angles 
of the linkage now? 

Suppose the linkage is arranged so that rods 
AD and BC cross in a point P as shown at the 
right above. 

54. How do the measures of ZA, ZB, ZC, 

and ZD in this arrangement compare with 

their measures in the first arrangement? 

55. Why, in this arrangement, is 

JIN =p ANG = fC ae ANDY 
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Quadrilateral Angle Sum. ABCD is a Set Ill 
quadrilateral in which a line has been drawn 
intersecting two opposite sides at X and Y. Triangle into Square. The following figures 

illustrate how an equilateral triangle can be 
cut into four pieces that can be rearranged to 

form a square. 

If we assume that the sum of the angles of a 
quadrilateral is a constant number, S, then we 
can use this figure to explain why S must 
equal 360°. Show why by giving a reason for 
each of the following statements. 

Suppose 2A + ZB + ZC + ZD=S, 

ZA+ ZB+ 21 +4 23 = S, and 

LA NY 7 2 ae = 

56. ZA+ZB+2ZC+2ZD+Z1+22+23+ #Makea large copy of the figure above, in 
£4 = 2S. Why? which the measure of one of the angles of 

: . bn iece A has been given to the nearest degree. 
B10 SA LN I Se ee Find the eS as many of the rest of the 
58. 21+ 22+ 23+ 24= 8. Why? angles in the figure as you can. 

59. Finish the proof by explaining why it 
follows that S = 360°. 
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LESSON 2 

Parallelograms and Point Symmetry 

‘wn octopus sees things very differently from the way that we see them. 
‘periments have shown that an octopus can distinguish between cer- 

geometric shapes but not between others.* For example, of the 
‘figures shown above, two look alike to an octopus and one looks 
“ent. Which do you suppose looks different? 

“ The answer is B. If an octopus recognized a geometric figure by 
<number of sides it has, the answer would be C. From the way in 

4h the eyes of an octopus work, shapes A and C look alike! 
This is strange because, from a geometric point of view, figures 

A and B are the most nearly alike. They are parallelograms, whereas 

figure C is a concave hexagon. 

Definition 
A parallelogram is a quadrilateral whose opposite sides are parallel. 

Because figures A and B are parallelograms, they have several other 
properties in common. It is easy to prove that the opposite sides of a 
parallelogram are not only parallel but also equal, as are the opposite 

- angles. Furthermore, all parallelograms have point symmetry. 

*Animal Behavior, by Niko Tinbergen (Time, Inc., 1965). 
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A figure has point symmetry if it looks exactly the same when it is 
turned upside down. For every parallelogram there is a point, called 

the center of symmetry, about which it can be turned 180° so that it 

coincides with itself. For a pair of points, we can show that this is 

equivalent to the following definition. 

Definition 
Two points are symmetric with respect to a point iff it is the 
midpoint of the line segment joining them. 

Parallelograms have point symmetry about the point in which their 
diagonals intersect. This follows from the fact that the diagonals bi- 

sect each other. The properties of parallelograms mentioned in this 

lesson are useful to know and are stated as theorems below. 

Theorem 25 
The opposite sides and angles of a parallelogram are equal. 

i] RY Po ; ie : Le 
Given: ABCD is a parallelogram. 

Prove: AB = DC, AD = BC, ZA = ZC, and ZB 

The three figures above suggest the proof. i / 

Proof 
Draw a diagonal of ABCD. The opposite sides of a 

parallelogram are parallel; so AB || DC and AD || BC. It follows 
that 21 = 23 and 22 = 24 because parallel lines form equal 
alternate interior angles. 

Because BD = BD (reflexive), AABD = ACDB (ASA). 
Therefore, AB = DC, AD = BC, and ZA = ZC (corresponding parts 
of congruent triangles are equal). Because 21 = 23 and 22 = 24, 
Z£1+2Z2= 23+ Z4 (addition). ZABC = 21+ 22 and 
ZCDA = 23 + Z4 (from the figure and the Betweenness of Rays 
Theorem); so ZABC = ZCDA (substitution). 

Theorem 26 
The diagonals of a parallelogram bisect each other. 

This theorem, illustrated by the figure at the left, also can be proved 
by using congruent triangles. A proof of it is included in the exercises. 
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Exercises 

Set | 

These cards are 

from a baseball 

card game 
published in 

Boston a century 

ago.* 

1. Which card is symmetric? 

2. What kind of symmetry does it have? 

3. What is a simple test for this kind of 

symmetry? 

Optical Illusion. The figure below, called 
“Sandor’s parallelogram,” appears in a book 
of optical illusions.* 

B D F 

A G EB 

In the figure, AB || CD || EF and AE |j BF. 

4, How many parallelograms does the 

figure contain? 

It appears that AC = BD and CE = DF. 

5. Is this necessarily true? Explain. 

6. What do you think is the illusion in this 

figure? 

Explain why each of the following statements 
must be true. 

Vee ae BLC. 

Se ab DC ZA BEC. 

OAs) BEE: 

*Paper Toys of the World, by Blair Whitton (Hobby 
House Press, 1986). 
¥Can You Believe Your Eyes? by J. R. Block and 
Harold E. Yuker (Brunner/Mazel, 1992). 

Theorem 26. Complete the following proof of 
Theorem 26 by giving the reasons. The proof is 
written in paragraph form. 

The diagonals of a parallelogram bisect each 
other. 

hey 

AN 
A D A D 

B (Gs G 

Given: ABCD is a parallelogram with 
diagonals AC and BD. 

Prove: AC and BD bisect each other. 

Proof 
10. Because ABCD is a parallelogram, 

BC = AD. Why? 

11. Also, BC || AD. Why? 

12. So Z1 = 22 and 23 = 24. Why? 

13. ABEC = ADEA. Why? 

14. BE = DE and EC = EA. Why? 

15. AC and BD bisect each other. Why? 

Point Symmetry. Every parallelogram has 

point symmetry. The center of symmetry is 

the point in which the diagonals of the 

parallelogram intersect. 

B G 

CF, 

ind 
16. Copy the figure above showing paral- 

lelogram ABCD with its diagonals 
intersecting at O. 

17. Why is OA = OC and OB = OD? 

A 

Mark your figure to show these and other 

equal parts as you continue. 
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18. Why are A and C (as well as B and D) 

symmetric with respect to O? 

Suppose any other point, such as P in the 

figure above, is chosen on ABCD and line PO 

is drawn to intersect ABCD in Q, We can show 

that P and Q are symmetric with respect to O. 

19. Why is ZABD = ZBDC? 

20. Why is 2POB = ZQOD? 

21. Why is APOB = AQOD? 

22. Why is OP = OQ? 

23. Why are P and Q symmetric with 
respect to O? 

Set Il 

Parallelogram Rule. Isaac Newton modeled 
his book titled The Mathematical Principles of 
Natural Philosophy on Euclid’s Elements. 

GOROL. TH: 

Corpus viribus conjunttis diagonalem parallelogrammi eodem 
tempore deferibere, quo latera féparatis. 

Si corpus dato tempore, vi fola M , “ 
in loco A impreffa, ferretur uniformi 
cum motu ab 4 ad B; & vi fola Nin 
eodem loco imprefla, ferretur ab 4 ad C: 
compleatur parallelogrammum 4BDC; po 
& vi utraque feretur corpus illud ecodem D 

tempore in diagonali ab 4 ad D,. Nam quoniam vis N agit fecun- 
dum lineam AC ipfi BD parallelam, hec vis per legem 11 nihil 

His “parallelogram rule” for the addition of 
forces is given above. 

24. What word do you think “Corol.” is an 
abbreviation of? 

Sides AB and AC of the parallelogram 
represent two forces acting on point A. 
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25. Use your ruler and protractor to draw 

the part of Newton’s figure shown 

below. Use the measurements shown. 

Complete the figure by drawing a line 
through C parallel to AB and a line 
through B parallel to AC. Also draw AD. 

5cm B 

Suppose force AB is 50 pounds. 

26. How many pounds does 1 cm on your 

figure represent? 

27. How many pounds is force AC? 

The diagonal AD represents the force that is 
equivalent to the two forces AB and AC. 

28. Measure AD in centimeters. 

29. How many pounds is force AD? 

30. What is the measure of the angle that 

force AD makes with force AB? 

Angle Bisectors. ABCD is a parallelogram in 
which BE bisects ZABC and CE bisects ZBCD. 

G 

Zz 

A E D 

31. Copy the figure and mark this informa- 

tion on it. 

32. Find and name another angle whose 
measure is x° and another angle whose 
measure is y° 

33. Find and name any other line segments 

whose lengths are z. 

34. What can you conclude about point E? 



35. What can you conclude about AD and 

DC? 

36. How are ZABC and ZBCD related? 

Explain. 

37. What is 2x + 2y? 

38. What is x + y? 

39. What kind of triangles are AABE and 

AECD? 

40. What kind of triangle is ABEC? Explain. 

41. What can you conclude about BE and 

EC? 

Two Parallelograms. In the figure below, 
ABDE and BCDE are parallelograms; ZA = x% 
ZEBD = y§, and ZC = 2 

A B C 

LS, D 

42. Copy the figure and mark any other 
angles whose measures are x°, y°, and z°. 

Points A, B, and C appear to be collinear. 

43. Explain, using x, y, and z, why these 

points are collinear. 

44, Explain, using the Parallel Postulate, 
why A, B, and C must be collinear. 

45. Which triangles in the figure are congruent? 

46. Are the parallelograms congruent? 

Hidden Triangles. In the figure below, ABCD is 
a parallelogram in which 2BAD = 75°; AABE 
and ABCF are avin triangles. 

s2 
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47, Copy the figure and mark it as needed to 
do each of the following exercises. 

48. Find three triangles in the figure that are 
congruent. 

49, How do you know that they are congruent? 

50. How many equilateral triangles are in 

the figure? Explain. 

Set III 

Playing Card Symmetries. Some of the cards 
in a standard deck of 52 playing cards are 
symmetric and some are not. For example, in 

the old playing cards shown below, the king of 
clubs has point symmetry but the nine of 
hearts does not. 

Go through a deck of cards and sort them 
according to their symmetry. 

1. Why do so many cards have point 
symmetry? 

2. Which cards have line symmetry? 

3. Are the cards in any suit more sym- 

metric than in the others? If so, why? 

4, Can you make any general statements 
about the types of cards that do or do 

not have symmetry? 

5. Could some of the cards be slightly 
redesigned so that they also have 
symmetry? If so, which ones and how? 
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LESSON 3 

More on Parallelograms 

270 

Room as “seen” 

Camera 

The large photographs above are of the same boy and the same dog in 
the same room. Neither picture has been retouched.* How can this be? 

The room has been designed to fool us. Its walls and windows 
seem to be rectangular, but they are not. The small photograph reveals 

the room’s actual shape. The floor and ceiling slope toward each other 
and, as the floor plan of the room at the left shows, the left back corner 

is much farther from the camera than is the corner at the right. Because 

we are fooled into thinking that the room is a normal one, we interpret 
the larger size of both the boy and the dog at the right as meaning 
that they are larger rather than simply closer to us. 

Part of the effectiveness of the illusion is due to our taking for 

granted that all of the quadrilaterals in the room are parallelograms, 
which they are not. What do we need to know about a quadrilateral to 

be sure that it is a parallelogram? 

*The Mind, by John Rowan ei (Time-Life ‘pee 1969). 

x ay Me w (WwW ull hyaline 
Yura Wk oO 
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Just knowing that its opposite sides are parallel is sufficient, be- 

cause that is our definition of a parallelogram. This way and some 
others are listed below and illustrated at the right. 

A quadrilateral is a parallelogram if 
its opposite sides are parallel. 
its opposite sides are equal. 
its opposite angles are equal. 
two opposite sides are parallel and equal. 
its diagonals bisect each other. CN OOS 

Some of these ways sound familiar because they are converses of 

theorems that we already know. Most of them can be proved by using 

congruent triangles. 

Theorem 27 
A quadrilateral is a parallelogram if its opposite sides are equal. 

D C D G D UN 

A B A B A B 

Given: In quadrilateral ABCD, AB = DC and AD = BC. 

Prove: ABCD is a parallelogram. 

The three figures suggest the proof. 

Proo 
A diagonal AC to form AABC and AADC. The triangles 

are congruent according to SSS. It follows that 21 = 22 and 
Z3 = Z4 because corresponding parts of congruent triangles are equal. 
So AB || DC and AD || BC (equal alternate interior angles mean 
that lines are parallel). Therefore ABCD is a parallelogram because 
its opposite sides are parallel. 

The following theorems can be proved just as easily. Their proofs 
are included in the exercises. 

Theorem 28 
A quadrilateral is a parallelogram if its opposite angles are equal. 

Theorem 29 
A quadrilateral is a parallelogram if two opposite sides are both 

parallel and equal. 

Theorem 30 
A quadrilateral is a parallelogram if its diagonals bisect each other. 
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Exercises 
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Pop-Up Parallelogram. Pop-up books and 
cards operate by means of parallelograms. The 

pop-up parts are kept parallel to the page as it 

moves by means of tabs such as the one 

shown in the figure above.* 
Each tab is constructed so that AB = DC 

and AD = BC. 

<Y~\, / page 

Dies oer 
«figure 

I 
A B 

1. Why, as the tab pulls the figure up, is 

ABCD always a parallelogram? 

2. Why is BC parallel to AD? 

3. Why are the corresponding angles at A 

and B always equal? 

4, When AD 1 /, why must BC also be 
perpendicular to /? 

Theorem 28. Complete the following proof of 

Theorem 28 by giving the reasons. 

A quadrilateral is a parallelogram if its oppo- 
site angles are equal. 

D 6 De HE 

a A yee YB 

Given: In quadrilateral ABCD, ZA = ZC 
ange bi — 7A: 

Prove: ABCD is a parallelogram. 

*Mathematics Meets Technology, by Brian Bolt 

(Cambridge University Press, 1991). 
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Proof 

Let the measures of the angles be x° and 9’. 

5. 2x + 2y = 360. Why? 

6. x + y= 180. Why? 

7. ZA and ZB are supplementary and ZA 

and ZD are supplementary. Why? 

8. AD || BC and AB || DC. Why? 

9. ABCD is a parallelogram. Why? 

Theorem 29. Complete the following proof of 
Theorem 29 by giving the reasons. 

A quadrilateral is a parallelogram if two 
opposite sides are both parallel and equal. 

D Gc -.p G 

A B A B 

Given: In quadrilateral ABCD, AB || DC 
and AB = DC. 

Prove: ABCD is a parallelogram. 

Proof 

10. Draw DB. Why? 

11. Because AB || DC, 21 = 22. Why? 

12. DB = DB. Why? 

13. Because we also know that AB = DC, 
AABD = ACDB. Why? 

14. So AD = CB. Why? 

15. Therefore, ABCD is a parallelogram. 

Why? 

Theorem 30. Complete the following proof of 

Theorem 30 by giving the reasons. 

A quadrilateral is a parallelogram if its diago- 
nals bisect each other. 

D G 



A B A 

Given: In quadrilateral ABCD, AC and 

BD bisect each other. 

Prove: ABCD is a parallelogram. 

Proof 

16. Because AC and BD bisect each other, 

AE = EC and BE = ED. Why? 

17. 21 = 22. Why? 

18. AAEB = ACED. Why? 

19. AB = CD and 23 = 24. Why? 

20. AB || CD. Why? 

21. ABCD is a parallelogram. Why? 

Letter Transformations. Transformations of 
the first letter of the word parallelogram can 
be used to illustrate the two basic types of 
symmetry.* 

Name the type of symmetry possessed by 
each of the following figures and briefly 
explain why the figure has it. 

22. 23. 24, 

p 
Pq Pd b 

Quadrilateral Symmetries. Tell whether or not 
each of the following figures appears to be a 

parallelogram and describe the symmetry of 

each. 

25. 

26. 

*Inversions, by Scott Kim (Byte Books, 1981). 

28. 

Economics Graph. The figure below is part of 
a graph from an economics book.* The two 
segments labeled I are equal and parallel. 

Total Spending 

Gross National Product 

29. What seems to be true about the lines 

labeled C and C + I? 

30. Explain why it must be true. 

Set II 

Parallel Rulers. Parallel rulers are two rulers 

connected by two links so that they always 

remain parallel. 

B D 

7 
A S 

31. How do you think the parallel rulers are 

designed to ensure that they always 
remain parallel? 

32. As the rulers are used, what always 

remain equal even though their size 
changes? 

+ Economics, by Paul A. Samuelson and William D. 
Nordhaus (McGraw-Hill, 2001). 
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Tent Geometry. In this drawing of a tent, 

ABCD and CDEF are parallelograms. It is true 
that, not only in a plane but also in space, two 

lines parallel to the same line are parallel to 

each other. 

33. Copy the figure and mark it as needed 
to do each of the following exercises. 

34. It appears that ABFE also is a parallelo- 

gram. Is this necessarily true? Explain. 

35. AADE and ABCF look as if they are 

congruent. Is this necessarily true? 

Explain. 

Rope Trick. One of the methods used in Africa 
to construct a rectangle for the base of a house 
is described below. 

A 

The house builders start with two ropes of 
equal length that are tied together at their 
midpoints. A bamboo stick, whose length is 

equal to that of the desired width of the house, 

is laid down on the floor and at its endpoints 
pins are hit into the ground. An endpoint of 
each of the ropes is tied to one of the pins. 
Then the ropes are stretched [so that each of 
the original ropes forms a straight segment! 
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and at the remaining two endpoints of the 

ropes, new pins are hit into the ground. These 

four pins determine the four vertices of the 

house to be built.* 

B G 

aa 
ae 

36. Draw the figure above and mark it as 
needed to explain why this method 

works by answering each of the following 

questions. 

37. Why is ABCD a parallelogram? 

38. Why is AB = DC? 

39. Why is ABAD = ACDA? 

40. Why is ZBAD = ZCDA? 

41. Why is ZBAD = ZBCD and 

ACOA Veh @? 

42. Why is ZBCD = ZABC? 

43, Why is ABCD a rectangle? 

A D 

Parallel Postulate. The Parallel Postulate is 

one of the most famous statements of 

geometry. 

44, What does it say about the figure above? 

It is possible to construct, through P, a line 
parallel to line / without ever changing the 

radius of the compass. 

*Geometry from Africa, by Paulus Gerdes (Mathematical 
Association of America, 1999). 



The method goes back to at least 1574 and 

the figure below shows how to do it.* 

A B 

45. Use your straightedge and compass as 
well as the figure as a guide to do the 

construction. 

46. Explain, by drawing PA and CB, why 

line PC is parallel to line /. 

Flexible Grid. The figure at the left below 
shows a grid of squares whose sides are 
identical steel beams connected by pins at 

each corner. One of the squares has been 

braced with a longer beam.* 

The grid is not rigid and can be flexed as 
shown in the figure at the right above. (Assume 
that the grid is still flat, so that all of the beams 
still lie in the same plane, and that the braced 
square does not turn.) 

The grid contains 25 beams in all. How 
many of them are horizontal in the 

47. first position? 

48. second position? 

*Mathematical Circus, by Martin Gardner (Knopf, 
1979). 
¥ Connections: The Geometric Bridge Between Art and 
Science, by Jay Kappraff (McGraw-Hill, 1991). 

How many of them are vertical in the 

49. first position? 

50. second position? 

When the grid is flexed, why do the 

51. two triangles remain unchanged? 

52. sides of the quadrilaterals remain parallel? 

Where are the beams in the second figure that 
remain 

53. horizontal? 

54. vertical? 

55. Why do these beams remain horizontal 
and vertical? 

Set Ill 

Equilateral Triangles Mystery. Here is a 
remarkable result that is easier to discover 

than to explain.* 

G 

A D 

1. Draw a large quadrilateral of approxi- 

mately the same shape as the one shown 

above. Use your straightedge and 
compass to construct equilateral tri- 

angles alternately inward and outward 
on its sides. Connect their vertices to 

form another quadrilateral. 

2. What seems to be true? 

+The Penguin Dictionary of Curious and Interesting 
Geometry, by David Wells (Penguin, 1991). 
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LESSON 4 

Rectangles, 

ho 
rectangle 

square 

rhombus 

Rhombuses, and Squares 

The photograph above was taken from directly above a boxing ring. 
Muhammad Ali is standing at the lower-left corner after knocking 
Cleveland Williams flat on the floor. 

The boxing ring is in the shape of the most symmetric of all quad- 
rilaterals: the square. Every square is a rectangle because it is equian- 
gular. Every square is also equilateral. 

Definition 
A square is a quadrilateral all of whose sides and angles are equal. 

It is also true that every square is a rhombus. 

Definition 
A rhombus is a quadrilateral all of whose sides are equal. 

It is easy to prove that all rectangles and all rhombuses, and there- 
fore all squares, are parallelograms. 

Theorem 31 
All rectangles are parallelograms. 

Theorem 32 
All rhombuses are parallelograms. 
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Consequently, every statement that is true about parallelograms 

is true of rectangles, rhombuses, and squares as well. For example, the 

diagonals of each of the following figures bisect each other. 

< 
rectangle square rhombus 

The diagonals of a square are also equal (because it is a rectangle) 
and perpendicular (because it is a rhombus). These facts also are easy 
to prove. 

Theorem 33 
The diagonals of a rectangle are equal. 

Theorem 34 
The diagonals of a rhombus are perpendicular. 

Exercise 
ae 3. What is a regular quadrilateral called? GORE S| 

Set | 4. How many rectangles do there seem to 
be in the figure? 

Regular Dodecagon. The figure below shows a 5. How many rhombuses are in the figure? 
regular dodecagon divided into quadrilaterals. 6. How many different shapes of thom- 

ine Se eagee eee as the same buses does the figure seem to contain? 
ength. 

Complete the proofs of the theorems of this 

lesson by giving the reasons. 

Theorem 31. All rectangles are parallelograms. 

er A D 

Given: ABCD is a rectangle. 
1 ed sides does a dodecagon Prove: ABCD is a parallelogram. 

ave! 
Proof 

A regular polygon is one that is equilateral and 7. Because ABCD is a rectangle, ZA = ZC 

oo Sena and ZB = 2D. Why? 
2. How many regular quadrilaterals do 8. Therefore, ABCD is a parallelogram. 

there seem to be in the figure? Why? 
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Theorem 32. All rhombuses are parallelograms. 

B 

s 
By 

Given: ABCD is a rhombus. 

Prove: ABCD is a parallelogram. 

Proof 
9. Because ABCD is a rhombus, AB = DC 

and AD = BC. Why? 

10. Therefore, ABCD is a parallelogram. 
Why? 

Theorem 33. The diagonals of a rectangle are 

equal. 

Ped 4! A D A D 

Given: ABCD is a rectangle. 
Prove: AC = BD. 

Proof 
11. Because ABCD is a rectangle, 

ZBAD = ZCDA. Why? 

12. ABCD is a parallelogram. Why? 

13. AB = DC. Why? 

14. AD = AD. Why? 

15. ABAD = ACDA. Why? 

16. AC = BD. Why? 

Theorem 34. The diagonals of a rhombus are 
perpendicular. B 

A G 

D 

Given: ABCD is a rhombus. 

Prove: AC 1 BD. 
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D 

Proof 
17. Because ABCD is a rhombus, AB = BC 

and AD = DC. Why? 

18. AC 1 BD. Why? 

Which Parts? The lines on the pavement in 

the following photograph taken from 
overhead mark the boundaries of basketball 

and volleyball courts.* 

To draw one of the circles shown, only one 

measure is needed: its radius. For which parts 

would the measures be needed to draw 

“a 
a rectangle? a square? 

fo a 
a rhombus? 

Z 

a parallelogram? 

*Below from Above, by Georg Gerster (Abbeville Press, 

1986). 



‘Just Right.” Someone once said: “A square is 29. Why is AABC = ADCB? 
perfect because all of its angles are just right.” 30. Why is ZABC = ZDCB? 

23. Why can’t all of the angles of a triangle 31. Why is ABCD a parallelogram? 

Deo just night®? 32. Why is ZABC = ZADC and 
24. If all of the angles of a quadrilateral are ZDCB = ZDAB? 

“just right,” does it follow that it must 33. Why is ZADC = ZDAB? 
be a square? Explain. ee 

25. Can you think of any examples of other shaai Caec Da rectangle: 
polygons all of whose angles are “just On the basis of these facts, tell whether each 
right”? If so, draw one. of the following statements is true or false. 

Set Il 35. If the opposite sides of a quadrilateral 
are equal, it is a parallelogram. 

36. If the opposite sides of a quadrilateral 
are equal, it is a rectangle. 

37. The diagonals of a rectangle are equal. 

38. If the diagonals of a quadrilateral are 
equal, it is a rectangle. 

39. If the diagonals of a parallelogram are 
equal, it is a rectangle. 

Checking a Wall. Before designing built-in Square Problem. ABCD is CoE UEISS and M, N, 
furniture for a wall, a carpenter measures the O, and P are the midpoints of its sides. 

wall’s dimensions to see if it is rectangular. 

A i D 

M O 

B N G 

Suppose, in measuring this wall, the carpenter 
Aha AB = DC.and AD = BC. 40. Use your ruler to make a large copy of 

this figure in which each side of the 
26. Can you conclude from these equalities square is 2 inches long. Draw AN and 

that the wall is rectangular? Explain. CM and label the point in which they 
intersect X. Draw AO and CP and label 

Suppose that the diagonals of the wall are the point in which they intersect Y. 

measured instead and that AC = BD. 

41. What kind of drilateral AMCO 
27. Can you conclude from this equality that sh eae ec hae ale 

the wall is rectangular? Explain. 
42. How do you know? 

Suppose that the wall is measured and that I WTA Ae ene AXCY| 

AB = DC, AD = BC, and AC = BD. : y does it follow tha isa 

parallelogram? 

28. Draw the figure and mark it as needed 44, What other kind of quadrilateral does 
to answer each of the following questions. AXCY appear to be? 

Lesson 4: Rectangles, Rhombuses, and Squares 279 



45. What seems to be true about points B, X, 

Y, and D? 

46. What kind(s) of symmetry does the 
entire figure appear to have? 

Rhombus Problem. ABCD is a rhombus, 
AE IBC. and, AB aac D: 

A D 

F 

Bae & 

47, Copy the figure and mark it as needed 
to answer exercise 48. 

It looks as if AE = AF. 

48. Is this necessarily true? Explain why or 

why not. 

Triangle Problem. ABDE is a parallelogram 
and BDCE is a rectangle. 

G 

A B 

49, Copy the figure and mark it as needed 
to answer exercise 50. 

It looks as if AABC is equilateral. 

50. What can you prove about AABC? 
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Set III 

Counting Squares. Acute Alice drew this 
figure and asked Obtuse Ollie how many 
squares it contains. Ollie said, “16.” 

Alice then shaded the one outlined in red in 

the figure below and asked Ollie, “Did you 

count this one?” To which Ollie replied, “17!” 

1. How many squares does the figure 
actually contain? Explain. 

For revenge, Ollie then drew the figure below 
and asked Alice how many squares it contains.* 
Alice said, “14.” ; 

2. Do you agree? If not, what is your 
answer? Explain. 

*From Are You as Smart as You Think? by Terry 
Stickels (Thomas Dunne Books, 2000). 



LESSON 5 

Trapezoids 

In 1946, an exciting discovery was made in a jungle in southern Mexico. 
Hidden by the jungle growth, it was a building whose walls were cov- 
ered with murals made by a Mayan civilization in the eighth century. 
Four panels of one of the murals showing ancient Americans as they 
actually looked are shown above. The site is now called Bonampak, 
Mayan for “painted walls.” 

The unusual shape of the panels is due to the fact that they were 
painted on the sloping ceiling of a room whose design is shown in the 
first figure at the right. The panels have the shape of trapezoids. 

Definition 
A trapezoid is a quadrilateral that has exactly one pair of parallel 
sides. 

The parallel sides are called the bases of the trapezoid, and the non- 
parallel sides are called its /egs. The pairs of angles that include each 
base are called base angles: one pair of base angles in trapezoid ABCD 
at the right is 7A and ZB, and the other pair is 2D and ZC. 

The two smaller panels in the Mayan mural are in the shape of 
isosceles trapezoids. 

Definition 
An isosceles trapezoid is a trapezoid whose legs are equal. 

base 
A B 

leg leg 

ie base Cc 

Trapezoid 

Isosceles 
trapezoid 
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Isosceles trapezoids appear to have line symmetry. If one leg is 
folded onto the other, the two halves of an isosceles trapezoid look as 

if they would coincide, which is not true for trapezoids in general. The 

apparent symmetry of an isosceles trapezoid suggests that its base 
angles are equal, something that we will prove in the exercises. 

Theorem 35 
The base angles of an isosceles trapezoid are equal. 

A second property of isosceles trapezoids suggested by line sym- 
metry is that their diagonals are equal. We will also prove this in the 
eXeY©cises. 

Theorem 36 

The diagonals of an isosceles trapezoid are equal. 

Exercises 

Seu 

Quadrilaterals in Perspective. How we 3. Does it seem reasonable to say that 
identify a quadrilateral depends on what we EFGH is probably a rectangle? Explain. 
assume about it. Consider these figures from a 4. What would you have to know to be 

= * book on architecture. RPGR 8 8 PE ROE: 

5. Does it seem reasonable to say that 
EFGH is probably a parallelogram? 
Explain. 

The figure below from the same book is 

another example. 

1. What kind of quadrilateral does ABCD 

appear to be? 

2. What would you have to know to be 

sure that your conclusion about ABCD is 
correct? If we assume that the figure is two-dimensional 

(flat), it appears to contain quadrilaterals that 
ee ee can be named in two ways. 
*Architecture: Form, Space, and Order, by Francis D. K. 
Ching (Wiley, 1996). 6. What are they? 

282 Chapter 7: Quadrilaterals 



If we assume that the figure is three- 
dimensional, it appears to contain 

quadrilaterals that can be named in four ways. 

7. What are they? 

Geometric Trademark. The trademark of the 
Chase Manhattan Bank is a simple geometric 
design. 

8. What kind of symmetry does the figure 

have? 

Its right angles and some of its equal lengths 
have been marked on the figure below. 

A 

H / ! C 

iS is 

9. What kind of quadrilateral is I[KL? 

Explain. 

10. What relation do the other four quadri- 

laterals in the figure seem to have to 
one another? 

11. What kind of quadrilaterals are they? 

12. Which sides of JCDE are its bases? 

13. If two sides of a trapezoid are equal, does 
that mean that it is isosceles? Explain. 

14. Are the base angles of ALGH equal? 
Explain. 

15. What kind of polygon is ABCDEFGH? 

Complete the proofs of the theorems of this 

lesson by giving the reasons. 

Theorem 35. The base angles of an isosceles 

trapezoid are equal. 

D G 

A B 

Given: ABCD is an isosceles trapezoid 

with bases AB and DC. 

ROU aN Oban cea Di — AO 

Proof 
16. Because AB and DC are the bases of 

trapezoid ABCD, AB || DC. Why? 

D Gg 

A E B 

17. Through C, why can we draw CE || DA? 

18. AECD is a parallelogram. Why? 

D G 

ae B 

19. So DA = CE. Why? 

20. Because ABCD is isosceles, DA = CB. 

Why? 

21. So CE = CB. Why? 

22. Therefore, 2CEB = ZB. Why? 

23. Because CE || DA, ZA = ZCEB. Why? 

24. So ZA = ZB. Why? 

25. ZD and ZA are supplementary and 

ZC and ZB are supplementary. Why? 

26. 2D + ZA = 180° and ZC + ZB = 180°. 

Why? 

ie A= Ae + 2B. Why? 

28. 2D = ZC. Why? 
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Theorem 36. The diagonals of an isosceles 

trapezoid are equal. 

D C 

A B 

Given: ABCD is an isosceles trapezoid 

with bases AB and DC. 

Prove: DB = CA. 

Proof 
29. Because ABCD is an isosceles trapezoid, 

DA = CB. Why? 

D C 

A B 

30. Also, ZDAB = ZCBA. Why? 

31. AB = AB. Why? 

32. So ADAB = ACBA. Why? 

33. Therefore, DB = CA. Why? 

Set Il 

Stepladder. When a stepladder is opened for 

use, the tool shelf and braces should be 

parallel. 
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In this side view of the ladder, 

DF || GH. Also, BE = BF, EG = FH, and 
ZBGH = 75°. 

34. Copy the figure and mark it as needed 
to answer each of the following questions. 

35. What kind of quadrilateral is EFHG? 

36. How large is 2FHG? 

37. How do you know? 

38. What kind of triangles are ABEF and 
ABGH? 

39. How large is 2BEF? 

40. How do you know? 

41. How large is 2DEB? 

42. How large is 2B? 

Regular Pentagon. In the Elements, Euclid 
shows how to construct a regular pentagon in 

a circle.* 

A 

Because the pentagon is regular, AB = BC = CD = 
DE = EA. The measures of the angles formed 
by some of its diagonals also are shown. 

*Book IV, Proposition 11. 



Find an example of each of the following 
quadrilaterals in the figure, and in each case 

explain how you know that your example is 

correct. 

43. An isosceles trapezoid. 

44, A parallelogram. 

45. A rhombus. 

Trapezoid Diagonals. It is easy to prove that, 
if a quadrilateral is a trapezoid, its diagonals 
cannot bisect each other. Give the missing 
parts for the following indirect proof. 

A B 

OY 
aX 

D G 

Given: ABCD is a trapezoid. 
Prove: AC and DB do not bisect each 

other. 

Proof 
46. Suppose that ? . 

47, Then ABCD is a parallelogram. Why? 

48. If ABCD is a parallelogram, then 

AB || DC and AD || BC. Why? 

49. If AB || DC and AD || BC, then ABCD is 
not a trapezoid. Why? 

50. This contradicts the hypothesis that ? . 

51. Therefore, what we supposed is false 
and ?. 

We have proved that the diagonals of a 
trapezoid cannot bisect each other. 

52. Can they be perpendicular? Explain 

with either a picture or words why or 

why not. 

Set Ill 

Congruence Puzzle. The following problem is 
from a popular puzzle book published in the 

lWSSiRes 

An equilateral triangle can be separated 

into four congruent triangles as shown in the 

figures below. 

Without the top triangle, the three remain- 
ing triangles form a trapezoid. The puzzle is to 
separate it into four congruent parts. 

Andrew Miller, a student of Richard Brady 

in Washington, D.C., who became interested in 

this problem while studying from the first 
edition of this geometry book, discovered a 

solution different from the one thought of by 
the puzzle’s inventor. 

Trace the figure. Can you figure out a way 

to separate it into four congruent parts? 

*An English language edition of The Moscow Puzzles, 
by Boris A. Kordemsky, was edited by Martin 
Gardner (Scribner’s, 1972). 
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LESSON 6 

The Midsegment Theorem 

Imagine that you are looking at a reflection of yourself in a large mir- 
ror on a wall. How tall would the mirror have to be in order for you to 
see all of yourself from the top of your head to the bottom of your 
feet? 

When you stand before a mirror, your reflection seems to be stand- 

ing an equal distance behind it. In the diagram above, line w repre- 
sents the wall with the mirror on it and line frepresents the floor. The 
person looking at the mirror is shown at the left with his eyes at point 
A. His reflection, which seems to stand behind the mirror, is repre- 
sented by BC, and the mirror itself is represented by MN. Points M 
and N lie on the sides of AABC; so MN, the length of the mirror, is 

determined by this triangle. 
It can be shown, by using the reflection properties of a mirror, 

that M is the midpoint of AB and that N is the midpoint of AC. For 
this reason, MN is called a midsegment of AABC. 

Definition 
A midsegment of a triangle is a line segment that connects the 
midpoints of two of its sides. 

We can use this definition and our knowledge of parallelograms 
to prove the following theorem. 
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Theorem 37. The Midsegment Theorem 
A midsegment of a triangle is parallel to the third side and half as 
long. 

A 

M N 

B G 

Given: MN is a midsegment of AABC. 

Prove: MN || BC and MN = 5 BC. 

To prove either part of the conclusion, we have to add something 
to the figure. 

If you study the series of figures at the right carefully, you may be 
able to see how the proof goes before reading it. 

Proof 
Part 1. Drawing a new triangle congruent to AAMN 
Draw line MN (two points determine a line), choose point P so 

that NP = MN (the Ruler Postulate), and draw CP. In AAMN and 
ACPN, MN = NP, 21 = 22 (vertical angles are equal), and AN = NC 

(because MN is a midsegment of AABC, N is the midpoint of AC). 
So AAMN = ACPN (SAS). 

Part 2. Showing that BCPM is a parallelogram 
MA = CP (corresponding parts of congruent triangles are equal) 

and BM = MA (because M is the midpoint of BA); so BM = CP 
(substitution). Also 23 = 24 (corresponding parts of congruent 
triangles are equal); so BA || CP (lines that form equal alternate 
interior angles are parallel). BCPM is a parallelogram because two 
opposite sides are parallel and equal (BM || CP and BM = CP). 

Part 3. Finishing the proof 
MP || BC and MP = BC (the opposite sides of a parallelogram 

are parallel and equal). Because M-N-P by construction, 
MP = MN + NP (the Betweenness of Points Theorem). But 

NP = MN; so MP = MN + MN (substitution). Because MP = 2MN, 

MN = SMP (division); so MN = 5BC (substitution). 

We can now answer the question about how long a mirror on a 

wall has to be in order for you to see your complete reflection. Look 

again at the figure at the beginning of this lesson. MN is a midsegment 

of AABC; so MN = ne The segment BC, the length of your image in 

the mirror, is just as tall as you are. So the mirror can be half as long as 
you are tall. 

A 

Pads, 

fs 
A 

IS ee 
if EO 

& 

A 

C 

A 

G 

B 

B 

B 

B 
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Exercises 

Set | 

Portuguese Theorem. Here is the Midsegment 
Theorem as it appears in a Portuguese 

geometry book. B 

A C 

Teorema: O segmento de recta que une os 
pontos médios de dois lados de um 

triangulo é paralelo ao outro lado e igual a 

sua metade. 

In the figure, points D and E illustrate the 
“pontos médios.” 

1. What do you think these words mean? 

2. What do we call segment DE? 

AC is the “outro lado.” 

3. What do you think these words mean? 

4, What does the theorem say in English? 

5. Write its conclusion in terms of the 

figure. 

State Capitals Problem. The locations of four 
state capitals have been marked on the map 

below. 

6. Trace the four points on your paper and 

draw quadrilateral SOHB. Use your 

straightedge and compass to bisect each 
of its sides. Starting with the midpoint of 
side SO, label the midpoints (moving 
clockwise around the figure) M, N, P, 
and Q, respectively. Draw quadrilateral 
MNPQ. 

What is surprising about the result? 

Draw SH. Why is MN || SH and 
OP || SH? 

go oN 
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9. Why is MN || QP? 

10. Why is MN = 58H and QP = 5s? 

11. Why is MN = QP? 
12. What do these facts prove about 

quadrilateral MNPQ? 

13. Explain why. 

14. Draw MP and NQ. What seems to be 

true? 

15. Explain why it must be true. 

Midpoint Quadrilateral. E, ¥, G, and H are the 
midpoints of the sides of quadrilateral ABCD. 

A H 

Give a reason for each statement below. 

i6MER = ae ene SBD, HG= at aad 

EH = SBD. Why? 

17. EF + FG + HG + EH = AC + [BD + 
i 1 =AC + —BD. ? gh& g BD Why 

18. EF + FG + HG + EH = AC + BD. Why? 

19. What is EF + FG + HG + EH called with 

respect to EFGH? 

20. What is AC + BD called with respect to 

ABCD? 

21. Show how the equation proved in 
exercise 18 can be stated in words by 
completing the following sentence: 

If the midpoints of the sides of a quadri- 
lateral are connected in order by line 

segments to form a midpoint 

quadrilateral, . . . 

Lesson 6: The Midsegment Theorem 

Two Midsegments. In the figure below, DE is 
a midsegment of AABC, FG is a midsegment 
of ADBE, and AD = CE. 

CG 

ls 
G 

A lox) Ps 

22. Copy the figure and mark it as needed to 
answer each of the following questions. 

What can you conclude about 

23. ADEC? Why? 

24. ZA and ZC? Why? 

25. AABC? Why? 

26. FG and AC? Why? 

Set Il 

Midpoint Coordinates. On graph paper, draw 
a pair of axes extending 15 units to the right 
and 15 units up from the origin. 

27. Plot the following points and connect 
them with line segments to form AABC: 
Avon), Bs 12)5C (hs). 

Use the grid to help you in locating the 
midpoints of the sides of AABC. Let M be 

the midpoint of AB. 

28. What are its coordinates? 

Let N be the midpoint of BC. 

29. What are its coordinates? 

Let O be the midpoint of AC. 

30. What are its coordinates? 

31. Is there a way to figure out the coordi- 

nates of the midpoint of a line segment 
from the coordinates of its endpoints? If 

so, how would you do it? 

Draw MN. 

32. Use the distance formula to find its 

length. 
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33. Use the distance formula to find AC. 

34. Are the two distances related in the way 

that you would expect? Explain. 

35. In what way should lines MN and AC be 

related? 

36. Is there anything about their relation to 

the grid that suggests that they have this 
relation? If so, what is it? 

Tetrahedron. An edition of Euclid’s Elements 
published in London in 1570 featured little 

paper models attached to the pages that could 
be folded up to form three-dimensional 

figures. 

Y S, : LEE 
iA 
oi 

<7 Ed 

One pattern consisted of a triangle and its 

three midsegments. It could be folded to form 

a tetrahedron, which is a polyhedron with 
four triangular faces. 

D 

37. Copy the first figure above and label the 
lengths of the sides of AABC in terms of 
x, y, and z. 

38. What must be true about the four 
triangles in the figure? Explain. 

39. Copy the second figure and label the 
lengths of the six edges of the tetrahe- 
dron in terms of x, y, and z. 
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Two edges of a tetrahedron that do not inter- 
sect are called opposite edges; for example, AC 
and BD are opposite edges. 

40. What do you notice about the opposite 

edges of the tetrahedron? 

In the first figure, the measures of the angles 
of AABC are labeled a, 6, and c. 

37. (continued) Label the measures of the 

angles of the other triangles in terms of 
a, b, and c. 

When the pattern is folded together, three 
angles meet at each vertex of the tetrahedron. 

41. What is the sum of the three angles at 
each vertex? 

More Midpoint Quadrilaterals. Exercises 6 
through 13 of this lesson demonstrate that the 
midpoints of the sides of a quadrilateral are 

the vertices of a parallelogram. 

42. Draw a large rectangle that is not a 
square. Find the midpoints of its sides 
and connect them in order with line seg- 
ments to form a quadrilateral. 

43, What special.type of parallelogram does 
the quadrilateral seem to be? 

44, Mark your figure and use what you 

know about rectangles to explain why 

your answer is correct. 

45. Draw a large rhombus that is not a 
square. Find the midpoints of its sides 

and connect them in order with line 

segments to form a quadrilateral. 

46. What special type of parallelogram does 
the quadrilateral seem to be? 

47, Mark your figure and use what you 
know about rhombuses to explain why 
your answer is correct. (Hint: Draw the 
diagonals of the rhombus.) 

48. What figure would you expect to get if 
you connected the midpoints of the sides 

of a square in order with line segments? 



Base Average. M and N are the midpoints of 
the legs of trapezoid ABCD. 

D G 

M N 

B 

49. What seems to be true about MN? 

50. Copy the figure and mark it as shown. 

Draw line DN and extend AB to intersect 

iieatel. 

51. Explain why ADCN = APBN. 

52. Explain why MN || AP. 

53. Explain why MN || DC. 

54. Explain why MN = S(AB + DC). 

Set Ill 

Infinite Series. Jonathan Swift, the author of 
Gulliver’s Travels, once wrote: 

So, naturalists observe, a flea 

Hath smaller fleas that on him prey; 

And these have smaller still to bite ’em; 

And so proceed ad infinitum. 

The figure below represents an infinite series, 

not of fleas, but of equilateral triangles. The 
sides of the largest triangle are each 4 inches 
long. Each successive triangle is formed by 
the midsegments of the preceding one. 

With the use of the Midsegment Theorem 
and a calculator, can you guess what the sum 

of the lengths of all of the sides of the 
triangles in this figure is? If so, show your 

reasoning. 
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CHAPTER 7 Summary and Review 

Basic Ideas 

Convex and concave polygons 258 28. A quadrilateral is a parallelogram if its 
Diagonal 259 opposite angles are equal. 271 

Isosceles trapezoid 281 29. A quadrilateral is a parallelogram if two 
Midsegment 286 opposite sides are both parallel and 
Parallelogram 265 equal. 271 

Point symmetry 265-266 ; c a 
Rectangle 259 30. A quadrilateral is a parallelogram if its 

Rhombucwto7G diagonals bisect each other. 271 

Square 276 31. All rectangles are parallelograms. 276 

Trapezoid 281 32. All rhombuses are parallelograms. 276 

Theorems 33. The diagonals of a rectangle are equal. 

277 

. The diagonals of a rhombus are perpen- 
dicular. 277 

. The base angles of an isosceles trapezoid 
are equal. 282 

24. The sum of the angles of a quadrilateral is 34 

360°, 259 

Corollary. A quadrilateral is equiangular iff it 35 

is a rectangle. 259 

25. The opposite sides and angles of a 36 . The diagonals of an isosceles trapezoid 
parallelogram are equal. 266 are equal. 282 

26. The diagonals of a parallelogram bisect 37. The Midsegment Theorem. A midsegment of 

each other. 266 a triangle is parallel to the third side and 
27. A quadrilateral is a parallelogram if its half as long. 287 

opposite sides are equal. 27 c f ne 

A {pred don Ra PME why 

Exercises Jen J Lay pl 
LIPASE NN LEIS LETS SALLE ESE AL IEE I SIO TLE NDE IES ED SA EDEN LETC DI 

Set | In the figure below, the edges of each strip are 
parallel; so AB || DC and AD || BC. The equal 

Palm Strand Rhombus. The figure below from __ widths of the two strips are labeled w. 
a book on African geometry shows palm 
strands woven together to form the wall of a 
bag. The accompanying description states that 
“two crossing strips of equal width determine 
a rhombus.”* 

A 

G 

*Geometry from Africa, by Paulus Gerdes (The 1. Draw the figure; mark it as needed to 
Mathematical Association of America, 1999). answer each of the following questions. 
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Why is ABCD a parallelogram? 

Why is 21 = 22? 

Why is AADX = AABY? 

Why is AD = AB? 

AD = BC and AB = DC. Why? 

Why is BC = DC? 

Why is ABCD a rhombus? i ie EA aoe 

Floating Bar. The figures below show two 
possible ways in which a long square bar 
might float on a liquid.* 

In both figures, the surface of the liquid 
appears to be a line of symmetry of the square. 

9. How many lines of symmetry does a 

square have? 

10. Does it have point symmetry? 

11. In which of the two ways illustrated (the 
first or the second) do you suppose a 
square bar floats? 

12. Copy the figure above and mark it as 
needed to explain each of the following 
statements. 

13. Because ABCD is a square, 

ieee — Cl) = DA and ZA = ZC. 

Why? 

14. ABAD = ABCD. Why? 

15. 21 = 22 and 23 = 24. Why? 

16. Diagonal BD bisects ZABC and ZADC. 

Why? 

*The Flying Circus of Physics, by Jearl Walker (Wiley, 
1977). 

Related Statements. Compare the following 
statements: 

(1) If a quadrilateral is a parallelogram, 
one of its diagonals divides it into 
two congruent triangles. 

(2) If one of its diagonals divides it into 
two congruent triangles, a quadrilat- 
eral is a parallelogram. 

17. How is the second statement related to 

the first? 

18. Are they both true? Use these figures 

to explain your answer. 

Tell whether each of the following statements 
is true or false. If you think a statement is false, 

draw a figure to illustrate why. 

19. If a quadrilateral is a parallelogram, both 
pairs of its opposite sides are equal. 

20. If both pairs of its opposite sides are 

equal, a quadrilateral is a parallelogram. 

21. If a quadrilateral is an isosceles trap- 

ezoid, it has two pairs of equal angles. 

22. If it has two pairs of equal angles, a 

quadrilateral is an isosceles trapezoid. 

23. All parallelograms are rhombuses. 

24. All rhombuses are parallelograms. 

25. If a quadrilateral is a rectangle, it is 

equiangular. 

26. If it is equiangular, a quadrilateral is a 

rectangle. 

27. If a quadrilateral is a rhombus, its 
diagonals are perpendicular. 

28. If its diagonals are perpendicular, a 
quadrilateral is a rhombus. 

29. If a quadrilateral is a parallelogram, its 

diagonals are equal. 

30. If its diagonals are equal, a quadrilateral 

is a parallelogram. 
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Jumping Frog. This jumping frog toy operates 
by means of a cardboard linkage. As the 
linkage changes shape, the marked lengths 
always remain equal. As a result, other things 

do not change.* 

31. The sum of the angles in each quadrilat- 
eral is always the same. Why? 

32. The quadrilaterals are always parallelo- 

grams. Why? 

33. Pairs of opposite angles such as 7B and 
ZC always remain equal. Why? 

34. The quadrilaterals outlined in blue in 
the figure above are always parallelo- 
grams. Why? 

35. BC, EF, and HI always remain parallel. 

Why? 

*Mathematics Meets Technology, by Brian Bolt 
(Cambridge University Press, 1991). 
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Set Il 

Dissection Puzzle. An old puzzle consists of 

five pieces that can be arranged in different 

shapes.* 

f, 

Which of the six shapes appear to be 

36. parallelograms? 

37. rhombuses? 

38. rectangles? 

39. equilateral? 

40. convex? 

In the drawing of shape E below, 
GM || HP || IL, the right angles have been 
marked, and equal lengths have been labeled 
with lowercase letters. 

G 

41. Make a large copy of the figure and 
mark it as needed to answer each of the 

following questions. 

¥ Creative Puzzles of the World, by Pieter van Delft and 

Jack Botermans (Abrams, 1978). 



42. GI || ML. Why? 

43. What kind of quadrilateral is GILM? 

44. How do you know? 

In terms of a, 4, and c, what is the length of 

45. ML? 

46. GM? 

47, What kind of quadrilateral is JKPO? 

48. How do you know? 

49, What kind of quadrilateral is HIJO? 

50. How do you know? 

41. (continued) It can be shown that, to the 
nearest degree, 2G = 63°. Use this fact to 

find the measures of the rest of the 

angles and mark them on the figure. 

Words from the Past. A geometry book 
widely used a century ago* contains the 
following definitions: 

A trapezium is a quadrilateral that has no 

parallel sides. 

A rhomboid is a parallelogram that has no 

right angles. 

According to these definitions, 

51. can a trapezoid be a trapezium? Explain. 

52. can a rhombus be a rhomboid? Explain. 

53. can a rectangle be a rhomboid? Explain. 

Rectangles Not. The following quadrilaterals 
almost look like rectangles but, from the 
angles given, clearly are not. Explain what 
you can conclude about each one. 

54. B a DD. 

B92 89° sig SOI 

iP fe 9I° = 8 9° » | AL Sea a H 
*Plane and Solid Geometry, by G. A. Wentworth (Ginn, 

1899). 

56. Die 
K N 

ope NS SS) AOE 

A magician has a deck of playing cards in 

which the cards are shaped like the 

quadrilateral in exercise 54. He asks you to 

take a card, look at it, and put it back into the 

deck. He shuffles the deck several times, holds 

it in front of you with one hand, and, with the 

other hand, slides up the card that you 

chose.? 

58. How do you think the trick works? 

Another Midpoint Quadrilateral. ABCD is an 
isosceles trapezoid with bases AB and DC; the 
vertices of MNOP are the midpoints of its 
sides. 

59. Copy the figure and mark it as necessary 
to do each of the following exercises. 

60. Draw AC and use it to explain why 

MNOP is a parallelogram. 

61. What special type of quadrilateral does 

MNOP appear to be? Explain why your 

answer is correct. 

+The Mammoth Book of Brain Storming Puzzles, by David 
J. Bodycombe (Carroll and Graf, 1996). 
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ALGEBRA REVIEW 

Square Roots 

The Square Root of a Product or Quotient 
If x and y are positive, 

Vaj=VEVy nd [2 = V2. 

Simple Radical Form 
An expression containing a square root is in 

simple radical form if the number or expression 

under the square root sign has no perfect square 

factors other than 1. 

Example 1: Find the square roots of 20 to 

the nearest hundredth. 

A calculator shows that 

V 20 = 4.47213... ; so 

4.47 and —V 20 = —4.47. 

Example 2: Write V 20 in simple radical 

form. 

Solution: V20 = V4-5 = V4V5 = 2V5. 

Example 3: Simplify V32 + V 18. 

Solution: 

20 = 

Solution: \/39 ANAS = VIS16 + 

V2-9 =4V2 + 3V2 =7V2. 

Exercises 

Use your calculator to find each of the 
following square roots. 

. V5 to the nearest thousandth. 

. V500 to the nearest hundredth. 

. V50,000 to the nearest tenth. 

. V50 to the nearest hundredth. 

‘ V'5,000 to the nearest tenth. a Fr WN 

Write in simple radical form. 

6. V500 8. V 50 

7. V50,000 9. V5,000 
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Write in simple radical form. Assume that x 

represents a positive number. 

10. V 25x 12 aie 

liv Savon 2 

Use simple radical form to show that 

14. V147 + V3 = 8V3. 

15. V147 + 3 = 5V6. 

Simplify. 

16. V700 — V175 

17. V700 — 175 

18. V20 + 20 + 20 

19. V20 + V20 + V20 

20. V62 + V8? 

21. V6? + 82 

Do as indicated and simplify. 

22. V14V 21 

V242 
D3 yor 

24, (4V5)(6V2) 

25. (3V7)2 

12V/15 
26.8 ae 

27. (5 — V2) + (5 + V2) 

28. (5 — V2)(5 + V2) 

29. V3(V27 + 1) 

30. V3 + (V27 + 1) 

31. (Vx + V9) + (Vx + V9) 

32. (Vx + Vy)? 



How does this picture illustrate both laughing and crying? 

Mathematics has been described as the “science of patterns.” 

Geometry concerns patterns of shape and form. You are already 

familiar with the pattern of form called line symmetry. In this 

chapter, we will explore other types of symmetry and become 

acquainted with their relation to the subject of transformations, 

including reflections, translations, rotations, and glide reflections. 

We will also apply these ideas to widen our notion of 

congruence. 



7 Selb Ly dn 
i i ogee 

L's 

5 

Just as he reaches a Small grassy point of land, another fish 
attacks him, lashing furiously with his tail. 

A reflection 

LESSON 1 

Transformations 

Perhaps the most remarkable comic strip ever drawn appeared in the 

New York Herald from 1903 to 1905. A panel from one of the strips is 

shown above. 

The other figures on this page show how several transformations 

important in geometry would affect one of the strip’s characters, Old 
Man Muffaroo. The rotation is remarkable in that it turns Muffaroo 

into the strip’s other character, Little Lady Lovekins. After the six pan- 

els of the comic strip were read in the usual way, the strip had to be 

turned upside down to read the rest of the story. 

The word “transformation” has a special meaning in geometry. It 

refers to a rule for getting one set of points from another. When the 

rule is applied to a point in the first set, it produces exactly one point 

in the second set. Going backward, we find that, for each point in the 

second set, there corresponds exactly one point in the first set. 

A translation A rotation A dilation 
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Definition 
A transformation is a one-to-one correspondence be- 
tween two sets of points. 

Transformations can be applied to triangles. First, imag- 
ine tracing AABC on a sheet of transparent paper and then 
sliding the paper a certain distance in a given direction 
without turning it, as shown at the right. 

The result is a translation of AABC. Each point in the 
new figure, AA’B’C’, corresponds to a point in the origi- 
nal figure, AABC, and is called its image. Point A’ (read as 
“A prime”), for example, is the image of point A. 

Next, imagine taking the sheet of paper with the draw- 
ing of AABC, folding the paper, tracing AABC to produce 
AA'B’'C’, and then unfolding the paper, as shown in the three 

figures below. 

A translation 

fold 2 

A AY A IN 

€ Bo C' B' C Ba '5 

The result is a reflection of AABC, and the line along which 
the paper is folded is called the mirror of the reflection. 

Now imagine taking the paper with the tracing of 

AABC and rotating it a certain number of degrees about 
a fixed point, P, as shown below. 

A rotation 

This time the result is a rotation of AABC. The fixed point, 

P, about which the figure is rotated is called the center of 
the rotation. 

A reflection 
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Exercises 

Set | 

Transformations in Art. The figure by Maurits 
Escher at the right consists of fish of four 

colors swimming in four directions. 

What type of transformation seems to relate 

1. two fish of the same color? 

2. a pair of red and white fish? 

3. a pair of blue and white fish? 

Are there any pairs of fish in the figure for 
which one fish of the pair seems to be 

4, a dilation of the other? 

5. a reflection of the other? 

Finally, imagine taking the paper with the drawing of AABC and 

making a photocopy of it by either enlarging it or reducing it, as shown 
below. 

A 

A' 

A dilation 

The result is a dilation of AABC. An obvious but significant difference 
between this transformation and the preceding ones is that AABC and 
its image, AA’B’C’, are not congruent. Although the corresponding 
angles of the two triangles seem to be equal, the corresponding sides 
clearly are not. Transformations in which neither distances nor angle 
measures change are called isometries. 

Definition 
An isometry is a transformation that preserves distance and angle 
measure. 

From our descriptions, it is evident that the transformations called 

translations, reflections, and rotations are examples of isometries. Dila- 

tions are not. 
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Mirror Molecules. The two hands in the figure 
below are shown holding models of a pair of 

amino acid molecules. Of the two molecules, 

L-alanine and D-alanine, only the one on the 
left is present in natural protein.* 

6. Under what transformation is the one 

hand the image of the other? 

7. Land D stand for “levo-” and “dextro-.” 
What do you think these prefixes mean? 

Reflections. Children sometimes write the 

mirror image Al when they mean to write an 

R. This mistake has been used in the 

trademark of a toy store. 

The figure below shows an R and its 
reflection through a mirror line. 

nieale 

On your paper, copy and complete each of the 
following figures by including the reflection 
image of the object on the left through the 
mirror line. 

ie) 
*The Galactic Club, by Ronald N. Bracewell (W. H. 
Freeman and Company, 1975). 

10. 13. 

11. 14, 

12. |e 

E ra 

16. In which of exercises 8 through 15 do the 

figure and its mirror image look the 

same? 

17. What is it about these figures that causes 
them and their mirror images to look the 
same? 

Down the Stairs. The figure below illustrates a 

transformation.? 

18. What transformation is it? 

19. What does the word “transformation” 

mean in geometry? 

20. Is this transformation an example of an 

isometry? 

21. What does the word “isometry” mean? 

+ Mind Sights, by Roger N. Shepard (W. H. Freeman 

and Company, 1990). 
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Peter Jones. In this remarkable design by 
Douglas Hofstadter, the part shown in red is 

the image of the part shown in blue. 

OS) 
ZO ASC 

22. What transformation does the figure 

illustrate? 

23. Describe how the image is produced 

from the original figure. 

24. What letter is the image of P? 

Set Il 

Escalator Transformations. The diagram 
below illustrates how an escalator works.* 

What type of transformation is illustrated 
by the steps as 

25. they descend? 

26. they move around the return wheel? 

*Scientific American: How Things Work Today, edited by 
Michael Wright and M. N. Patel (Crown, 2000). 
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The figure below represents a translation of 

one step of an escalator; AA’ || BB’ || CC’ and 
ANGI Rae Cer 

<I F* 

Let’s see how this transformation affects 

distances and angles. 

27. 

28. 

29. 

27. 

30. 

31. 

32. 

33. 

Copy the figure and mark it as needed to 
do each of the following exercises. 

What can you conclude about quadrilat- 
erals AA’B’B and BB’C’C? Why? 

Why is A’B’ || AB? 

(continued) Draw AC and A'C’. 

What can you conclude about quadrilat- 
eral AA’C’C? 

Why is AB = A’B’, BC = B’'C’, and 
AC =A'C”?? 

Why is AABC = AA'B’C’? 

Why is ZABC = ZA'B’C’? 

The answers to exercises 31 and 33 establish 

that the translation part of the escalator 

motion is an isometry. 

34, What is an isometry? 

The figure below represents the rotation of one 
step; PA = PA’, PB = PB’, and ZAPA’ = ZBPB’. 

p B 
ot 

\ 



Let’s see how this transformation affects 

distances. 

35. Copy the figure and mark it as needed 
to answer each of the following 
questions. 

36. Why is ZAPA’ = 22 + 23 and 

L393! = Zl ae Ze 

S/amyvnvis22 + 23 = 21+ 22? 

38. Why is 23 = 41? 

oom Viyais AABP = AA’B’P? 

40. Why is AB = A'B’? 

41. What have we shown to be preserved by 

this rotation? 

Triangle Construction. The figure below can 
be used to construct a transformation of 

AABC. 

A 

P 

42. Make a large copy of the figure. Draw 
ray PA. Use your compass to mark a 

point A’ on PA such that AA’ = PA. 

Draw ray PB and find point B’ on it so 

that BB’ = PB. Draw ray PC and find 

point C’ on it so that CC’ = PC. Draw 
AA'B'C’. 

43. What type of transformation does your 

drawing seem to illustrate? 

44. How do the sides of AA’B’C’ seem to 
compare in length with the sides of 
AABC? 

45. How do the angles of AA’B’C’ seem to 
compare in size with the angles of 
AABC? 

46. Is this transformation an isometry? 
Explain. 

Computer Geometry. Transformations are used 
in computer drawing programs. The following 
figures appear in the Adobe Illustrator User 
Guide.* Name the transformation illustrated in 
each figure. 

47, 

NS 

(In this figure, the drawing on the right 
is the transformation image of the 
drawing on the left.) 

* Adobe Illustrator 9.0 User Guide (Adobe Systems, 
2000). 
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Computer drawing programs transform 
objects by changing their coordinates. To 
show, for example, that the coordinates of each 

point of an object are to be reversed to get the 
coordinates of each point of its image, we can 
write (a, 5) — (8, a). 

50. On graph paper, draw a pair of axes 
extending 10 units in each direction 
from the origin. Plot the following 

points and connect them to form AABC: 

ABs BGe2), G2. 6): 

51. Use the transformation (a, 6) > (a+ 2, 
b — 7) on the coordinates of AABC to find 
the coordinates of ADEF. For example, 

Al 3 yel)—>DD(3+-D. bo e7) core (Sa= 6). 

50. (continued) Draw ADEF. 

52. For what type of transformation is ADEF 

the image of AABC? 

53. Use the transformation (a, b) > (—a, 6) on 
the coordinates of AABC to find the 

coordinates of AGHI. For example, 

A(3, 1) > G(-3, 1). 

50. (continued) Draw AGHI. 

54. For what type of transformation is AGHI 

the image of AABC? 

55. Use the transformation (a, 5) > (—a, —8) 
on the coordinates of AABC to find the 

coordinates of AJKL. 

50. (continued) Draw AJKL. 

56. For what type of transformation is AJKL 

the image of AABC? 

57. Use the transformation (a, }) > (2a, 25) 
on the coordinates of AABC to find the 

coordinates of AMNO. 

50. (continued) Draw AMNO. 

58. For what type of transformation is 
AMNO the image of AABC? 
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Set Ill 

Toothpick Puzzle. A puzzle thought to have 
originated in Japan uses eight toothpicks and a 

<a 
Ni 

ios: 
The challenge is to move just three toothpicks 

and the matchhead to make the fish swim in 

the opposite direction. 

1. Can you do it? If so, make a drawing 
illustrating the original fish and what 
you did to get your answer. 

2. Can the solution be regarded as the 
result of one of the transformations 

considered in this lesson? If so, which 

one? Explain. 

*The Next Book of Omni Games, by Scott Morris (New 
American Library, 1988). 



© The New Yorker Collection 1957, Charles Addams from cartoonbank.com. All rights reserved. 

LESSON 2 

Reflections 

Some barber shops have mirrors on the walls that face each 
other, giving a series of reflections as seen above. 

You already know that a reflection is a special type of 
transformation. The figure at the right shows how to find 

the points corresponding to A and B when an object is re- 

flected in a mirror, line /. Find the perpendicular to / through 

the point, go to the mirror, and continue an equal distance 

on the other side. The distance from any point on J to Lis 0; 

so the reflection of such a point through the line is the point 
itself. 

Definition A reflection 

The reflection of point P through line J is P itself if P lies 

on /. Otherwise, it is the point P’ such that / is the 
perpendicular bisector of PP’. 
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The reflection of a point through a line can be found by using a 
mirror or by folding. It can also be found by construction. 

Construction 8 

To reflect a point through a line. 

A A 

Ps Ps Ps <P" 

B B 
I I I 

Let the point be P and the line be /. With P as center, draw an arc 
that intersects /in two points, A and B. With A and B as centers, draw 

two more arcs with the same radius as the first arc. The point in which 

they intersect, P’, is the reflection of P through /. 

A A 

p p' P p' 

B B 
I I 

These figures show why this method works. Because PA = PB = 
AP’ = BP’, points A and B are equidistant from P and P’. In a plane, 

two points each equidistant from the endpoints of a line segment 

determine the perpendicular bisector of the line segment; so / is 
the perpendicular bisector of PP’. It follows from the definition of the 

reflection of a point through a line that P’ is the reflection of P 

through J. 

In the cartoon by Charles Addams at the beginning of this lesson, 

not all of the successive images produced by the parallel mirrors are 

alike. Some of the images of the man in the barber chair face in the 

same direction and some face in the opposite direction. The second 

image, which faces in the same direction as the man in the chair, is the 

result of another special transformation, a ¢ranslation. It’s as if the man 
in the chair could be pushed through two “walls” to coincide with his 
translation image. We have already described a translation as sliding 
without turning. The figure suggests that a translation can be produced 
by two successive reflections in parallel mirrors. 
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A reflection A reflection 

A translation 

We will call a transformation that is the result of two or more suc- 
cessive transformations their composite and define translation in the fol- 
lowing way. 

Definition 

A translation is the composite of two successive reflections through 

parallel lines. 

The distance between a point of the original figure and its trans- 
lation image is called the magnitude of the translation. The length of 
the blue arrow in the figure above illustrates the magnitude of the 
translation. 

A translation is the composite of two reflections through parallel 
lines. What would the composite of two reflections through intersect- 
ing lines be? 

The figure at the right suggests that it would 
be a rotation. If the mirrors in the barbershop A reflection 
were not parallel, the customer might get the 

impression that the barber was trying to tip him 
out of the chair! 

Definition 
A rotation is the composite of two successive 
reflections through intersecting lines. 

The point in which the lines intersect is the 

center of the rotation, and the measure of the an- 

gle through which a point of the original fig- 
ure turns to coincide with its rotation image is 

called the magnitude of the rotation. The green 
angle in this figure illustrates the magnitude of 

the rotation. 
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Exercises 
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Set | 

A Suspicious Cow. Take a good look at this 
photograph of a cow and barn. 

1. What is the “mirror” that causes the 

reflection? 

2. What is misleading about the 
photograph? 

3. Make a large copy of the figure below. 
Use your straightedge and compass to 

construct the reflections of points A and 

B through line /. 

A 

B 

4. If a point is x units from a mirror in 

which it is reflected, how far is it from its 

image? 

5. What relation does the mirror have to 

the line segment that connects a point 
and its image? 

Double Reflections. It is fairly easy to imagine 
a reflection through a vertical or horizontal 
line because mirrors are usually vertical or 
horizontal. 
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The figure at the 

right shows two succes- 

sive reflections of the 

flag at the upper left. 

b 

a 

6. Through which 
line was the flag < 

reflected first? 

7. Through what transformation is the flag 
at the lower right the image of the 
original flag? 

8. What does the measure of the angles 

formed by the two lines appear to be? 

9. What does the magnitude of the trans- 
formation from the first flag to the last 
flag appear to be? 

Copy the following figures on your paper. 
Sketch the reflection of each letter through line 
a (a vertical line) and then sketch the reflection 
of the image that results through line b (a 
horizontal line). 

10. a 12. a 

ao b a. b 

i a 13. a 

“ b +- b 

Look at your drawings for exercises 10 
through 13 to answer the following questions. 

What happens when a figure with 

14. a vertical line of symmetry is reflected 

through a vertical line? 

15. a horizontal line of symmetry is reflected 

through a horizontal line? 



16. point symmetry is reflected through 
both a vertical and a horizontal line? 

17. In which exercise do all three figures 
look alike? Why? 

SAT Problem. The following figure appeared 
in a problem on an SAT exam. 

All of the boxes in the strip are the same size. 

18. When the strip is folded together along 
the dashed line, which point is most 

likely to coincide with point P? 

19. What transformation does this problem 

illustrate? 

20. How could you use a ruler to check your 
answer? 

Can You Read Chinese? The figure in green 
below was designed by David Moser when he 
was a graduate student in Chinese.* 

a 

Through what transformation is 

21. the figure in black the image of the 
figure in green? 

22. the figure in red the image of the figure 
in black? 

23. the figure in red the image of the figure 

in green? 

*Can You Believe Your Eyes? by J. R. Block and Harold 
E. Yuker (Brunner/Mazel, 1992). 

A reader of Chinese would read the figure in 
green as the word “China.” 

24, Would it be correct to say that the figure 

in red is a rotation of the figure in green? 
Explain. 

25. In what sense would it be correct to say 

that the figure in red is a translation of 
the figure in green? 

Set Il 

Kaleidoscope Patterns. A kaleidoscope uses 
mirrors to produce symmetric patterns. The 
photograph below shows the face of a toy 
monkey and five of its images in a kaleido- 
scope with two mirrors that meet at a 60° 
angle. 

The monkey’s face is at A. Which of the five 

images are 

26. reflections of it? 

27. rotations of it? 

28. What is the magnitude of each rotation? 

29. How many lines of symmetry does the 

pattern of monkey faces seem to have? 

Where are they? 

30. Does the pattern of faces seem to have 

point symmetry? Explain why or why not. 
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Scaring Chickens. Experimental findings have 
shown that, if chickens see this shape flying 

overhead in the direction of its long end, they 

ignore it. If they see it flying in the direction 

of its short end, they run for cover.* 

direction of travel 
=a <—ee 

“Goose” “Hawk” 

In the figure below, a|| 6 and birds A, B, D, 
and E are reflection images of bird C through 
either or both of the lines. 

a 
A 

A 

E 
an 

Which bird is the reflection image of 

31. bird C through a? 

32. bird B through 5? 

33. bird C through b? 

34. bird D through a? 

Which bird is the image of bird C as a result of 
successive reflections through 

35. aand b? 

36. band a? 

37. What transformation do exercises 35 and 

36 illustrate? 

* Visual Intelligence: How We Create What We See, by 
Donald D. Hoffman (Norton, 1998). 
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38. Use the definition of that transformation 

to explain why. 

39. Which would scare chickens: seeing the 
bird at C flying to A or seeing it fly to E? 

Boomerang. The figure below shows a 

boomerang flying overhead. 

by 
a 

b 

40. Draw a large copy of the figure and 
sketch the reflection of the boomerang 
through line a. Then sketch the reflection 
of the resulting image through line 0d. 
(Doing so will be easier if you turn 
your paper so that each line is vertical as 
you reflect through it.) 

41. Under what transformation is the final 
image the image of the original figure? 

42. Use the definition of that transformation 

to explain why. 

43, Where is the center of the transforma- 

tion? 

i 



Triangle Reflections. In the figure below, 
AA'B'C’ is the reflection of AABC through /, 
and AA”B"C’ is the reflection of AA’B’C’ 
through Jy; d || Jo. 

44, Why is AX = XA’ and A'Y = YA”? 

45. Through what transformation is 
AA"B'C" the image of AABC? 

46. What is the length of AA” called with 

respect to this transformation? 

47. How does the length of AA” compare with 

that of XY, the distance between J; and [9? 

In the figure at the right, AA’B’C’ is the 
reflection of AABC through /, and AA”B’C" 
is the reflection of AA’B’C’ through /9; 4, and 

ly intersect at point O. 

48. Why is AAOX = AA’OX 
andi AA‘OY = AA"OY? 

49. Why is OA = OA’ and OA’ = OA”? 

50. Through what transformation is 

AA'B'C’ the image of AABC? 

51. What is the measure of 7 AOA” called 

with respect to this transformation? 

52. How does the measure of 2 AOA” 

compare with that of 2 XOY, the angle 

between J; and /5? 

Set III 

What Time Was It? In the murder mystery 
titled The House of the Arrow by A. E. W. 
Mason, the solution depends on a clock: 

The three witnesses advanced into the 

room, and as they looked again, from close at 

hand and with a longer gaze, a cry of surprise 
broke from all of them. 

There was no clock upon the marquetry 

cabinet at all. 

But high above it in the long mirror before 

which it stood there was a reflection of a clock, 

its white face so clear and bright that even 
now it was difficult to disbelieve that this was 

the clock itself. And the position of the hands 
gave the hour as precisely half-past ten. 

“Now turn about and see!” said Hanaud. 

The clock itself stood upon the shelf of the 

Adam mantelpiece and there staring at them, 
the true hour was marked. It was exactly... . 

1. Exactly what time was it? Make some 

drawings to support your answer. 

2. Are there any other times when the 

reflection would also look like an actual 

time? Explain. 

Lesson 2: Reflections 311 



LESSON 3 

Isometries and Congruence 

Here is an amazing illusion by psychologist Roger Shepard. How does 
the shape of the table on the left above compare with the shape of the 
table on the right? If you trace the outline of the top of one of the 
tables on a thin sheet of paper and place it on the other table, you will 
find that it fits exactly. In other words, the tabletops are congruent!* 

When this method is used to test for congruence, the tracing of 
the tabletop is translated and rotated to see if it can be made to coincide 
with the other tabletop. Because translations and rotations are 
isometries, this procedure suggests that congruence can be defined as 
an isometry. This definition agrees with our earlier definition of con- 
gruence for triangles, and it extends the idea so that it can be applied 
to any pair of figures having the same size and shape. 

Definition 
Two figures are congruent if there is an isometry such that one figure 
is the image of the other. 

*Mind Sights, by Roger N. Shepard (W. H. Freeman and Company, 1990). 
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Look at the figure at the right showing the 
tabletops at a smaller scale. The definition of con- 
gruence in relation to isometry says that 
ABCD = EFGH if there is an isometry such that 
EFGH is the image of ABCD. Translations and ro- 
tations are composites of reflections. Is it possible 
to find a composite of just reflections in which 
EFGH is the image of ABCD? 

Notice that E appears to be the image of A. 
Imagine that the figures are printed on a trans- 
parent sheet of paper and that we fold the paper 
so that A fits on E. The second figure shows what 
happens. Tracing the reflection image of ABCD 
through the fold line, 4, produces EB’C’D’. 

Next, since F appears to be the image of B, 
and hence B’, imagine folding the paper so that B’ 

fits on F. The third figure shows what happens. 
The reflection image of EB’C’D’ through the fold 
line, /o, is EFGH. The composite of the two reflec- 
tions through /; and /y is an isometry in which 

EFGH is the image of ABCD, so ABCD = EFGH. 
Just two reflections were needed to show that 

the tabletops are congruent. Is it always possible 
to get a pair of congruent figures to coincide with 
two reflections? The figure at the bottom left show- 
ing the footprints of successive steps taken by 
someone walking forward suggests an answer to 
this question. 

Suppose the four steps are congruent. Step C 
is a translation image of step A, as is step D of 

step B. Under what transformation is step B an 
image of step A? It looks like a combination of a 
translation and a reflection. Such a transformation 
is called a glide reflection. 

Definition 
A glide reflection is the composite of a 
translation and a reflection in a line parallel to 

the direction of the translation. 

Because a translation is the composite of two 

reflections, a glide reflection is the composite of 
three reflections. Getting step A to coincide with 

step B is an example of an isometry that requires 

three reflections. Notice that the left and right steps 
look different. Each is a mirror image of the other 
because it takes an odd number of reflections to 

carry either onto the other. We will explore con- 

gruence and isometries further in the exercises of 

this lesson. 

I; 

9, A 
l, - 

,, § 
A, 
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Exercises 

w 
Set | oe C pak a 

Prevaricator. The four figures at the \ 
right by graphic artist Paul Agule < 

are congruent.* 
The artist asks: “Can you trust this man?” 

1. What do you think? 

Name the isometry through which 

2. figure B appears to be the image of 
figure A. 

3. figure C appears to be the image of 

figure B. 

4, figure D appears to be the image of 
figure C. 

5. figure C appears to be the image of 
figure A. 

6. Is there an isometry through which 
D is the image of figure B? 

7. Use the definition of congruent figures 
in this lesson to explain why or why not. 

Synchronized Oars. For maximum speed, 
rowers have to keep their oars synchronized. 

The oars along each side of the boat are 
synchronized if they are always parallel. 

*Can You Believe Your Eyes? by J. R. Block and Harold 
E. Yuker (Brunner/Mazel, 1992). 
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8. Name the two angles in the figure below 
that must be equal if AB || CD. 

p 

A 

D 

9. If AB || CD, why is it reasonable to think 
that ABDC is a parallelogram? 

10. Why does it follow that the distance 

between the tips of the oars, BD, is equal 

to the distance between the rowers, AC? 

What transformation relates the positions of 

two oars 

11. on the same side 

of the boat? 

12. on opposite sides 

of the boat? 

Synchronization is also 

important in another 

water sport. 

13. What sport is it? 

Swing Isometries. Little 
children like being 
rotated in a swing. 



The figure below illustrates the composite of 
two isometries. 

14. 

155 

16. 

7. 

I; 
Through what transformation is 

B the image of A and C the image of B? 

C the image of A? 

What is point O called with respect to 

this transformation? 

What is the measure of Z AOC called? 

What relation do /,; and /y have to 

18. 

19: 

20. 

ZAOB and ZBOC? 

AB and BC? 

How does ZAOC compare in measure 
with that of the acute angle formed by 
and J»? 

Quadrilateral Reflections. In the figure below, 
EFGH and EIJK are successive reflection 
images of ABCD. Lines a and 0 and line 
segments AE and FI have been added to the 
figure to show that ABCD and EIJK are related 
by a certain isometry. 

21. 

22. 

23. 

24, 

20. 

What postulate permits us to draw AE 

and FI? 

What relation does line a appear to have 

to AE and line 0 to FI? 

What relation do lines a and 4 appear to 

have? 

If your observations are true, through 
what transformation is EIJK the image of 
ABCD? 

How would this transformation show that 

ABCD = EIJK? 

Set II 

Moving a Piano. A heavy piano is to be 
moved from one wall of a room to another. To 

do so, the piano is turned on its casters, 

which are at its corners.* 

26. 

Pate 

What type of transformation is 

illustrated? 

What point is its center? 

What point on DEFG is the image of 

28. 

29. 

30. 

31. 

32. 

point A? 

point C? 

point D? 

What transformation is needed to finish 

moving the piano? Describe it. 

Through how many degrees do you 
think the piano is turned altogether? 

*Adapted from a problem in The School Mathematics 
Project, Book 4 (Cambridge University Press, 1969). 
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Bulldogs. All of the bulldogs in this mosaic by 

Escher are congruent. 

PNEE’ a 

33. What does it mean in relation to isometry 

to say that two figures are congruent? 

34. Through what transformation is one of 

the bulldogs in the figure below the 

image of the other? 

Is it possible that one of these bulldogs could 
be the image of the other 

35. by a single reflection? Explain. 

36. by the composite of two reflections? 

Explain. 

37. by the composite of three reflections? 

Explain. 

38. Through what transformation is one of 
the bulldogs in the figure at the top of 
the next column the image of the other? 
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39. Of what two transformations is this 

transformation a composite? 

40. Of what three transformations is it a 

composite? 

Grid Problem. On graph paper, draw a pair of 
axes extending 20 units to the right and 15 

units up from the origin. 

41. Plot the following points and connect 
them with line segments to form AABC: 
A(5, 4), B(8, 3), C(3, 0). 

41. (continued) Plot point A’(11, 10) and draw 
AA’. Draw AA'B'C’ so that it is the 
translation image of AABC. 

42. What are the coordinates of points B’ 

ance Cun 

43. Find the magnitude of the translation. 

41. (continued) Draw the line determined by 

the points (7, 0) and (20, 13) and label it 2 

44, What relation does AA’ appear to have 

to line /? 

41. (continued) Draw AA"B"C" so that it is 

the reflection image of AA'B’C’ through 
line L 

45. If your observation in exercise 44 is true, 

through what transformation is AA”B”C” 
the image of AABC? Explain. 

41. (continued) Draw AA", BB”, and CC” and 

use the grid to help in finding their 
midpoints. Label them M, N, and P, 

respectively. 

46. What are the coordinates of M, N, and 

Pe 

47, Exactly how is the y-coordinate of each 
of these three points related to the 

x-coordinate? 

48. What is interesting about the three 
points? 



Set Ill 

Stamp Tricks. Obtuse Ollie found a rubber Surprised, Ollie stamped another sheet of 
stamp and stamped it twice on a sheet of tracing paper twice as shown in figure 3 
tracing paper as shown in figure 1 below. below. 

=) 

ASE 
a a 

oy 

aitB> 
aswaid 

os 

1 3 

Acute Alice folded the paper to reflect one of Again, Alice managed to fold the paper just 
the figures twice, getting the result shown in twice, getting the result shown in figure 4 

figure 2 below. below. 
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Ollie couldn’t believe it. He decided to try to 2. How did his “trick” prevent Alice from 

trick Alice and stamped a third sheet of tracing being able to get the images to coincide 
paper as shown below. with just two folds? 

This time, Alice had to fold the paper more 3. Trace the two figures on a sheet of 

than two times to get the images to coincide. tracing paper. Can you get them to 

1. How did Ollie try to trick Alice? coincide with three folds? | 
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LESSON 4 

Transformations and Symmetry 

How many horses are pictured on the plate shown above? Counting 

the heads gives a different number from that obtained by counting 
the bodies. 

The creator of the plate, who lived in Persia in the seventeenth 

century, made use of symmetry in its design. Each time the plate is 

rotated 90°, as the figures below show, it looks almost the same. 

A figure that looks exactly the same after being rotated less than one 
full turn about its center is said to have rotation symmetry. 

Definition 

A figure has rotation symmetry with respect to a point iff it coincides 

with its rotation image through less than 360° about the point. 
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The point, which is the center of the rotation, is called the center of 

the symmetry. 

The Persian plate can be rotated so that it looks the same in four 

positions. For this reason, it has 4-fold rotation symmetry. Each position 

corresponds to a turn of 90°: = = 90°. In general, a figure has n-fold 

rotation symmetry iff the smallest angle through which it can be turned 
° 

to look exactly the same is 
n 

Recall that a figure that has point symmetry looks exactly the same 
when it is turned upside down. A parallelogram has point symmetry. The 
figure at the left shows that it also has 2-fold rotation symmetry. So 

0° 180° point symmetry is symmetry by a rotation of 180°. 
Just as rotation symmetry and hence point symmetry are related 

to the rotation transformation, line symmetry is related to the reflection 

transformation. For this reason, line symmetry is also called reflection 

symmetry. 

— fk An isosceles trapezoid has reflection symmetry. If the trapezoid is 
folded along the line shown in the figure at the left, the two halves coin- 
cide. Or, if a two-sided mirror is placed on the line, each half of the trap- 

ezoid is reflected onto the other half. 
We can define reflection (line) symmetry in relation to the re- 

flection transformation. 

Definition 
A figure has reflection (line) symmetry with respect to a line iff it 
coincides with its reflection image through the line. 

The line is sometimes called the axis of the symmetry. 

The translation transformation also is related 

to symmetry. The figure at the left from ancient > Gd Sa GSS G3 Gs Sa Ga & 
(), ii nae NK Ni rere Nit Egypt is an example. The part of the drawing 
in = i) o (Mt) : () s () . Heel s it) - Heal WN shown in red does not have any symmetry of its 

CUCURUCUCUCURUOUC around the plate, the repeating pattern of the 
people illustrates a type of symmetry. Rather 

than repeating around a circle, this pattern repeats along a line. The 
part of the drawing shown in red is translated a certain distance in 

the same direction again and again. The resulting pattern has transla- 

tion symmetry. In defining this type of symmetry, we think of the pat- 

tern as continuing in both directions endlessly. 

own but, like the repeating pattern of the horses 

Definition 

A pattern has translation symmetry iff it coincides with a translation 

image. 

Because rotations, reflections, and translations are isometries, we know 
that corresponding distances and angles in symmetric figures are equal. 
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Exercises 

Set | 

Ambigrams. The figures below are examples 

of “ambigrams,” words that can be read in 

more than one way.* | 

1. What type of symmetry does the first 
figure have? 

2. What is a simple test for this type of 

symmetry? 

3. What type of symmetry does the second 
figure have? 

4, What is a simple test for this type of 

symmetry? 

Sport Symmetry. The fields and courts on 
which most sports are played are symmetric. 

5. What sport is played on the field above? 

6. Describe its symmetry. 

*“Algebra” is from Wordplay, by John Langdon 
(Harcourt Brace Jovanovich, 1992). 

SAE SSE LE ESTEE OEE DISSES IS ERLE DELI EE DEAS 

7. What sport is played on the court above? 

8. Describe its symmetry. 

9. What type of symmetry do you think 

most sport fields and courts have? 

10. Why do you think they have it? 

Mount Vernon. George Washington’s home, 
Mount Vernon, has a fake window. It is the 

second upstairs window from the left. 

11. Why do you suppose Washington had 
this window painted on the outside 

wall? 

Symmetries of Basic Figures. Some geometric 
figures are so simple that we tend to ignore 

their symmetry. 

A point has rotation symmetry. 

12. Where is its center of symmetry? 

13. Does a point have line symmetry? If so, 

where is the line? 
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Euclid defined a “straight line” as “a line that 

lies symmetrically with the points on itself.” 

peu 

14. A line has rotation symmetry. Explain. 

15. What points can serve as its center of 

symmetry? 

16. A line has reflection symmetry. Explain. 

17. How many lines of symmetry does a 

line have? Where are they? 

18. Does a line have translation symmetry? 

Explain. 

We defined “vertical angles” with reference to 
opposite rays. 

A 

O 

D 

19. Explain what this definition says about 

ZCOD and ZBOA, given that they are 
vertical angles. 

20. ZCOD can be thought of as a rotation 
image of ZBOA. Explain. 

21. What theorem about vertical angles is 
suggested by the fact that rotations are 
isometries? 

AABC is an isosceles triangle with AB = AC. 

A 

B+ c 

22. Ifa mirror line /is drawn through A and 

M, the midpoint of BC, / | BC. Why? 

23. What are the images of A and B reflected 
through /? 
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24. What theorem about isosceles triangles 
is suggested by the fact that reflections 
are isometries? 

ABCD is a parallelogram with diagonals AC 
and BD. 

'B) (Sean: 

Ney ; Care ‘ 

25. What must be true about AC and BD? 

26. If ABCD is rotated 180° about point P as 
center, what is the image of AB? 

27. What theorem about the sides of a 

parallelogram is suggested by the fact 
that rotations are isometries? 

28. Does BD appear to be a rotation image 

of AC? Explain. 

Set II 

Piano Keyboard. Imagine that the keyboard of 
a piano extends endlessly in both directions. 

29. Draw a picture of the part of the key- 

board that repeats. 

30. What type of symmetry does the “end- 

less” keyboard have because of this 

repeating pattern? 

29. (continued) Draw the lines on your 
figure through which the “endless” 
keyboard could be reflected so that it 
coincides with itself. 

31. Is there any point about which the 

“endless” keyboard can be rotated less 

than 360° so that it coincides with itself? 

If so, where is it? 



Water Wheel. The design of an old type of 

water wheel is shown here.* 

32. What types of symmetry does it have? 

33. What is the measure of the smallest 

angle through which it can be turned to 
look exactly the same? 

Would the wheel look exactly the same if it 

were turned 

o40d25°? 

Soe 225°? 

36. To say that the wheel has “n-fold” 

symmetry, what number should n be? 

37. Does it have reflection symmetry? 

Wave Functions. Elementary particles such as 
electrons and photons are associated with 
“wave functions.” The two figures below are 
graphs of wave functions.t 

An even Y 
wave function 

An odd 

wave function 

*Cats’ Paws and Catapults: Mechanical Worlds of Nature 
and People, by Steven Vogel (Norton, 1998). 
tReality’s Mirror: Exploring the Mathematics of Symmetry, 
by Bryan Bunch (Wiley, 1989). 

Lesson 4: Transformations and Symmetry 

38. What is the axis of symmetry of the 

graph of the even function? 

39. What type of symmetry does the graph 
of an even function have? 

40. What is the center of symmetry of the 

graph of the odd function? 

41, What type of symmetry does the graph 
of an odd function have? 

What type of function—even, odd, or neither—is 
described by each of these statements? 

42. If the point (a, 4) is on its graph, then so 
is the point (—a, J). 

43. If the point (a, 8) is on its graph, then so 
is the point (a, — 9). 

44. If the point (a, 9) is on its graph, then so 
is the point (—a, — 

Cherry Orchard. Imagine that this orchard of 
cherry trees extends endlessly without any 
boundaries.* 

45. Why does the “infinite” orchard have 

translation symmetry? 

46. What is the shortest distance related to 

the trees that the orchard can be trans- 

lated and coincide with itself? 

Below from Above, by Georg Gerster (Abbeville Press, 

1986). 
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Copy the figure above illustrating one 
tree and its six closest neighbors. Draw 
all of its lines of symmetry. 

48. Why does the orchard have reflection 

symmetry? 

49, Why does the orchard have rotation 

symmetry? 

50. What points could serve as centers of 

symmetry? 

51. What is the smallest angle through 
which the orchard can be turned to 

coincide with itself? 

Set Ill 

Short Story. In the following very short story Scott Kim also created this figure. 
by Scott Kim, some of the words have missing 
parts. In each case, the missing part is congru- 
ent to the part shown but rotated 180°. For ( 
example, 

Olu ee Jgruu EG 2. What is unusual about it? 

1. Copy the story and fill in the missing 
parts. 

(vi the summer, S1 goes to the beach 

and SU herself, adds up SEU 

of numbers, does stu and collects 

U cans. The ride home is A | , and 

that makes her head feel fiz 
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CHAPTER 8 Summary and Review 

Basic Ideas Summary of Key Ideas 

Congruent figures 312 Every isometry of the plane can be identi- 
Dilation 300 fied as a single reflection (a mirror image), as 
Glide reflection 313 two reflections (a translation or rotation), or as 
Isometry 300 three reflections (a glide reflection). 
Magnitude of rotation 307 An isometry of the plane that changes a fig- 
Magnitude of translation 307 ure into its mirror image is either a reflection or 
Mirror image 313 a glide reflection. An isometry that does not 
Reflection 298-299, 305 change a figure into its mirror image is either a 
Reflection (line) symmetry 320 translation or a rotation. 
Rotation 298-299, 307 

Rotation symmetry 319 Construction 
Transformation 298-299 ; 
Translation 298-299, 307 8. To reflect a point through a line. 306 

Translation symmetry 320 

Exercises 

Set | 

Amazing Vase. This vase was created for Double Meanings. To an electrician, a 
Queen Elizabeth’s Silver Jubilee in 1977. transformer is a device used to transfer electric 

energy from one circuit to another. 

3. What does the word transformation mean 

in geometry? 

To an athlete, the word isometric refers to an 

exercise in which a muscle is tensed without 

changing its length. 

4, What does the word isometry mean in 

geometry? 

To an eye doctor, the word dilation refers to 

enlarging the pupil of the eye. 

1. Does this photograph appear to have 5. What does the word dilation mean in 
reflection symmetry? Explain. geometry? 

2. What is unusual about the vase? 6. Is a dilation an isometry? 
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Monkey Rug. This tapestry was woven in Peru 

sometime between 1000 and 1500 A.D. 

aE Cs ERE 
The following questions refer to the rows 
(numbered in red) of dark brown monkeys. 
Name the transformation through which the 

7. third row appears to be the image of the 
first row. 

8. second row appears to be the image of 
the first row. 

9. fourth row appears to be the image of the 
third row. 

10. sixth row appears to be the image of the 

second row. 

Clover Leaves. An ordinary clover leaf has 
3-fold rotation symmetry. 

11. What does “3-fold” mean? 
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12. What is the smallest angle through 
which the leaf can be turned to look the 

same? 

13. Does an ordinary clover leaf have point 

symmetry? Explain. 

14. Sketch the leaf and draw its lines of 

symmetry. 

15. Sketch a clover leaf with four “leaves” 

and draw its lines of symmetry. 

16. What is the smallest angle through 
which it can be turned to look the same? 

17. Does this kind of clover leaf have point 

symmetry? 

18. What kind of luck is associated with the 

clover leaf that you drew in exercise 15? 

Musical Transformations. The first measure of 
a piece of music by Bach is shown here.* 

19. What transformation appears in it? 

Another composer, Arnold Schoenberg, wrote 

about taking a sequence of musical notes and 

transforming it in different ways.’ 

What geometric transformation 

corresponds to each of the following musical 
transformations? 

20. Retrogression (playing a sequence of 
notes backward). 

21. Transposition (moving a sequence of 
notes up or down). 

22. Inversion (turning a sequence of notes 

upside down). 

*First Prelude (BWV 846) from The Well-Tempered 
Clavier, Vol. 1. 

T Emblems of Mind: The Inner Life of Music and 
Mathematics, by Edward Rothstein (Times Books, 

1995). 



Fish Design. This is one of Escher’s mosaics 27. Do any other types of transformation 
based on fish. appear in Escher’s mosaic? If so, draw a 

figure to illustrate an example. 

Set Il 

Baiter’s Swing. The swing of a baseball bat 
includes two types of motion.* 

23. Do all of the fish in the figure appear to 
be congruent? Explain. 

24. Define congruence with respect to isometry. 

25. 

In the figure above, under what 
transformation is the bat 

28. at B the image of the bat at A? 

29. at C the image of the bat at B? 

Each of these transformations can be 

Through what transformation is one of considered the composite of two reflections. 

the fish in this part of the mosaic the 30. What is the difference in the way that 
image of the other? the lines of reflection are related? 

26. 31. Use your protractor to estimate the 
magnitude of the rotation. 

32. Given that the length of the bat is 42 
inches, use the figure to estimate the 

magnitude of the translation. (Hint: 
Measure everything in millimeters.) 

Through what transformation is one of *Keep Your Eye on the Ball: The Science and Folklore of 
the fish in this part of the mosaic the Baseball, by Robert G. Watts and A. Terry Bahill 
image of the other? (W. H. Freeman and Company, 1990). 
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33. Trace the figure below of the bats in 
positions B and C and show, by an 

accurate drawing, one way in which the 

transformation can be obtained geometri- 

cally as the composite of two reflections. 

eee) 
G 

i red) 

Construction Problem. AABC has no special 
symmetry. 

34, 

35. 

36. 

37. 

328 

A 

B , 

Draw a large copy of it on your paper. 

Use your straightedge and compass to 
construct the reflection of point B 

through line AC. Label its image D. 

Draw AD and CD. 

What are the images of AB and BC 
through line AC? 

Why is AABC = AADC? 
Describe the symmetry of quadrilateral 
ABCD. 

Chapter 8: Transformations 

34, 

38. 

Reprinted by permission of The Chicago Tribune. 

(continued) Construct the reflection of 
point A through line DC. Label its 
image E. Draw DE and CE. 

For what type of transformation is 

AEDC the image of AABC? 

From N to Z. Make an accurate copy of the 

following figure. 

39. 

40. 

41. 

42. 

43, 

a b 

N 

Sketch the reflection of the letter N 

through line a, and then sketch the 

reflection of the image that results 

through line 3. 

What transformation is the composite of 
these two reflections? 

What does the measure of the acute 

angle formed by lines a and 4 appear to 

be? 

What does the magnitude of the com- 

posite transformation appear to be? 

Is there any other letter of the alphabet 

whose final image from reflections 
through these two lines is another letter 

of the alphabet? Explain. 



Past and Future. The following figures are by 
graphic designer John Langdon.* 

TPRSTPASTPASTPAS 

(URSFUTURSFUTUTEI 

Think of each pattern in the figures as 
repeating endlessly in both directions. 

44, Draw a picture of the part of each 

pattern that repeats. 

45. What type of symmetry does each figure 
have owing to this repeating pattern? 

44, (continued) Draw the lines on your 
figures through which the “endless” 
patterns could be reflected so that each 

coincides with itself. 

46. Why have no vertical bars been drawn 

on the Es? 

*Wordplay, by John Langdon (Harcourt Brace 
Jovanovich, 1992). 

47. Does either pattern have rotation 

symmetry? 

48. Which letters in the patterns have been 

drawn so that they have reflection 

symmetry? 

49. Have any letters been drawn so that 

they have rotation symmetry? If so, 

which one(s)? 

Dice Symmetries. The six faces of a die do not 

all have the same symmetry. 

50. Sort them into groups in which the faces 
of each group have the same symmetry 
and describe the symmetries of each 
group. 
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Midterm Review _ 
PEE OR PT DEA AGL LE ERED TEESE LESLEY 

Set | 

Chill Factor. A 3-year-old child can 

understand the statement “You can’t go 

outside if you don’t put your coat on.”* 

1. What type of statement is it? 

2. What is its hypothesis? 

ou lose 
Losers, Sleepers. The y 
following questions are 
about the diagram at 
the right. 

you 
snooze 

3. What is a diagram of this type called? 

4, Write the statement represented by the 

diagram. 

5. What is its conclusion? 

Marine Logic. Sea lions that have been taught 
with symbols that a— b and b— ¢c seem to 

realize that a= c.7 

6. What is an argument of the form 

ab 
bc 

Therefore, a— c 

called? 

7. What could cause the conclusion of such 
an argument to be false? 

Finding Truth. G. K. Chesterton once wrote: 
“You can only find truth with logic if you have 
already found truth without it.” 

What are the statements called that we 

8. prove to be true by using logic? 

9. assume to be true without proof? 

*Why Do Buses Come in Threes? The Hidden Mathematics 
of Everyday Life, by Rob Eastaway and Jeremy 
Wyndham (Wiley, 1998). 

+The Animal Mind, by James L. Gould and Carol 
Grant Gould (Scientific American Library, 1994). 
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Only in Geometry. Each of the following 
words is an important term used only in 

geometry. Briefly explain what each word 
means. 

10. Collinear. 

11. Hypotenuse. 

12. Isosceles. 

13. Rhombus. 

Why Three? Most insects walk on three of their 
six legs at a time. 

A 

5 B Xx 
1 

14. What postulate tells you that the insect 
in the figure above won’t tip over when 

legs A, C, and E touch the ground? 

15. Which geometric terms in this postulate 
are undefined? 

What Follows? Complete the statements of 
the following postulates and theorems. 

16. Two points determine . . . 

17. The sum of the angles of a triangle is . . . 

18. An angle has exactly one ray that. . 

19. Complements of the same angle .. . 

20. An equilateral triangle is... 

21. An exterior angle of a triangle is greater 
than... 

22. In a plane, two points each equidistant 

from the endpoints of a line segment 
determine... 

23. Equal corresponding angles mean that 
lines se... 

24. In a plane, two lines perpendicular to a 

third line... 

25. In a plane, a line perpendicular to one 
of two parallel lines is . . . 



26. An exterior angle of a triangle is equal to Write each of the following definitions or 
the sum of... theorems in terms of “grades.” 

27. A quadrilateral is a parallelogram if its 
Pe iclsnglés arél/,. | 40. The definition of supplementary angles. 

41. The definition of an obtuse angle. 

42. The theorem about the sum of the 

angles of a quadrilateral. 

28. The diagonals of an isosceles trapezoid 

Formulas. Explain what each of the following 

formulas means. 

99. A= mr. 

30. A= lw. 

oils = V (x9 a yee =F (yo ie ie 

32. p=atbte. 

33. p= 21+ 2w. 

43, The theorem that each angle of an 

equilateral triangle is 60°. 

Linear Pair. The figure below appeared on 
the opening page of the first printed edition of 
the Elements (1482). 

Protractor Problems. The figure below shows 
a protractor placed on ZAOB so that the 

coordinates of its sides are 123 and 39. 

44, What do you need to know about this 
figure to know that it contains a linear 
pair? 

45. If two angles form a linear pair, does it 
follow that one is acute and the other is 
obtuse? Explain. 

46. In what way are the measures of the 
angles of every linear pair related? 

34. Find the measure of 7 AOB. 

35. Find the measures of Z2AOC and Z COB, 

given that ray OC bisects 2 AOB. 

36. Find the coordinate of ray OC. 

37. Find the measure of ZAOD, given that 
ZAOD and ZAOC are complementary. 

47. If the angles in a linear pair are equal, 
what can you conclude about each angle? 

Polygons. In each of the following exercises, 
the measure of one or more parts of a polygon 
is given. Tell what the measures of the 
indicated parts must be. 

38. Find the coordinate of ray OD. 

39. Would it be correct to say that ray OC 
is between ray OD and ray OB? Explain 

why or why not. 

Metric Angles. As part of the metric system 
adopted at the time of the French revolution, 
right angles were defined to have a measure of 

100 “grades.” 

48. A right triangle. The other side if the 
two shorter sides are 15 and 30. 

49. An isosceles triangle. The third side if 

two sides are 15 and 30. 

50. A rhombus. The other angles if one 

angle is 30°. 

51. An isosceles trapezoid. The other angles 

if one angle is 30°. 
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Bent Pyramid. The Bent Pyramid at Dahshur 

in Egypt is shown in the photograph below. 

In the following side view of it, ABDE is an 

isosceles trapezoid and ABCD is an isosceles 

triangle. 

Use the facts that 7A = 54° and 

ZCBD = 43° to find 

52. ZABD. 

Jon LC. 

54. ZE. 

55. ZCDE} 

Six Triangles. Three triangles in the following 
figure are right triangles, and the other three 

are isosceles. 

56. Two triangles look as if they might be 
congruent. Which two are they? 
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57. If you knew that AB = ED, you could 
prove these triangles congruent. How? 

58. You could also prove them congruent if 
you knew that AF = CD. How? 

Italian Theorem. The following theorem 
appears in an Italian geometry book. 

Teorema. Se due lati di un triangolo sono disegauli, 

Pangolo opposto al lato maggiore é maggiore di 

quello opposto al lato minore. 

(eS 

A B 

In terms of the figure above, the hypothesis of 

this theorem might be stated as: “In AABC, 
CA CB. 

59. State the conclusion in terms of the 
figure. 

60. State the theorem as a complete sentence 
in English. 

61. What English words are related in 
meaning to “maggiore” and “minore”? 

Impossibly Obtuse. Recalling that an acute 
triangle has three acute angles, Obtuse Ollie 
concluded that an obtuse triangle has three 
obtuse angles. 

The beginning of a proof that such a 
triangle is impossible follows. 

Proof 
Suppose that AABC has three obtuse 

angles. 
Then ZA > 90°, ZB > 90°, and ZC > 90°. 

62. What follows from adding these 
inequalities? 

63. What does this result contradict? 

64. What does the contradiction show about 

what we supposed? 

65. What kind of proof is this proof? 



Converses. Write the converses of the 

following statements and tell whether the 
converses are true or false. 

66. If two angles are the acute angles of 
a right triangle, then they are 
complementary. 

67. If a quadrilateral is a parallelogram, 
then the diagonals of the quadrilateral 

bisect each other. 

Construction Exercises. 

A 
X if 

68. First, use your ruler to draw a line 

segment 8 cm long. Label its endpoints 
A and B and mark the points X and Y on 

it that are 3 cm and 6 cm from point A. 

Use your straightedge and compass 
to construct AABC with AC = AY and 
BC = BX. 

Construct the line that bisects ZA. 

69. Does this line also bisect BC? 

68. (continued) Check your answer by 
constructing a line that bisects BC. 

68. (continued) Through C, construct a line 
perpendicular to AB. Let P be the point 
in which this line intersects AB. 

70. What point on line AB is closest to point 

©? 

71. Which three lines in the figure are 
concurrent? 

Set Il 

Grid Exercise. On graph paper, draw a pair of 
axes extending 20 units to the right and 10 

units up from the origin. 

72. Plot the following points and connect them 

with line segments to form quadrilateral 

ABCD: A(0, 2), B(12, 2), C(16, 8), D(4, 8). 

73. What kind of quadrilateral does ABCD 

appear to be? 

74, Find the lengths of its sides to check 
your answer. 

72. (continued) Plot P(10, 2) and draw PD 
and PC. 

75. Which segment looks longer: PD or PC? 

76. Use the distance formula to check your 

answer. 

Roof Truss. The figure below from a book on 
architecture illustrates one type of truss, a 

structure used to support a roof. 

BD K 
In the structure, GA = GL and FA = FL. 

77. What can you conclude about 7A and 

ZL? Explain. 

Also, ZBCD = ZCDE = ZDEF = ZEFG. 

78. What can you conclude about BC and 

FG? Explain. 

It appears as if CD || EF. 

79. Is this necessarily true? Explain. 

ZAGF is acute and ZGFA is obtuse. 

80. Can these two angles be supplementary? 

Explain. 

F 
Angles Problem 7. In 
the figure at the right, 
AABC is equilateral 

and its vertices lie on A B 
the sides of ADEF, 

AB || DE, ZD = 65°, 
and ZF = 50°. D C E 

81. Make a large copy of the figure and 
write the given information on it. Find 

the measures of the other angles and 

write them on the figure. 

82. What can you conclude about AACD 

and ABCE? Explain. 
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Irregular Star. The five angles at the points of 
the star below, formed from five intersecting 

line segments, are equal. 

B 

A ELAN G 

(G 
J 

H 
/ 

E D 

83. Copy the figure and mark it as needed 
to help in deciding whether each of the 
following statements is true. Jf you think 
a statement is true, explain why. 

84. AEFC is isosceles. 

85. Pentagon FGHIJ is equiangular. 

86. Pentagon FGHI]J is equilateral. 

87. Every triangle in the figure is isosceles. 

Angle Trisector. The linkage below can be used 
to trisect an angle. 

It is designed so that OA = AB = BC = CO = 
OD = DE = EF = FO. 
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Explain why each of the following statements is 

always true, no matter how the linkage is moved. 

88. AOAB = AOCB, and AODE = AOFE. 

SO, Als 29 = 23, 

Quadrilateral Problem. The measures of the 
angles of quadrilateral ABCD are multiples 
of x. 

B 

xa 

A D 

90. Write an appropriate equation and solve 

for x. 

91. What is the measure of the largest angle 
of ABCD? 

92. What other conclusions can you make 

about this figure? 

Angles Problem 2. In the figure below, & || Jo 
and AC bisects 7BAD. 

D A L 

100° ] 

B C < 

93. Make a large copy of the figure and 
write in the measure of the 100° angle. 
Find the measures of the other angles 
and write them on the figure. 

94. What can you conclude about AABC? 

Explain. 

A, B, C. Suppose that the 

legs of a right triangle 
have lengths a and b 
and the hypotenuse 
has length c. € 



95. Write an equation relating a, b, and c. 

96. Write three inequalities relating a, 5, 

and ¢. 

97. Could a triangle have sides of lengths a?, 
b?, and c?? Explain. 

Midsegments. In the figure below, D and E are 
the midpoints of AC and BC, AE and BD 

intersect at F, and G and H are the midpoints 
of AF and BF. 

CG 

A B 

98. Copy the figure and mark it as needed 
to explain why each of the following 
statements is true. 

99. DE = GH. 

100. DE || GH. 

98. (continued) Draw DG and EH. 

101. DEHG is a parallelogram. 

102. AG = GF = FE and BH = HF = FD. 

On the Level. The plank of this swing always 
stays level with the ground as the plank 
moves back and forth.* 

103. What is it about the design of the swing 
that makes the plank stay level? 

*Mathematics Meets Technology, by Brian Bolt 
(Cambridge University Press, 1991). 

Folding Experiment. 
Mark a point on a sheet of 

paper and label the point A. 

Choose a corner of the paper, 

label it B, and draw segment 

AB. Fold the paper so that B 

falls on A, and make a sharp 

crease. Unfold the paper so 

that it is flat. 

104. Draw a sketch of the result. 

105. What relation does the crease line seem 

to have to AB? 

106. Add some extra line segments as needed 

to help in explaining why. 

Earth Measurement. In the ninth century, a 
team of surveyors working near Baghdad 
found that 1 degree at the center of the earth 
corresponded to about 57 miles on the surface. 

With the use of this information, what did 

they estimate for 

107. the circumference of the earth? 

108. the distance from the surface of the earth 

to its center? 

Not a Square. Although parallelogram ABCD 
looks like a square, it is not because 

ZDAB # ZABC. 

D G 

WA 
yds 

A B 

On the basis of this information, could it be 

that 

109. ABCD is a rhombus? Explain. 

110. AC 1 DB? Explain. 

111. AC and BD bisect each other? Explain. 

112. ABCD is a rectangle? Explain. 

113. AC = DB? Explain. 
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Construction Exercise. Quilt Patterns. Three patterns used in making 
quilts are shown below.* Describe the 

symmetries of each pattern. 

U21; 

114. Draw a scalene triangle in the center of 
a sheet of paper and label its vertices A, 

B, and C. Use your straightedge and 
compass to construct three equilateral 

triangles outwardly on the sides of 

AABC. Label the equilateral triangles 

AABZ, ABCX, and AACY. 

115. Draw AX, BY, and CZ. What seems to 

be true about these three line segments? 
122. 

SAT Problem. The figures below appeared in a 

problem on an SAT test. 

123. 

The first figure shows a rectangular sheet of 
paper being folded in half. The second figure 
shows the result of cutting off two opposite 
corners of the folded paper. 

In figure A below, the lower half is the Dividing a Lot. A real estate developer’ is 
image of the upper half by a reflection. planning to subdivide a vacant lot into 

congruent parcels (the ’ stands for feet). 

A B G 

D ie 
Make a sketch to illustrate each of the 

Name the transformation(s) through which following divisions. 
the lower half is the image of the upper half in 
116. § B 124. A way to divide the lot into three 
SO eae congruent parcels. 

117. figure C. 125. A way to divide it into five congruent 
118. figure D. parcels. 

119. figure E. 
*Designing Tessellations, by Jinny Beyer (Contemporary 

120. Which one of the five figures represents Books, 1999). 
the paper when it is unfolded? tSolomon Golomb. 
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Formulas for the areas of various geometric figures are so useful 

that they are commonly learned and used by people who never 

take a course in geometry. In this chapter, you will see not only 

how these formulas can be derived as part of our deductive 

system but also how they can be used to solve a wide variety of 

practical problems. You will also see how these area theorems 

can be used to prove the Pythagorean Theorem. 



LESSON 1 

Area 
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Alaska hasn’t always been the largest state. Before Alaska, it was Texas. 

In fact, in the history of our country, four states have had the dis- 

tinction of being the largest. Georgia was the largest of the original 
13 states. Then Missouri (1821-1845), followed by Texas (1845-1959), 
followed by Alaska. 

To compare their sizes, we use numbers. For example, the area 

of Alaska is about 591,000 square miles, and the area of Texas is about 

267,000 square miles. Without numbers, such comparisons aren’t al- 

ways as easy. Look, for example, at the map above. Can you name 

the three largest states following Texas? The areas of all 50 states 

can be found in reference books. 
It is easy to see how we could work out the areas of states such 

as Utah and Colorado on this map. Their shapes seem to be simple 

polygons. On the other hand, the area of Florida on this map would 
be more difficult to figure out. Even so, it is reasonable to assume that, 

no matter what shape a closed figure might have, it has an area. 
In this chapter, we will review some of the formulas for the areas 

of various geometric figures. In doing so, we will begin with some ba- 

sic definitions and assumptions, and from them we will develop the 

area formulas as a logical sequence of theorems. 



We start by making a simple observation. When we refer to the 
area of a polygon, we mean a number that is the measure of the region 
bounded by it. The figures below illustrate the distinction. 

A polygon A polygonal 
region 

By a polygonal region, we mean the union of a polygon and its inte- 
rior. 

We can always divide a polygonal region into triangular regions 
by drawing some of its diagonals, which is how we relate the formulas 

for basic geometric figures to each other. Consider a parallelogram, 

for example. Drawing one of its diagonals forms two congruent tri- 

angles. It is reasonable to assume that these congruent triangles have 
equal areas and that the area of the parallelogram is equal to their 

sum. We summarize these observations as the following postulate. 

Postulate 8. The Area Postulate 
Every polygonal region has a positive number called its area such that 

(1) congruent triangles have equal areas and 
(2) the area of a polygonal region is equal to the sum of the areas 

of its nonoverlapping parts. 

Although the Area Postulate is stated in relation to polygonal re- 
gions, it can be extended to other closed figures. For example, the fig- 
ure at the right is a map of the smallest state, Rhode Island, and its 
five counties. The area of Rhode Island is equal to the sum of the ar- 
eas of the five counties. If two of the counties were congruent (which 
they are not), then we could conclude that they have equal areas. 

We will represent the words “the area of” by a (alpha), the first 
letter of the Greek alphabet. For example, for the parallelogram at 

the right above, we can write that 

aAABC = aACDA and 

a@ABCD = aAABC + aACDA. 

Rhode Island 
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Exercises 

Set | 

Train Logo. The Amtrak symbol, shown 
below, consists of three hexagonal regions. 

Amtrak 
Be Scares 
"A ia 

1. Copy the version of the figure below 

and show a way to divide it into six 

quadrilaterals. 

2. What types of quadrilaterals are they? 

3. What does the Area Postulate say about 

the area of the Amtrak symbol? 

Star in Square. The figure below shows a 
“star” drawn inside a square. 

4, Which has the greater perimeter, the 
“star” or the square? Why? 

5. Which has the greater area? Why? 

6. If one region has a greater perimeter 
than another, does it follow that it has a 

greater area? 
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Area Relations. ABCD is a parallelogram with 

diagonal AC; EF and GH have been drawn 

parallel to its sides. 

Tell whether you think each of the following 
statements is true or false. Indicate your 
reasoning. 

7. aAADC = aAABC. 

8. aAl = aA4 and aA2 = aA3. 

9. aEPHD = aGBFP. 

10. aAGHD = aABFE. 

11. a@EFCD = aGBCH. 

12. aAGPE = aPFCH. 

Flag Geometry. The flag of the United States is 
not the only one that is red, white, and blue. 

Thailand Panama 

Suppose that the three colors in the flag of 

Thailand cover equal areas and that the area of 

one of the red stripes is x square units. 
Write an expression for the area of 

13. one of the white stripes. 

14. the blue stripe. 

15. the entire flag. 

The flag of Panama contains four congruent 
rectangles. Suppose that the flag has an area of 
4x square units and that the area of each star is 

y square units. 



Write an expression for 

16. the red area. 

17. the white area. 

18. the blue area. 

19. If you add these three expressions, do 

you get the area of the entire flag? Show 

why or why not. 

Drum Polygons. You might expect identical 
drums to sound alike. Surprisingly, 
mathematicians Carolyn Gordon and David 
Webb have discovered that drumheads with 
these two shapes sound alike.* 

(For convenience, the shapes have been drawn 
on a square grid.) 

20. What kind of polygon is each shape? 

21. How do the polygons compare in area? 

22. How do their perimeters compare? 

23. Write an expression in terms of a and 5 

for each perimeter. 

24. Are the polygons congruent? 

Set Il B 

Midsegment 
Triangle. The sides M N 
of AMNO are the 
midsegments of A 
AABC. O C 

25. Copy the figure and mark the segments 
that are equal. 

*The Jungles of Randomness, by Ivars Peterson (Wiley, 
1998). 

26. What two conclusions follow about 

AMNO, AAMO, ABMN, and ACNO? 

27. What conclusion follows about the areas 

of AMNO and AABC? 

28. What kind of quadrilaterals are AMNO, 
BNOM, and COMN? 

29. How do you know? 

30. Are they congruent? 

31. Do they have equal areas? Explain why 

or why not. 

32. What kind of quadrilaterals are AMNC, 

BNOA, and COMB? 

33. Are they congruent? 

34. Do they have equal areas? Explain why 

or why not. 

Circle Area. All of the small triangles in the 
figure below are congruent.* 

Given that the area of the red hexagon is 3 

square units, find 

35. the area of one of the small triangles. 

36. the area of one of the equilateral 

triangles. 

37. the area of the star. 

38. the area of the blue hexagon. 

39. Use your results to guess the approxi- 
mate area of the circle. 

T Wheels, Life, and Other Mathematical Amusements, by 

Martin Gardner (W. H. Freeman and Company, 

1983). 
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Doubling a Square. In one of his books, the 
Greek philosopher Plato explores how it is 

possible to prove that one square has twice 

the area of another. His method is based on 

these figures. 

D G 

EB 

A B 

D » F 

A B 

Explain Plato’s argument by giving a reason 

for each of the following statements. 

40. The five numbered triangles are congru- 

ent. Why? 

41. They are equal in area. Why? 

42. BFED is a square. Why? 

43. aBFED = 2aABCD. Why? 

SAT Problem. The figure below appeared in a 

problem on an SAT exam. 

All of the triangles are congruent, the area of 
the shaded region is 84, and the area of square 
ABCD is 100. 

44, What is the area of one of the triangles? 

45. What is the total area of the entire Le 

figure? 
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Comparing Parallelograms. Which one of the 
parallelograms below, ABCD or ABEF, do 
you think has the greater area? 

Dae iad! 5 

Euclid proved that their areas are equal. Show 

how he did so by answering each of the 

following questions. 

Given: ABCD and ABEF are parallelo- 

grams as shown. 

Prove: ~cABCD = aABEF. 

Di eG evel! s 

A 8B 

46. Why is AD = BC? opyumpt ke po are = 
47. Why is AD | BC? AM. of, parllolin,. 

peatooly 48. Why is ZADF = BCE? 
49, Why is DC = FE? Aj- ce ah Ae) ¢ 

50. Why is DF = CE? 
51. Why is AADF = ABCE? 4A $ 
52. Why is a@AADF = aABCE? Pe ee 

Zz 

Die £G BUNS = 

| 
A> 8B 

53. Why is al + a3 = a3 + a4? 

54. Why is al = a4? 

55. Why is a@ABCD = aABEF? 



Set Ill 

Magic Playing Card.* Here is a baffling 1. Can the borders of the playing card 
puzzle. A “magic” playing card has been cut face up and face down be congruent? 
into four pieces. When the pieces are put Explain. 
together face up, they look like the figure at 2. What can you conclude about the 
the left below. If the pieces are turned over 

and put together, part of the back of the card i 
is missing! 3. What does your conclusion have to do 

with how the puzzle works? 

dimensions of the card in each position? 

Carefully compare the front and back of 

the card. The area of each piece is the same 

regardless of whether it is face up or face 

down. 

a vv 

PARLMANENANAMEN EM 
~~ 

0) 

2, 

*New Book of Puzzles, by Jerry Slocum and Jack 
Botermans (W. H. Freeman and Company, 1992). 
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A township 

Chapter 9: Area 

More than that of any other country, the American landscape has been 

influenced by geometry. The word “geometry,” in fact, comes from 

the Greek word geometrein, which means “to measure land.” The pat- 
tern established by the Land Ordinance of 1785 was that the country 

west of the Alleghenies was to be divided up into squares 6 miles on 

a side called “townships,” which were in turn divided into even smaller 

squares. The influence of this system is evident even in the shape of 

individual homesteads, as the photograph above of a homestead on 

a square lot in North Dakota illustrates.* 
Because a township was a square of land 6 miles on a side, it had 

an area of 36 square miles. Area is normally measured in square units 
that are derived from linear units, or units of length. The numbers 
known as “squares” get their name from this connection. We call 6? 
“six squared” because a square 6 units on a side contains 6%, or 6 X 6, 
unit squares. 

*Taking Measures: Across the American Landscape, by James Corner and Alex S. 
MacLean (Yale University Press, 1996). 



660 ft 
One acre 

Another unit commonly used in the United States for measuring 
land is the “acre.” The acre originally was considered to be the amount 
of land that could be plowed with oxen in | day and was a rectangle 
660 feet long and 66 feet wide. The length 660 feet was roughly the 
distance that a team of oxen could plow before needing to rest. 

Ruling a 660-ft by 66-ft rectangle into 1-ft by 1-ft squares gives its 
area in square feet: 

660 feet X 66 feet = 

43,560 square feet. 

The dimensions of a rectangle are sometimes called its length and 
width. They are also called its base and altitude. The words base and 
altitude can also refer to two consecutive sides of the rectangle. (Any 
side can be considered the base, and a side perpendicular to the base 
can be considered the altitude, or “height”—another word for “altitude.”) 
The letters } and / are usually used to represent the base and altitude. 

We have seen that the area of a l-acre rectangle in square feet is 
the product of its dimensions. We will assume that the area of any 
rectangle can be found by multiplying its dimensions, even rectangles 
whose dimensions are not integers. 

Postulate 9 
The area of a rectangle is the product of its base and altitude. 

A square is a rectangle whose base and altitude are equal, and so 

the special case of finding the area of a square follows as a corollary 
to this postulate. 

Corollary to Postulate 9 
The area of a square is the square of its side. 

Exercises 
SAAR ASCO PLEA INTENT 

Set | 

Abstract Art. One of the strangest pieces of 

modern art is an oil painting by Ad Reinhardt. 

It belongs to the New York Museum of Abstract Painting 
Modern Art and consists of a solid black 1960-61 

square measuring 5 feet on each side. 

altitude 
(height) 

base 

Find its perimeter 

1. in feet. 

2. in inches. 

Find its area 

3. in square feet. 

4, in square inches. 
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Tile Pattern. Each of the smallest squares in 

the figure below has an area of | square unit. 

5. Which of the three colored regions do 

you think has the largest area? 

6. Find the area of each region. 

Fishing Nets. The mesh in fishing nets is 
measured in relation to the square inch. 

The net above has a “half inch” mesh. 

7. Use your ruler to explain why. 

8. How many small squares are there per 
square inch? 

9. How many small squares per square 

inch would you expect in quarter-inch 

mesh? 

10. Why do you suppose there are laws 
regarding the size of mesh used in 
fishing? 
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Distributive Property. The rectangular figure 
below is sometimes used in algebra books to 

illustrate the distributive property. 

b G 

| | ag 

11. What is the area of the entire figure in 

terms of the lengths of its sides? 

12. What are the areas of the two parts of 

the figure? 

13. Copy and complete the distributive 

property: 

alb+ oq = 

Binomial Square. 
The figure at the 
right is used in 

algebra books to 
illustrate the square 

of a binomial. 

14. What is the area of the entire figure in 
terms of the lengths of its sides? 

15. What are the areas of the four parts of 

the figure? 

16. Copy and complete the formula for the 

square of a binomial: 

(a+b)? =? 

Difference of Two Squares. 

17. Use the figure above as a guide to writing 
the formula for the difference of two 
squares. 

ae = $=? 



Area Connection. The figure below suggests a 
connection between the area of a right 
triangle and the area of a rectangle. 

18. Write a formula for the area, A, of the 

rectangle in terms of its sides, a and 0. 

19. Into what does the diagonal of the 

rectangle divide it? 

20. Why do the two triangles have equal 
areas? 

21. Write a formula for the area, A, of a right 

triangle in terms of its legs, a and 0. 

Two Squares. The two squares below have 
areas of 25 and 26. 

2 | | 
x y 

Because the area of the first square is 25, 

alee s0.w=) 25 =: 

22. How long is each side of the second 
square? 

Use a calculator to help in answering each of 

the following questions. 

23. Is the length of each side of the second 
square 5.099? 

24. What is the exact area of a square whose 

sides are 5.099? 

25. Is the length of each side of the second 
square 5.0990195? 

26. Do you think you could write the exact 

length of each side of the second square 
in decimal form? 

27. What kind of number is the length of 
each side of the second square? 

Set Il 

Bed of Nails. An old trick is to lie on a bed of 

nails. For it to be comfortable, the bed should 

have one nail per square inch.* 

Dr. Jones rechecks his calculations 

on proper nail spacing before 

lying down on the bed of nails. 

28. To construct a bed of nails 6 feet long 
and 3 feet wide, how many nails would 

you need? 

29. Which do you think would hurt the 

most: to lie on a bed of nails, to sit on it, 
or to stand on it? 

Surveyor’s Chain. The tool used by early 
American surveyors to measure distances was 
a chain of 100 links, each 7.92 inches long. 

Op 

30. What was the total length of the chain in 

feet? 

*The Cosmological Milkshake: A Semi-Serious Look at the 
Size of Things, by Robert Ehrlich (Rutgers University 
Press, 1994). 
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One acre 

31. What are the dimensions of the above 

rectangular acre in “chains”? 

32. What is its area in “square chains”? 

A mile is a distance of 80 chains. 

33. Use your answer to exercise 30 to find 

the number of feet in a mile. 

34. How many “square chains” are in | 
square mile? 

35. How many acres are in | square mile? 

Map Reading. Figuring out how to get some- 
where from a map book can be awkward if a 

road or your destination is too close to the 

edge of the page.* 

Suppose the map pages are 24 cm by 20 cm 
and that the awkward region is 1 cm into the 
page along each edge. 

36. What is the total area of the map page? 

37. What is the area of the “awkward 

region”? 

*Why Do Buses Come in Threes? The Hidden Mathematics 
of Everyday Life, by Rob Eastaway and Jeremy 
Wyndham (Wiley, 1998). 
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38. What percentage of the area of the map 
page is the awkward region? 

Suppose the awkward region is 2 cm into the 

page instead. 

39. Now what percentage of the area of the 

map page would the awkward region 
be? 

Wallpaper Geometry. Wallpaper is sold in 36- 
square-foot rolls. The most common widths 

are 20 inches (20") and 27 inches.* 

How many feet long is a roll of wallpaper with 

40. a width of 20 inches? 

41. a width of 27 inches? 

The rule for estimating the number of rolls 
needed to paper a room is to assume that each 
roll will cover 30 square feet. 

42. Why not 36 square feet, given that it is 
the area of a roll? 

The rule continues: Multiply the room’s perimeter 
by its height, divide by 30, and round up. 

43. What does multiplying the room’s 
perimeter by its height give? 

44, After dividing by 30, why not just round 
the answer to the nearest number? 

45. There is one more part to the rule. What 
do you suppose it is about? 

46. What effect would it have on the num- 

ber of rolls needed? 

¥ Sizes, by John Lord (Harper Perennial, 1995). 



Cutting a Board. The figure above from the 
Wood Handbook shows how four smaller 

boards can be cut from a board so as to avoid 

knots and cracks in the boards produced.* 

The original board is 12 inches wide and 12 
feet long. 

47, Find its area in square inches. 

Use the following dimensions to find the areas 

of the four smaller boards in square inches. 

48. Cutting #1: 35 in by 45 ft. 
49. Cutting #2: 45 in by is ft 

50. Cutting #3: 85 in by 45 ft. 
51. Cutting #4: 6 in by 55 ft. 

To be graded as a high-quality board, the four 
boards cut from it must use at least two-thirds 

of the board. 

52. Do they? Explain. 

The Number 17. The Greek historian Plutarch 
said that “the followers of Pythagoras have a 
horror for the number 17. For 17 lies exactly 
halfway between 16, which is a square, and 

the number 18, which is the double of a 
square.”? 

53. Draw figures to show why 16 is a square 
and 18 is the double of a square. 

Plutarch also mentioned something unusual 

about the perimeters and areas of these two 

figures. 

54. What is it? 

55. Can you find any other square or 
rectangle for which it is true? (Hint: 
The dimensions need not be integers.) 

*Wood Handbook, Forest Products Laboratory (U.S. 
Department of Agriculture, 1974). 

~ TScience Awakening, by B. L. van der Waerden (Oxford 
University Press, 1961). 

Total Living Area. Realtors use the total living 
area to help calculate the market value of a 

house. 

The figure below shows the “living area” part 
of the house. Its dimensions have been 

rounded to the nearest foot.* 

56. Sketch the figure and mark it as needed 

to calculate the total living area of the 

house. 

57. Sketch the figure again, divide it into 
pieces in a different way, and check your 

answer to exercise 56 by calculating the 
total living area again. 

+The Best of Better Homes and Gardens Home Plans, Fall 
1997, 
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Set Ill 

Dividing into Squares. To divide a square into 
smaller squares each having a different area 
was once thought to be impossible. The figure 
below, which once appeared on the cover of 

Scientific American magazine, seems to show a 

solution. 

1. Trace the figure on your paper. 

The areas of squares C and D are 64 and 81 

square units, respectively. 

2. Find the areas of the other squares. 

3. Is the figure containing the nine squares 

a square? Explain why or why not. 



In 1858, an English tourist purchased an old scroll when visiting Egypt. 
Now in the British Museum, it is known as the Rhind Papyrus and is 

our main source of information about mathematics in ancient Egypt. 
It was written in about 1650 B.c. by a scribe named Ahmose, who 

gave it the title “The correct method of reckoning, for grasping the 
meaning of things and knowing everything that is.”* 

Rather than explaining “everything that is,” the papyrus simply 
contains a series of mathematics problems and their solutions. Prob- 
lem 51, shown above, was titled “Example of making a triangle in 
land.” Ahmes wrote: 

If it is said to you, a triangle of 10 khet on the side of it, 4 
khet on the base of it, what is the area of it? 

Make you half of 4, namely 2, to cause that it become 

rectangular. Make you the multiplication: 10 times 2; the area 
of it is this. 

Ahmose’s solution is correct only if the triangle is a right triangle. 
The figures at the right show where the “rectangular” part comes in 
and suggest why the method works. 

Although we could write a proof based on these figures to explain 
why the area of a right triangle is half the product of its legs, it is easier 
to base the proof on a rectangle enclosing the entire triangle. 

*The Rhind Mathematical Papyrus, by Arnold Buffum Chace (The Mathematical 
Association of America, 1927). 
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Theorem 38 
The area of a right triangle is half the product 

of its legs. B 

Given: Right AABC with legs a and 8. a 

Prove: aA ABC = 5a A 5 G 

The following figures show the plan of the proof, whose main ideas 

are outlined below. 

D B D B D B 

o A 5 (é A ie G; A i c 

Proof 
Through A and B, draw lines parallel to the legs of the triangle to 

form parallelogram ACBD. ACBD is also a rectangle; so aACBD = ba. 

AABC = ABAD; s0 a@AABC= aABAD. Therefore, oAABGIE 5@ACBD 

and so aAABC = 5 ba 

Knowing this formula for right triangles, we can derive a compa- 

rable formula for the area of any triangle. Look again at right AABC: 
if leg AC is the base of the triangle, it seems reasonable to call the 
length of leg BC the height, or altitude, of the triangle. In general, we 
think of an altitude of a triangle as the distance from a vertex to the 

line of the opposite side. The distance from a point to a line is mea- 

sured along the perpendicular from the point to the line. Conse- 

quently, the word altitude is also used to refer to a perpendicular line 
segment from a vertex to the line of the opposite side. 

B D G 

Zh JN = 

D b oie 
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As the figures above show, an altitude of a triangle may lie on a 
side of the triangle, inside the triangle, or outside it. Regardless of 

where the altitude may be, by using the information in these figures 
it is easy to show how the area of a triangle can be found if the lengths 
of one side and the corresponding altitude are known. 



Theorem 39 
The area of a triangle is half the product of any base and 
corresponding altitude. 

An immediate consequence of this theorem is the following corol- 

lary. 

Corollary to Theorem 39 
Triangles with equal bases and equal altitudes have equal areas. 

B EB 

A x cD TRS 

Our reasoning shows that this corollary is true, but its application 
sometimes leads to surprises. For example, from it we can conclude 

that the acute and the obtuse triangles shown above must have equal 
areas. 

Exercises 

Set | 

Match Puzzle. An old puzzle begins with 12 3. How do the perimeters of the two figures 
matches arranged to form a right triangle. The compare? 
puzzle is to rearrange the matches to form a 
figure with half its area. Isosceles Right Triangle. The figures below 

illustrate two ways to find the area of an 

isosceles right triangle. 

G 

a 

Cc Cc 
a a 

g 
a (Ss 

Write an expression for the area of the triangle 
in terms of 

4, the length of one of its legs, a. 

1. Given that each match is 1 unit long, 
what is the area of the triangle? 

2. Does the arrangement of the matches 
shown in the second figure solve the 
puzzle? Explain. 5. the length of its hypotenuse, ¢. 
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Theorem 39. Complete the following proof of 
Theorem 39 by giving the reasons. 

The area of a triangle is half the product 
of any base and corresponding altitude. 

Given: AABC with 

base } and 

altitude h. 

Prove: aA ABC = sb A 

Proof 

6. 

o: 

aAABD = sth and @ACBD = ooh 

Why? 

aAABC = aQAABD + aACBD. Why? 

aAABC = wah + wh = hla + y). Why? 

Since b= x + y, aAABC = sb Why? 

In the proof above, the altitude was assumed 

to be inside the triangle. The figure below 
illustrates the case in which the altitude is 

outside the triangle. 

The proof for this case is almost the same, as 

you will see in giving a reason for each of the 
following statements. 

10. aAABD = sah and aACBD = sy Why? 
11. aAABD = aAABC + aACBD. Why? 
12. aAABC = aA ABD — aACBD. Why? 
13. aAABC = —xh — Lyp = + hx — 9). Why? oft ai tp) "ae, 9 
14, Since 6 = x— y, aAABC = bh, Why? 
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Enlargement. When something is enlarged, 
everything does not change in the same way. 

For example, look at ADEF below, which is 
an enlargement of AABC. 

15. 

16. 

fe 

18. 

Lo: 

20. 

z1. 

22. 

23. 

16 30 

D 34 F 

How do the angles of ADEF seem to 
compare in measure with the angles of 

AABC? 

How do the sides of ADEF compare in 

length with the sides of AABC? 

Find the perimeter of each triangle. 

How does the perimeter of ADEF 

compare with the perimeter of AABC? 

Find the area of each triangle. 

How does the area of ADEF compare 

with the area of AABC? 

If the sides of a triangle are doubled, 
what seems to happen to the measures 

of its angles? 

What happens to its perimeter? 

What happens to its area? 



Chinese Parallelogram. The Chinese practice 
of coloring the parts of geometric figures 
makes it easier to discover some of their 
properties. 

ABCD is a parallelogram with its diagonals 
intersecting at P. XY is any line through P. 

24. Copy the figure and mark it as needed 
to do each of the following exercises. 

25. The triangular regions shaded the same 
color seem to have the same area. Do 

they? Explain. 

26. What can you conclude about quadrilat- 

erals XYAD and XYBC? 

Four-Sided Field. This problem is from an old 
geometry book.* 

To survey the four-sided field ABCD, 

begin by measuring the diagonal BD. Then 

determine the points E, F on BD, where 

perpendiculars from the points A and C 

meet BD. Then measure the lengths of AE 
and CF. 

The book gives the De 
measurements in : 
“chains”: 

BD = 14.36 chains, 

AE = 8.17 chains, 

and 

CF = 5.74 chains. 
A B 

27. Use this information to find the area of 

the field in “square chains.” 

28. Given that 1 acre is equal to 10 square 
chains, find the area of the field in acres. 

*First Steps in Geometry, by G. A. Wentworth and 
G. A. Hill (Ginn, 1901). 

Set Il 

Surfer Puzzle. In the puzzle of the surfer, the 
sum of the lengths of the perpendicular paths 

from every point on the island to the beaches 

seemed to be the same.’ 

The island was in the shape of an equilateral 
triangle; so AB = BC = CA. Use the figure 

above to give a reason for each of the 
following statements. 

29. aAABC = 5BC - AD, aA APB = SAB PX, 

aABPC = 5BC epyeuad 

WAGPA-= 5CA - PZ. 

30. aAABC = aAAPB + aABPC + aACPA. 

31. SBC: AD = -AB- PX + SBC: PY + 

1 
ACN 2 IO, 9€ 

1 it it 

1 
SAKE ¢ IP. 9 C 

33. FAD = PX: PY +: PZ. 

34. How does this result prove that the sum 

of the lengths of the three paths from 

every point on the island to the beaches 

is the same? 

Page 5. 
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Three Equal Triangles. All of the triangles 
below have the same area. 

B 

13 14 

A = G 

iB 

i 24 

D os F 
H 

10 17 

G | 

35. What is it? 

What is the length of the shortest altitude of 

36. AABC? 

37. ADEF? 

What is the length of the longest altitude of 

38. ADEF? 

39. AGHI? 

Kite Geometry. In the kite 
pictured at the right, two 
wooden cross pieces, AC B 

and BD, are lashed 

together at E. The area of 

the material needed to cover 

the kite can be found from 

the lengths of the two cross 

pieces. 

Complete the following proof. 

Given: Kite ABCD with AB = AD and 

Be De 

Ponape SAC - BD. 

40. Copy the figure. Mark it as needed to 
explain the following statements. 
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41. AC 1 BD and BE = ED. Why? 

42. BE + ED = BD. Why? 

13. Ge ABGES SAC HE aad 

aAADC = SAC - ED. Why? 

44, waABCD = aAABC + aAADC. Why? 

45, GABCDE SAC BE + SAC EDS 

SACIBE cD) = SAC - BD. Why? 

Dividing a Cake. For Acute Alice’s birthday, 

Obtuse Ollie bought a square cake, 9 inches on 

each side. They wanted to cut it into three 

equal pieces.* 

Ollie was going to cut the cake as shown 
at the left below, but Alice said she wouldn’t 
want the piece in the middle. 

A 9 

<wW BD 

46. Why not? 

Alice did some figuring and cut the cake as 

shown at the right above. 

47, Use your ruler to make an accurate copy 
of the figure. Draw lines from M, the 

center of the cake, to B, C, and D. 

48. Find the areas of the six triangles 
formed. 

49. Does Alice’s plan produce three “equal” 

pieces? Explain. 

50. Can you figure out a way to cut the cake 

into five “equal” pieces? If so, show how 

you would do it. 

*Why Do Buses Come in Threes? The Hidden Mathematics 
of Everyday Life, by Rob Eastaway and Jeremy 
Windham (Wiley, 1998). 



Shingle Roof: A general rule for a wood- 
shingle roof is to “estimate 4 bundles (1,000 
shingles) for every 100 square feet of roof and 
3 pounds of nails for 100 square feet.”* 

Several sections of the roof of the house shown 

above have the shape of isosceles triangles. In 

the scale drawing of one section below, | inch 
represents 8 feet. 

51. Measure the drawing with your ruler so 
that you can calculate the area of this 
section in square feet. Describe your 
method. 

52. About how many shingles are needed 
for this section? 

53. About how many bundles of shingles 

are needed? 

54. What weight of nails is needed? 

Grid Exercise. On graph paper, draw a pair of 
axes extending 20 units to the right and 20 
units up from the origin. 

55. Plot the following points and connect 
them with line segments to form AABC: 
ALL 2),,B(16, 6), C(5, 17). 

*How to Design and Build Your Own Home, by Lupe 
DiDonno and Phyllis Sperling (Knopf, 1981). 

56. Is AABC equilateral, isosceles, or 

scalene? Explain. 

57. Add some extra lines to enclose AABC 

in a rectangle so that you can find its 

exact area in terms of the unit squares of 

the graph paper. 

58. What kind of numbers are the lengths of 
the sides of AABC? 

59. What kind of number is the area of 

AABC? 

Set Ill 

Heron’s Theorem. Heron, a Greek 

mathematician who lived in Alexandria in the 
first century A.D., derived a formula for the 

area of a triangle in terms of the lengths of its 
sides. ~ 

His formula, sometimes called Heron’s 

Theorem, says that the area of a triangle with 

sides a, b, and cis Vs(s— a@(s — B(s — d, where s 
is half of the triangle’s perimeter. Before you 
try the formula out, suppose that there are 

three triangles with the following sides. 

Triangle 1: 5, 5, and 6. 

Triangle 2: 5, 5, and 8. 
Triangle 3: 5, 5, and 10. 

1. Which triangle do you think has the 

greatest area? 

2. Use Heron’s Theorem to find the area of 

each triangle. 

3. One of the “triangles” isn’t really a 
triangle. Which one and why not? 

Now try this. Suppose there are two triangles 
with the following sides.* 

Triangle 4: 4, 6, and 8. 

Triangle 5: 400, 600, and 1000. 

4, Which do you think has the greater 

area? 

5. Use Heron’s Theorem to find it. 

+ Riddles of the Sphinx, by Martin Gardner 
(Mathematical Association of America, 1987). 
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LESSON 4 

Parallelograms and Trapezoids 

358 Chapter 9: Area 

Galileo once said that the book of nature is written in characters of 

geometry, “without which it is humanly impossible to understand a 

single word.”* A remarkable application of geometry to the study of 

biological shapes was made by the great British scientist D’Arcy 
Thompson. In his book On Growth and Form, he showed many examples 
of how one species of animal can be considered to be a geometric 
transformation of another.* For example, the fish shown on the 

rectangular grid at the left above is of the species Argyropelecus olfersi. 
If the rectangles are transformed into the parallelograms shown at the 
right above, the shape of the fish becomes that of a species of an en- 

tirely different genus and has the name Sternoptyx diaphana. 
How do you think the pictures of the two fish compare in size? 

The answer to this question depends on how the rectangles in the first 

grid compare in area with the parallelograms in the second. In this 
lesson, we will prove that the formulas for the areas of these two fig- 

ures are the same. 

*Il Saggiatore, 1623. 
*D’Arcy Thompson, “On the Theory of Transformations, or the Comparison 
of Related Forms,” On Growth and Form, edited by J. T. Bonner (Cambridge 

University Press, 1961). 



Altitudes 

|_| i 

1b [i fo Zo \ | | ia 

b b b 

A rectangle A parallelogram A trapezoid 

Before we do so, it is convenient to extend the idea of altitude 

from triangles and rectangles to parallelograms and trapezoids. As in 
our previous use of the word altitude, we will use it to refer to either 

a number or a line segment. An altitude of any quadrilateral that has 
parallel sides is the distance between them. Altitude can also refer to 
any perpendicular line segment that connects points on the lines of the 
parallel sides. 

Theorem 40 
The area of a parallelogram is the product of any base and corre- 
sponding altitude. B C 

Given: ABCD is a parallelogram with base b and altitude h. 

Prove: aABCD = bh. 
A b D 

Proof 
Draw diagonal BD to divide ABCD into two triangles. B 

G 
ACDB = AABD by SSS. Because a ABD = sh and 

WACDE a NARD, aACDB = oh. 
2 A “ D 

AAC D = cACDB + aAABD; so wABCD = 5h : Soh =A 

Although the area of a trapezoid cannot be found quite as easily, 
the formula for it can be derived by similar reasoning. 

Theorem 41 
The area of a trapezoid is half the product of its altitude and the sum 

of its bases. B Gia 

Given: ABCD is a trapezoid with bases a and # and altitude /f. 

Prove: aABCD = Daa ame 
2 A , D 

Proof 

Draw diagonal BD to divide ABCD into two triangles. dealer andl 

ZACDB = sah nd a VARD = sb 
h 

aABCD = aACDB + aAABD; 

so @ABCD = Sah + bh = Sha + 3) A D D 
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Exercises 

Set | 

From Above. The photograph below shows an 
automobile loading area in Belgium.* 

: ores 
cone a meet he 

1. What fact about the areas of two paral- 

lelograms with equal bases and equal 
altitudes do the figures below suggest? 

If each car occupies a space 14 feet long and 

8 feet wide, 

2. what is the approximate area of each 

figure? 

3. what is the perimeter of the first figure? 

4. How do the perimeters of the two 

figures compare? 

*Below from Above: Aerial Photography, by Georg 
Gerster (Abbeville Press, 1986). 
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5. If two parallelograms have the same area, 

does it follow that they have the same 

perimeter? 

Tax Assessor Formula. You may recall that 
the tax assessors in ancient Egypt used the 

formula 

A=—a+ Nb Hea 

to find the areas of fields in the shape of 

quadrilaterals.* 

The letters a, b, c and d represent the lengths 
of the consecutive sides. 

6. Show that this formula gives the correct 
area for a square. 

7. Does it give the correct area for a rec- 

tangle? Explain. 

8. Use the Egyptian formula to find the 
area of the parallelogram below. 

i) 

20 

9. Is the result correct? Explain. 

10. Use the Egyptian formula to find the 

area of the trapezoid below. 

5 

10 ies 

11. Is the result correct? Explain. 

tPage 31. 



12. Use the Egyptian formula to find the 

area of the quadrilateral below. 

20 

24 

13. Is the result correct? Explain. 

14. Use the Egyptian formula to find the 
area of the rhombus below. 

ee 
af 

15. Is the result correct? Explain. 

16. Why do you think the tax assessors 

continued to use their formula even if 

they knew it didn’t always give the 
correct answer? 

Pegboard Quadrilaterals. The figure below 
shows pegs and rubber bands on a pegboard.* 
The red rubber band around the four pegs in 
the corner forms a square with an area of 1 
unit. 

al 
*Geometry and the Imagination, by David Hilbert and 
Stefan Cohn-Vossen (reprint, American Mathematical 

Society, 1999). 

17. What kind of figure does the blue rubber 

band form? 

18. What is its area? Explain. 

19. What kind of figure does the green 
rubber band form? 

20. What is its area? 

21. What kind of figure does the orange 

rubber band form? 

22. What is its area? Explain. 

John Hancock Tower 

Skyscraper Design. The John Hancock Tower 
in Boston has an unusual design. Its floor plan, 
shown below, is in the shape of a parallelogram 
from which two right triangles have been 
removed. 

oye) 300' 

23. Find the area of its base in square feet. 

The building is 790 feet tall. 

24, Find the area of one of its larger sides. 
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Shuffleboard Court. The figure below shows 
the design of one end of an outdoor 

shuffleboard court. 

Find the areas of the following regions (zones) 
in square feet. 

25. Zone “10” at the top. 

26. One of the “8” zones. 

27. One of the “7” zones. 

28. The “10 OFF” penalty zone including 
the triangular wedge in its center. 

29. The total area of all six zones. 

Set II 

Inaccessible Field. A way to find the area of a 
field when its diagonals cannot be 
conveniently measured is shown in the figure 
at the top of the next column, which is from 

an old geometry book.* 

30. Describe how the area of the field, 

ABCD, can be found from the areas of 

other regions in the figure. 

*First Steps in Geometry, by G. A. Wentworth and 
G. A. Hill (Ginn, 1901). 
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31. Copy the figure and mark the following 

distances on it: EC = 60 m, FD = 15 m, 

GB = 52 m, EF = 18 m, FA = 30 m, 

AG = 18 im. 

Use these distances to find the following areas 

in square meters. 

32. aECDF. 

33. aAFDA. 

34. aAABG. 

35. aECBG. 

36. aABCD. 

A Fold-and-Cut Experiment. 

37. Refer to the figure below as a guide in 
beginning the following experiment. 

(1) Draw a large trapezoid on the upper 

half of a sheet of lined paper; use 

the lines on the paper to ensure that 

its bases are parallel. 



(2) Write the letters a, b, c d, and hto 
represent the lengths of the bases, 

legs, and altitude inside the trapezoid 

as shown in the figure. Label the 
two indicated angles | and 2. 

(3) Fold the paper in half so that, when 
you cut out your trapezoid, you get a 

second one identical with it. 

(4) Label the second trapezoid in the 
same way that you labeled the first. 

(5) Place the two trapezoids side by side 
to form a single quadrilateral and so 
that the legs labeled d coincide. 

(6) Tape the trapezoids on your paper. 

38. The bases of the two trapezoids seem to 

line up with each other. Explain why 
they do. 

39. What kind of quadrilateral do the 
trapezoids form when arranged in this 
way? 

40. How do you know? 

41. Express the area of the quadrilateral in 

terms of letters on the two pieces. 

42. How does your result lead to the for- 

mula for the area of a trapezoid? 

Trapezoidal Rule. The “trapezoidal rule” is 
one of the methods used in calculus to 
estimate the area under a curve. 

For example, to estimate the area of the 

yellow region in the figure below, we can add 
the areas of the three trapezoids. 

43, How do you know from the figure that 
these quadrilaterals are trapezoids? 

44, Write expressions in terms of x, ), yo, ys, 

and y, for their areas. 

45. Show that the sum of the areas of the 

three trapezoids is S¥ + Qyo + 2y3 + 

ys) 

46. Use this expression to estimate the area 

of the yellow region if x = 5, y,; = 8, 

VO yall andays—76, 

The curve below, called a parabola, has the 
2 

equation y = oa 

The x-coordinate of point A is 1; so its 

y-coordinate is rt = af 
D yD) 

47, What are the coordinates of points B and 

CP 

48. Use the trapezoidal rule to find the area 

of the yellow region. 

Your answer is the approximate area of the 

region between the parabola and the x-axis 

from 0 to 3. 

49. Is your answer larger or smaller than 

the area under the parabola? 
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SAT Problem. The figure below appeared in a 

problem on an SAT exam. The problem was to 

find the area of the unshaded region. 

A 

Although the figure was described as a 
rectangle, there is not enough information 
given to make it possible to find the areas of 
some of the regions in it. 

50. Which regions are they? 

51. Explain. 

Nevertheless, it 7s possible to find the area of 

the unshaded region. 

52. What is it? 

53. Explain how you found it. 
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Set Ill 

Chessboard Mystery. This puzzle about a 
chessboard appeared in the Brooklyn Daily 
Eagle on February 14, 1897. 

The board is divided into two right triangles 
and two trapezoids. 

1. Taking the area of one of the small 

squares of the board as 1 unit, find the 

area of each of the four pieces. Do the 
areas add up to the number that you 

would expect? Explain. 

2. Draw a large copy of the board, letting 
each side be 8 inches. Cut out the four 

pieces and try to rearrange them to form 

a rectangle having a different shape. If 

you succeed, make a drawing of your 
solution. 

3. What is the area of the rectangle? 

4, The result seems to contradict the Area 

Postulate. Why? 



LESSON 5 

The Pythagorean Theorem 

At the beginning of the twentieth century, some scientists believed 
that intelligent creatures might live on Mars. Among them was the 
American astronomer Percival Lowell, whose work led to the discov- 
ery of Pluto. Lowell thought that he could see canals on the surfaces 
of Mars through his telescope and speculated that they might have 
been dug by a Martian civilization to irrigate their dry land with wa- 
ter melted from polar ice caps. 

To let the Martians know that there was also intelligent life on 
Earth in a time long before any kind of space travel was possible, it 

was proposed that gigantic geometric figures be used to convey a 
message. For example, broad lanes of trees might be planted in Sibe- 
ria to form a huge right triangle. Or canals might be dug in the Sahara 
desert to do the same thing; kerosene could be poured on the water in 
them and set on fire at night for the Martians to see through their 
telescopes. A geometric figure thought to be especially appropriate 
for this purpose is shown at the right. You probably recognize it as il- 
lustrating what is perhaps the most famous theorem in all of geometry. 

Lesson 5: The Pythagorean Theorem 365 



21 

366 

20 

2g 

Chapter 9: Area 

Theorem 42 (The Pythagorean Theorem) 
The square of the hypotenuse of a right triangle is equal to the sum 

of the squares of its legs. 

Many different proofs have been developed for the Pythagorean Theo- 
rem—more, in fact, than for any other theorem of geometry. Our proof, 

based on area, is the one to which you were introduced in Chapter 2. 

Given: Right AABC with legs a and } and hypotenuse «. 

Prove: c2 = a2 + b?. 

Proo 
Cae a square DEFG with sides of length a + 6. Draw lines 

to divide the square into four right triangles and a quadrilateral as 
shown in the figure at the left. The four triangles are congruent to 
AABC (SAS); so the length of each side of the quadrilateral HIJK is « 

If x and y are the measures of the acute angles of AABC, then 
x + y = 90° because the acute angles of a right triangle are comple- 
mentary. Numbering the angles of quadrilateral HIJK as shown in the 
next figure at the left, we have 

K+ LZ1lt+y=xt+ 22 +y9=4+ 234+ y= 4+ 2 eee 

so Z1 2= 23 = 24 = 90°. Because H]JK is equilateral and equian- 

gular, it is a square. 

According to the Area Postulate, the area of the entire figure is the 
sum of the areas of its parts; so 

(a+ D2 = (Gad) + ¢?, 

Doing the algebra, we get 

a? + 2ab + b2 = 2ab + c?; so 
c2 = a? + 82. 

Now that we have proved the Pythagorean Theorem, look at the 

figure at the left. The lengths of the sides of AABC are 20, 21, and 

29. Is it a right triangle? If it is, then 207 + 21? must be equal to 292. 
Doing the arithmetic gives 207 = 400, 212 = 441, and 292 ='841. 

Since 400 + 441 = 841, 20? + 21% = 292. Can we now conclude that 
AABC must be a right triangle? Surprisingly, the answer is not yet! 

To conclude that a triangle with sides a, b, and c is a right trian- 
gle because c? = a? + 6? would be to assume that the converse of the 
Pythagorean Theorem is true. Remember that, even though a state- 

ment is true, its converse may be false. Conveniently, the converse of 

the Pythagorean Theorem is true. It is stated below, and its proof is 
included in the exercises. 

Theorem 43. Converse of the Pythagorean Theorem 
If the square of one side of a triangle is equal to the sum of the 
squares of the other two sides, the triangle is a right triangle. 



Exercises 

Set | 

Batik Design. A special case of the 
Pythagorean Theorem is illustrated in this 

Javanese batik design.* 

1. Draw one of the triangles and the 
squares on its sides. 

2. If the area of the triangle is 1 unit, what 

are the areas of the three squares on its 

sides? 

3. How does the way in which these areas 

are related illustrate the Pythagorean 
Theorem? 

Theorem 43. Complete the following proof of 
Theorem 43 (the converse of the Pythagorean 
Theorem) by giving the missing reasons. 

If the square of one side of a triangle is equal 
to the sum of the squares of the other two 
sides, the triangle is a right triangle. 

xX 

Y 

Z x yi 

Given: AXYZ with z? = x? + y?. 
Prove: AXYZ is a right triangle. 

*Symmetry: A Unifying Concept, by Istvan Hargittai and 
Magdolna Hargittai (Shelter Publications, 1994). 

REIS ETAL TS TSAI SD STEAL SEO ISIE EESTI OES xX 

a 
eS ees 

Proof 

2 Draw, CBisonthan@be 

. Draw ray CD so that ZC = 90°. 

. Choose point A on ray CD so that 

CA = y. 

Draw AB. 

. Letting AB = 6 ¢? = x? + y?. 

Since 27 = x2 + y?, ¢? = 273 so. o=z. 

DXYZ, = AABC. 

ee Lea. 

ela O0e. 

. ZZ is a right angle. 

. AXYZ is a right triangle. 

Squares on the Sides. In each of the following 
figures, squares have been drawn on the sides 
of the triangles. 

In the figure below, the area of the yellow 

square is 144 and the length of each side of 

the blue square is 35. 

15; 

16. 

LZ 

18. 

Find length a. 

Find area B. 

Find area C. 

Find length « 
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In the figure below, the areas of the green and 
orange squares are 100 and 676, respectively. 

19. Find length @. 

20. Find length e. 

21. Find area F- 

22. Find length f 

In the figure below, the length of each side of 
the brown square is 22 and the areas of the 
yellow and pink squares.are 256 and 225, 

respectively. 

23. Find area G. 

24. Find length A. 

25. Find length 7. 

26. Is the triangle a right triangle? Explain. 

In the figure at the top of the next column, 
the lengths of the sides of the purple and blue 
squares are 48 and 55, respectively, and the 

area of the orange square is 5329. 

27. Find area K. 

368 Chapter 9: Area 

28. Find area L. 

29. Find length ;. 

30. Is the triangle a right triangle? Explain. 

Ollie’s Triangles. Obtuse Ollie drew two 
triangles and told Alice that they were 
examples of “a? = 62 + c?” and “c? > a? + 5.” 
Alice told him that he must be wrong but, 

after seeing the triangles, she had to admit that 
both Ollie and one of the triangles were right. 

Draw a triangle for which it is true that 

31. a2 = b2 + c?. 

32. c2 > a2 + B?. 

Set II 

Was Pythagoras Chinese? The figure below 
appears in the Chou Pei Suan Ching, the oldest 
Chinese mathematics text known.* (The 
letters have been added for reference.) 

*Was Pythagoras Chinese?, by Frank J. Swetz and T. I. 
Kao (Pennsylvania State University Press, 1977). 



If the area of square EFGH is 1 unit, what is peck fe 

the area of 

33. AABE? b 

34. the yellow region? 

35. square ABCD? G 
C 

In the version of the Chinese figure below, the qa 
sides of the eight right triangles are a, 5, and «. B iE A 

a6 Wg 
Starting with right AABC, he extended side 
BC upward and constructed right ACDE so 
that its legs were equal to the legs of AABC. 

41. Why is ACDE = AABC? 

42. Why are the two angles labeled ~ in the 
second figure equal? 

43, In AABC, why is x + y = 90°? 
Dar ATG 

44, What kind of angle is ZECA? 

In terms of a and 6, what is the area of 45. What kind of quadrilateral is ABDE? 

36. AABE? 46. Write two different expressions for the 

37. the yellow region? area of ABDE. 

38. square EFGH? 47, Use these two expressions to finish 

Garfield’s proof. 
39. Write two expressions for the area of 

square ABCD, one in terms of a and 6 Angle-Bisector Surprise. In this figure, ABDE 
and the other in terms of «. is the square on the hypotenuse of right AABC. 

40. Use these two expressions to derive the 
Pythagorean Theorem. Ei 

D 

A 

Garfield’s Proof. President Garfield invented © B 
an original proof for the Pythagorean Theorem 
in 1876 when he was a member of the House 48. Trace the figure and then use your 
of Representatives. straightedge and compass to bisect 2C. 
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49, What does the line appear to do to Set III 
ABDE? 

Twenty Triangles. A puzzle sold in toy or 
game stores consists of 20 identical pieces. 

yes ne HOTS WEIS fee onthe Each has the shape of a right triangle in which 
other sides of ABDE to form a larger square E 8 8 
CFGH * ‘ one leg is twice as long as the other. 

Make the puzzle by cutting 20 triangles like 
the one shown below from heavy paper. 

In the figure below, three more triangles 

AB 

The figure below shows a convenient way to 

50. What relation does CG have to ZACB? draw them on a 4-inch by 6-inch file card. 
Explain. 

51. What does CG do to square ABDE? [yields elias 

The easy part of the puzzle is to arrange 
the pieces to form two solid squares. The hard 
part is to then rearrange the pieces to form a 
single solid square. 

1. If you are able to solve the hard part, 
make a drawing to illustrate your 
solution. (Hint: It may help to think 
about the areas of the three squares and 
how they are related to the lengths of the 
sides of the triangles.) 

2. What is it about this puzzle that makes it 
so tricky to construct the third square? 

*Proofs Without Words: Exercises in Visual Thinking, by 
Roger B. Nelsen (The Mathematical Association of 
America, 1993). 
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CHAPTER 9 Summary and Review 

Basic Ideas 

Altitude of a quadrilateral 359 

Altitude of a triangle 352 

Area 338 

Polygonal region 339 

Postulates 

8. The Area Postulate. Every polygonal 
region has a positive number called its 
area such that 
(1) congruent triangles have equal areas 

and 
(2) the area of a polygonal region is equal 

to the sum of the areas of its 
nonoverlapping parts. 339 

9. The area of a rectangle is the product of 
its base and altitude. 345 

Theorems 

Corollary to Postulate 9. The area of a square is 

the square of its side. 345 

Exercises 

Set | 

Olympic Pools. Olympic pools are 50 meters 
long and 21 meters wide. 

For the Olympic games, the pool is di- 
vided into eight lanes, each 2.5 meters wide. 

1. What is the area of each lane? 

2. Do the eight lanes fill the pool? Explain. 

38. The area of a right triangle is half the 
product of its legs. 352 

39. The area of a triangle is half the product 

of any base and corresponding altitude. 

etore 

Corollary. Triangles with equal bases and equal 

altitudes have equal areas. 353 

40. The area of a parallelogram is the product 
of any base and corresponding altitude. 
359 

41. The area of a trapezoid is half the product 

of its altitude and the sum of its bases. 

359 

42. The Pythagorean Theorem. The square of 
the hypotenuse of a right triangle is equal 
to the sum of the squares of its legs. 366 

43, If the square of one side of a triangle is 
equal to the sum of the squares of the 
other two sides, the triangle is a right 

triangle. 366 

For leisure use, at least 2 square meters are 

needed per swimmer.* 

3. How many swimmers can use an 

Olympic pool at one time? 

*Indoor Sports Spaces, by Robin Crane and Malcolm 
Dixon (Van Nostrand Reinhold, 1991). 
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Enemy Camps. In the ancient world, army 
commanders estimated the number of soldiers 
in an enemy camp according to its perimeter.* 

The rectangles above represent three enemy 
camps. The lengths of their sides are given in 
Roman paces. 

4, What is the perimeter of each camp? 

5. What is the area of each camp? 

6. Which camp would a commander think 

contained the most soldiers? Explain. 

7. Do you think the commander’s choice is 

reasonable? Explain. 

Tangrams. The figures below were made from 
tangrams, Chinese a made by dividing a 

square into seven pieces.* 

> KH 
Yacht Polar bear 

The pieces are shown in the figure below. 

*The History of Mathematics, by David M. Burton 
(Allyn & Bacon, 1985). 

} Time Travel and Other Mathematical Bewilderments, by 
Martin Gardner (W. H. Freeman and Company, 
1988). 
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Given that the area of one of the small squares 

is 1 unit, find the area of 

8. one of the large triangles. 

9. one of the smallest triangles. 

10. each of the other pieces. 

This vulture was made by fitting together, 
without overlapping, all seven pieces. 

11. What is its area? 

12. State the part of the Area Postulate that 

you used in finding it. 

Altitudes and Triangles. In the following 
figures, AX and DY are altitudes of AABC 
and ADEF, respectively, AB = DE, BC = EF, 

and ZB and ZDEF are supplementary. 

A 

ie Es 5 

13. Copy the figures and mark them as needed 
to do each of the following exercises. 

14. Find an angle equal in measure to ZB. 

15. Find a pair of triangles that are 
congruent. 

16. Why are they congruent? 

17. Why must they have equal areas? 



18. Why is AX = DY? 

19. Find a pair of triangles with equal areas 

that are not congruent. 

20. Why do they have equal areas? 

Suriname Stamp. The 
stamp at the right was 
issued by Suriname, a 

country in South 
America. 

21. State the theorem 

it illustrates. 

Answer with a 

complete sentence. 

22. State the converse 

theorem. 

In the figure below, the area of the blue 
square is 121 and the lengths of the sides of 

the other squares are 7 and 13. 

23. Find length a. 

24. Find area B. 

25. Find area C. 

26. Is the triangle 
a right 
triangle? 
Explain. 

VIO : 

Moroccan Mosaic. The mosaic below was 

created in the fourteenth century for a wall in 

Morocco. 

=i: Ba tate 

On G 

Write an expression for each of the following 

parts of it shown in the detail below in terms 

of aor 5 or both aand 8. 

27. The perimeter of the square. 

28. Its area. 

29. The perimeter of the other rectangle. 

30. Its area. 

31. The perimeter of one of the trapezoids. 

32. Its area. 

Set II 

Courtyard Design. In the Middle Ages, it was 
customary in designing a courtyard to make 
the central garden equal in area to the path 
surrounding it.* 

In the figure above, the courtyard is 18 feet 

by 24 feet, and the path around the garden is 

3 feet wide. 

33. Copy the figure and mark it as needed to 

answer each of the following questions. 

34. What is the area of the garden? 

35. What is the area of the path? 

36. Does the design fit the description above? 

*Geometry Civilized, by J. L. Heilbron (Clarendon 
Press, 1998). 
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Daedalus Wing. The Daedalus, a human- 
powered plane, is shown below on a NASA 

test flight. 

The design of its wing is shown at the top of 

this page. 

37. What is the length of its wingspan? 

38. What is the area of the wing? 

Crack Formation. The figure below shows a 
crack forming in a bar of brittle material that 
is being pulled in opposite directions.* 

a b 

The colored area around the crack can be used 

to find the amount of energy that is released. 

*The New Science of Strong Materials, by J. E. Gordon 
(Princeton University Press, 1976). 
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a7 5) ad: 1.25' 

Engineers calculate this area to be approxi- 

mately /?, where / is the length of the crack. 

39. If the shaded area is /?, what can you 

conclude about a+ 6? Explain. 

If the length of the crack were twice as great, 
then the area would become (2/)?. 

40. How would this area compare with the 

area shown in the figure? 

Triangle Comparisons. In the figure below, the 
sides of AABC have been extended so that 

BA = AE, AC = CF, and CB = BD. Also, both 
BH and EG are perpendicular to line AF. 

41. Copy the figure and mark it as needed to 
do the following exercises. 

42. Why is AEGA = ABHA? 

43. Why is EG = BH? 

44, Given that aAABC = x, express aAAEF 
in terms of x. 

45. On the basis of this result, how do you 
think aADEF compares with aAABC? 



SAT Problem. The figure below appeared in a 
problem on an SAT exam. It is a square whose 

area is 4x2. 

Xx 

Vi 

Write expressions for the following in terms of 
x or y or both x and y. 

46. The area of the purple region. 

47, The length of a rectangle R whose width 
is x and whose area is equal to that of 
the purple region. 

48. The perimeter of the square. 

49. The perimeter of the rectangle R. 

Surveying Rule. Surveyors sometimes use 
the following rule: “Irregular tracts can be 
reduced to a series of trapezoids by right- 
angle offsets from points at ue jilee intervals 
along a measured straight line. 

50. Write an expression for the area of the 

tract shown above in terms of 4, 8, ¢ d, 

and x. 

Suppose that a= b= c=d=e. 

51. If this equality were true, what shape 
would the tract have? 

52. What would your expression for its area 

become in terms of x and a? 

*Elementary Surveying, by Paul R. Wolf and Russell C. 
Brinker (Harper Collins, 1989). 

Pythagorean Proof. George Airy, a British 
astronomer, discovered the following 
“dissection proof” of the Pythagorean 
Theorem in 1855. 

The two figures show the same three pieces 
arranged in different ways. 

53. Explain how the two arrangements 

illustrate the Pythagorean Theorem. 

In announcing his discovery of this proof, 
Airy wrote the following poem: 

Here I am, as you may see, 

a* + b? — ab. 
When two Triangles on me stand, 

Square of hypotenuse is plann’d; 
But if I stand on them instead 
The squares of both the sides are read. 

54. To what does “a2 + b2 — ab” refer? 
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ALGEBRA REVIEW 

Fractional Equations 

An equation that contains fractions can be solved by first multiply- 

ing both sides by a number that will clear the equation of all of the 

fractions. The simplest way to do so is to multiply by the least com- 

mon denominator of the fractions. 

so | 
Example 7: - f =2 

Solution: 

3 

The least common denominator of 

the fractions is 12. Multiplying 

both sides of the equation by 12, 

we get 

12( 7) + 12(2 : ! = 12(2) 

12m Ge = 1) ay 

4 3 
3x+ A(x — 1) = 24 
OMeats 4x—-—4=24 

7x = 28 

x=4 

Checking this result in the 

original equation, we get 

A) Asal 

ft 3 
=1+1=2 

Exercises 

Example 2: 

Solve the following equations. Check your answers. 

1. 
eX. 

a) SS — 7 
Bal he? 

1 4 1 
= 15 Fs me 

3 8% es 

Kas 
== Al 8 —=—+1 

1 Al 

_ Kw 9 xt+5 _ 4x—3 

25 ie 7 

5 10 6 
+2 =— 10. 

i ee i 

Chapter 9: Area 

Solution: 

Oe 

6 Nal as 

The least common denominator of 

the fractions is 6x. Multiplying 
both sides by 6x, we get 

6) af 
6x2. .60% 6x 

6 a ” 

x= 60 = Bis 

Ax= 60 

x=15 

Checking this result by 
substituting it in the right-hand 
side of the original equation, we get 

107, 1 On 
[5a 8 2 

ioe 
OF 6 

<TR RER 

11. 

12, ~—=474 “=, 

13. +—=2 

14, — > See 

15, 7" 2 “22 



[n this chapter, we explore the properties of similar figures— 

figures that have “the same shape.” Because the corresponding 

sides of similar polygons are proportional, we begin with a 

lesson on ratio and proportion. Strange as it may seem, the 

existence of similar figures is connected to the Parallel Postulate; 

so the proofs of the theorems on similarity depend on the 

properties of parallel lines. Many practical problems have 

solutions based on similarity. 



LESSON 1 

Ratio and Proportion 

378 

If you saw just the photograph on the left of Roy Lichtenstein’s paint- 
ing Mural with Blue Brushstroke, you would never guess how large it 
is. The photograph on the right, showing the artist standing on a lad- 
der below the mural, gives a clue to its true scale. 

On this page, the photograph is 2 inches wide and 4.25 inches 
high. The mural itself is actually 32 feet wide. How high is it? 

One way to answer this question is to write and solve a propor- 
tion: 
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This proportion is based on the fact that, because the photograph on 
the facing page and the actual mural have the same shape, their dimen- 
sions have the same ratio. In geometry, figures that have the same shape 
are said to be similar to one another. 

Before studying the properties of similar figures, we will review 
the meaning of ratio and proportion. 

Definitions 

The ratio of the number ato the number 0 is the number a 

A proportion is an equality between two ratios. 

We can represent a proportion symbolically as 

a C 

b we 

The numbers a, J, ¢ and dare called the first, second, third, and fourth 

terms of the proportion, respectively. The second and third terms, 
and « are also called the means, and the first and fourth terms, a and d, 

are called the extremes. 
Proportions have many useful properties. For example, you may 

remember from your study of algebra that, in a proportion, the prod- 

uct of the means is equal to the product of the extremes. This prop- 

erty is easy to prove. 

Bay ty ed ee Given: b : 

Prove: ad = be. 

Proof 

ile . = = (Given.) 

2; ia 5) = bal) (Multiplication.) 

o ae = at so ad= be.  (Substitution.) 

To solve the proportion 

we can cross multiply to get 

2x = (4.25)(32) 
2x = 136 
M108 

Lichtenstein’s painting Mural with Blue Brushstroke is 68 feet tall! 

*Note that b cannot be 0, because division by 0 is undefined. 
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In some proportions, the means are the same number. For example, 
in the proportion 

pemee 
LORS 

both means are 10. For this reason, the number 10 is called the 
geometric mean between 4 and 25. 

Definition. 
The number 0 is the geometric mean between the numbers a and cif a, 

b, and care positive and 

Exercises 

Set | 

3. Show that, in the proportion Sie the 
36m: 

product of the means is equal to the 

product of the extremes. 

4. What is the number 36 called with 

respect to 81 and 16? 

5. Write the proportion that follows from 

taking the square root of each side of 

81 _ 36 
Gr AG. 

6. Express each of the ratios in your 
proportion in decimal form. 

Parthenon Architecture. The Parthenon in ; 

Athens was completed in 432 B.c. Its architects There is an exact replica of the Parthenon in 
used the numbers 81, 36, and 16 in Nashville, Tennessee. It is 228 feet long. 

determining its dimensions. 

ee re 

16 
16 

8] 36 
8] 36 

7. Solve the proportion pete to find its 81 eh w 36 
1. Express the ratio 36 in decimal form. Pe ee 

2. Express the ratio oo in decimal form. 8. Write and solve a proportion to find its 
16 height in feet. 
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The dimensions of 

the columns in the 

Parthenon are 

related to their 

diameters as shown 

in the figure at the 

right.* 

Find the following 
ratios. 

AB 

CD" 

BE 
AE 

AE 
ae 

eh 

10. 

De 

Turtles Forever. The 

picture below by 

Belgian artist Peter 

Raedschelders is 
titled Turtles Forever. 

Each successive row has twice as many turtles 

as the row above it: 

12 4 8 16 32 64 128... 

“Architecture: Form, Space, and Order, by Francis D. K. 
Ching (Wiley, 1996). 

Copy and complete the following proportions: 

ieee 12, — ==5, 
Bo tee 
Dy SG 13, ==. 
ion? 

14, Find three different pairs of numbers for 

which 8 is their geometric mean. 

Ratio. Euclid defined a ratio as “a sort of 

relation in respect of size between two 

magnitudes of the same kind.” 

15. In saying “a sort of relation in respect of 
size,” to what operation with numbers 

was Euclid referring? 

16. Which of the following expressions does 
not fit Euclid’s definition of a ratio? 

2 square meters 

4.5 square meters 

45 degrees 

2 feet 

17. Explain. 

Four Rectangles. The four numbered parts of 

the figure below are rectangles, and 2 =-, 

18. Write expressions for the areas of the 

rectangles in terms of a, ), ¢ and d. 

19. Which two rectangles have the same 
area? 

20. For which two rectangles are their 
corresponding sides proportional? 

21. Which two rectangles have the same 
shape? 
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Enlargement. AABC was enlarged on a 
photocopier to give ADEF; so corresponding 
lengths in the two figures below are proportional. 

la 

B 

26 ° 

Ap ee ee F 
28 , 42 

Sy YO lo 
Solve for the unknown lengths in each of the 
following proportions. 

sts 

ae 45 «42° f 

h _ 39 
23: 4 8 96: 

Tell whether or not each of the following 

proportions is correct. 

26 39 
el Se SS 

28 42 

perimeter of ADEF a 42 

perimeter of AABC 98) 
20s 

26 area of ADEF - 39 \2 

* area of AABC 26 

Set Il 

Arm Spans. Suppose that Uncle Albert’s arm 
span is 3 feet and that Alabaster’s arm span is 
15 inches. 

YOU WANT 10 HELP YOuR 
UNCLE ALBERT, ALABASTER? 

FINO ME A POLE ‘BOUT SO 
LONG. 
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GOTTA KEEP 
THEM MEASUREMENTS 

IN MING, 

27. Does it make sense to say that the ratio 

‘ : 21nd 
of their respective arm spans is 15 or 

1, 
Sy 

28. Change Uncle Albert’s measurement to 

inches and find the ratio of their arm 

spans. Express the ratio in decimal form. 

29. Change Alabaster’s measurement to feet 
and find the ratio of their arm spans. 

Express the ratio in decimal form. 

30. Judging from your answers to exercises 
28 and 29, does the ratio of two lengths 
depend on the unit of measure used? 

United States Flag. The official ratio of the 
width to length of the United States flag is 

w 10 

[e198 

What is the ratio of 

31. the length to width? 

32. the width of the blue field, a, to the 
width of the flag? 

33. the number of red stripes to the number 

of white stripes? 

DON'T BOTHER 
ME NOW, BUG +’: 
Did vee HERE'S 

ONE JUST RIGHT. 

© 1968 Walt Kelly 



The giant flag in the photograph below is 160 
feet wide. © 

jor Tere 6 years 
Pepe ngedea gee? 160 128) 

ORS Meee ee 27 245 eee 

If we let the names of the notes represent 

the relative lengths of the strings, then 

CS aE Ce ages com 9 
34. What does x represent in the following D 8 8 8 

proportion? 9 

oe Find each of the following ratios as a common 
i 19 ees ge 

fraction in lowest terms. 
35. Solve for x. D F i 

36. What does y represent in this Al. Fo 43. 7p 45. im 

proportion? 

pia = 38 Eee OF E G& B 160 13 co lb 42. FE 44, A” 46. Gr 

37. Solve for y. / 

38. What is the width, a, in feet of the blue 

field of this giant flag? 
From these ratios, it is evident that the length 
for D is the geometric mean between the 

Cara) 

The official value of the ratio u is 0.76. lengths for C and E because D> Kk’ 
w 

39. What is the approximate length, 2, in 47. For which other notes of the scale is the 

feetot the blue field? length for one note the geometric mean 

between the lengths for two other notes? 

The rectangle of the blue field would be 

ta: 1 Go Geometric Proportions. Given that a certain 
ee ep Prine entre flag it b | proportion is true for a geometric figure, other 

roportions must also be true. 
40. Are these two rectangles similar? PMP 

Explain. 

Pythagorean Tuning. Pythagoras established a 
tuning system relating the notes of a musical 

scale to the relative lengths of the strings that 

produce them. In his system, if the string for 

middle C is | unit long, the string for D is is For example, if 4 = “ in the figure above, 
unit long, with the lengths for other notes as b d 

i b shown “ the figure at the top of the next fee erligws that aes 

column. C d 

*The Science of Sound, by Thomas D. Rossing 48. How does the second proportion differ 
(Addison-Wesley, 1990). from the first? 
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We can show why it follows that = = 5 

49. If = 4, then ad = be. Why? 

50. If ad = be, then a = me so ; = —. Why? 

[Paleo taller iar = oe cae 

a ¢ a C 
51. If — = — , then — + 1 = — + 1. Why? 

b i eae A y 

a C a. b ee. 
5 i d Il. hen > i 7 Fee 

G40 ct+td 
ras . Why? b d y 

Sinker or Floater. To a swimming teacher, 
you are either a “sinker” or a “floater.” If your 
density is less than that of water, you will 

float. If your density is greater than that of 
water, you will sink.* 

*Sport Science: Physical Laws and Optimum Performance, 
by Peter J. Brancazio (Simon & Schuster, 1984). 
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The density of water is 62.4 pounds per 

cubic foot. 

53. Acute Alice weighs 120 pounds and has 

a volume of 1.95 cubic feet. Is she a 

“sinker” or a “floater”? Explain. 

54. Obtuse Ollie’s volume is 2.3 cubic feet 

and he is a “sinker.” What can you 

conclude about his weight? Explain. 

Semi 

The White Horse. A mysterious figure from the 

past is the White Horse of Uffington. Located 
on the hills of southern England, it is thought 

to have been created in about 1000 B.c. 

The horse is 28 meters tall (measured from 
the top of its head to the bottom of its front 

legs). 

1. Use your ruler, the photograph at the top 
of this page, and an appropriate 
proportion to figure out how long the 
horse is. (It is convenient to use 
millimeters in measuring the picture.) 

The scale of the photograph is the ratio of the 
lengths in it to the corresponding lengths in 
the actual horse. 

2. Express the scale of the photograph as a 

re 1 
fraction in the form —. 

n 



LESSON 2 

Similar Figures 

When you watch a movie on television, you are probably not 
seeing as much of it as you would have seen in a theater. The 

reason is that television and movie theater screens are shaped 

differently. 
The shape of a screen is given by its “aspect ratio,” the 

ratio of its width to its height. Most movies are now filmed in 

16 as 
amo aspect ratio, whereas most television sets produce pic- 

. 4 : : 
tures with a 3 aspect ratio. Because these ratios are different, 

these movies are the wrong shape for the television screen. 
One way to deal with this problem is to cut off the sides of 
the picture (sometimes called “pan and scan”). The other way 
is to reduce the picture so that its width fits the screen (called 
“letter box”). 

The movie industry would like to make the : aspect ratio 

standard for television pictures. If it succeeds, you may be 

able to see all of a movie image even on a wristwatch size 
screen as shown at the right, one-third the size of the image at 
the top left on this page. 

Pan and scan 

Wristwatch 
size image 
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386 

Wristwatch 
size image 

If rectangle ABCD above is matched with the one-third scale rec- 

tangle A’B’C’D’ at the left, corresponding sides are proportional, 

ABB Ce ae, CDAD eee 

AB BC CD DA oe 

and corresponding angles are equal, 

ZA’ = ZA, ZB’ = ZB, ZC" = ZC, and 2D =s2i 

If the dinosaur’s head were at X and its tail at Y in the image above, 

then it would also be true that a = = with X’ and Y’ being the 

positions of the head and tail in the scale image at the left. 
Because the original image and the scale image have the same 

shape, their corresponding segments are proportional. Such figures 
are similar and a correspondence between their points such that cor- 
responding segments are proportional is a similarity. 

We begin with similar triangles. 

Definition 
Two triangles are similar iff there is a correspondence between their 
vertices such that their corresponding sides are proportional and 
their corresponding angles are equal. 

If AABC and AA'B’C’ are similar, we write AABC ~ AA'B’C’. As 

with the congruence correspondence, the order of the vertices in the 
similarity correspondence tells you which points correspond and 
hence which sides are proportional and which angles are equal. For 
example, given that AABC ~ AEFD, we can write 

EF FD _ DE e ms fe 
AB SBCs and ZEKE = ZA, ZE= ZBS andere 

without even looking at the figures. 
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B' OA' = 2.50A 
OB" = 2.50B 5 
OC'= 2.50C 

Understanding reflections was a key to understanding isometries 
and congruence of figures in general. The key to understanding simi- 
larity is the dilation transformation. The idea of a dilation comes from 
the way in which a movie projector works. Light from a bulb is sent 

through the frame on the film, enlarging it to form the image on the 

screen. The figures above illustrate how this idea works in geometry— 

first for two triangles and then for two circles. Point O, chosen as the 

center of the dilation, corresponds to the source of light. A positive 
number 7, called the magnitude of the dilation, gives the relative size 

of the image compared with the original. This ris the ratio of the cor- 

responding lengths. Rays drawn from O through points of the figure 
correspond to the rays of light from the projector. On each ray, a 

point is chosen so that, for every point P on the figure, there is a cor- 

responding point P’ on its image such that OP’ = rOP. As the figures 
illustrate, the image can be larger than, smaller than, or even equal 

to the figure, depending on whether r> 1, r< 1, or r= 1. 

Exercises 
SERPS LADS LITE ITD 

Set | 

The Pyramids and Orion. The three pyramids 
at Giza lie at the corners of a long narrow 
triangle that appears to be similar to the 
triangle formed by the three stars in Orion’s 
belt.* 

Given that the two triangles are similar, 
what can you conclude about 

1. their corresponding sides? 

2. their corresponding angles? 

*The Orion Mystery, by Robert Bauval and Adrian 
Gilbert (Crown, 1994). 

OD'= 0.3 OD 
OE' = 0.3 OE 
OF' = 0.3 OF 
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Kempe’s Linkage. In 1875, Alfred Kempe, a 
young London lawyer, invented the linkage 
shown in the figure below. The linkage is 

OA . OCRRGE 
constructed so that 

OC OF See: 

K 

Plane Table. Surveyors used to make maps by 
using a “plane table.” The figure below shows 

the table in two successive positions as a map 

is constructed on it.* Points D and E represent 

distant points and points F and G are their 

images on the map. 

D E 
® 

ae Ny Fak 9. Find OE and OG if OA = 1 and OC = 2. 
N Os \ 

We ta : As the linkage changes shape, the following 

, 7s iM three triangles are always similar: 
2 Sy ry AKOAB ~ AOCD) ~ AOE: 

. 10. What can you conclude about ZAOB, 

‘0 ZCOD, and ZEOF? Explain. 

Oe 4 11. What does the linkage do to 2AOG? 

A B GE 
Billboards. “Poster panel” billboards come in 

In the figure, AADC ~ ABFC and two sizes. 
AAEC ~ ABGC. Copy and complete the 

following equations. 

3.2 DAC = 2 

4, ZAEC = 2?. 

5. ZGCB= 2?. 

WADI = (DC 
MB re oertara 

CURBS, 
WOR GDh 12. Show why they are almost, but not 

BC _ BG quite, similar. 

8. Tat =e 13. To what number could 23 be changed to 
ae ae make the two sizes similar? 

*Geometry Civilized: History, Culture, and Technique, by 14. To what number could 5 be changed to 
J. L. Heilbron (Clarendon Press, 1998). make them similar? 
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Dilation Problem. In the figure above, 
AA'B'C’ is a dilation image of AABC. 

15. 

16. 

Ly, 

18. 

19. 

What is point P called? 

Measure the lengths of the sides of 
AABC and AA’B'C’ in centimeters. 

Exactly how do the sides of AA'B’C’ 
compare in length with the corresponding 
sides of AABC? 

What is the magnitude of the transfor- 
mation from AABC into AA’B’C’? 

How are points A’, B’, and C’ related 
to line segments PA, PB, and PC? 

Quadrilateral Conclusions. All of the 
quadrilaterals in the figure below are 
rectangles, and ABCD ~ EFGD. 

20. 

21. 

22. 

23. 

AD CD BA, See ? ED GD: Why: 

AD X GD = ED X CD. Why? 

What can you conclude about ADGH 

and EDCI? 

What can you conclude about AEFH 

and FGCI? Explain. 

Set Il 

Similar-Triangles Proof. In the figure below, 

MN is a midsegment of AABC. AAMN appears 
to be similar to AABC. 

A 

M N 

B Gc 

Prove that the triangles are similar by giving a 
reason for each of the following statements. 

24. 

25. 

26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 

34, 

MN || BC. 
ZAMN = ZB and ZANM = ZC. 
LA=ZA. 

1 MN = —BC. 
2 

MN 1 
BOR U2: 
AM = MB and AN = NC. 
AM + MB = AB and AN + NC = AC. 

2AM = AB and 2AN = AC. 

NY foe aN? Ip 
AB 2 ACE 2, 

AM _ AN __ MN 
AB AC BGy 

AAMN ~ AABC. 
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Cello H 

Bass 

Violin Family. The figure above shows the 
viola, cello, and bass as three dilations of the 

violin. 

The magnitude of a dilation can be found 
from a scale drawing by using any units. For 
example, letting the magnitude of the viola 

dilation be 71, we can write OB = 7,OA, or 

oe OB 332. mm-~ ld 

OA 28mm “ 

35. Find the magnitude, 7, of the cello 

dilation by measuring OC in millimeters 
and solving OC = ~%OA for 7. 

36. Find the magnitude, 73, of the bass 

dilation. 

37. AE = 21 mm. Check this length with your 

ruler, and measure BF in millimeters. Find 

the ratio of the lengths of the viola and 

BF 

AE’ 

38. Measure CG and find the ratio of the 

the violin, —— 

lengths of the cello and the violin, . 

39. Do the same for the bass and violin. 

A violin is about 24 inches long. 

40. Find the approximate lengths of the 
viola, cello, and bass. 

390 Chapter 10: Similarity 

Paper Sizes. The International Stan- 
dard for paper sizes is set up so that a 

sheet of a given size can be cut in half 
to produce two sheets of the next size 

that are similar to it, to within a milli- 

meter. Size AO has length 1188 mm.* 

1188 

Size AO 

a : 
x 

ie Al Size A2 

41. Refer to the figures above to write a 

proportion for the corresponding 
dimensions of sizes AO and Al. 

42. Solve the proportion to find x, the width 

of size AQ. 

43. What is x called with respect to the 

numbers 1188 and 594? 

44, What is the approximate area of a sheet 

of size AO in square meters? 

45. What is the width of a sheet of size A2? 

When this system of paper sizes was estab- 

lished, the dimensions were rounded off. 

46. Refer to the figures above to write a 

proportion for the corresponding 
dimensions of two successive sizes. 

47. Solve the proportion to find the exact 
ratio of the length to width of each size. 

*Some of the dimensions in these exercises have been 

slightly altered to make the calculations easier. 



Picture Frames. A rectangular picture 28 
inches by 20 inches is surrounded by a frame 
of constant width. 

Villa Foscari built in 1558 is filled with similar 

rectangles.* 

48. Write a proportion based on the as- 
sumption that the outer edge of the 

frame has the same shape as the picture. 

49. Solve the proportion for w. 

50. Repeat exercises 48 and 49 for the figure 

below. 

51. If there is a solution for w # 0, what 

shape is the picture? 

Set Ill 

Similar Rectangles. Andrea Palladio was 

perhaps the most influential architect of the 

Italian Renaissance. His floor plan for the 

Villa Foscari 

For example, the rectangles GHNM, IJPO, 

KLRQ, MNTS, OPVU, and QRXW in the 

figure below have dimensions 2 < 2 and the 
rectangle HKWT has dimensions 4 x 4. They 

are similar because 

How many sets of similar rectangles of 
different sizes can you find whose dimensions 
have each of the following ratios? Name the 
rectangles in each set and their dimensions. 

1 A 
bi ie 3. 

: 2 3 

l 3 
ee AL. 

z 4 4 

* Architecture: Form, Space, and Order, by Francis D. K. 

Ching (Wiley, 1996). 
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LESSON 3 

The Side-Splitter Theorem 

The oldest dam on record was built by the Egyptians on the Nile River 
in about 2900 B.c. It was washed away in a flood not long after its 
completion. Built without modern anchoring and reinforcing materi- 
als, this dam had to be held in place by its own weight. One mistake in 
its construction was that it was built as a thick wall, rectangular in 
cross section. A French engineer showed in 1850 that such a dam should 
be triangular so as to be thickest where the pressure is greatest. 

The figure above is a side view of a triangular dam. The cross 
section of the dam is AABC; the line of the water level behind the dam, 

DE, is parallel to the line of the ground, BC. 
The amount of force of the water against the dam depends on 

several factors; one of them is the length of EC, the segment that rep- 
resents the surface of contact. Can the length of EC be determined 
from the lengths of the other segments in the figure? For example, 
suppose that AD = 15 meters, DB = 45 meters, and AE = 12 meters. 

Can we find EC from these numbers? 
We will show that, if DE || AB, then 

AD _ AE 
DB wEC, 

By substituting into this equation, we have 

i 1D) 
A5 SECs 
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Solving for EC, 
15 - EC = 45 - 12, 

we find that EC is 36 meters long. 
This method depends on the following theorem. 

Theorem 44. The Side-Splitter Theorem 
If a line parallel to one side of a triangle intersects the other two 
sides in different points, it divides the sides in the same ratio. 

Given: AABC with DE || BC. 

Our proof, based on area, is that of Euclid. Two line segments are added 

to the figure to form some triangles whose bases are the four segments 
in the theorem’s conclusion. 

Proof 
The first part: Draw BE and draw EF 1 AB. EF is an altitude of 

both AAED and ADEB; so 

RAED = = ADEE and “eADER = ~ DB - EF. 

Dividing, we get 

1 

PAADD PENN ate. AD. (1 
aADEB i Sage DB 

The second part: Draw DC, and draw DG 1 AC. DG is an altitude 
of both AAED and ADEC; so 

BAAED = 5 KpenGeand CADEC = > el © DYCs 

Dividing, we get 

1 
TONS 2 Ge ENG (9 
aADEC i Sa TC 

The third part: Locate points H and I on line DE so that 
BH 1 DE and CI 1 DE. Because HI || BC and BH || CI (in a plane, 
two lines perpendicular to a third line are parallel), HICB is a 
parallelogram. ADEB and ADEC have equal bases (DE = DE) and 
equal altitudes (BH = CI because the opposite sides of a 
parallelogram are equal); so 

aADEB = aADEC. 
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Substituting this result in equation 2, we have 

a@AAED _ AE (3) 

aADEB EC 

We know from equation | that 

ahAED EAD 

aADEB DB’ 

so we can substitute in equation 3 to get 

AD _ AE 

DB EC. 

A useful corollary to the Side-Splitter Theorem is: 

Corollary to the Side-Splitter Theorem 
If a line parallel to one side of a triangle intersects the other two 
sides in different points, it cuts off segments proportional to the 

D F sides. 

This corollary permits us to conclude that, if DE || BC in the figure 
at the left, then 

AD 2 AE 1 DBwa BG 
iy TING Tn 

Exercises 
ELLIE SL ILLES TOPE INDE NSEILE 8 GLP IEIOG ELEC LLL TEED OR TEE AS 

Set | 
3. What is the conclusion of the theorem in 

Turkish Theorem. Here is the Side-Splitter English? 

Theorem as it appears in a Turkish geometry 

book. 

Teorem. Bir iicgenin bir kenarina gizilen 
paralel dogru, diger iki kenari icten yahut 
distan ayni oranda bdler. 

Errors of Omission. Leaving out some of the 
words of a true statement may result in a 
statement that is false. Draw figures to show 
why the following statements are false. 

4, Ifa line is parallel to one side of a 
Hipotez: DE // BC. 

a DBM EO Mery C 

1. Which words other than “teorem” do 

you recognize? 

2. What is the hypothesis of the theorem in 
English? 
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triangle, it divides the other two sides in 
the same ratio. 

5. Ifa line intersects two sides of a triangle 

in different points, it divides the sides in 

the same ratio. 

6. Ifa line parallel to one side of a triangle 
intersects the other two sides, it divides 

them in the same ratio. 



Picturing Products. In mathematics at the time 
of Euclid, the product of two numbers was 
represented as shown in the figure below. 

Supply and Demand. The greater the supply of 
a product, the lower the price it will bring, as 
shown in the figure below, based on a graph 
in an economics book.* 

In the figure, CP || OB and PD || AO. 

5 A 

DOGZ, Ny) 
= 
S P 

7. What represents 6 in the figure? SE 

René Descartes, a French mathematician of 

the seventeenth century, thought of a way to O D B 
represent a product by using parallel lines. 

x 

supply 

E ae 
4] Copy and complete the following proportions 

in terms of other lengths in the figure. 

AC ? 
Cai 

C@Ome? 

CO ? 
14. ——=-. 

AO Pp 

SEZ ODIs: 
15. == =— 

DB v 
8. How are 3, 2, and 6 represented in the 

fi eae) OD. 2 
igure above: I SS = => 

; ; é ’ OB ? 
9. Write a proportion whose first term is 1 

for the figure below. 17. Why is Cw OD: 
COm_DES 

Side-Splitter Practice. Write a proportion for 
G each of the following figures, and solve each 

proportion for x. 

b | 18. 

] 5) 4 
es 

a 
3 x 

10. Show why Descartes’s method works by 

solving this proportion for c. 

11. Draw a figure that illustrates the square 

of 3 as an area. 

12. Draw a figure like that of Descartes that 
illustrates the square of 3 as a length. 

Lesson 3: The Side-Splitter Theorem 

*Economics, by Paul A. Samuelson and William D. 
Nordhaus (McGraw-Hill, 1989). 
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19. 

4 

xX 

16 x 

20. 

4 

, 6 

21. 

{DSS 

24 2] 

Two-Point Perspective. The figure below is a 
two-dimensional picture of a cube drawn in 
“two-point perspective.”* 

In the figure, BC = CD, EF = FG, and 

BE || CF || DG. 

O 

Tell whether each of the following conclusions 
seems reasonable. In each case, explain why 
or why not. 

ORs Or BC _ CD 
92. nGl acne 24, ep ae 

PAY ED EDA 
ee ABO DCs 23% PG! tpES 

*Perspective in Perspective, by Lawrence Wright 
(Routledge and Kegan Paul, 1983). 
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Set Il 

Parallelogram Exercise. ABCD is a 
parallelogram, and E and F are the midpoints 

of its opposite sides, DE and BF intersect AC 

at X and Y. 

D F 13 kG 

A E B 

26. What can you conclude about EBFD? 

Explain. 

27. Why is eee 

28. What can you conclude about AX, XY, 

and YC? Explain. 

Corollary to Theorem 44. Complete the 
following proof of the corollary to the Side- 
Splitter Theorem by giving the reasons. 

DE | BC. 

Prove iy) = AMS 
AB AC’ 

Because the proof is algebraic, it is convenient 

to express the lengths in the figure in terms of 

w, x, y, and zand show that a = aa 
wrx WS ie 

29. Because DE || BC, os = a Why? 

30. wz= xy. Why? 

31. wy + wz= wy + xy. Why? 

32. w(y + z) = y(wt x). Why? 

wy +z)... wa 
8 Gtalwta »§69 + onn 

wy = . Why? 
WiskiNe! De Patz 



Parallels Path. In the figure below, a path has 

been drawn starting at point A on side MN of 
AMNO so that each part of the path is parallel 

to one of the sides of the triangle. G is the 

name of the point in which the path intersects 

MN on its return. 

AM _ BM = ? 
MN MO 

35. Follow the path to copy and complete 

the following statement: 

PieeeeM CN > > 2) GM 
feeeenoO °° > ?° ? ? 

34. Why is 

Use your result to answer the following 
questions. 

36. To what segment is BM equal? 

37. To what segment is CN equal? 

38. Why is AM = GM? 

39. What does this equality indicate about 
point G? 

40. How would the path look if it were 

continued past point G? 

Bridge Cables. The Dames Point Bridge in 
Jacksonville, Florida, is supported by parallel 
cables. 

Lesson 3: The Side-Splitter Theorem 

In the figure below showing three of its cables, 
the tower, AD, is perpendicular to the deck, 

DG. The cables are arranged so that 
AG || BF || CE and EF = FG. To find out how 
AB and BC are related, an extra line, IE, has 

been drawn perpendicularly to DG. 

EF 
41. Why is —~ = 1? y is FG 

42. What can you conclude about a 

Explain. 

43. Why is IE || AD? 

44, What can you conclude about ABHI and 

BCEH? 

45. Why is BC = EH and AB = HI? 

46. What can you conclude about BC, 
A AB 

Explain. 

47, What can you conclude about AB and 

BC? Explain. 

Original Proofs. Write proofs for the 
following exercises. 

48. A 

fa 

B D G 

Given: In AABC, AD bisects 7 BAC; 

AE = ED. 

Prove: Ae lLP 
EC @="DCE 
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49, 

A EG 

Given: In AABC, AB = AC and DE || BC. 
Prove: AD = AE. 

Set Ill 

Pantograph. A pantograph is an instrument 
used by artists to copy a figure to any desired 
scale. 

It consists of four bars hinged together as shown 

in the figure below and is attached to the 

drawing board at point P. As a stylus at point 

D traces the figure, a pencil at point E draws 

a larger copy of it. The bars are connected so 
that AB = DC = CE and PA = AD = BC. 

398 Chapter 10: Similarity 

1. Copy the figure and mark it as needed to 

answer the following questions. 

2. As the pantograph is being used, PB 
always stays parallel to DC and BE 

always stays parallel to AD. Why? 

3. Which of the numbered angles always 

stay equal to 2B? 

4, If ZB = x°, what is the measure of each 
of the following angles in terms of x: 
ZV Oy anda]: 

As the pantograph is being used, 

5. to what number is 21 + 22 + 23 always 
equal? 

6. to what number is 23 + 24 + 25 always 
equal? 

7. what is always true about 2 PDE? 

8. what is always true about points P, D, 

and E? 

As the pantograph is being used, PD and DE 

continually change in length, but a always 

stays the same. 

9. Why? 

The “scale factor” of the pantograph is the 

numerical value of ih 
PDI 

10. If the pantograph is set up so that 
PA = 20 cm and AB = 15 cm, what is its 
“scale factor”? Explain. 



LESSON 4 

The AA Similarity Theorem 

According to the ancient Greek historian Plutarch, Thales, a mathema- 

tician who lived several centuries before Euclid, used shadows to find 

the height of the Great Pyramid. Plutarch wrote: 

The king of Egypt particularly liked the manner by which you 
[Thales] measured the height of the pyramid without any 
trouble or instrument; for, by merely placing your staff at the 

extremity of the shadow which the pyramid casts, you formed, 
by the impact of the sun’s rays, two triangles and so showed 
that the height of the pyramid was to the length of the staff in 
the same ratio as their respective shadows.* 

The figure above illustrates what Thales may have done. AABC 
represents the pyramid, CD its height, and BF its shadow. EF repre- 

sents Thales’ staff and FG its shadow. Reasoning that CF || EG and 
that ACDF ~ AEFG, Thales wrote and solved a proportion for the cor- 

responding sides of the triangles from which he found the height of 
the pyramid: 

Cpr DF h 6 

ST ch0 dad 9 Suan Oe any 

The height is 480 feet. 

*The History of Mathematics, by David M. Burton (Allyn & Bacon, 1985). 
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To understand how this method works, we need the following 
theorem. 

Theorem 45. The AA Theorem 
If two angles of one triangle are equal to two angles of another 
triangle, the triangles are similar. 

Given: AABC and ADEF with ZA = ZD and ZB = ZE. 

Prove: AABC ~ ADEF. 

To prove this theorem, we must show that the third pair of angles 
in the triangles are equal and that all three pairs of corresponding sides 
are proportional. The angles are easy, and so most of the proof will 

deal with the sides. Our method will be to copy the smaller triangle in 
one corner of the larger one as shown in the second pair of triangles 
at the left. We then have a triangle with a line segment parallel to one 
side, which lets us apply the corollary to the Side-Splitter Theorem to 
show that corresponding sides of the triangles are proportional. 

Proof 
Choose G and H on ED and FF so that EG = BA and EH = BC. 
Draw GH. Because 2B = ZE, AGEH = AABC (SAS). Therefore, 
ZEGH = ZA. Because 2A = 2D, ZEGH = ZD. So GH || DF. 

From the fact that a line parallel to one side of a triangle cuts 

off segments on the other two sides that are proportional to those 
sides, we have 

EG _ EH 
EDe. che 

Because EG = BA and EH = BC, 

BA _ BC 
ED) “she 

by substitution. 
By constructing ADIJ = AABC as shown in the third pair of 

triangles and by using the same reasoning, we can show that 

BA _ AC 
EDjyig Da 

BACH ECA! AG 
ED EF DF’ 

pairs of corresponding sides of the triangles are proportional. 
Because all three pairs of corresponding angles in the triangles 

are equal (ZC = ZF because, if two angles of one triangle are equal 
to two angles of another, the third pair of angles are equal), the 
triangles are similar by definition. 

and so we have shown that all three Hence, 

Although we could prove the following theorem directly from the 
definition of similar triangles, the AA Theorem makes its proof es- 
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pecially easy. All we have to do is show that two pairs of angles in 
the triangles are equal. 

. H 

\ wan eX nae an | 
Corollary to the AA Theorem 
Two triangles similar to a third triangle are similar to each other. 

Given: AABC ~ AGHI and ADEF ~ AGHI. 
Prove: AABC ~ ADEF. 

Proof 
Because AABC ~ AGHI, ZA = ZG and ZB = ZH; and, because 

ADEF ~ AGHI, ZD = ZG and ZE = ZH. Therefore, 2A = ZD 

and ZB = ZE (substitution). It follows from the AA Theorem that 
ABC ADEF. 

Exercises 

Set | 

Thales’ Method. \n the figure below illustrating 
Thales’ method for measuring the height of 
the Great Pyramid, CF and EG represent rays 
of the sun. Because the sun is so far away, 
Thales assumed that the rays were parallel. 

G 

A D B 2G 

Show how Thales drew the following 
conclusions by giving a reason for each. 

1. ZCFD = ZG. 

2.52CDEF = ZEFG. 

Spc DP ~ AEFG: 

4, OD _ DE 
EPOMEG 

ODT RRR P IR ES TET ES OLS HME SSS SER GREP LENA TLE ELLER INERT AIL OIE ERY IESE OLOGY ARE ELE EE INL NEN I EOE EDAD EEL ET OIE NN 

Triangle Average. Here is a strange fact.* In the 
figure below, AABC ~ ADEF and line segments 
have been drawn between their corresponding 
vertices. D 

G, 

B 
G 

5. What relation do points G, H, and I 

appear to have to these line segments? 

If this relation is true, then AGHI is similar to 

AABC. 

6. Does it follow that AGHI must also be 

similar to ADEF? Explain why or why 

not. 

*The Penguin Dictionary of Curious and Interesting 
Geometry, by David Wells (Penguin, 1991). 
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Sir ISAAC NEWTON (1641-1727) 

Newton’s Figure. The figure below appeared 
on the British postage stamp shown above 
honoring Sir Isaac Newton. 

7. Find two different pairs of similar 
triangles in the figure. 

8. Tell how you know that the triangles are 

similar. 

Nine Triangles. The figure below contains six 
similar isosceles triangles. 

GC 

D i= 

9. Name them. 

10. What are the measures of the angles of 
these triangles? 

11. What conclusions can you make about 

the other triangles in the figure? 
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Chessboard Puzzle. In the chessboard puzzle, 
the board is cut into four pieces that, when 

rearranged, seem to form a rectangle having a 
different shape. 

12. If the area of one of the small squares 

of the board is taken as | unit, what 

seems to be the area of each 

arrangement? 

In the second arrangement, points A, B, C, 

and D appear to be collinear. 

13. If they are, then AAEC ~ AAFD. Why? 

AE SEC ~ ieee = ? 14, If AAEC ~ AAFD, then AF Fp. bY 

From the figure, AE = 8 and AF = 13. 

15. What are the lengths of EC and FD? 

AE _ EC 
eng) ; 16. Does AF FD: Explain why or why 

not. 

17. What does your answer to exercise 16 
indicate about points A, B, C, and D? 

18. What kind of proof is a proof in which 

an assumption leads to a contradiction? 



Federico di Montefeltro, 

Piero della Francesca (1420-1492) 

Piero’s Theorem. Piero della Francesca, an 

important painter of the fifteenth century, was 

also a mathematician. In his book On Perspective 
for Painting, he proved the following theorem: 

If above a line divided into several parts 

a line be drawn parallel to it and from the 

points dividing the first line there be 
drawn lines which are concurrent, they 

will divide the parallel line in the same 
proportion as the given line.* 

A 

19. What does this theorem say about lines 

BC and HI? 

20. What does the word “concurrent” 

mean? 

21. Copy and complete the following 

similarity correspondences: 

Preardiie— <<? and AAKL ~ A?. 

22. Use your similarity correspondences to 

copy and complete the following pro- 

3 HK AK AKG le 
portions: =e = ee and aaa = eae 

*The Invention of Infinity: Mathematics and Art in the 
_ Renaissance, by J. V. Field (Oxford University Press, 

1997). 

23. What proportion follows directly from 

these two proportions? 

Piero completed his proof by showing that 

three more ratios are equal to the two in your 

last proportion. 

24. What are they? 

Set Il 

Electrician’s Formula. Electricians know that, 
if two resistances R; and Rg are “in parallel,” 

they are equivalent to a single resistance R, 

where R Roa 

Ri 
R 

= — VV VV — 

Ro 

Prove that the figure below illustrates this 

equation by giving a reason for each of the 
following statements. 

B x Pasir eaG, 

25. AEFC ~ AABC and AEFB ~ ADCB. 

eee u mide ee 
Ry eer Sy Ro acy 

Oe eer Bee ere) Na 
Ry Ro A VN Gy, A ey 

28. RR» + RR, = R,Ro. 

29. R(Rog ats Rj) ar R,Ro. 

R,Ro 
(I a 

+ Graphics, by A. S. Levens (Wiley, 1962). 
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Sides and Angles. In AABC, AB = 12, BC = 18, 
AC = 15, and 21 = ZC. 

12 | 15 

18 

Copy and complete the following statements. 

31. AABD ~ A?. 
AB _ BD _ AD 

BW), 
? ? ? 

Pa PEO 
Die ei Fy 

34. Find x, y, and z 

What can you conclude about 

35. 22 and ZC? 

36. ZBAC and ZC? 

Mascheroni Construction. Lorenzo 
Mascheroni, an eighteenth-century Italian 
mathematician, discovered a way of using 
just a compass to find a point midway 
between two given points.* 

37. Do the construction by carrying out the 
following steps. 

(1) First, use your ruler to mark two points, _ 
A and B, 2 inches apart. 

A B 

(2) Draw two circles with centers at A and B 
and with radius AB. Label the upper 

point in which they intersect C. 

*Mathematical Circus, by Martin Gardner (Knopf, 
1979). 
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(3) With the same radius AB and C as 
center, mark point D; then, with D as 

center, mark point E. 

(4) Open the compass to radius EA and, 
with E as center, draw an arc intersecting 
the circle on the left at points F and G. 

(5) With F and G as centers and radius FA, 
draw two arcs that intersect at H. Point 

H is midway between points A and B. 

(Check this with your ruler.) 

Mm 



To show why this construction works, draw 

FA, FH, FE, and AE, as shown in the figure 
below. 

Compare your answer with the electrical- 

resistance formula derived in exercises 25 

through 30. 

47. If aand din your answer represent two 

resistances in parallel, what does s 
represent? 

F 

es 

co Original Proofs. Write proofs for the following 
E exercises.|— / 

we 48. > ie G 
| B 

| E 

38. What kind of triangles are AFAH and 
AEFA? : 

39. Why is AFAH ~ AEFA? | A D 
AH _ FH 

me FA EA Given: AACD with BE || CD. 
FH Prove: ANABE ~ AACD. 

41. To what number is EA equal? Explain. 

49, 

42. Why is AH = > AB? Nese 

Deja Vu. AABC is a right triangle, and CDEF is 
a square. 

DF : G 

Given: Trapezoid ABCD with bases 

AB and DC and diagonals AC 

and BD meeting at E. 

Prove: AE X ED = BE X EC. 

50. 

B 

43. Why is AABC ~ AAED? O M 
44, Copy and complete the following 

to ortion: Be = ne eR ae =A N G 
45. Rewrite the proportion in terms of a, 4, 

and s. ’ Given: AABC with midsegments 
46. Solve the proportion for sin terms of a 

and b. 

MN, MO, and NO. 

Prove: AMNO ~ AABC. 
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Dividing Line. 
Puzzle: To draw a line through point P that In the figure below, an extra square has been 

divides the figure of nine squares below into added, and lines AB (intersecting DE at Q) 
two parts of equal area.* and PQ have been drawn. 

? 

P 

1. If the sides of the nine squares are each 1 

unit, what are the areas of the two parts? 3. Why is AQDB ~ AACB? 

The figure below shows a way of dividing the 4. Why is Ops DB, 
region that doesn’t quite work. AC CB 

5. To what number is QD equal? Explain. 

6. What is the area of the purple region? 

7. Does this figure solve the puzzle? 

2. What are the areas of its two parts? 

*Penrose Tiles to Trapdoor Ciphers, by Martin Gardner 
(W. H. Freeman and Company, 1989). 
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13 4-4.- “Die 24: fannerd 

Proportions 

Strange as it may seem, cameras were used long before photography. 
Their earliest form was the camera obscura, a Latin name meaning 

“dark room.” The camera obscura, popular in the Middle Ages, was 

simply a dark room into which light was admitted through a tiny hole. 
The figure above shows the image of a solar eclipse being formed in- 
side such a camera in 1544. Film for recording the images as photo- 
graphs was not invented until almost three centuries later. 

As you can see in the figure, the camera produces an image that 
is upside down with respect to the object that it pictures. The size of 
the image depends on the distance of the object from the pinhole. In 
the figure at the right, AB represents the object, CD represents the 
image, and P represents the hole in the wall. If AB || DC, it is easy to 
show that AAPB ~ ACPD. 

The distances of the object and image from P are the lengths of PE 
and PF. Altitudes in two triangles such as these are called correspond- 
ing altitudes because they are drawn from corresponding vertices of 
the triangles. It is easy to prove that these altitudes have the same 
ratio as that of the corresponding sides: 

PE _ AB 
PEP seb 

LESSON 5 

and Dilations 

A 

D 
E 2 ie 
B 

C 
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Theorem 46 

Corresponding altitudes of similar triangles have the same ratio as 
that of the corresponding sides. 

Given: AABC ~ ADEF; BG and EH are corresponding altitudes. 

Prove: 2G. Ag, 
EH DE 

Proof* 
Because BG and EH are altitudes of AABC and ADEF, BG 1 AC 

and EH | DF. It follows that 2AGB and ZDHE are right angles, and 
so ZAGB = ZDHE. 

Because AABC ~ ADEF, we know that ZA = ZD (corre- 
sponding angles of similar triangles are equal). So AABG ~ ADEH 

BG _ AB (AA), and EH DE’ 

AB _ AC BG _ AG 
Because AABC ~ ADEF, DE DF’ So FH DF by 

substitution. 

E 

In Lesson 2, we considered the idea of the dilation transformation. 
This transformation also suggests why the theorem about correspond- 
ing altitudes is true. In the figure above, point O is the center of dila- 
tion in which ADEF and its altitude EH are the dilation images of AABC 
and its altitude BG. On every ray from point O through a point P on 
AABC and BG, a point P’ is chosen so that OP’ = rOP. In this case, r= 2; 

so OD = 20A, OE = 2OB, OF = 20C, and OH = 20G. As the dilation 
approach to similarity tells us, when a figure is enlarged or reduced, 

the distances between all pairs of corresponding points in the figure 
are changed in the same ratio. 

*Our proof is based on figures in which the altitudes are inside the triangles. 
Similar proofs can be written for the cases in which they are not. 
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Exercises 

Set | 

Fish Story. How big is the fish? Its apparent 
size depends on whether you cover the hand 
or cover the fisherman.* 

PES OTE SEDATE PASI LD LES PL LAE ERIS SST 

5. Copy and complete the following 
proportion: 

CG _ DE 
et 

State the theorem on which your 

proportion is based. 

If the man is 6 feet tall and is 12 feet 

In the figure below, C represents the camera 
lens, DE the fish, and AB the man. 

A 

B 

. Which line segments represent the 
relative distances of the fish and the 

man from the camera? 

. Given that DE | CF and AB | CF, how 
do you know that DE || AB? 

. What can you conclude about ACDE and 

ACAB? Explain. 

. What are CG and CF called with respect 

to these triangles? 

from the camera, what other distance 

would you need to know to be able to 
figure out the length of the fish? 

8. If that distance is 2 feet, how big is the 

fish? 

In the figure below, either fish can be consid- 

ered to be the dilation image of the other. 

ig 

B 

9. What is point E called with respect to the 
dilation? 

Measure the following distances in centimeters. 

10. BE. 

ISDE: 

If AB is the image of CD and 1 is the magni- 
tude of the dilation, then BE = 7,DE. 

12. Find 7. 

13. What does this number indicate about 

the relative lengths of the two fish? 

14. Measure AB and CD in centimeters and 

*Perception, by Irvin Rock (Scientific American 

Library, 1984). 
find aay 
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If CD is the image of AB and 7 is the 

magnitude of the dilation, then DE = ~BE. 

15. Find 7. 

16. What does this number indicate about the 

relative lengths of the two fish? 

17. Use your measurements of AB and CD 

CD 
to find ——. o find AB 

18. How is the number 7% related to the 

number 7? 

Drawing Conclusions. In the figure below, 
AB || ED, AD | BE, and AGEF and BGDC are 
parallelograms. 

Tell whether or not you think each of the 

following statements is a reasonable conclusion. 
In each case, explain why or why not. 

19. AAGB =Z2DGE 

207 KAGE ADGE: 
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21. 

nee 

23. 

24, 

ee a 
DG GE 

aAGEF = aBGDC. 

&AAGB = aADGE. 

aADEF = aBEDC. 

Grid Exercise. On graph paper, draw a pair of 
axes extending 20 units to the right and 15 
units up from the origin. 

29% 

26. 

25. 

27. 

295. 

28. 

29. 

30. 

Plot the following points and connect them 
to form AABC: A(4, 8), B(5, 3), C(10, 6). 

Use the transformation (a, 8) > (2a - 3, 
2b — 4) on the coordinates of AABC to 
find the coordinates of AA’B’C’. For 
example, A(4, 8) > A’(2-4—3,2-8-— 4), 
or A’(5, 12). 

(continued) Draw AA'B'C'. 

How does AA’B’C’ appear to be related 

to AABC? 

(continued) Draw lines through the 

corresponding vertices of the two 

triangles and extend them across the 
graph. 

For what type of transformation is 

AA'B'C’ the image of AABC? 

Where is its center? 

What is its magnitude? 

Set Il 

Washington Monument. The tallest structure 
in our nation’s capital is the Washington 
Monument. 



It is a tapered column topped with a small 34, State the theorem on which your propor- 

pyramid. The figure below (which is not to tion is based. 
scale) shows its dimensions in feet.* 

Congruence and Similarity. Although you 
know several ways to prove triangles 
congruent, we have considered only one way 
to prove them similar. 

aay 
How do you know that the triangles above are 

35. congruent? 

36. similar? 

How do you know that the triangles above are 

37. congruent? 

31. How tall is the Washington Monument? 38. similar? 

The dotted lines show what the monument 

would look like if its sides did not change 
direction at E and C. a 

32. Name the pairs of similar triangles in 
the figure. 

33. Letting FG = x, write and solve a propor- d b 
tion to find out how tall the Washington 
Monument would be if its sides did not 
h direction. 
ie cy Suppose that, for the triangles above, 7" = 3 

39. Would you know that they are congru- 
ent if these ratios were equal to 1? Explain. 

* Slicing Pizzas, Racing Turtles, and Further Adventures in 

Applied Mathematics, by Robert B. Banks (Princeton 
University Press, 1999). 
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Complete the following proofs by giving the 
reasons. 

SAS Similarity Theorem. 
If an angle of one triangle is equal to an angle 
of another triangle and the sides including 
these angles are proportional, then the 

triangles are similar. 

Given: AABC and AA‘B'C’ with 

Vek entail aes 
b C 

Prove: AABC ~ AA'B'C’. 

Proof 

40. Choose point D on A’C’ so that 

A'D = AC = b. Why? 

41. Through D, draw DE || C’B’. Why? 

42. In AA'B'C’, + = ~ Why? 
C 

43. Because a = = (given), it follows that 
C 

x C * why? 
ip ¢: Wy 

44, So x = ¢ Why? 

45. Therefore, AABC = AA’ED. Why? 

46. So ZC = ZA'DE. Why? 

47. Because DE || C’B’, ZA’DE = ZC’. Why? 

48. So ZC = ZC’. Why? 

49, Therefore, AABC ~ AA'B'C’. Why? 
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f 

Suppose that, for the triangles above, 

bee yw Oe 
50. Would you know that they are congruent 

if these ratios were equal to 1? Explain. 

SSS Similarity Theorem. 
If the sides of one triangle are proportional to 
the sides of another triangle, then the triangles 
are similar. 

Given: AABC and AA’B'C’ with 

ARS DER 
as 

Prove: AABC ~ AA'B'C’. 

A 

Yose co—_B8 

Proof 

51. Choose point D on A'C’ so that 

A'D = AC = &, and choose point E on A'B’ 

so that A’E = AB = « Why? 

52. Draw DE. Why? 

53. ZDA'E = ZC'A'B’. Why? 



It follows that AA’ED ~ AA'B’C’ by the SAS 

Similarity Theorem. 

54. State this theorem as a complete 

sentence. 

55. Because AA’ED ~ AA'B'C’, it follows that 

= 2 why? a’ b' : y: 

56. Because a = a (given), it follows that 
a 

oe = =, Why? 
a a 

57. So y= a. Why? 

58. It follows that AA’ED = AABC. Why? 

59. Therefore, ZA’ED = ZB and ZA'= ZA. __In the figure below, AB represents the candle 
Why? flame, H represents the hole in the card, and 

60. So AA'ED ~ AABC. Why? CD represents the flame’s image on the wall. 

61. Because we have already proved that 
AA'ED ~ AA'B'C’, it follows that A 

AABC ~ AA'B’C’. Why? 

Set III 

Camera Experiment. You can see how a 
camera obscura works by doing the following 

experiment. All that you need is a stiff card (a BR 
file card is convenient), a candle, and a dark 

candle card image 

Ae flame on wall 

1. Poke a hole through the center of the 

d with int. The hol 
aoe be pom Bad Explain what you observed by doing each 
should have a diameter of about a of the following exercises. 

2. Assume that AAHB ~ ACHD, and 

derive an equation for CD in terms of 
inch. Light the candle and hold it about 

6 inches from a wall. Hold the card 

midway between the candle and the AB, 4, and y. 
wall with your other hand so that the 3. When the card is moved from the wall 

hole, flame, and wall are in line. You toward the candle, what happens to y? 

should observe an upside-down image 4. What happens to x? 

of the flame on the wall. 
Hold the card close to the wall and 5. What happens to 2» 

move it toward the candle. What hap- 5 
pens to the size of the flame’s image? 6. What happens to CD? 

Lesson 5: Proportions and Dilations 413 



LESSON 6 

Perimeters and Areas of Similar Figures 

Ever since the rules for baseball were established in 1845, the game 

has been played on a diamond with bases 90 feet apart. Softball, the 

scaled-down version of the game first played in 1887, is played on a 
diamond whose bases are 60 feet apart. How far does a batter have to 

run to score a run in each game? 

Softball 

Baseball 

In baseball, the distance is 360 feet; whereas, in softball, it is 240 

feet. It is easy to see that these two distances, the perimeters of the 

diamonds, have the same ratio as that of the lengths of their sides: 

360 _ 4x90 90 3: Ret id 

240 4 KG 0T GORD: -* 

Because each side of a baseball diamond is 1.5 times as long as each 
side of a softball diamond, it makes sense that a baseball player has to 

run 1.5 times as far as a softball player. 
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What about the areas enclosed by the two diamonds? Does the 
person who mows the field inside a baseball diamond have 1.5 times 

as much grass to mow as that inside a softball diamond? The two fields 

are square in shape; so their areas are 90? = 8,100 square feet and 

60? = 3,600 square feet. Comparing the areas of the two fields gives 

8,100 _ 902 -(S)-(2 2) 

3,600 602 | 60 a BN 
so their ratio is equal to the square of the ratio of the lengths of their 
sides. 

These results show that, even though the two diamonds are square 
in shape and therefore similar, their perimeters and areas are related 

in different ways. 
Comparable relations are true for any pair of similar polygons. 

Although we will derive them for similar triangles, proofs can also be 
written for polygons having any number of sides. In the same way 
that we have been using a, the first letter of the Greek alphabet, to 

represent the word “area,” we will use p (rho), another Greek letter, to 
represent the word “perimeter.” 

Theorem 47 

The ratio of the perimeters of two similar polygons is equal to the 

ratio of the corresponding sides. 

Given: AABC ~ AA‘'B'C’. 

Prove: BPAABC . = 7 where .4— = = Be = oe 
BapAA'B’C’ i NEB Bae: GA A B 

Proof (Si 

Because r= 

AB= 7A’B’.-BC.= 7B’C’, and, «CA = rC’A’. 

Adding these equations, we get 

Bee ea At =r AIB! ay B Cor CA’ 
= At Baa Bie 4 CLA"): 

Because AB + BC + CA = pAABC and A’B’ + B’C’ + C’A’ = 
pAA'B'C’, we can substitute to get 

pAABC = rpAA'B'C’. 

Dividing gives 

pChsCe se 

pXA'B'C’ 

Lesson 6: Perimeters and Areas of Similar Figures 

aa = a = ana it follows by multiplication that j ; 

ys B' 
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Exercises 

Set | 

Triangle Ratios. The figure at the right from 
an old geometry book shows a triangle 
divided into 16 congruent triangles.* 

Find each of the following ratios. 

Theorem 48 
The ratio of the areas of two similar polygons is equal to the square 
of the ratio of the corresponding sides. 

Given: AABC ~ AA'B'C’. 

aAABC AB BC CA Pidie: eee hee ee 
M00 UNATBIC! 7? OT AiR Gaus 

Proo 
fetes C, draw CD AB, and through C’, draw C’D’ | A’B’. 

Because CD and C’'D’ are corresponding altitudes of AABC and 

AA'B'C’ and AABC ~ AA'B'C’, 

LCDI Bae 
Cia bee 

(corresponding altitudes of similar triangles have the same ratio as 
the corresponding sides). 

Because aA ABC = 5 AB -CD and aAA'B'C' = SAB -C’D’, the 

ratio of the areas is 

+aB-CD 
aA ABC 2 uvAB CD iia 
GAN BG” © Lae cp | MiBiereuD: 

2 

ee 
DE 

2: cee 5 DE 
aQADE PEC 

3, BC 5, 2SADE 
FG " aAAFG" 

He aAABC , DE 

aAAFG "i. FiTh 

8. aAADE 

aAAHI 

*First Steps in Geometry, by G. A. Wentworth and G. 9. State the theorem illustrated by exercises 
A. Hill (Ginn, 1901). 1 through 8. 
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Judo Mai. Judo contests are held on a square 
mat, the “contest area,” measuring 8 meters 

on each side. This mat is surrounded by a 

“danger area” 1 meter wide, which is sur- 
rounded by a “safety area” 3 meters wide.* 

For convenience, we will use numbers to 

refer to these three squares as shown in the 

figure below. 

Find each of the following measurements. 

10. side of 1. pees eo 
11. pl. 

1 wale 

13. side of 2. 

14392. 

15. a2. 

16. side of 3. 

Apo: 

18. a3. 

Find each of the following ratios as a common 

fraction in simplest terms. 

side of 1 side of 2 
19. ———_.. 22, ————_.. 

side of 2 side of 3 

1 p2 
Hig ees Uy ea 

p2 p3 

1 a2 
Meee wee 

a2 a3 

Map Scaling. In one of his books, Lewis 
Carroll once described a map drawn on a scale 

of a mile to a mile: “It has never been spread 

out, yet . . . the farmers objected; they said it 

would cover the whole country, and shut out 
the sunlight! S0 we now use the country itself, 

as its own mp and I assure you it does nearly 

as well.” 

* Sports: The Complete Visual Reference, by Francois 
Fortin (Firefly Books, 2000). 

Lesson 6: Perimeters and Areas of Similar Figures 

If a map is similar to the country that it 
represents, what must be true about 
corresponding 

25. distances? 

26. angles? 

27. areas? 

A map in which a foot represents a mile has a 

scale of 

1 foot a 1 

5,280 feet 5,280 

because 1 mile = 5,280 feet. 

28. On a map of this scale, how many feet 

would | inch represent? 

29. How many square feet would 1 

square inch represent? 

30. What is the scale of a map in which an 

inch represents a mile? 

31. What is the scale of the map described 
by Lewis Carroll? 

Set Il 

SAT Problem. The 
figure at the right 
appeared in a D E 
problem on an SAT 
exam. It was given 
that the area of 
AABC = 54 and that 

; B G 
AD = — AB. 

3 

The answers to some SAT problems cannot 

be determined from the information given. 

32. Can any conclusion be drawn about 

AADE and AABC? Explain. 

33. Is it correct to assume that DE = . Be 

Why or why not? 

34. Is it possible to figure out the lengths of 
AB and BC? 

35. Is it possible to figure out the lengths of 
AD and DE? 

36. Is it possible to figure out the area of 
AADE? Explain. 
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Quilt Pattern. The quilt pictured above, made 
by Barbara Dean, is based on the pattern of 

squares shown below.* 

37. How many different sizes of squares 

does the pattern contain? 

What is the ratio of 

38. the area of one of the smallest squares to 

the area of the next larger square? 

39. their corresponding sides? 

40. their perimeters? 

What is the ratio of 

41. the area of the largest square to the area 

of the next largest square? 

42. their corresponding sides? 

43. their perimeters? 

*Designing Tessellations: The Secrets of Interlocking 
Patterns, by Jinny Beyer (Contemporary Books, 1999). 
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Cranberry Circles. This photograph shows 
cranberries being gathered into a circle on the 
surface of a bog in Plymouth, Massachusetts. * 

Imagine that the circles below have diameters 
of 90 feet and 120 feet and that each is filled 
with a layer of cranberries. 

—_—_—S- ei > 

90 ft 120 ft 

44, Why is it reasonable to say that all 

circles are similar? 

45. What are the radii of the two circles? 

46. What are their exact and approximate 

circumferences? 

47, What are their exact and approximate 

areas? 

Compare the first circle with the second and 

find each of the following ratios both as a 

common and as a decimal fraction. 

48. The ratio of their diameters. 

49, The ratio of their radii. 

50. The ratio of their circumferences. 

51. The ratio of their areas. 

tLook at the Land: Aerial Reflections on America, by Alex 

MacLean and Bill McKibben (Rizzoli, 1993). 



Pentagon Measurements. The Pentagon, home 
of the United States Department of Defense in 

Arlington, Virginia, is named for its shape. 

In the scale drawing of the Pentagon below, 
each side is 1 inch long and each angle is 108°. 
The area covered by the Pentagon (the blue 
region in the drawing) is about 1.5 square inches. 

1 
T ] é he scale used is 11,052 

Also, 1 acre = 43,560 square feet. 

The Pentagon 

Find each of the following measurements. 

52. The measure of each angle of the 
Pentagon. 

53. The length of each side of the Pentagon 
in feet. 

54. The perimeter of the Pentagon. 

55. The area covered by the Pentagon in 
acres. 

Lesson 6: Perimeters and Areas of Similar Figures 

Set Ill 

Pythagoras on the Sides. According to 
Pythagoras, the area of the square on the 
hypotenuse of a right triangle is equal to the 
sum of the areas of the squares on the two 
legs. 

Would this still be true if pictures of 
Pythagoras himself were placed on the three 
sides of a right triangle? Would the 
Pythagoras on the hypotenuse be equal to the 
sum of the Pythagorases on the two legs? 

2 spsoboyihg 

Suppose that, in the figure above, a, b, and 
care the lengths of the sides of the right 
triangle and that the three pictures of 
Pythagoras (Py.) are similar; that is, 

Py. ~ Py) =P y.C 

If this is the case, then it seems reasonable 

to conclude that 

aPy.a 1 @ 2 mae aPy.b S b i 

aPy.c C aPy.¢c @ 

1. Why? 

2. Can you reason from the equations above 

to show that 

aPy.a+aPy:b = aPy.c 
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CHAPTER 10 Summary and Review 

Basic Ideas 

Dilation: center, magnitude 386 
Geometric mean 380 
Proportion 379 

Ratio 379 

Similar figures 386-387 

Similar triangles 386 

Theorems 

44, The Side-Splitter Theorem. If a line parallel 
to one side of a triangle intersects the 

other two sides in different points, it 

divides the sides in the same ratio. 393 

Corollary. If a line parallel to one side of a 

triangle intersects the other two sides in 

different points, it cuts off segments 

proportional to the sides. 394 

45. The AA Theorem. If two angles of one 
triangle are equal to two angles of an- 
other triangle, the triangles are similar. 
400 

Corollary . Two triangles similar to a third 
triangle are similar to each other. 401 
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46. Corresponding altitudes of similar 
triangles have the same ratio as that of 
the corresponding sides. 408 

47, The ratio of the perimeters of two similar 
polygons is equal to the ratio of the 
corresponding sides. 415 

48. The ratio of the areas of two similar 
polygons is equal to the square of the 
ratio of the corresponding sides. 416 

Additional Results 

The SAS Similarity Theorem. If an angle of 
one triangle is equal to an angle of 
another triangle and the sides including 
these angles are proportional, then the 
triangles are similar. 412 

The SSS Similarity Theorem. If the sides of 
one triangle are proportional to the sides 

of another triangle, then the triangles are 

similar. 412 



Exercises 
SDPO TERT 

Set | 

Body Ratios. The figures below show a 
5-month-old infant and an adult drawn as if 

both were 6 feet tall.* 

Write each of the following ratios as a simple 
fraction. 

1. The length of the infant’s head to the 
length of the rest of his body. 

2. The length of the adult’s head to the 

length of the rest of his body. 

3. The length of the infant’s arms to the 
length of his entire body. 

4, The length of the adult’s arms to the 

length of his entire body. 

Perspective Law. One “law of perspective” is 
illustrated by the figure below in which DE|| BC. 

*Cats’ Paws and Catapults, by Steven Vogel (Norton, 
1998). 

AB _ AC, 
ADin) GABE: 

6. Why is AABC ~ AADE? 

7. Measure each of the following lengths in 
centimeters: AC, AE, and DE. 

8. Write and solve a proportion in terms of 

these lengths to find BC. Then measure 

BC in centimeters to see if your answer 

is reasonable. 

5. Why is 

9. How many times as tall as the figure at 
BC is the figure at DE? 

10. How does the area of the figure at DE 
compare with the area of the figure at BC? 

Proportion Practice. Find the length marked x 
in each of the following figures. 

11. 

10 

15 

x 12 

1 5 

4 

x 

8 

13 De 

The triangles are similar 

14. 

Xx a 

The parallelograms are similar 

Summary and Review 421 



Similar Triangles. The triangles below are 

similar, and the sides of the larger triangle are 

3 times as long as the corresponding sides of 

the smaller triangle. 

Pp 

15. How many smaller triangles could be 
packed into the larger? 

16. Draw a figure to illustrate your answer. 

Reptiles. The figure below shows four 
congruent tiles that have been put together to 
form a figure that is similar to them. 

G 

A G Ee 

17. Exactly what kind of polygons are they? 

Copy and complete these correspondences. 

18. ABHIG = E}???: 

g19. AFEDC Giri: 

20. What can you conclude about GFEI? 

Explain. 

21. Express the area of AFEDC as a multiple 
of the area of ABHIG. 

22. Express their perimeters in the same 
way. 

AC 
23. What is the ratio ——? at is the ratio 7, 
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Free Fall. Galileo used the figure below in his 

study of the behavior of objects in free fall.* 

O 

A G 

D 

E F 

In the figure above, ray OE represents time, 
and the lengths of AC and BD represent the 
speed of the falling object at instants A and B; 

AC 1 OE and BD 1 OE. 

24. Why is AC || BD? 
25. What happens to the speed of the object 

as it falls? 

26. Why is AOAC ~ AOBD? 
OA AC ° eee 27. Why is B BD: 

aAOAC OA \2 . = ? 28. Why 1s — B aT 

Type Transformations. The figure below 
shows several transformations of the letter A 
into type of different sizes. The sizes are given _ 
in “points” (pt). 

24 pt 48pt 72pt Y96pt 

29. What are these transformations called? 

“Geometry Civilized: History, Culture, and Technique, by 
J. L. Heilbron (Clarendon Press, 1998). 



What is the magnitude of the transformation 
in which 

30. the 48-point A is the image of the 24- 
point A? 

31. the 72-point A is the image of the 96- 

point A? 

As the 24-point A is transformed into the 72- 

point A, what happens to 

32. the distances from the center of the 

transformation to all of its points? 

33. the angles within the letter? 

Set Il 

Trick Card. The figure below shows the front 
and back of a trick playing card that seems to 
get smaller and smaller. A magician secretly 
folds it in half each time while turning it over 
to show another card half as large.* 

xXcm 

WI ¢ 

10cm 

xcm 

The card is designed so that all four “cards” 

are similar. 

34. Use this fact to write and solve a propor- 

tion to find x, the width of the original 

card. 

35. Find the area of the original card. 

36. Find the ratio of the longer dimensions 
of the second card and the original card. 

*The Unexpected Hanging and Other Mathematical 
Diversions, by Martin Gardner (Simon & Schuster, 

1969). 

37. Use this ratio to find the ratio of the 

areas of the second card and the original 

card. 5 

38. Does your answer seem reasonable? 

Explain. 

Catapult. The Roman general Marcellus is 
attacking the city of Syracuse.t In the overhead 
view shown below, Archimedes is standing at 

point A by the city wall and has placed a 

catapult at point C. A ditch, DE, is parallel to 

the city wall, CA, and the headquarters of the 

enemy camp at point B is directly across from 

Archimedes so that BA 1 CA; also DF 1 CA. 

enemy 
camp 2B 

Ch city wall WA 
catapult Archimedes 

39. Given the distances marked on the map, 

find the distance of the enemy camp from 
Archimedes. 

Leg Splitter. ABCD is a trapezoid with bases 
AD and BC; EF || BC. 

A D 

E IP 

B & 

40. Copy the figure and mark it as needed to 

do each of the following exercises. 

41. EF || AD. Why? 

}This problem is based on one that appeared in the 

1725 edition of the Ladies Diary, a book of puzzles 

and mathematical problems published yearly in 

London. 
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40. (continued) Draw diagonal AC. Let G be the Seven Triangles. In AABC, BD 1 AC, EF 1 AC, 
point in which the diagonal intersects EF. and AB || DE. 

Mihi AG DE 
= = ? 

raat mt (Cs nc €/Cid eLa te 

AE _ DF 
— = ? 

4° CuBlis / BOUIar 
44, What do exercises 40 through 43 prove 

about a line that intersects the legs of a 
trapezoid and is parallel to its bases? 

G 
Crossed Ladders. Two long ladders, AB and 

CD, lean against two buildings as shown 51. Find three pairs of similar triangles. 
below.’ 52. Copy the figure and mark the following 

lengths on it: BD = 20, AD = 8, and 
D6: 

Write and solve a proportion to find 

et, BIB: 

Gy: nl Op 

Find each of the following numbers. 

AB 
DE 

56. aAABD. 

37. WADEF: 

The shorter ladder reaches a point 42 feet 58 aAABD 

above the ground. * aADEF’ 

55. 

45. Copy the figure and mark the following 59. EC’ 

distances on it: CB = 42, DE = 40, and 
EB = 16. 60. aABED. 

Find each of the following distances. 61. aADEC. 

46. PE, the distance of the point in which 62. a ADE. 
the ladders cross above the ground. 

47, AD, the distance that the longer ladder 

reaches above the ground. 

48. CD, the length of the shorter ladder. \ oe 

49, AB, the length of the longer ladder. 

50. The remaining four distances, PA, PB, c ae 

PC, and PD. 

*Mathematical Circus, by Martin Gardner (Knopf, 

1979). 
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A quadratic equation is an equation that can be 
written in the form 

ax? + bx+c=0. 

This form is called its standard form. 

Some quadratic equations can be solved by 

factoring. 

Example 1: Solve x? + 5x = 14. 

Writing the equation in standard 
form, we get 

Solution: 

x2 + 5x—14=0. 

Factoring the left side, we get 

(2) (eer 7) = 0, 

For a product of two factors to be 
equal to zero, at least one of the 
factors must be equal to zero, and 

so 

either x—2=0 
on x4 7 S10); 

Solving these equations, we get 

=) Ce w= 7 

All quadratic equations can be solved by us- 

ing the quadratic formula: 

b2 —A4a¢ ) 

Qa ; 

The solutions to the equation 

ax? + bx + c=0 

can be found by substituting its values for a, d, 
and cin this formula and simplifying the result. 

ALGEBRA REVIEW 

Quadratic Equations 

Example 2: Solve x(x + 2) = 9. 

Solution: To find a, ), and «¢, the equation 
must be written in standard form: 

x2 +2x=9 
x2 +2x-9=0. 

Because a= 1, )= 2, and c= —9, 

22) VOF= AED) 
2(1) 

he —-2+V4+4+ 36 > —2+V40 

2 Y 

= a= 110 

The solutions of the equation are 

=] + V 10 and —1 — V 10. 

Exercises 

Solve the following equations by either 
factoring or using the quadratic formula. 

ok 28 0 

a ee = age) 

3.7 8x 

4, x27 -—49=0 

eda) = 90 

6, 9x7 = 6x -- 1 = 

1 Bae = WR ors 

Seti oN A) ad 

9. (xe 5)? =x + 17 

10. 5(x? — 1) = 2x 
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ALGEBRA REVIEW 

Solving Formulas 

In working with formulas, it is often useful to 

solve for one of the variables in the formula in 

terms of the other variables. 

Example 2: 

Solution: 

2 
Example 1: Solve the formula F= a for », 

r 
given that v > 0. 

Solution: Yo do so, we want to end up with 

an equation beginning with v=. 

Exercises 

Solve the following formulas 
from mathematics and science 

for the variables indicated. 

Assume that all of the variables 

represent positive numbers. 

1. c= 207 for?. 

2. fir = povg for py. 

3. piv) = Pov for v9. 

A, C= a? +b fore 

56 ct = a> be fora. 

6. A= Shh for h 

7. V= V2¢gh for h. 

8. A= 4arr? for 7. 

426 Chapter 10: Similarity 
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I= for R 

V= Sark for A. 

Multiplying both sides by r gives 

rF = mov? 

and dividing by m gives 

iat v, sO 72 aol 
m m 

Taking the square root of each side, 
we have 

rF 
v= |— 

m 

(We list only the positive square root 
because it is given that v > 0.) 

Solve the formula mvg — mv, = Ft 

for m. 

Factoring the left side of the 
equation gives 

m(vo — v) = Ft. 

Dividing both sides by vg — x 

gives 

it 

03 Ope 

18. T= 2/3 for 1 
g 

19. I, = 1, + Ad? for A. 

20. I, = 1. + Ad tome. 
S= = for a. 

if ioe 
21. —=—+— for R 

S= = for 7. Ren Dy 

2 1 it 1 
M= wh for w. 22s R = & ar ee for 7. 

W= V w, Wo for w. De uae : — for n. 
aes 

= r(A — 150) for r. 9 R 

R= r(A — 150) for A. 

E 

24, P=" C+ 32 for C. 

25. fo= ph 
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O; all geometric figures, the right triangle is perhaps the most 

important. The subject of trigonometry, or “triangle 

measurement,” began with observations about the properties of 

similar right triangles, which led to the creation of the 

trigonometric ratios, three of which are named sine, cosine, and 

tangent. These ratios have turned out to be useful in working 

with triangles other than right triangles and even in problems 

that have no connection to triangles at all. 



LESSON 1 

Proportions in a Right Triangle 

The chambered nautilus is a remarkable creature. Although the out- 
side of its shell is attractively covered with brown stripes, it is the 

beautiful design inside for which the nautilus is famous. As it grows, 
the nautilus moves through a series of successively larger compart- 
ments that wind around a curve called a spiral. All the compartments 
are similar in shape and, as a result, their corresponding dimensions 
are proportional. 

The photographs at the left and above are of a living nautilus and 
a shell that has been cut in half to reveal its internal design. In the 
drawing above, the beginning of the spiral is labeled point O. Two 
perpendicular lines have been drawn through point O and, as the spi- 
ral winds around this point, it intersects these lines in a series of points: 

A, B, C, and so on. If these points are connected in order by a series of 

line segments, AB, BC, CD, and so on, each segment is perpendicu- 

lar to the next: AB | BC 1 CD, and so on. 

For this reason, the consecutive pairs of segments are the legs of a 
series of progressively larger right triangles winding around point O. 
It is easy to prove that these triangles are similar and, as a result, that 

Od) SORT ROC e 2 ian 
OB: // OG OD 
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Each successive distance, OB, OC, OD, and so on, is the geometric B 

mean between the distances before and after it. Each distance is the 4, 
altitude to the hypotenuse of a right triangle, and the distances be- 
tween which it is the geometric mean are the two segments of the hy- 

gia potenuse. These relations are established by the proofs of the follow- A 

ing theorem and the first of its corollaries. 

Theorem 49 
The altitude to the hypotenuse of a right triangle 
forms two triangles similar to it and to each other. 

Given: Right AABC with altitude BO to 
hypotenuse AC. 

Prove: AAOB ~ ABOC ~ AABC. 

The three triangles have been redrawn at the right 
to make the proof easier to follow. 

Proof 
AAOB and AABC are right triangles with a common 

acute angle at A; so AAOB ~ AABC. Also, ABOC and AABC 
have a common acute angle at C; so ABOC ~ AABC. Finally, 

AAOB ~ ABOC because, if two triangles are similar to a third 
triangle, they are similar to each other. B 

Perhaps more important than this theorem are the proportions that 

follow from it. For example, from the fact that AAOB ~ ABOC, it fol- 

lows that A G 

AO _ BO . 
BOT. CO” BO is the geometric mean 

between AO and OC 

Corollary 1 to Theorem 49 
The altitude to the hypotenuse of a right triangle is the geometric B 
mean between the segments into which it divides the hypotenuse. 

From the correspondences AAOB ~ AABC and ABOC ~ AABC 
follow the proportions A a 

AO _ AB OGiperk BC. O 
[AB SrueAGeed ait  BOuts AC. AB is the geometric mean 

AO and AC 
The first equation shows that leg AB of the triangle is the geometric pogo 
mean between the hypotenuse AC and segment AO of the hypot- 
enuse. The second equation shows that leg BC is the geometric mean B 
between the hypotenuse AC and segment OC of the hypotenuse. 
We will refer to segments AO and OC as the projections of sides AB 
and BC on the hypotenuse, respectively. 

A C 
Corollary 2 to Theorem 49 O 
Each leg of a right triangle is the geometric mean between the BC is the geometric mean 
hypotenuse and its projection on the hypotenuse. between OC and AC 
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i Shadows. Imagine that right AABC stands 
Exerci ht Oe nme with side AB on the ground andithatthe sun is 

directly overhead. 
Set | 

Chameleon Tail. The tail of this West African 

chameleon is coiled up in a shape similar to 

that of a nautilus shell. 

8. Which segment is the shadow of AC on 

the ground? 

9. Which segment is the shadow of CB? 

10. What are AC and CB called with respect 

to AABC? 

11. What are AD and DB called with respect 

to AC and CB? 

Which line segment in the figure is the 
1. What is this type of curve called? geometric mean between 

In the figure below, AC | BD and ZABC and 12. AB and AD? 
ZEFG are right angles. 13. AD and DB? 

14. AB and DB? 

Find the Lengths. Solve for x in each of the 
following figures. 

Example: 

A 
2 x 

Solution: 
The length of one leg is 5 and its projection 

on the hypotenuse is 2. Also, the length of the 
C hypotenuse is 2 + x. Each leg of the right 

triangle is the geometric mean between the 
2. What is BP called with respect to AABC? hypotenuse and its projection on the 

3. Between which two segments is BP the hypotenuse; so 

geometric mean? 
Bah RN eS) 

4. How do you know? 5 vie 

5. Which segment is the projection of EF on Solving for x, we have 

the hypotenuse of AEFG? i 92 + x) = 95 

6. Between which two segments is EF the ier ae 98 
geometric mean? | 

7. How do you know? x= LO 

430 Chapter 11: The Right Triangle 



8 Z EN ae cas aca aaa 
9 

Wee 3 18. 20 

5 9 

X 

19. 
12 

x: 8 

With and Without Pythagoras. In the figure 
below, CD is the altitude to the hypotenuse of 

right AABC, AD = 9, and CD = 12. 

ie 

20. Copy the figure and mark it as needed 
to do each of the following exercises. 

21. Find DB. 

22. Find AC without using the Pythagorean 
Theorem. 

23. Find AC by using the Pythagorean 
Theorem. 

24. Find BC without using the Pythagorean 
Theorem. 

25. Find BC by using the Pythagorean 

Theorem. 

AD 
20. 80indi—-. in DB 

27. Find a 
Jogi XGae = 28. Find aah 

On the basis of your answers to exercises 26 

through 28, tell whether each of the following 

statements is true or false. 

IB ING 9) 
DT ete 

AD /AC? 30. = =(=— |. 
° DB ca 

Rectangle and Square. In the figures below, the 
sides of the rectangle and square are equal in 
length to the three labeled segments in the 
triangle. 

31. What can you conclude about the areas 

of the rectangle and square? Explain. 

Set II 

Strongest Beam. The figure below shows a 
rectangular cross section of a wooden beam 
cut from a circular log. For the beam to have 
the greatest stiffness, points E and F should 
trisect diameter AC. 

Suppose AC = 12 inches. 

32. Copy the figure and mark it as needed to 
do each of the following exercises. 

33. Find the exact length of BC. 

34. Find the exact length of AB. 
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35. Find the exact value of the ratio a 

36. Find the area of rectangle ABCD to the 
nearest square inch. 

37. Find the area of the circle to the nearest 

square inch. 

Zigzag. In the figure below, segments AB, 
BC, CD, and so on, are alternately 

perpendicular to the sides of ZO. 

O Ade GHURAE G 

38. Copy and complete the following propor- 
tion for AOBC: 

OA _ OB 
OB ie 

39. State the theorem (corollary) that is the 
basis for your answer. 

40. Copy and complete the following 
proportions for AOCD and AODE: 

OB 5 0G) 00) OD 
OC ? OD a 

Given that OA = 1 and OB = », use your 

proportions to find each of the following 

lengths in terms of 7. 

41. OC. 

42, OD. 

43. OE. 

44, How long do you think OF and OG are 
in terms of 1? 

and 

Suppose the figure were drawn so that 
OA = 1 inch and OB = 10 inches. 

45. How long would OG be? 
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Plato’s Proportions. The Greek philosopher 
Plato thought that, when God constructed the 
universe, He used four elements. Plato wrote: 

God placed water and air between fire and 

earth; and made them so far as possible 

proportional to each other, so that air is to 

water as water is to earth.* 

The figure above geometrically illustrates 
Plato’s proportions. 

46. Does it necessarily follow that 

OAS OC 
OB OD: Explain why or why not. 

47, Does it necessarily follow that 

AB _ BC = ? : BC CD: Explain why or why not. 

SAT Problem. The figure below appeared in a 
problem on an SAT exam. 

A—— C 

48. Find x + y. 

49. Find x. 

50. Find y. 

51. Find z 

*Timaeus. Quoted in Connections: The Geometric Bridge 
between Art and Science, by Jay Kappraff (McGraw-Hill, 
1990). 



Set III 

Used by permission of John McClellan 

The Golden Rectangle. The spiral of the 

chambered nautilus is closely related to a 

A 

Quadrilateral AFGD is a golden rectangle. The 

ratio of its dimensions, a is called the 

golden ratio. 

Ze 

figure called the golden rectangle discovered by 
the Greeks in the fifth century B.c. 

One way to construct a golden rectangle is 

suggested by the drawing in the cartoon 

above and described below. 

D Gee 1D G 

A BOA ie oie} 

1. First, use the method illustrated by the 

figure at the left above to construct a 

square with sides 2 inches long. Label it 
ABCD as shown. 

Bisect the base of the square and label 

the midpoint E as shown in the figure at 

the right above. 

With E as center and EC as radius, 

draw an arc intersecting line AB in point 
F as shown in the figure at the left 
below. 

Construct a line perpendicular to AB 
at F. Let G be the point in which it 
intersects line DC as shown in the figure 
at the right below. 

D GaaeG: 
7 

A Baas 8 

Lesson 1: 

aU 

Find the exact value of the golden ratio 
by starting with AB = 2 and finding the 
exact values of the following lengths. 

EY) 5D, 

b) EB. 

c) EC (use the Pythagorean Theorem). 

d) EF. 
e) “AE. 

f) Find a the golden ratio. 

se your calculator to find the approxi- 
mate value of the golden ratio to as 

many decimal places as you can. 

. Find the exact values of the following 

lengths. 

a) GF. 

b) BF. 

GF 
Finds. c) Find BE 

. Use your calculator to find the approxi- 

mate value of or to as many decimal 

places as you can. 

. What does this result suggest about 
rectangle BFGC? 

. Use your calculator to find the approxi- 

mate value of Be 
GF 

. What is surprising about the result? 
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LESSON 2 

The Pythagorean Theorem Revisited 

A very old problem in geometry is the puzzle of the Broken Bamboo. 
The earliest known book in which it appears is the Chiu Chang Suan 

B Shu (Nine Chapters on the Mathematical Art), written in China at about 
the same time that Euclid was writing the Elements.* 

The problem as it appeared in a book published in 1261 is shown 
at the top of this page. It says: 

A bamboo shoot is 10 ch’ih tall. It is broken and the top xX 
touches the ground 3 ch’ih from the root. What is the height 
of the break? 

In the figure at the left, the problem is to find AB, given that 

A G AB + BC = 10 and AC =3. 

*Was Pythagoras Chinese? by Frank J. Swetz and T. I. Kao (Pennsylvania State 
University Press, 1977). 
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If we let AB = x, it follows that BC = 10 — x. Applying the Pythagorean 
Theorem to right AABC, we have 

AB aAG* — BC. on 
x2 + 32 = (10 — 42. 

Solving for x, we get 

x2 +9 = 100 — 20x + x? 
00 08 

2 Opa Oil 

9] SEES y: 
0 

The break is 4.55 ch’ih above the ground. 

The problem of the Broken Bamboo is famous as an early applica- 

tion of the Pythagorean Theorem. You have studied several proofs of 
the Pythagorean Theorem that are based on area. In this lesson, we 
will consider a proof based on similarity. It depends on the second 

corollary to Theorem 49-the fact that each leg of a right triangle is the 

geometric mean between the hypotenuse and its projection on the 

hypotenuse. 

The Pythagorean Theorem 
In a right triangle, the square of the hypotenuse is equal to the sum 

of the squares of the legs. Gi 

Given: Right AABC with legs of lengths a and 5 
and hypotenuse of length ¢. 

Prove: a2 + b? = c?. 

Proof 
Project the legs of AABC on the hypotenuse by drawing CD 1 BA, C 

let the lengths of the two projections be called x and y. 
Because either leg of a right triangle is the geometric mean be- a b 

tween the hypotenuse and its projection on the hypotenuse, 

anus if ae and al ss 

Multiplying, we get 

a*=cx and b*=v¢. 

Adding these equations gives 

a? + b? = cx + cy 

Because x + y= 6 

a2+ be =c- c=. 
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Exercises 
PEO L LPS RDN LARS AISI ALND AE ESE TE RAIS BOLD TEM IE ELDEST ED LE POO 

Set | 

Baseball Distances. A baseball diamond is a 

square with sides 90 feet long. A batter hits the 
ball and runs toward first base. 

When he has run 60 feet, how far is he from 

1. first base? 

2. second base? 

3. third base? 

4 . Draw a figure and mark it as needed to 
answer each of the following questions. 

When the batter has run halfway from first 

base to second base, how far is he from 

5. third base? 

6. home plate? 

Pole Problem. The following problem appears 
in the Cairo papyrus, written in Egypt in 

about 100 B.c. 

A pole 10 cubits long A 
stands along a wall. Its 

base is moved 6 cubits G 

away from the wall. 

7. Copy the figure 
at the right, in 
which AB 

represents the 

original position B D 
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of the pole and CD represents its final 
position. Mark your figure as needed to 
answer each of the following questions. 

8. How far up the wall does the pole reach 
in its final position? 

9. How far did the top of the pole move 

down the wall? 

Emergency Exits. If a rectangular room has 
two emergency exits, the distance between 

them must be at least one-half the length of a 
diagonal of the room’s floor.* 

A 32 B 

Suppose that the dimensions of the room 

pictured above are 32 feet by 24 feet and that 

one emergency exit is at E, midway between 
A and D, and the other exit is at F, between 

D and C: 

10. Copy the figure and mark it as needed to 
answer each of the following questions. 

11. What is the length of AC? 

12. What is the minimum legal length of EF? 

13. Would it be legal to place emergency exit 
F midway between D and C? Explain. 

Suppose instead that emergency exit E is 6 feet 
from A, as shown in the scale drawing below. 

A 32 B 

14. Copy the figure and mark it as needed to 

answer each of the following questions. 

*Uniform Building Code (International Conference of 
Building Officials, 1991). 



15. How close to D can exit F be placed on 

wall DC? 

16. How close to A could exit F be placed if 

it were on wall AB? 

17. Could exit F be placed on wall BC? If so, 

where? 

Pythagorean Triples. The set of numbers 
“3-4-5” is well known as the simplest Pythagorean 
triple; that is, a set of three integers that can be 
the lengths of the sides of a right triangle. 

There are infinitely many Pythagorean 
triples; those in which no number is more than 
50 are listed at the right below. 

18. Show why the set “7- 
24-25” is a Pythagorean 
triple. 

Ea ; 

ca 

19. Can all three numbers 

in a Pythagorean triple ee 
be even? Explain. el im 

20. Can all three numbers ae 40- 5 

in a Pythagorean triple 10-242 ah 
be odd? Explain. “ah 

Some of the Pythagorean 14-48- 37 
triples in the list are related to i ae 

one another. 

1630-34 
21. How is the triple 14-48- -24-30 

50 related to the triple : 91-29 

Fa2DAAD 5? -91-98-3 

24- Pri The figure below suggests 
why Pythagorean triples are 
related in the way that they 
are. 

73, 
30-40-5 iso 

22. Under what transformation are the 

larger triangles images of the 3-4-5 right 
triangle? 

23. What Pythagorean tiiples do they 
illustrate? 

24, Name the other triples in the yellow list 

that also are part of this set. 

25. Find two triples in the list that are related 

to 5-12-13. 

Not Quite Right. The triangles below look like 
right triangles, but they actually are not. 

B 

18 
10 E 

2! 

D 19 fa 

26. Use the lengths of their sides to show 
why each figure looks so much like a 
right triangle. 

27. What kind of angles do you think 7C 
and ZF actually are? Explain your 
reasoning. 

Distance Formula. The Distance Formula 

comes from the Pythagorean Theorem. 

ye 

Yo G (X,, y>) 

28. Which side of AABC has length x2 — x? 

29. What is the length of side BC? 

30. Why does it follow that 

d= Vie = x) + (2 =? 
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Set II 

TV Screens. Television tubes were originally 
round, which is why the length of a tube’s 

diagonal (diameter) is used in giving the size 
of a television screen. 

PEN 
Allan DuMont holding a 

television tube used in 1949. 

The screen is rectangular with an aspect 

ratio of 4 to 3.* 

31. Representing the dimensions of the 
screen as 4x and 3x and the length of the 
diagonal as d, write an equation for din 
terms of x. 

32. Write an equation for x in terms of d. 

The first television tubes were produced in 

1938 and had a diameter (diagonal) of 14 
inches. 

33. What were the corresponding dimen- 
sions of the television screen? 

The standard television set now has a 

diagonal of 27 inches. 

34. Find its dimensions. 

35. Find the ratio of the dimensions of the 

27-inch screen to those of the 14-inch 

screen. 

36. How many times as big is the area of the 

picture on a 27-inch screen compared 

with that of a 14-inch screen? 

*Behind the Tube: A History of Broadcasting Technology 
and Business, by Andrew F. Inglis (Focal Press, 1990). 
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Grid Exercise. On graph paper, draw a pair of 
axes extending from —10 to 10 on the x-axis 
and from —5 to 15 on the y-axis. 

37. Plot the following points: P(—1, 8), Y(1, 12), 
T(5, 10), H(3, 6), A(9, 3), G(6, 3), O(0, 0), 
R(-8, —1), and S(—9, 7). Draw the quadri- 
laterals PYTH, HAGO, and ORSP. 

38. Use the Distance Formula to find the 

following lengths: OH, OP, and PH. 

39. What can you conclude about AOHP? 

Explain. 

40. What do you think is true about PYTH, 

HAGO, and ORSP? 

41. If your answer to exercise 40 is true, what 

are the areas of PYTH, HAGO, and ORSP? 

Rope Surveying. Following the Sulvasutras 
(Rules of the Rope), surveyors in ancient 
India used ropes to lay out perpendicular 

lines.* Starting with a west-east line, they 

placed three poles at W, P, and E as shown 
below. 

W 20 Iz 16 E 

A 

They then tied the ends of a rope 40 units long 
to W and P and the ends of a second rope 32 
units long to P and E. 

By holding each rope at a special knot tied 
in it and stretching the ropes tight, they 
formed two right triangles, AWAP and APBE. 
Because the rope tied to W and P was 40 units 
long, WA + AP = 40. 

42. If WA = x, what length does 40 — x 

represent? 

43, Write an equation based on the 

Pythagorean Theorem for AWAP and 
solve it for x. 

* Geometry Civilized: History, Culture, and Technique, by 
J. L. Heilbron (Clarendon Press, 1998). 



Because the rope tied to P and E was 32 units 

long, PB + BE = 32. 

44, If BE = y, how long is PB in terms of y? 

45. Write an equation based on the 

Pythagorean Theorem for APBE and 
solve it for y. 

46. What theorem were the ancient Indians 

using when they concluded that 2 W 
and ZE were right angles? 

Oil Well. Here is a puzzle that can be solved 

in an unexpected way.* 

An oil well being drilled in flat prairie 
country struck pay sand at a spot exactly 

21,000 feet from one corner of a rectangu- 

lar plot of farmland, 18,000 feet from the 

opposite corner, and 6,000 feet from a 

third corner. How far is the drilling spot 
from the fourth corner? 

The figure above (not to scale) represents the 
rectangular plot, and point P represents the oil 
well. Notice that a? = w? + y?. 

47. Write similar equations for b?, c?, and d?. 

48. Write equations for a2 +c? and b? + d?. 

49, What can you conclude from these 

equations? 

50. Use your conclusion to solve the oil-well 

puzzle. 

“Martin Gardner’s Sixth Book of Mathematical Games 
from Scientific American, by Martin Gardner (W. H. 
Freeman and Company, 1971). 
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Suspension Bridge. The figure above shows 
someone walking across a suspension bridge 
made of ropes.* 

Suppose the bridge is 100 feet long and 
stretches to a length of 101 feet under your 
weight when you are halfway across. 

51. Draw and label a figure to illustrate this 

description. 

52. How far does the bridge sag in the 
middle? 

Turning Radius. The figure below shows an 
overhead view of the wheels of a car as it turns 
a corner. R is the turning radius and B is the 
wheelbase.* 

53. Find an expression in terms of R and B 

for D, the divergence beween the front 
and rear wheels. 

54. If the wheelbase is 12 feet and the 

turning radius is 27 feet, find D. 

55. Suppose the turning radius is doubled 
from 27 feet to 54 feet. What happens to 
D? 

} Why Buildings Fall Down: How Structures Fail, by 
Matthys Levy and Mario Salvadori (Norton, 1992). 

* Time-Saver Standards for Site Planning, by Joseph De 
Chiara and Lee E. Koppelman (McGraw-Hill, 1984). 
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Rocket Car. According to the theory of 
relativity, the length of an object appears to 
get shorter as it moves at speeds near the 
speed of light. 

The Pythagorean Theorem is used in 
developing the formula for this change. 

56. Show for the figure B 

at the right why 

A _ (BY A C 

Cc Cae 

* represents the ratio by which length 

shortens when a is the ratio of the moving 

object’s speed to the speed of light. 

57. Use your calculator to find the ratio by 

which the length of a rocket car shortens 

when it is moving at 90% of the speed of 

light (in other words, when a = 0.90). 

Set III 

Fermat’s Last Theorem. In 1637, French 

mathematician Pierre de Fermat wrote a note 

in the margin of a book that has since become 

one of the most famous theorems of 

mathematics. Now known as Fermat’s Last 

Theorem, it says that, if a, b, c and nare 
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positive integers, the equation 

a" + b™ =" 

has no solutions if 7 is larger than 2. Fermat 
wrote that he had discovered a proof of this 
hypothesis but that the margin of the page 
was too narrow to contain it. No one to this 
day has been able to figure out what Fermat’s 
proof was. It was not, in fact, until 1995 that 

Andrew Wiles, a mathematician at Princeton 

University, succeeded in proving Fermat’s 
Last Theorem. 

1. How many solutions does the equation 

a+ b= chave if a, b, and care integers? 

2. How many solutions does the equation 

a? + b? = ¢? have? Explain. 

3. How many solutions does the equation 

a> + b° = ¢ have if a, b, and care positive 
integers? 

An article in the March 7, 1938, issue of Time 

magazine reported that Samuel Krieger had 
discovered an equation that disproved the 

theorem.* 

The equation was 

1,324” + 731" = 1,961” 

in which n was an integer that Krieger refused 
to disclose. A reporter for the New York Times 

showed that Krieger had to be mistaken. 

4. How did the reporter do it? (Hint: In 
what digits can each power in the 
equation end?) 

*Wheels, Life, and Other Mathematical Amusements, by 

Martin Gardner (W. H. Freeman and Company, 1983). 



1.41421 

42.4263 

LESSON 3 

Isosceles and 30°-60° Right Triangles 

Archeologists digging in the land between the Tigris and Euphrates 
rivers in the late nineteenth century found thousands of clay tablets 

dating to 1700 B.c. Some of these tablets reveal what the ancient Baby- 

lonians knew about mathematics.* The one in the photograph above, 

for example, shows a square and its diagonals. The three wedge- 
shaped symbols at the upper left of the tablet represent the number 

30. The symbols along the diagonal represent the number 1.41421 
and the symbols below them represent the number 42.4263. These 
numbers are related because 

30 X 1.41421 = 42.4263. 

Did the Babylonians mean by these numbers that, if 30 is the length 
of the side of a square, it can be multiplied by 1.41421 to get the 
length of a diagonal? Where did the number 1.41421 come from? 

The figure at the right shows that a diagonal of a square is the 
hypotenuse of two isosceles right triangles. If each leg of one of these 
triangles is 30 units long, then from the Pythagorean Theorem we 
know that 

a= 30) 307 =2- 307. 

Solving for d gives 

A= \/ 80? = 30 2: 

*Episodes from the Early History of Mathematics, by Asger Aaboe (Random House, “p iy ry y “ASg 
1964). 

30 30 
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Your calculator gives V2 = 1.41421 and 30V2 ~ 42.4263, which are 

the numbers on the tablet. The Babylonians evidently knew that the 
hypotenuse of an isosceles right triangle and hence the diagonal of a 
square can be found by multiplying a leg (side) by V2. 

Theorem 50. The Isosceles Right Triangle Theorem 
In an isosceles right triangle, the hypotenuse is V2 times the length 
of a leg. 

Given: An isosceles right triangle 
Cc a with legs of length a 

and hypotenuse ¢. 

7a Prove: c= aV2. 

Proof 
By the Pythagorean Theorem, 

c? = a? + a* = 2a’. 

so c= V2a2 = V2a= av2. 

The Babylonian tablet shows how this result applies to the diago- 
nal of a square. 

Corollary to Theorem 50 
Each diagonal of a square is V2 times the length of one side. 

Because each acute angle of an isosceles right triangle has a mea- 
sure of 45°, it is a “45°-45° right triangle.” A diagonal of a square di- 
vides it into two 45°-45° right triangles. Another important triangle in 
geometry is the “30°-60° right triangle.” An altitude of an equilateral 
triangle divides it into two 30°-60° right triangles. 

Theorem 51. The 30°-60° Right Triangle Theorem 
In a 30°-60° right triangle, the hypotenuse is twice the shorter leg 

and the longer leg is V3 times the shorter leg. 

B 
C 60° Given: AABC is a 30°-60° right 

5 a triangle. 

A 30 NG Prove: c= 2aand b= aV3. 
b 

Proof 
Reflect point B through line AC as shown in the figure at the left, 

and label the reflection point D. Draw AD. AADC = AABC (SAS); so 
ZD = ZB = 60° and ZCAD = ZCAB = 30°. 

From these equalities it follows that 2BAD = 60°; so AABD is 

both equiangular and equilateral. So c= 2a. 

Chapter 11: The Right Triangle 



By the Pythagorean Theorem, 

Ceo C 

Substituting, we get 

b? = 302, 
b= V3a= av3. 

The 30°-60° right triangle theorem can be used to express the alti- 
tude and area of an equilateral triangle in terms of one of its sides. 

== 
== 

Corollary to Theorem 51 

An altitude of an equilateral triangle having side s is Ney and its 

area is ae 

ede 82 

Given: Equilateral AABD with side s and altitude /. 

Prove: h= SS and aAABD = V8, 

Proof 
The altitude is the longer leg of each of the two 30°-60° right > 

triangles into which it divides the equilateral triangle. Because the 

shorter leg of each 30°-60° right triangle is ee the altitude is 

Ee 9 5° 

The area of the equilateral triangle is ssh = Bly v3) = a = 

N3 32 nos 

Exercises 

Set | 

Isosceles Right Triangles. The two isosceles 1. Are the triangles similar? Explain. 
right triangles below look similar. 

2. Complete this proportion: = ae 

AS? Use the proportion to express 

V2 G 7 3. cin terms of a. 4. ain terms of ¢ 

y 5. State the theorem illustrated by the 

| a result obtained for exercise 3 as a 

] 4 complete sentence. 
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30°- 60° Right Triangles. The two 30°-60° right 
triangles below appear to be similar. 

6. Are these triangles similar? 

7. Complete the following ratios: = = 2 = a 

Use them to express 

8. bin terms of a. 

9. cin terms of a. 

10. ain terms of 6. 

11. cin terms of 3b. 

12. ain terms of ¢ 

13. 5 in terms of ¢. 

14. State the theorem illustrated by exercises 
8 and 9 as a complete sentence. 

Length Problems. Find x in each of the 
following figures. 

Find x and y in each of the following figures. 

Wo 18. 

X-60"| ¢ vow x 
30° 30° 60° 

y 4 

19. 

O . 15 
60° 24 30% 

yf 
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Find x in each of the following rectangles. 

20. 
12 

12 12 

[2 

21. 

Te 

22. 

Equilateral Triangles. In the figure below, 
AAFG contains nine small equilateral 

triangles, whose sides are each 2 units long. 

G 

& 

A 2 Bn2n pcan 

Use the formula for the area of an 
equilateral triangle in terms of its sides to 
write an exact expression for the area of 

23. AABC. 

24. AADE. 

200 AL Ge 

26. Use the figure to explain why your 
answers to exercises 23 through 25 are 
related as they are. 



Line of Sight. At residential intersections, the 
legs of the “line of sight” triangle should be at 
least 90 feet long.* 

How long is the line of sight if 

27. each leg is 90 feet long? 

28. one leg is 90 feet and the other leg is 
120 feet? 

29. each leg is 120 feet long? 

Cathedral Design. Michelangelo used the 
dimensions of an equilateral triangle in a plan 

for Saint Peter’s Cathedral.* 

30. How tall would the cathedral be if its 

base were 150 feet wide? 

31. If a model of the cathedral were 20 inches 

tall, how wide would its base be? 

*Time-Saver Standards for Site Planning, by Joseph De 
Chiara and Lee E. Koppelman (McGraw-Hill, 1984). 
¥ Renaissance, by John R. Hale (Time-Life Books, 

1965). 

Olympic Course. Part of the course for the 
sailing competition in the Olympics requires 

boats to sail around three buoys located at the 

corners of an isosceles right triangle.* 

32. Given that the hypotenuse of the tri- 

angle is 3.25 nautical miles, about how 

long is each leg? 

33. About how far does a boat sail in going 
around the triangle? 

Set II 

Not Quite Right. In a tenth-century popular 
French geometry book, the area of an 

equilateral triangle of side s was claimed to 

be oe 7s 

34. Use this expression to 

find the area of an 

equilateral triangle 
whose sides are 7 

units long. i 

35. What is the correct expression for the 

area of an equilateral triangle of side s? 

36. Use the correct expression to find the 

area of the triangle pictured above to the 
nearest tenth. 

37. Show that the two expressions would 
give the same answer if V3 were equal to 

12 : 
pa 

/ 

+Sports: The Complete Visual Reference, by Francois 
Fortin (Firefly Books, 2000). 
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Navigator’s Rule. The navigator of a ship 
sailing from A to B to C along line / observes a 
lighthouse at D. If the angles are as shown in 

the figure below, the navigator uses the — 

rule,” which says that, when the ship is at C, 

its distance CD from the lighthouse is . of 

the distance from A to B.* 

alee] 
A Ride 

38. To what other distance in the figure is 

AB equal? Explain. 

If AB = x, express 

39. BC in terms of x. 

40. CD in terms of x. 

41. Use your answer to exercise 40 to explain 

7 
where the name *B rule” comes from. 

Trigonometric Angles. Figures showing angles 
in coordinate systems are used in 

trigonometry. 

42. How large is each angle of APAO in the 
figure above? 

*Dutton’s Navigation and Piloting, by Elbert S. Maloney 
(Naval Institute Press, 1985). 
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Given that OP = 1, find 

43. OA and AP. 

44, the coordinates of point P. 

45. How large is each angle of APAO in the 
figure above? 

Given that OP = 1, find 

46. OA and AP. 

47, the coordinates of point P. 

Construction Exercise. The figure below 
illustrates a construction that has interesting 

results.’ 

€ 

A Ei B 

48. Construct equilateral AABC with sides 

3 inches long. Bisect 2CAB and con- 

struct a line perpendicular to AB at B. 

Label the point in which the bisector and 

perpendicular line intersect D. Bisect 

Z ADB and label the point in which the 

bisector and AB intersect E. Through E 
construct EF | AD. 

+The Unexpected Hanging and Other Mathematical 
Diversions, by Martin Gardner (Simon & Schuster, 

1969). 



49. Name the 30°-60° right triangles that can 

be named by the letters in the figure. 

If you have constructed the figure 

accurately, EB should be 1 inch long. Check 
this length with your ruler. 

50. Find each of the following lengths 
without using your ruler: DE, DB, DF, 
DE pAd, AF. 

Use your ruler to check your answers. 

51. Are your measurements of DB, DF, and 

AF reasonable? Explain. 

52. Do the hypotenuse and longer leg of 
AABD have the lengths that you would 
predict from the length of DB? Explain. 

Area Problem. The figure at the left below 
consists of 12 equilateral triangles and 12 
isosceles right triangles. 

Given that the perimeter 
of the figure is 12 units 
long, find 

53. the area of one of 

the isosceles right Tree removal used to be a_ hard, 

Moscow Challenge. This problem is from a 
geometry book published in Moscow. 

28 

SY 

57. Find the length marked x in this triangle. 

Set Ill 

A Big Mistake. The illustrator of the 

newspaper article below telling how to cut 
down a tree made a big mistake. 

1. What is it? 

2. How do you think the article should be 
corrected? Explain. 

HOW TO FELL 

The first thing you have to do is find 

how much room it needs when it falls. triangles. 

54. the exact area of 

one of the equilat- 

eral triangles. 

55. the exact area of 

the entire figure. 

56. the area of the 

entire figure to the 
nearest tenth. 

hazardous job, one better left to tree 

removal companies. But along came the 

lightweight chain saw and now it’s easy 

to cut a 30-foot-tall tree into neat 
fireplace-length logs in a few hours. 

There’s just one problem. Felling the 

tree is still hazardous, although it need 

not be. If you have analyzed its fall 

correctly and have made the proper cuts, 
it will fall exactly where you plan. But if 
you haven’t, no amount of guy wires or 

ropes can be trusted to guide its crash to 

the ground. 

Lesson 3: Isosceles and 30°-60° Right Triangles 

You can do this by using the Boy Scout 

method of measuring heights. A triangle 

with sides of three, four and five feet is 

placed so that you sight along the five- 

foot side while you move the triangle to 

a point where the top of the tree comes 

into sight, as shown above. That’s how 

far the tree will reach when it’s felled. 
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LESSON 4 

The Tangent Ratio 

Mount Everest is the highest place on Earth. In Nepal, the mountain is 
known as “He whose head touches the sky.” Named by the British for 
George Everest, its height was determined in 1852, a century before 
anyone had succeeded in climbing to its summit. 

George Everest was the head of the Great Trigonometrical Sur- 
vey of India, known as one of the biggest ventures in the history of sci- 
ence.* The survey was named after the branch of mathematics known 
as trigonometry, a word derived from two Greek words meaning 
“triangle” and “measurement.” It was by measuring triangles that the 
height of Everest was discovered. 

The idea is illustrated in the second figure on the facing page. In 
the figure (not to scale), point A represents the surveyor’s position on 

the plains of India and point B represents the top of the mountain. 
To find side BC of the triangle from 2A and side AC, the surveyors 
used the tangent ratio. 

*The Great Arc: The Dramatic Tale of How India Was Mapped and Everest Was 
Named, by John Keay (HarperCollins, 2000.) 
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Definition 
The tangent of an acute angle of a right triangle is the ratio of the 
length of the opposite leg to the length of the adjacent leg. 

In the figure at the right, the tangent of ZA is ~ and the tangent of B 
b 

G 

ZB is 2 These relations are usually abbreviated as esa a 

tan A= 4 and tan B=, A b G 

The tangent is one of the basic ratios of trigonometry. To use it, we 

need to know its values for various angles. The first table of tangents 
was constructed in the tenth century by the Arab scholar Abul-Wefa. 
When the height of Everest was calculated, a table of tangents was 
used. Now angles and their tangents are easily found by using the 
tangent key of a calculator. 

Usually, to find the tangent of an angle, you enter the measure of 

the angle and then press the “tan” key. For example, to find tan 50°, 
enter 50 and then press “tan” to get “1.1917536.”* 

To find an angle when you know its tangent, you enter the value 
of the tangent first, and then press the “inverse” (or “second function”) 
key, followed by the “tan” key. For example, to find the angle whose 
tangent is 0.123, enter .123, then “inverse,” and then “tan” to get 
“7.0121601.” The angle whose tangent is 0.123 is approximately 7°. 

To find the height of Everest after the distance AC and the angle A 
have been worked out, we can write 

h 
tan 3° = ——. 

104.8 

Multiplying by 104.8 gives 

h= 104.8 tan 3°. 
h miles 

Using a calculator, we find that 

h~ 104.8(0.0524077) A 104.8 mile 
25 4993353 miles. 

S 
s G 

Because 1 mile = 5,280 feet, 

h = 5.4923353(5,280) 

= 29,000 feet. 

These measurements indicate that Mount Everest is about 29,000 feet 

high. 

*Be sure that your calculator is set for angles in degrees. 
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Exercises 

Sel! 

Tangent Practice. Express each of the 
following ratios in terms of the lowercase 
(small) letters in the figures below. 

B 

lis 
Gi NC f d 

ANY es F 

Example: tan B. 
b 

Answer; —. 
C 

leetanne 

Detar)» 

oma 

Use your calculator to find each of the 
following tangents to three decimal places. 

Example: tan 15°. 
Answer: 0.268. 

4, tan 24°. 

Oentanl les 

6. tan 89°. 

Given the following tangents, use your 
calculator to find the measure of the angle to 
three decimal places. 

Example: tan A = 0.25. 
Answer: ZA = 14.036°. 

He tein 1B = OSI, 

Soman One) 4s 

9. tan D = 1,000. B 

Isosceles Right Triangle. 
AABC is a right triangle. < a 

Suppose that a= J. 
: A C 

10. How large is ZA? b 

450 Chapter 11: The Right Triangle 

11. Find the value of tan A without using 

your calculator. 

12. Use your calculator to check your answer. 

Suppose that a> 0. 

13. How does ZA compare with 45°? 

14. What can you conclude about tan A? 

15. How does ZB compare with 45°? 

16. What can you conclude about tan B? 

30°-60° Right Triangle. 
AABC is a 30°-60° right 
triangle. 

17. Use the 30°-60° Right 
Triangle Theorem to 

find the lengths of 
AB and BC in terms 

of 3. 

18. Find the exact value 
of tan 60° without using your calculator. 

19. Check your answer with your calculator. 

20. Find the exact value of tan 30° without 

using your calculator. 

21. Use your calculator to check your answer. 

3-4-5 Triangle. AABC is a “3-4-5” triangle. 

22. What kind of triangle is it? Explain. 

Find each of the following measures. 

23. tan A. 

24. tan B. 

25. ZA to the nearest degree. 

26. ZB to the nearest degree. 

In what ways are 

27. ZA and ZB related? 

28. tan A and tan B related? 



Finding Lengths. Use the tangent ratio to find 
the length labeled x in each of the following 
figures. Express each length to the nearest 
tenth. 

Example: 
502 

20 

40° - 

x 

Solution: 

x 
tan 50° = — an 50 

w— 20 tan 502 

x = 23.8. 

29. 30. 

20° 

x 44° 
x 

: [ 46° 

6 10 

31. 
Q 

x S 14 

Finding Angles. Use the tangent ratio to solve 
for the angle marked x in each of the following 
figures. Express each angle to the nearest 
degree. 

Example: i 

Solution: 

aia 3p aly 7 

x = 65°. 

33. 32s 

25 18 
4 

1] 

34, 

13 

20 

Set Il 

Fly Ball. The figures below are from the book 
Sport Science.* 

H 
@= ANGLE OF ELEVATION TANGENT OF @ = 5% 

The angle of elevation increases as 
the fly bail approaches the fielder — 

on- = a 
Pas ~@ 

Find the angle of elevation to the nearest 

degree when 

35. H = 80 feet and D = 50 feet. 

36. H = 70 feet and D = 30 feet. al 
37. H = 60 feet and D = 20 feet. 70 

38. What happens to the angle of elevation 

as the fly ball approaches the fielder? 

*Sport Science: Physical Laws and Optimum Performance, 
by Peter J. Brancazio (Simon & Schuster, 1984). 
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Lighthouse. One of the seven wonders of the 
ancient world was the lighthouse at 

Alexandria. Pictured on this ancient coin, it 

was built at the time of Euclid and stood for 

more than 1,500 years until destroyed by an 

earthquake.* 

Use the measures of the following angles at 
point P, 300 feet from point A on its base, to 

find the following distances to the nearest 
foot. 

P 
300' A 

39. Find AB, given that BPA = 33.3°. 

40. Find AC, given that ZCPA = 44.5°. 

41. Find AD, given that ZDPA = 51.0°. 

42. Find AE, given that ZEPA = 52.6°. 

43. How tall was the statue (DE) at the top of 
the lighthouse? 

* Science Awakening, by B. L. van der Waerden (Oxford 
University Press, 1961). 
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Binoculars. The “field width” of a pair of 

binoculars is sometimes given as a ratio of 
distances such as “130 meters at 1,000 meters” 

and sometimes as the measure of an angle in 

degrees.? 

i oe OM 

B 

In the figure above (not to scale), point B 
represents the position of the binoculars, 

BA = BC, and BD 1 AC. Given that AC = 130 
meters and BD = 1,000 meters, find 

AC 
Ad, 

BD 

45, AD. 

46. ZABD to the nearest 0.1 degree. 

47, ZABC to the nearest 0.1 degree. 

Grid Triangle. The figure below is drawn on a 
grid of six squares, each having sides of 1 unit.* 

48. Find Z ABD to six decimal places. 

49, Find ZEBC to six decimal places. 

50. Find ZABC. 

51. Find the exact lengths of AB, BC, and 
AC. 

52. What can you conclude about AABC? 

Explain. 

T Sizes: The Illustrated Encyclopedia, by John Lord 
(Harper Perennial, 1995). 

*Proofs Without Words: Excursions in Visual Thinking, by 
Roger B. Nelsen (Mathematical Association of 

America, 1993). 



Diamond Cut. The cut that produces the 
brightest diamond is shown in the figure 
below, which consists of an isosceles trapezoid, 

a rectangle, and an isosceles triangle.* 

Given the lengths shown, find each of the 

following angles to the nearest tenth of a 

degree. 

53. The “pavilion” angle, 21. 

54. The “bezel” angle, 22. 

Space-Flight Errors. Because of the great 
distances in space, small navigational errors 

can have serious consequences. 

In the figure above (not to scale), ME 
represents the intended path of a space flight 

from the moon back to Earth, and ray MP 

represents the path resulting from an error of 

1 degree; ME ~ 239,000 miles. 

55. Find PE, the distance by which path MP 

misses Earth. 

Suppose that, instead of the moon, M repre- 
sents Mars, which means that ME ~ 49,000,000 

miles, and that 2M = 1 minute, a 60th of a 
degree, rather than | degree. 

56. Find the distance PE for this situation. 

* Sizes: The Illustrated Encyclopedia, by John Lord 
(Harper Perennial, 1995). 

Exam Problem. This problem is from a 

national exam that was given to German 

students at the end of the 10th grade.* 

es Ge 

A B 
ie) 

ABCD is an isosceles trapezoid in which 

NB oll Okance Cl) i—i6: 

57. Copy the figure and mark it as needed to 
explain why aABCD = 16 tan A. 

58. Find the value of A for which 

aABCD = 40. 

Set Ill 

What Time Is It? Suppose that the shadow cast 
by each camel in this caravan is three times as 
long as the camel’s height.* 

If the sun rose at 6:00 A.M. and will be directly 

overhead at noon, what time was the picture 

taken? Explain your reasoning. 

tThe 1994 Realschule Exam. 
+ Below from Above, by George Gerster (Abbeville 
Press, 1986). 
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LESSON 5 

The Sine and Cosine Ratios 

Flying squirrels have flaps of skin between their front and back legs 
that they can use to glide through the air. One of these squirrels climbs 
to the top of a tree, jumps off and glides to a lower point on a nearby 
tree, climbs to the top of it, glides to another tree, and so on.* 

Observations of flying squirrels show that they usually glide at an 
angle of 15° with the horizontal. How far does one of them fall during 
a flight of 20 feet? 

Solving this problem is equivalent to knowing the measure of 7A 
in right AABC in the figure at the right above and trying to find the 
length of the opposite leg, given the length of the hypotenuse. To do 
so, we need another trigonometric ratio, called the sine ratio. 

*Exploring Biomechanics: Animals in Motion, by R. McNeill Alexander (Scientific 
American Library, 1992). 
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Definition 
The sine of an acute angle of a right triangle is the ratio of the length 
of the opposite leg to the length of the hypotenuse. 

In the figure at the right, the sine of ZA is * and the sine of ZB is 
¢ 

b ‘ : 
—. These relations are abbreviated as 
C 

rete Nees and ain eee 
C C 

The sines of angles of different measures, like their tangents, can 
be found by using the sine key of a scientific calculator. To find the 
distance that a flying squirrel falls in gliding 20 feet at a 15° angle with 
the horizontal, we can write 

Sim 15? = ee 
20 

Multiplying by 20, we get A 7 C 

x = 20 sin 15°. peu a 

Using a calculator, we get 

x = 20(0.258819) 
~ 5.1763809 feet. 

A third useful trigonometric ratio is the cosine. It relates, for a given 
acute angle of a right triangle, the lengths of the adjacent leg and the 
hypotenuse. 

Definition 
The cosine of an acute angle of a right triangle is the ratio of the 
length of the adjacent leg to the length of the hypotenuse. 

In the figure at the right, the cosine of ZA is ud and the cosine of 
@ 

ee , f 
ZB is —. These relations are abbreviated as 

C 

Eee and cosB= —. 
C G 

To find an angle when you know its sine or cosine, you enter the 
value of the sine or cosine first and then press the “inverse” (or “sec- 
ond function”) key, followed by the “sin” or “cos” key. For example, 
to find the angle whose cosine is 0.747, enter .747, then “inverse,” 
and then “cos” to get “41.668827.” The angle whose cosine is 0.747 
is approximately 41.7°. 

B 

eG 
a 

b G 

B 

B 

prion 
a 

b G 
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Exercises 
EPC NOL ILT CRIED MPEP RELL ED PEEP LODE RE 

Set | 

Sine and Cosine Practice. Express each of the 
following ratios in terms of the lowercase 
letters in the figure below. 

Example: sin A in two ways. 

h a 
Answer:  — or : 

b x+y 

sin B in two ways. 

tan A in two ways. 

cos A in two ways. 

cos B in two ways. 

sin 1. 

Ae phe ere cos 2. 

Use your calculator to find each of the 
following ratios to three decimal places. 

Example: cos 5°. 
Answer: 0.996. 

72 eSinGoe 

8. sin 46°. 

9. cos 44°. 

Given the following ratios, use your calculator 

to find the measure of each angle to three 

decimal places. 

Example: sin A = 0.123. 
Answer: ZA = 7.065°. 

10. cos B = 0.123. 

LS sin C0870 7a 

12. cos D=0:70711: 
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Pythagorean Triangle. AABC is a “5-12-13” 
triangle. 

A 

1S 
5 

G 12 B 

13. What kind of triangle is it? Explain. 

14. Find sin A as a simple fraction. 

15. Find ZA to the nearest degree. 

16. Find cos B as a simple fraction. 

17. Find ZB to the nearest degree. 

18. In what ways are ZA and ZB related? 

19. What relation does sin A have to cos B? 

20. Find cos A as a simple fraction. 

21. Find sin B as a simple fraction. 

22. What relation does cos A have to sin B? 

Finding Lengths and Angles. Solve for x in 
each of the following figures. Express each 
length to the nearest tenth and each angle to 
the nearest degree. 

Example: 
& 

x 
Solution: 

COs Za 
x 

MICOS Dome 

_ _ 24 

cos 55° 

x = 41.8. 

D328 24. 

10 
x 45 

a 

C3 

x 



25. 26. 

Sines from a Circle. Bhaskara, a seventh- 
century Indian mathematician, calculated the 

sines of some angles by first dividing a 

quarter of a circle into six equal parts.* 

G 99° 

F 750 

P. B K 

*Geometry and Algebra in Ancient Civilizations, by B. L. ry yf 
van der Waerden (Springer, 1983). 

In the figure at the bottom of the page, the 
circle has been drawn so that it has a radius 

of 10 cm. 

29. Measure each of the following lengths to 
the nearest 0.1 cm: BH, CI, DJ, EK, and 

FL. 

30. Use the lengths to estimate the values of 

sin 15°, sin 30°, sin 45°, sin 60°, and 

2.6 
sin 75°. (For example, sin 15° ~ hone 

0.26.) 
31. Use a calculator to check your answers 

to exercise 30. (For example, sin 15° ~ 
0.258819 ~ 0.26.) 

32. What happens to the sine of an acute 
angle as the angle gets larger? 

What kind of number do you think is the sine 
of an angle whose measure is very close to 

33. 0°? 

34. 90°? 

35. Check your guesses by using your 
calculator to find sin 0° and sin 90°. 

D gsc 

hee 
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Set Il 

Kite Flying. How high a kite will fly depends 
on both the length of its string (line) when the 
line is taut and on the size of its angle of 

elevation. In kite-flying competitions, 

performance is often judged by this angle.* 

kite \B 

A S 

In the figure above, 

36. sin A = 4 Why? 

37. h=Isin A. Why? 

An expert on kite flying wrote: 

Just like most kiters Pm 

obsessed with flying kites B 
at as high an angle as 
possible. ... At a line l h 

angle of 30°, the kite is 
half as high as it’s ever A LC 
going to get.t 

38. Use the 30°-60° Right Triangle Theorem 
to explain why what the expert wrote is 

true for a given length of line. 

39. Use the sine of 30° to explain why it is 
true. 

On August 12, 2000, the kite shown in the 
photograph below was flown to a record 

altitude. 

*Kites: The Science and the Wonder, by Toshio Ito and 
Hirotsugu Komura ( Japan Publications, 1983). 
tRichard P. Synergy, in Kiting to Record Altitudes (Fly 
Right Publications, 1994). 
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40. Given that its angle of elevation was 42° 

when the line was 21,600 feet long, how 

high above the ground was it? 

Force Components. This is a sample question 
from an exam for architects.* 

F = 27,000 
pounds 

What are the horizontal and vertical 

components of the force shown above? 

Answering the question 

is equivalent to finding 
the legs of right AABC in 
the figure at the right, given 
that ZCAB = 60° 
and AB = 27,000. 

41. Use the 30°-60° Right 
Triangle Theorem to find 
hand ». 

42. Check your answers by using the sine 

and cosine ratios to find / and v. 

B 

Flight Path. In 1992, a plane crashed into a 

mountain in France because the pilot 
apparently punched in a 3,300-feet-per-minute 
descent mode into the flight computer when 
he wanted a 3.3-degree flight path. 

I 

3,300 ft/min 

* Architectural Exam Review, vol. 1, by David Kent 

Ballast (Professional Publications, 1992). 
‘Invention by Design, by Henry Petroski (Harvard 
University Press, 1996). 



In the figure below (not to scale), AB 
represents the correct flight path for 1 minute 
of descent time. 

A (E 
i 

Sf 

B 

43. Find CB if AB = 14,000 feet. 

A 
In the figure at the 

right (not to scale), 
AB represents the 

wrong flight path 
for 1 minute of 

descent time. 

44, Find ZA if AB = 14,000 feet and 
CB = 3,300 feet. 

Leaning Tower. Ever since it was built, the 

Leaning Tower of Pisa has been leaning more 
and more. 

In the figure at the right above, AB represents 

the tower and CB represents the distance that 

the top leans over the base. 

45. In 1400, the tower leaned 3° to one side. 

How long was CB at that time? 

46. In 1500, the distance CB had increased to 

13.5 feet. At what angle did the tower 
lean then? 

Lesson 5: The Sine and Cosine Ratios 

47. Now the tower leans about 5.5°. How 

long is CB now? 

Fiber Optics. In fiber optics, a light is reflected 
back and forth along a fiber. 

The figure below represents a section of 
fiber in which ( || J. As the light is reflected, 
b= 2273 = 2A, Zo 26. and' so on.* 

48, Why is 22 = 23, 24 = 25, 26 = Z7, and 

so on? 

49, Why are all the right triangles 
congruent? 

50. Why are all of the segments of the light 
path equal? 

51. In terms of a, how far along the fiber 

does the light travel in going from P to 
Q? 

52. In terms of d how far does the light 

travel in going from P to Q? 

53. Why is the ratio of these two distances 

equal to the cosine of one of the num- 
bered angles? 

SAS Area. It is possible to figure out the area 
of a triangle if two sides and the included 

angle are known. 

B 

G m A 

54. Copy the figure above, draw the altitude 
from B to CA, and label it A. 

55. Show that ~AABC = sab Sines 

* Optics, by Miles V. Klein and Thomas E. Furtak 

(Wiley, 1986). 
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Dominoes. One of the stunts listed in the 

Guinness Book of World Records is “toppling 
dominoes.” 

The figure below shows the first three 
dominoes of an evenly spaced row of 
dominoes standing on end. A second position 
of the first domino is shown as it hits the 
second one.* 

Angle | is the angle through which each 
domino turns before striking the next one. 

56. Why is 21 = 22? 

The height and thickness of each domino are 
hand w, respectively, and the spacing 

between each pair of dominoes is d. 

57. Write an expression for sin 22. 

58. Find the measure of 21 if d-— w= shh 

59. Find the measure of 21 ifd- w= h. 

60. What might happen if d— w= A? 

*Towing Icebergs, Falling Dominoes, and Other Adventures 
in Applied Mathematics, by Robert B. Banks (Princeton 
University Press, 1998). 
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Set Ill 

Star Distance. The distance to Proxima 
Centauri, the closest star beyond the sun, was 

determined by using the sine ratio and the 
diagram below.* 

Point S represents the sun, A and B represent 
Earth at opposite positions in its orbit around 

the sun, and C represents Proxima Centauri. 

In right AACS, ZACS was determined to 
have a measure of 0.76 second (") and the 
distance from Earth to the sun, AS, was 

already known to be about 93,000,000 miles. 

1. Find the distance, AC, from Earth to 

Proxima Centauri in miles. 

One light-year, the distance that light travels 
in | year, is about 5,880,000,000,000 miles. 

2. How many light-years is Proxima 
Centauri from Earth? 

t Stars, by James B. Kaler (Scientific American 
Library, 1992). 



The steepest streets in the United States are in San Francisco. Steep- 

ness is measured with respect to the horizontal. The steepness of a 
street can be measured by its slope. 

To find the slope of a line, we choose two points on it. As we go 

from the left point to the right point, we move a horizontal distance, 
called the run, and a vertical distance, called the rise. The slope of the 

line is found by dividing the rise by the run: 

rise 
slope = 

” run 

Some steep streets in San Francisco rise 3 feet for every 10 feet that 

rise 3 
they run on the level; their slope is —— = —~ = 

y P Ku elo) 

Another way to measure the steepness of a line is to give its angle 
of inclination, the angle that it forms with the horizontal. What is the 

0.3. 

angle of inclination of a line whose slope is au The figure at the right 

shows that the angle of inclination is connected to the line’s slope 
through the tangent ratio: 

3 
tan A = —. an 0 

A calculator shows that ZA ~ 17°; so a street with a slope of 0.3 has an 
angle of inclination of about 17°. 

LESSON 6 

Slope 
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The slope of a line is easy to see in a coordinate system. In the 

figures at the left, the slope of line AB is S and the slope of line CD 

C 

; y) : 
ig = 5. It is customary to represent slope by the letter m. 

Because two points determine a line, their coordinates can be used 

to find its slope. For example, in the first figure at the left, the coor- 

dinates of A and B are (2, 1) and (6, 4). The rise is 4 — 1 = 3, the run 
is 6 — 2 = 4, and the slope is 

A ieee 
oe Ae 

In the second figure, the coordinates of C and D are (0, 4) and (5, 2). 
The rise is 2 — 4 = —2, the run is 5 — 0 = 5, and the slope is 

2 > tee 
SS) om 

There is one type of line, however, for which this method will not 

work. To see why, look at the third figure at the left. The coordinates of 

E and F are (3, 2) and (3, 5). The rise is 5 — 2 = 3, the run is 3 — 3 = 0, and 
the slope is 

oe AS) 
eS 0 

A calculator will indicate “error” if you try to divide by zero, and so, 

like division by zero, the slope of a vertical line is undefined. 
For other lines, the slope is defined in the following way. 

= 

Definition 
The slope, m, of a nonvertical line that contains points P)(x;, y;) and 

Po(x9, yo) is 

me 

run x9 — x 

This definition tells how to find the slope of a line from the coor- 
dinates of two points on it. The choice of points doesn’t matter; every 

pair of points on a line determines the same slope. 
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Lines that are parallel or perpendicular have slopes that 

are related in very simple ways. Consider the figure at the right, 

in which ABCD is a rectangle. Here AB || DC and the slopes of 

AB and DC are both . Similarly, AD || BC and both of these 

lines have slope -=. The sides in each pair of consecutive sides 

are perpendicular, and their slopes, - and =; are the opposites 

of the reciprocals of each other. Because ehes = =], another 

way to put it is to say that the product of the slopes is —1. 

These observations suggest the following theorems, which 
are explored further in the exercises. 

Theorem 52 

Two nonvertical lines are parallel iff their slopes are equal. 

Theorem 53 
Two nonvertical lines are perpendicular iff the product of 

their slopes is —1. 

Exercises 
EERE ROTTEN RIP BIS LPT EE BY SOIC D EIRENE AEE SSeS NI SNOT REET 

Set | 
Which line has a slope of 1? 

Which line has a slope of —1? 

Which line has a slope of 0? 

Which line has a slope that is 

undefined? 

Slope Practice. All of the lines named with 
letters in the graph below go through the 
origin. 

Papo oa 

5. Which line appears to be perpendicular 

to line 7? 

6. What are the slopes of line 7 and that 

line? 

7. Which line appears to be perpendicular 

to line 6? 

8. What are the slopes of it and line 0? 

9. State the theorem illustrated by your 
answers to exercises 5 through 8. 

10. Can you find any lines named with 

letters in the figure that have the same 

slope? Explain. 

4 
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Snow Avalanches. Most snow avalanches start 

on slopes inclined at between 30° and 45°. 

11. Use your calculator to show that snow 

inclined at an angle of 30° has a slope of 

about 0.58. 

12. What is the slope of snow inclined at an 

angle of 45°? 

Hydraulic Gradient. The figure below from a 
geology book illustrates the “hydraulic 
gradient” of a hill.* 

distance = 1,000 m 

*Environmental Geology, by Dorothy J. Merritts, 
Andrew de Wet, and Kirsten Menking (W. H. 

Freeman and Company, 1998). 
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Between points A and B on the “water table” 

line, what is the 

13. rise? 

14. run? 

15. slope? 

16. angle of inclination, 21? 

Stair Design. Vitruvius, a Roman architect of 
the first century B.C., wrote about the design of 
stairs. He said that the rise should be between 
9 and 10 inches and the tread (run) should be 
between 18 and 24 inches.* 

17. Draw and label a figure of stairs rising 
to the right showing the steepest steps 
that follow his recommendations. 

18. What would be the slope of a staircase 
consisting of these steps? 

19. What angle of inclination would the 

staircase have? 

20. Draw and label a figure to illustrate the 
shallowest (least-steep) steps that follow 
Vitruvius’s recommendation. 

T Steps and Stairways, by Cleo Baldon and Ib Melchior 
(Rizzoli, 1989). 



21. What would be the slope of a staircase 
consisting of these steps? 

22. What angle of inclination would the 

staircase have? 

Quadrilateral Problem. Find the slopes of the 
lines through the following pairs of points. 

Example: A(—8, —5) and B(—1, 4). 

Aim. 45 9 
Peeve eero ae. 7 lution: Solution j 5 Fah 

2320\— 1,4) and C(10, 7). 

24. C(10, 7) and D(3, —2). 
25. D(3, —2) and A(—8, —5). 
26m 6.) and C(10, 7). 

97, Bi, 4) and D(3, —2’. 

Find the distances between the following pairs 

of points. 

Example: A(—8, —5) and B(—1, 4). 

AB = V(-1 — —8)2 + (4 — -5)? 

= V4 9 = ViB0. 
28. B(—1, 4) and C(10, 7). 

29. C(10, 7) and D(3, —2). 
30. D(3, —2) and A(—8, —5). 

Solution: 

31. On graph paper, draw a pair of axes 
extending 10 units in each direction 
from the origin. Plot the four points of 
the examples and exercises 23 through 
30; draw quadrilateral ABCD and its 
diagonals. Use your drawing to check 
your answers. 

32. What kind of quadrilateral is ABCD? 

Explain. 

33. What relation does line AC have to line 

BD? How do you know? 

34. How are the slopes of the opposite sides 

of ABCD related to each other? 

35. How are the slopes of the diagonals of 
ABCD related to each other? 

Set Il 

Slope and x-Intercept. Sailplanes can glide on 

1 
ths with sl =f >. paths with slope m 55 

Suppose a sailplane is 300 meters above the 
ground as it passes overhead. 

a0. 

36. After the plane has glided 550 meters 

horizontally, what are its run and rise? 

37. How high is the plane after gliding this 
distance? 

Suppose instead that, after crossing overhead, 

the plane glides x meters horizontally. 

38. What are its run and rise in terms of x? 

39. After gliding x meters, how high is the 
plane in terms of x? 

40. How far can the sailplane glide horizon- 
tally before it hits the ground? 

41. Can it reach an airport 15 kilometers 

away? 

*On Size and Life, by Thomas A. McMahon and John 
Tyler Bonner (Scientific American Library, 1983). 
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Point-Slope Equation of a Line. If line / passes 
through point P(x), y) and has slope m, we 

can find the height of every point P(x, y) on / 
by using run and rise. 

~ Pix, y) 

P(x, y) 

QO xX) x 

42. Express the run and rise of / from P; to P 

in terms of coordinates. 

43. Solve m= 2— for yin terms of m, x, 
AaN 

x, and yj. 

For the sailplane described in exercises 36 through 

41, P; has coordinates (0, 300) and m= — = 

44, Write the point-slope equation for the 

line of the path of the sailplane. 

45. Does your answer agree with your 
answer to exercise 39? 

46. Which of the following points are on the 

path of the sailplane? (5,500, 200), 
(2,200, 250), (1,100, 280). 

100-Meter Dash. The slope of a line is the 

same at every point, but the slope of a curve is 

not. The curve below shows the speed of an 

athlete running the 100-meter dash with 

respect to time.” 

i — S) al 

(Sal speed in 

meters/second 

2S A, De 6 fae Cue Oe mal 

time in seconds 

One 

*Liberal Arts Physics, by John M. Bailey (W. H. 
Freeman and Company, 1974). 
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The slope of the curve is positive from 8 

seconds to the finish. 

47. Where else does it appear to be positive? 

48. Over what interval does it appear to be 

zero? 

49, Where does it appear to be negative? 

What is happening to the runner’s speed 

when the slope of the curve is 

50. negative? 

51. zero? 

Theorem 52. Complete the following proof of 

part of Theorem 52 by giving the reasons. 

If two nonvertical lines are parallel, their 

slopes are equal. 

In the figure below, J; || lg and AABC and 
ADEF have been drawn so that AC and DF are 

perpendicular to the x-axis. 

52. What is the slope of ;? 

53. What is the slope of 9? 

54. Why is 21 = 22? 

55. Why is AABC = ADEFs 

AG we Be tc mites pat Ebel 56. Why is DF EF 

57. Why is AC X EF = BC X DF? 

AC DE BE yy eaten 58. Why is BC EF 

AC 
59. isc = m, and EF > m, why is 

m, = Mp? 



Theorem 53. Complete the following proof of 
part of Theorem 53 by giving the reasons. 

If two nonvertical lines are perpendicular, the 

product of their slopes is —1. 

In the figure below, J; 1 /2 and AABC has 

been drawn so that AC is parallel to the y-axis 

and BD is parallel to the x-axis. 

60. Which line has the slope ee 

61. What is the slope of the other line? 

AD BD a 62. Why is BD ~ DC 

=DC. BD : 
63. If BD m5, What does DC equal in 

terms of mo? 

AD , 
64. If Dp = ae why [Sih = pe: 

65. Why is mm, = —1? 

Fire Speed. Fire spreading up a hillside 
“increases in proportion to the square of the 

slope of the terrain.”* 

66. Find, to the nearest hundredth, the slope 

of the hills represented by the two 

figures at the right. 

67. Given similar conditions, how many 
times faster would you expect fire to 

spread up the second hill? Explain. 

*Visual Revelations, by Howard Wainer (Copernicus, 

1997). 

Set Ill 

Celsius and Fahrenheit. The graph below 
shows how Celsius and Fahrenheit 

temperatures are related. The two points that 

determine the line, A and B, correspond to 

the freezing point of water (0°C and 32°F) and 
its boiling point (100°C and 212°F). 

1. What is the slope of line AB? 

The coordinates of point P represent any other 
pair of related temperatures on these two 

scales. 

2. Write an expression for the slope of line 

AB in terms of the coordinates of A and 

1p. 

3. Write an equation based on the fact that 

your answers to exercises | and 2 

represent the same slope. 

4, Solve the equation for C in terms of F. 

5. Solve the equation for F in terms of C. 

6. Is there a temperature for which F = C? 

Show why or why not. 
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LESSON 7 

The Laws of Sines and Cosines 

468 

In the “triangle offense” in basketball, the players move on the floor 
so that they are at the corners of large triangles having sides between 
15 and 20 feet in length. One coach has called it “the best offense in the 
NUBIA 

Suppose three players are spaced 20 feet from one another as shown 
in the first figure at the left so that they are at the corners of an equilat- 
eral triangle. If the triangle is equilateral, then we know that each of 
its angles is 60°. 

Now suppose they move so that they are spaced as shown in the 
second figure. How large are the angles now? Because the three sides 
of the triangle now have different lengths, it follows that its angles 
have different measures. 

You have seen how the trigonometric ratios can be used to find 
the sides and angles of right triangles, but AA BoC is not a right tri- 
angle. Nevertheless, the sine and cosine can be used to find parts of 
triangles that are acute or even obtuse. Because we have defined these 
ratios in terms of acute angles, however, we will limit their use to tri- 
angles all of whose angles are acute. 

The sine ratio appears in an equation relating all six parts of a 
triangle. 
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Theorem 54. The Law of Sines 
If the sides opposite 2A, 2B, and ZC of AABC have lengths a, }, and 

sn A  sinB _ sinC 
th c, then b ; B 

Given: AABC. Z 

sin A sin B Sie 
Prove: = = 2 

b C G 

Proof 

Draw altitude BD. In right ACBD, sin C = 22, so BD = asin C. B 

Because aA ABC = 5 BD), it follows by substitution that 

a 
aAABC = 5 Ha sin C) = . ab sin C. This equality shows that the area 

G ANE 

of a triangle is half the product of two of its sides and the sine of the i 
included angle. 

Extending this reasoning to the other angles and the sides that 
include them, we have 

aAABC = Ly sin A = ae sin B = a sin C. 
2 2 2 

Dividing these three expressions for the area by . and by abc gives 

sn A _ snB _ sinC€ 

a b cobs 

The cosine ratio appears in the following generalization of the 

Pythagorean Theorem relating the three sides of a triangle to one of 

its angles. 

Theorem 55. The Law of Cosines 
If the sides opposite 2A, 7B, and ZC of AABC have lengths a, 4, 

and « then c? = a? + b? — 2ab cos C. B 

Given: AABC. 
Prove: c2 = a* + b? — 2abcos C. a 

Proof G 
Draw altitude BD and use the Pythagorean Theorem. In right b 

ACBD, BD? + x? = a?; so BD? = a? — x?. In right AABD, 
Pie x)- = ¢2; so BD? = c? = (b— x?. 

Substituting for BD?, we have B 

2 — (b— x2 = a2 — x? A 

c* — (b* — 2bx + x?) = a? — x? 
c2 — b2 + 2b — x? = a? — x? C 

c2 = a? + b? — Qby. x D b-x 
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B In right ACBD, cos C = ae so x = acos C. Substituting for x, we have 
a 

a C c2 = a* + 6? — 20a cos C) 
c2 = a2 + b? — 2ab cos C. 

G 2 A 
Xe 1) Ox The following examples show how these theorems can be used g Pp 

to solve the “basketball” triangle. More examples are included in the 

exercises. 

Example 1: 
CG 

is 18 

A 20 B 

Given that a= 18, b= 15, and c= 20, find ZC. 

Solution: 
By the Law of Cosines, c? = a? + 6? — 2ab cos C. 

Substituting gives 
202 = 182 + 15% — 2(18)(15)cos C 
A00 = 324 + 225 — 540% cos € 

540 cos C = 324 + 225 — 400 = 149 

149 
Cc a cos 5A0 

LC #74. 

Example 2: 
For the same triangle, find ZA and ZB. 

Solution: 

By the Law of Sines, 7 = ome, Substituting gives 
C 

sin A _ sin 74° 

18 20 

18 sin 74° 
invA‘ =———— = 08605 sin 50 

ZA = 60°. 

Because ZA ~ 60° and ZC = 74°, ZB = 180° — ZA — ZB = 46°. 
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Exercises A 
SREP REESE ASE A STAID OSD Y ELAS NOPE LIL SES SITES ED BRENDON LI 

Set | B Y 

Greek Equations. The following figure and LT B 

equation appear in a Greek trigonometry o 

book. 10. Write the equation that tells how to find 

y if you know a, B, and ZI. 

A 11. What theorem do these equations 

B illustrate? 

Law of Sines. Use the Law of Sines to solve for 

iP B x in each of the following figures. Express each 
a length to the nearest tenth and each angle to 

the nearest degree. 

1. What do you think yu means? Example: 
2. What relation do the side and angle in 

each ratio have to each other? x 1D 

3. What other ratio is equal to the two 35° ~3=— 60° 

12 

ratios in this equation? 

4, What theorem do the figure and these ‘Splation 
ratios illustrate? 

x pa 

These equations also appear in the book. sin 60° sin 35° 

ety = By owl pS 
B? =q2+ y? = lay ovvB sin 35 

5. What do you think ovv means? 12. 

The first equation tells how to find side a if 

you know £, y, and ZA. 79 

6. What relation does A 

ZA have to side a? 50 

7. What relation do B if 13. 

sides B and y have 
to ZA? iF B 3 
. a 17 80 x 

The second equation . 
tells how to find side B if 30 
you know a, y, and ZB. A 

8. What relation does 14. 

ZB have to side B? B Y 

9. What relation do ] 
sides a and y have r a B 
to ZB? 
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Law of Cosines. Use the Law of Cosines to 
solve for x in each of the following figures. 
Express each length to the nearest tenth and 
each angle to the nearest degree. 

Example: 

10 
Solution: 

82 = 122 + 10? — 2(12)(10)cos x 
64144100240" cost 

240 cos x = 180 

ico cos x= 940 (OMS 

er AL? 

15. 16. 
x 

16 19 
30 

40 
Zi 

17 30 

x 
26 

Sines of Supplementary Angles. In AABC, 
AB = AD = x, and AC = y. 

A 

is, Bian C 
On the assumption that the Law of Sines 
applies to all triangles, regardless of their 

shape, copy and complete the following 
proportions. 

sin Z1 18, In ABC, SS = ain 24 
? 
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19. In AADC, 22 <= — SPSS 
20. What do your answers to exercises 18 

and 19 imply about sin 21 and sin 23? 
Explain. 

Given that 21 = 72°, find 

yA Fee 

Des iiVe aly 

23. sin Z3. 

24. What do your answers to exercises 22 
and 23 suggest about the sines of 
supplementary angles? 

Set Il 

Triangulation. In a book on how India was 
mapped, triangulation is explained: 

Triangulation means simply “triangle-ing”, or 
conceiving three mutually visible reference 
points, usually on prominent hills or build- 
ings, as the corners of a triangle. Knowing the 
exact distance between two of these points, 

and then measuring at each the angles made 
by their connecting sight-line with those to 
the third point, the distance and position of 

the third point can be established by 
trigonometry.* 

Some of the triangles used in mapping 
India are shown in the figure below. The 

*The Great Arc, by John Keay (HarperCollins, 2000). 



exercises that follow show how the process 

worked. 

Suppose in the figure below that the base 

line AB = 24.0 miles, ZA = 73°, and 21 = 51°. 

D 

base line 

25. Find 23. 

26. Use the Law of Sines to find CB to the 
nearest 0.1 mile. 

Given that 72 = 42° and 274 = 85°, find 

Die): 

28. DB to the nearest 0.1 mile. 

29. CD to the nearest 0.1 mile. 

30. Check your answer to exercise 29 by 
using the Law of Cosines to find CD. 

Distance to the Moon. In the figure below (not 
to scale), A and B represent the positions of 
two observatories on Earth and M represents a 

mountain peak on the moon.* 

A M 

Given that AB = 5,820 miles, 7A = 89.4°, and 
ZB = 89.2°, find 

Bil, ZIM. 

32. AM to the nearest thousand miles. 

33. BM to the nearest thousand miles. 

*Pictorial Astronomy, by Dinsmore Alter, Clarence H. 

Cleminshaw, and John G. Phillips (Crowell, 1974). 
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The Case of the Equilateral Triangle. Verify that 
the Law of Cosines works for an equilateral 

triangle by doing the following exercises. 

34. Write the equation for @ in terms of 8, ¢ 
and cos A. 

35. Substitute a for ) and cand solve the 

equation for cos A. 

36. Draw and label a 30°-60° right triangle to 

show that your answer is correct. 

The Case of the Right Triangle. The Laws of 
Sines and Cosines can be shown to be true for 

all triangles, not just triangles that are acute. 

37. Starting with sin A, write the equation for 

the Law of Sines for the right triangle 
above. 

38. According to your calculator, to what 

number is sin 90° equal? 

39. Substitute this number into your answer 

to exercise 37. 

40. Why does it follow from your answer 

L a : b 
that sin A = — and sin B= —? 

C é 

41. What does the Law of Sines become for 

right triangles? 

42. Write the equation for c? in terms of a, 6, 
and cos C for the right triangle above. 

43, According to your calculator, to what 
number is cos 90° equal? 

44, Use this fact to simplify your answer to 

exercise 42. 
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45. What does the Law of Cosines become 

for right triangles? 

The Case of the “Flattened” Triangle. The 
figure below shows a strange situation. 

Sides CA and CB of AABC have “opened out” 

so that 7C = 180°. As a result, c= a+ b. 

46. Write the Law of Cosines equation for c2 

in terms of a, 6, and cos C for this 

“flattened triangle.” 

47, According to your calculator, to what 

number is cos 180° equal? 

48. Use this fact to simplify your answer to 

exercise 46. 

49, Because c= a+ bin the figure, does your 
simplified answer make sense? Explain. 

Euclid’s Law of Cosines. 

The theorems in this lesson are stated in the 

form of algebraic equations, something Euclid 

did not have when he wrote the Elements. 

Compare his statement of the Law of Cosines: 

In an acute triangle, the square on the 
side opposite each angle is less than the 
sum of the squares on the sides including 
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that angle by twice the rectangle contained 
by one of the sides of the angle and the 
line segment cut off within it by the 
perpendicular towards the angle.* 

with our algebraic version of it: 

a* = b* + c? — Qhe cos A. 

The rectangle to which Euclid referred is 
illustrated in the figure below. 

x 
Cc 

50. Show that its area is bc cos A. 

Set III 

A Possible Case of Mistaken Identity. 

G 

135i 780 

A 
1560 : 

1. Find ZA. 

2; Find ZB. 

3. What kind of triangle is AABC? Explain. 

*Book II, Proposition 13. 
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Do you recognize the subject 
of the lesson illustrated on 

this Russian stamp of 1961? 
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Basic Ideas 

Angle of inclination 461 
Cosine 455 
Pythagorean triple 437 
Sine 455 
Slope 461-462 
Tangent 449 

Theorems 

49. The altitude to the hypotenuse of a right 

triangle forms two triangles similar to it 
and to each other. 429 

Corollary 1. The altitude to the hypotenuse of 
a right triangle is the geometric mean 

between the segments into which it 

divides the hypotenuse. 429 

Corollary 2. Each leg of a right triangle is the 
geometric mean between the hypotenuse 

and its projection on the hypotenuse. 

429 

The Pythagorean Theorem. In a right triangle, 
the square of the hypotenuse is equal to 
the sum of the squares of the legs. 435 

50. The Isosceles Right Triangle Theorem. In an 
isosceles right triangle, the hypotenuse is 
V2 times the length of aleg. 442 

Corollary. Each diagonal of a square is V2 
times the length of one side. 442 

51. The 30°-60° Right Triangle Theorem. In a 
30°-60° right triangle, the hypotenuse is 
twice the shorter leg and the longer leg is 
\/3 times the shorter leg. 442 

Corollary. An altitude of an equilateral 

triangle having side s is _ and its area 

is NB 443 

52. Two nonvertical lines are parallel iff their 

slopes are equal. 463 

53. Two nonvertical lines are perpendicular 

iff the product of their slopes is —1. 463 

54. The Law of Sines. If the sides opposite ZA, 

ZB, and ZC of AABC have lengths a, 4, 

SinvAce sin Dany sin. 

eae, oe 

55. The Law of Cosines. If the sides opposite 
ZA, ZB, and ZC of AABC have lengths 

a, b, and c, then ¢* = a? + 6? — 2ab cos C. 
469 

469 and c, then 
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Exercises 

Set | 

Greek Cross. An old puzzle consists of four 

pieces that can be arranged to form either a 
“Greek cross” or a square. 

Find the slopes of the following segments in 
the “Greek cross” arrangement of the pieces 
shown below. 

BRE ee 

,annn ae 
S4Nbe ova 

TSN 

IH 

7. Sis SY, 
Vt IN Bel cL 
ERESEEP.MREREAD 
aS SS See ea 

SSS AR aS e2 
NI 

Ea 7 eéabres & REMLE NRE Sy, 
SRB SEs SESS eRe, Sb SE Zea NO a 

| V 
/ 

How are the lines in each of the following 

pairs related? 

6. AC and CD. 

7. AC and DE. 

8. HF and BG. 

What must be true about the slopes of two 
nonvertical lines if the lines are 

9. parallel? 

10. perpendicular? 
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Doubled Square. Baudhayana, who lived in 
India about 800 B.C., wrote: “The rope that is 

stretched across the diagonal of a square 
produces an area double the size of the 
original square.” 

In the figure below, d is both the length of 

a diagonal of the smaller square and the 
length of a side of the larger square. 

S 

Show that Baudhayana was correct by doing 
each of the following exercises. 

11. Express din terms of s. 

12. Express the area of the smaller square in 

terms of 5. 

13. Express the area of the larger square in 

terms of d. 

14. Express the area of the larger square in 

terms of s. 

Escalator Design. Escalators are designed so 

that they rise at an angle of 30° with the 
horizontal. 

If the distance between floors, a, is 14 feet, find 

15. the distance marked c 

16. the horizontal distance marked 0. 

If the length of the escalator is 40 feet, find 

17. the distance between floors, a. 

18. the horizontal distance. 



Subway escalators have been built in which 

the horizontal distance is as long as 338 feet. 

19. Find the vertical distance, a, traveled on 

such an escalator. 

20. Find the length, c, of such an escalator. 

Basketball Angles. A basketball is normally 

shot from at least 7.5 feet above the floor. 

Almost all direct shots in basketball are made 

at a horizontal distance, D, from 10 to 25 feet 
from the basket.* 

ee oo 
Za ~~ 

@ aes 
anys 

10 ft 

Find the angle of incline, B, if the ball is shot 

from a point 7.5 feet above the floor at a 

horizontal distance of 

Jieeontect: 

22. 10 feet. 

Equal Parts. In the figure below, CD is the 
altitude to the hypotenuse of right AABC and 
AC = DB. 

(Ss 

A D B 

23. How many similar triangles does the 
figure contain? 

*Sport Science: Physical Laws and Optimum Performance, 
by Peter J. Brancazio (Simon & Schuster, 1984). 
{From an idea by Mike Bolduan, Catlin Gabel 

School, Portland, Oregon. 

24. State the theorem that is the basis for 

your answer. 

25. How many pairs of equal angles do 
AACD and ACBD have? 

26. How many pairs of equal sides do they 
have? 

27. How many pairs of equal parts do they 
have? 

28. Are the two triangles congruent? Ex- 
plain why or why not. 

Pentagon. The pentagon has long been a 
popular choice for the shape of a fortress. An 
old method for laying out a pentagon on the 
ground was to stretch a rope into the shape of 
a right triangle.* 

a ae 
B 

29. If all ten right triangles surrounding 
point O are congruent, what is the 

measure of 7 BOC? 

30. If the perimeter of the pentagon is 
supposed to be 1,000 feet, how long is BC? 

31. Use the tangent ratio in AOBC to find 

OB to the nearest 0.1 foot. 

32. Use the sine ratio in AOBC to find OC to 

the nearest 0.1 foot. 

33. Use the Pythagorean Theorem to see if 

your results for OB and OC seem 
reasonable. 

34. What length of rope is needed to lay out 
AOBC on the ground? 

+The Invention of Infinity: Mathematics and Art in the 
Renaissance, by J. V. Field (Oxford University Press, 

1997). 

Summary and Review 477 



Three Ratios. In the figure below, AABC is 
equilateral, ABDE is a square, and CF 1 AB. 

Find each of the following ratios to two 

decimal places. 

A 

CF 
Shales. 

EA 

AABC 
96.4 

pABDE 

aAABC 

21 BD Ee 

Set Il 

Isosceles Right Triangles. The figure below 
shows a square divided into seven isosceles 
right triangles, no two of which are 
congruent.* 

*Ivan Skvarca, Journal of Recreational Mathematics, 
1989. 
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38. Trace the figure and mark it as needed to 

find each of the following measurements. 

Given that each leg of the smallest triangle is 1 

unit long, find the length of 

39. each leg of the other six triangles. 

40. the sides of the square. 

41. Check your answers by finding the areas 
of the seven triangles and seeing if they 
add up to the area of the square. 

Two Birds. This problem is from the Liber 

Abaci (Book of the Abacus), written in 1202 
by the Italian mathematician Fibonacci. 

Two birds start flying from the tops of two 
towers 50 feet apart; one tower is 30 feet high 

and the other is 40 feet high. Starting at the 

same time and flying at the same rate, they 
reach a fountain between the bases of the 

towers at the same moment. 

B 

A 

40 
30 

F 

G 50 D 

42. Copy the figure above and mark it as 

needed to answer the questions that 

follow. 

43, From the description, which two lengths 
in the figure are equal? 

44, Let CF = x and express FD in terms of x. 

45. Write and solve an equation in terms 
of x. 

46. How far is the fountain from each 

tower? 

47, Approximately how far did each bird 

fly? 



Road Systems. Jacob Steiner, a nineteenth- 
century German mathematician, invented this 
problem. 

Four villages are located at the corners of a 
square with sides of one mile. What is the 

shortest system of roads that can be built to 

connect them?* 

D Caio SG 

A BA B 

The figures above show two possible 
solutions. In the second figure, EF || AB, the 
angles surrounding points E and F are equal, 
and AE = DE = CF = FB. 

48. How many miles of road are needed in 

the first solution? 

49, Copy the second figure and extend line 

EF to intersect the sides of the square as 

shown in the figure below. Mark the 

figure as needed to find how many 

miles of road are needed in the second 

solution. 

D G 

G H 

A B 

50. Which solution is better? 

Sun and Moon. Aristarchus, a Greek 
astronomer who lived at about the time of 

Euclid, figured out a way to compare the 

distances of the sun and the moon from Earth.* 

*Introduction to Geometry, by H. S. M. Coxeter (Wiley, 
1969). 
+ Constructing the Universe, by David Layzer (Scientific 

American Library, 1984). 

The figure below (not to scale) shows the 
moon precisely at its first quarter so that 

ZM = 90°. The centers of the moon and sun are 

M and S, and O represents the observer on 
Earth. 

M 

m 

O 

Aristarchus estimated the measure of ZO 

to be 87°. 

51. Show why it follows that ™ = a 
(approximately). 

52. Show why this equality gives s= 19m 
(that is, that the sun is 19 times as far 
away as the moon). 

The correct measure of ZO is closer to 89.85°. 

53. About how many times as far as the 

moon is the sun from Earth? 

Eye Chart. The letter E at the top of the 

familiar eye chart is eS inches tall. 

20 feet 

54. Show that the visual angle formed by 

this letter at a distance of 20 feet is about 

54 minutes. 

Someone with 20-20 vision can distinguish 

letters that form a visual angle of 4.8 minutes. 

55. Approximately how tall are these 

letters? 
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UFO Altitude. Two observers at Aand B seea 61. Copy the figure. Draw a line through B 
UFO hovering at point C. Its angles of parallel to DC. Let E be the point in 
elevation are 7A = 60° and ZB = 45°, and which the line intersects AD. 

AB = 820 feet. 62. Write an equation expressing tan ZABE 
in terms of f, x, and d. 

63. Solve the equation for x in terms of f, d, 

and tan ZABE. : 

64. Where did the three expressions for x in 

the table come from? 

820 feet 

ee ee ™weam Ss” Find the altitude of the UFO by doing each of 
the following exercises. 

56. Find ZACB. 

57. Kind AC. 

58. Use right AACD to find CD. 

4 

tl 
te 
ae 9 

.¢ 
» Y 4 

2 
f 

Check your answer by doing the following 
exercises. 

59. Find BC. 
: Number Mystery. This Babylonian clay tablet 

TUMORS a ake ED re rie dated between 1900 B.c. and 1600 B.C. contains 
some interesting pairs of numbers. Some of 

Outdoor Lighting. The figure and table below heme eet pee 
show how trees should be pruned to prevent 

interference with light.* 45 75 

65 97 

319 481 

541 769 

799 1249 

1679 2929 

65. See if you can figure out what is interest- 
ing about them by using a calculator. 

66. One pair of numbers has a mistake in it. 
Can you tell which pair it is? 

Jes x 
70° h— 0.36d 

70 h—0.27d 

80° h—0.18d 

*Barrier-Free Design, Department of Housing and } The History of Mathematics: An Introduction, by David 
Urban Development, Washington, DC, 1975. M. Burton (Allyn & Bacon, 1985). 
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ALGEBRA REVIEW 

Graphing Linear Equations 

The graph of every equation that can be 

written in the form 

Ax + By=C 

is a line if both A and B are not zero. For this 
reason, such equations are called linear equa- 
tions in two variables. 

Point-Slope Form 

p | 

If a point P;(%, y;) lies on a line with slope m 
and any other point P(x, y) is chosen on the 
line, then it follows from the definition of 

slope that 

Bese ai 

run xX — Xy 

and so 

y— yy = mx — x). 

This is called the point-slope form of the 
equation of a line; x; and y; are the coordinates 

of a point on the line and m is the slope of the 

line. 

Slope-Intercept Form 

If the line intersects 

the y-axis in the 

point P,(0, 4), then the 
point-slope form, 

Sea nN — %), 

becomes 

y — b= m(x — 0) 
y= mx + 0b. 

This form of the equation of a line is called the 

slope-intercept form; m is the slope of the line 

and 3 is its y-intercept. 

Example 1; Write an equation for the line that 
contains the point (4, 1) and has a 
slope of 2; draw its graph. 

Solution: From the point-slope form, 

y — y1 = m(x — x1), we can write 

yo l= 24— 4). 

We can plot the point (4, 1) and 
use the fact that the slope is 2 to 

plot a second point and draw the 

line. 

Example 2: Write an equation of the line of 
example 1 in the form Ax + By = C 

in which A > 0. 

Solution: Starting with 

p= 2x — 4), 

it follows that 

Vere his: 

Writing the x and y terms on the 

left side and the constants on the 

right, we have 

Soy St 8 rl 
a DS | eae 

Multiplying both sides by —1 so 

that A > 0, we get 

eee el 
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Example 3: Draw a graph of the line whose 

y-intercept is 5 and whose slope is 

23 Write an equation for the line. 

Solution: 

From the slope-intercept form, 

y = mx + b, we can write 

i 5 ap Oh 

Exercises 

A line has the equation 3x + 4y = 24. 

1. Transform the equation into the form 

y= mx t b. 

2. What are its slope and y-intercept? 

3. Sketch its graph. 

A line through the point (—5, 1) has a slope 
1 

{= 0) 
4, Sketch its graph. 

5. Write its equation in point-slope form. 

6. Transform the equation into 
slope-intercept form. 

7. What is its y-intercept? 

Two lines have equations 

y=2x—-1 and y=247 3. 

8. Sketch them on a single pair of axes. 

9. How can you tell from their equations 
that the two lines are parallel? 

10. Write an equation for the line midway 

between them. 
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Two lines have equations 

xt+y=5 and 5x—Sy=TS 

11. Write their equations in slope-intercept 

form. 

12. Sketch them on a single pair of axes. 

13. What are their slopes? 

14. How can you tell from their slopes that 

the two lines are perpendicular? 

A line has the equation y — 4 = at: sO) 

15. What is its slope? 

16. What is the x-coordinate of the point on 

the line whose y-coordinate is 4? 

17. Sketch a graph of the line. 

18. Transform its equation into 

slope-intercept form. 

19. What are its x- and y-intercepts? 

20. Write an equation for the line in the form 

ax + by = cin which a= 1. 

A line contains the points A(0, —2) and B(1, 3). 

21. Sketch a graph of the line. 

22. What is its slope? 

23. Use the coordinates of point B to write 
an equation of the line in point-slope 
form. 

24. Transform the equation into slope— 
intercept form. 

25. Write an equation for the line in the form 

ax + by = cin which a> 0. 

A line has the equation 4x — 3y = 0. 

26. Transform its equation into slope- 

intercept form. 

27. What are its slope and y-intercept? 

28. Sketch a graph of the line. 

29. What is its x-intercept? 

30. Let A be the point on the line whose 

x-coordinate is —3 and B be the point on 

the line whose y-coordinate is 4. What is 

the distance between A and B? 



This figure contains a hidden message. What is it? 

ln this chapter, we explore the properties of the circle, the most 

symmetric of all two-dimensional geometric figures. It is because 

of this symmetry that wheels, coins, and many other common 

objects are circular in shape. We will look at the properties of 

circles and their relation to lines and angles. These properties 

will eventually enable us to use regular polygons to develop the 

formulas for the circumference and area of a circle. 



LESSON 1 

Ke aK AWF 

Circles, Radii, and Chords 

Army ants are blind and find their way by following the scent trails 
left by other ants. When a group of these ants is prevented from trav- 
eling along its usual path, the ants sometimes begin milling about in 
circles. The ants shown in the drawing above walked for more than 
30 hours, stopping only when all of them were dead.* 

In this lesson, we review a few familiar terms about circles and 

introduce some new ones. 

Definition 
A circle is the set of all points in a plane that are at a given distance 
from a given point in the plane. 

The given point is called the center of the circle and the given dis- 
tance is called its radius. 

The ants in the picture seem to be walking in concentric circles. 

Definition 
Circles are concentric iff they lie in the same plane and have the 
same center. 

*T. C. Schneirla, Army Ants, edited by H. R. Topoff (W. H. Freeman and 

Company, 1971.) 
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A circle is usually named for its center, and so the figure at the 

right illustrates circle O. It also illustrates a radius of the circle, line 

segment OP. Dictionaries list at least two different definitions of the 
word “radius”: as a distance (that is, a number) or as a line segment. 
Mathematicians use both meanings, and the context will show which 

one is meant. 

Definitions 
A radius of a circle is a line segment that connects the center of the 
circle to any point on it. Zhe radius of a circle is the length of one of 
these line segments. 

A useful fact that follows directly from the definitions of “circle” 

and “radius” is: 

Corollary to the Definition of a Circle 
All radii of a circle are equal. 

The figure at the right illustrates two other important terms re- 
lated to circles: AB is called a chord of circle O, and CD is called a 

diameter. Like “radius,” “diameter” has a double meaning. 

Definitions 
A chord of a circle is a line segment that connects two points of the 
circle. 

A diameter of a circle is a chord that contains the center. The 

diameter of a circle is the length of one of these chords. 

The figure at the right illustrates a line that intersects a chord in a 

circle. It appears to show that line / 

1. contains the center of the circle. 

2. is perpendicular to chord AB. 

3. bisects chord AB. 

Given that any two of these statements are true, then it is easy to 
prove that all three are true. The proofs are considered in the exercises. 

Theorem 56 
If a line through the center of a circle is perpendicular to a chord, it 
also bisects the chord. 

Theorem 57 
If a line through the center of a circle bisects a chord that is not a 

diameter, it is also perpendicular to the chord. 

Theorem 58 
The perpendicular bisector of a chord of a circle contains the center 
of the circle. 
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Exercises 

Set | 

Roman Arch. The ancient Romans built stone 

arches like the one shown below in 

constructing their bridges.* 

In the figure, the curve shown in red is half of 

a circle with its center at O; also, 

AB = BC = CD = DE. 

1. What are OA, OB, OC, OD, and OE 

called with respect to the circle? 

2. What are BD and AE called? 

3. What else is AE called? 

4, What kind of triangles are triangles 

AAOB, ABOC, ACOD, and ADOE? 
Explain. 

5. What else can you conclude about these 

four triangles? Explain. 

Old Figure. The figure below is from a book 
on trigonometry published in 1533. 

*Why Buildings Fall Down, by Matthys Levy and 
Mario Salvadori (Norton, 1992). 
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How many of each of the following line 
segments do you see in the figure? 

6. Radii. 

7. Diameters. 

8. Chords. 

9 . How many points named with letters 

are on the circle? 

Butterfly Spots. The wings of this butterfly are 
decorated with circular spots. 

10. What word describes the circles in each 

spot? 

11. What does the word mean? 

12. What advantage do you think these 
spots might provide the butterfly? 

Chord Problem. The following problem 
appeared in a book published in 1901: 

Describe a circle, and then draw through a 

point within the circle the longest and the 
shortest chords that can be drawn.t 

13. Use your straightedge and compass to 
do the problem. (The word “describe” 
meant “draw.”) 

14. What relation do the two chords have to 
each other? 

15. How do the lengths of the longest and 
shortest chords depend on the location 
of the point? 

T First Steps in Geometry, by G. A. Wentworth and 
G. A. Hill (Ginn, 1901). 



Theorem 36. Complete the following proof of 
Theorem 56 by giving the reasons. 

If a line through the center of a circle is per- 
pendicular to a chord, it also bisects the chord. 

Given: OC | AB in circle O. 

Prove: OC bisects AB. 

Proof 
16. Because OC 1 AB, ZOCA and ZOCB are 

right angles. Why? 

17. Draw OA and OB. Why? 

18. OA = OB. Why? 

19, OC = OC. Why? 

20. AACO = ABCO. Why? 

21. AC = BC. Why? 

22. OC bisects AB. Why? 

Theorem 57. Complete the following proof of 

Theorem 57 by giving the reasons. 

If a line through the center of a circle bisects a 

chord that is not a diameter, it is also perpen- 

dicular to the chord. 

Given: OC bisects AB in circle O. 

Prove: OC + AB. 

as 

Proof 
23. Because OC bisects AB, CA = CB. Why? 

24. Draw OA and OB. Why? 

25. OA = OB. Why? 

26. Because O and C are equidistant from A 

and B, OC 1 AB. Why? 

Theorem 58. Complete the following indirect 

proof of Theorem 58 by giving the reasons. 

The perpendicular bisector of a chord of a 

circle contains the center of the circle. 

B 

| 
Fa 

A 

Given: CD is the perpendicular bisector 

of AB in circle O. 

Prove: CD contains O. 

Proof 
Suppose CD does not contain O. Draw OC. 

27> O© LAB? Whye. 

This means that through point C there are 

two lines perpendicular to AB. 

28. What fact does this contradict? 

This contradiction tells us that the assumption 

that CD does not contain O is false. 

29. What conclusion follows? 
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Set Il 

SAT Problem. The figure below appeared in a 

problem on an SAT test. 

B is the center of the circle with radius 10 and 

ABCD is a rectangle. 

30. What is the length of diagonal AC? 

31. Explain your reasoning. 

CBS Eye. The CBS eye is constructed from 
circles. Although the positions of the centers of 

the two complete circles are “obvious,” the 

positions of the centers of the two partial 

circles are not. 

32. Carefully trace the figure below showing 

part of the eye. 

One of the theorems of this lesson can be used 

to find the centers of the two circles used to 

form the eye. 
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33. What does the theorem say? 

32. (continued) Use your straightedge and 
compass to find the centers of the two 

circles by construction. 

Red-Spot Puzzle. A puzzle called “Cover the 
Red Spot” consisted of a spot 65 mm in 
diameter printed on the cover of an envelope 
that contained four steel disks, each 46 mm in 

diameter. The directions said to “Hold the 
disks about four inches above the big spot on 
the envelope and try to drop the disks, one at 

a time on the spot, to cover the entire spot.”* 

The diagram below shows the solution, in 

which diameters of the four disks are sides of 
the square ABCD and the diameter of the spot 
is one of its diagonals. 

34. What kind of triangle is AABC? 

35. Given that AC = 65 mn, find AB. 

36. How difficult do you think this puzzle is 

to solve? Explain. 

*The Book of Ingenious and Diabolical Puzzles, by Jerry 

Slocum and Jack Botermans (Times Books, 1994). 



Speed of Light. How the speed of light was 
first calculated is shown by the figure below. 

Point S represents the sun, and the two circles 

represent the orbits of Earth and Jupiter. 

J 

<p 

The distance from Earth to the sun is 
93,000,000 miles. Light from Jupiter takes 

about 16 minutes, 40 seconds longer to reach 
Earth when Earth is at B than when it is 
at A. 

Use this information to find each of the 
following measures. 

37. The diameter of Earth’s orbit around 

the sun. 

38. The time that it takes light to travel 
across Earth’s orbit in seconds. 

39. The speed of light in miles per second. 

Roundness. The roundness of a grain of sand 

is defined in terms of radius.* 

*Sand, by Raymond Siever (Scientific American 
Library, 1988). 

In the figure above of a cross section of a grain 

of sand, R is the radius of the largest circle and 
a, b, and c are the radii of the smaller circles. 

The roundness of the grain is 

me (paw 

3he, 

40. Find the roundness if a = 2, b= 3, c= 5, 
and R= 9. 

41. Find the roundness if all four of these 

measurements are doubled. 

42. Does your second answer seem to 

contradict the first one? Explain. 

Three Circles. The figure below shows three 

circles, each with a radius of 1 unit, that 

intersect in a common point.? 

43. Use your compass to make a large copy 

of the figure. Draw PX, PY, and PZ. 

44, What can you conclude about the 
lengths of these three line segments? 

1 Knotted Doughnuts and Other Mathematical Enter- 
tainments, by Martin Gardner (W. H. Freeman and 
Company, 1986). 
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43. (continued) Draw XA, XC, YA, YB, ZC, 
and ZB. 

45. What kind of quadrilaterals have you 

drawn? Explain. 

43. (continued) The three quadrilaterals look 
like three faces of a cube. Through A, B, 

and C, draw three line segments to 

complete the “cube.” (Each segment 
should be parallel to some of the seg- 

ments that you have already drawn.) 
Label the point in which the three line 
segments intersect O. 

46. What can you conclude about the 

lengths of OA, OB, and OC? Explain. 

47. A fourth circle with a radius of | unit 

could be added to the figure so that it 

contains points A, B, and C. Explain. 

Steam Engine. The poster below from 1800 
advertises an early steam engine. One end of a 
rod is attached to the midpoint of a spoke of 
a wheel. The other end of the rod moves up 
and down, causing the wheel to rotate.* 

TREVITHICKS, 
PORTABLE STEAM ENGINE, 

*Inventing the Modern World: Technology Since 1750, by 
Robert Bud, Simon Niziol, Timothy Boon, and 

Andrew Nahum (Dorling Kindersley, 2000). 
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In the figure below, line segments AB, CD, and 

EF represent three positions of the rod so that 

ABI CDi 

48, Make a large copy of the figure and 

mark it as needed to find each of the 

following measurements. 

If the radius of the wheel is 28 inches and 

PE = 8 inches, find 

49. EF, the length of the rod. 

50. CD. 

51. (CO; 

52. CE. 

53. AC. 

Set III 

Island Puzzle. A small island is in the center 

of a deep circular lake, 300 yards in diameter. 

There are two 

trees at A and B. 

Someone who 

cannot swim has a 

rope a few yards 

longer than 300 
yards. How can 

the rope be used 

as a way to get to 

the island?* 

t Wheels, Life, and Other Mathematical Amusements, by 
Martin Gardner (W. H. Freeman and Company, 
1983). 



A champion hammer thrower can throw a 16-pound hammer farther 

than a quarterback can throw a football! To be able to do so, the 

thrower swings the hammer around in a circle several times before 

releasing it. 

The hammer is attached to one end ofa steel wire and spun around 

a circle whose center is the other end of the wire. When the thrower 

lets go, the hammer leaves this circular path and flies along a path 
that appears to be a straight line. This line intersects the circle in ex- 
actly one point, the point that is the position of the hammer when the 
wire is released. Such a line is called a tangent to the circle. 

Definition 
A tangent to a circle is a line in the plane of the circle that intersects 
the circle in exactly one point. 

The hammer thrower knows that, when the hammer is released, it 

flies in a direction perpendicular to the thrower’s arm. This means 

that it must be released when the wire is at 90° to the intended direc- 

tion of throw.* 

The athlete is applying a basic fact of geometry: that a tangent to a 
circle is perpendicular to the radius drawn to the point at which the 

tangent intersects the circle. This fact can be proved indirectly. 

*The Science of the Summer Games, by Vincent Mallette (Charles River Media, 

1996). 
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Theorem 59 
If a line is tangent to a circle, it is perpendicular to the radius drawn 
to the point of contact. 

Bw A A seg 
Given: lis tangent to circle O at point A. 
Proveplala@ iA: 

Proof 
Suppose that / is not perpendicular to OA (that is, OA is not per- 

pendicular to /). Through point O, construct OB 1 1 Choose point 
C on / so that BC = BA. Draw OC. 

AOBA = AOBC (SAS); so OC = OA = +. This means that © must be 
a point on the circle because a circle is the set of all pointsin the plane 
at a distance of the radius from the center. 

So / intersects the circle in éwo points: A and C. This contradicts 
the fact that / is tangent to the circle (a tangent to a circle intersects it in 
exactly one point). So our assumption that / is not perpendicular to 
OA is false, and so / 1 OA. 

The converse of this theorem also is true. Here a direct proof is 

easier. 

Theorem 60 
If a line is perpendicular to a radius at its outer endpoint, it is 

tangent to the circle. 

A Ana 

Given: Circle O with / 1 OA. 
Prove: lis tangent to circle O. 

Proo 
ie B be any other point on / and draw OB. Because / | OA, 21 

and 22 are right angles, and so 21 = 22. 21 is an exterior angle of 
AOAB, and so 21 > ZOBA. Substituting 22 for 21 gives 22 > ZOBA. 
If two angles of a triangle are unequal, the sides opposite them are 
unequal in the same order; so, in AOAB, OB > OA = r. Therefore, 

B lies outside circle O from which it follows that / intersects circle O 
only at point A. So / is tangent to circle O. 
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Exercises 
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Set | 

Band Saw. The blade of a two-wheel band saw 

is driven by two identical wheels, one above 

the other. 

In the figures above, the blade is tangent to 
each wheel at the endpoints of a diameter.* 

1. Why is AD 1 AB, BC 1 AB, AD 1 DC, 
and BC 1 DC? 

2. Why is AD || BC and AB || DC? 

3. Why is AD = BC? 

Concentric Circles. In the figure below, O is 
the center of both circles, and radius OB bisects 

chord AC. 

A 

4, What else can you conclude about OB 
and AC? 

5. What theorem is used in your answer? 

6. What else can you conclude about line 

AC? 

7. What theorem is used in your answer? 

*The Complete Manual of Wood Working, by Albert 
Jackson, David Day, and Simon Jennings (Knopf, 
1996). 

Grid Exercise. In the figure below, lines / and 
m are tangent to circle C at A and B. 

Find each of the following numbers. 

8. The length of the radius of the circle. 

9. The slope of diameter AB. 

10. The slope of line /. 

11. The slope of line m. 

12. What relation do lines /and m have to 

AB? 

13. What relation do lines /and m have to 

each other? 

14. How are the slopes of 4 m, and AB 

related? 

A 

LX, 
Double Meaning. 
In the figure at the 
right, OB is both a 
radius of circle O 

and a leg of right 
AOAB. Also, OB = 1. 

15. What relation does AB have to circle O? 

16. What theorem is used in your answer? 

17. What is the definition of the tangent 

ratio? 

18. What is the tangent of 2O? 
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Railroad Curve. Tangents are used to lay out 
railroad tracks so that they change direction 
smoothly. 

In the figure below, lines / and m represent the 

original and final directions of a track. 

] A B 

O 

19. The following construction shows the 
method used to smooth the corner at P. 

(1) Draw lines / and m and let P be the 
point at which they intersect. 

(2) Use your compass to mark two points A 
and B on these lines so that PA = PB. 

(3) Construct a line perpendicular to / at A 
and a line perpendicular to m at B. Label 

their intersection O. 

(4) Draw OP. 

20. What can you conclude about AAPO 

and ABPO? Explain. 

21. Why is OA = OB? 

19. (continued) Use your compass to draw 
the arc of the circle whose center is O 

that connects points A and B. 

22. Why are lines / and m tangent to this 
curve? 

23. Will the train be jolted at A and B? 
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Tangents to Two Circles. The lines in the 
figure below are tangent to both circles. 

24. Copy the figure and draw two more 
lines that also are tangent to both circles. 

The two circles in the figure below have one 

point in common. 

25. Copy the figure and draw the lines that 
are tangent to both circles. 

Draw a figure to illustrate two circles for 
which the number of lines that can be drawn 
tangent to both circles is 

26. two. 

27. one. 

28. Is it possible to have two circles for 

which no lines can be drawn tangent to 

both? Explain. 

Set Il 

Construction Problem. The figure below 
appears in Euclid’s Elements.* 

A 
era DA 
2 

*Book II, Proposition 17. The red line has been 
added. 



29. Use your straightedge and compass to 
construct it by doing the following. 

1) Draw a circle with a radius of 1 inch and 

label its center E. 

2) Choose a point about + inch outside 

the circle and label the point A. 

3) Draw AE, and let D be the point in 

which AE intersects the circle. 

4) Draw a circle with radius EA and center 

E. 

5) Through D construct line / 1 AE, and 
let F be one of the points in which / 

intersects the larger circle. 

(6) Draw EF, and let B be the point in 
which EF intersects the smaller circle. 

(7) Draw AB. 

30. Why is line / tangent to the smaller 
circle? 

31. Why is AFDE = AABE? 

32. Why is ZABE a right angle? 

33. What can you conclude about line AB? 

Euclid’s figure has reflection symmetry with 
respect to the red line. 

34. What is the reflection of the tangent / 
through this line? 

Tomahawk. The figure below shows a 
“tomahawk” angle trisector being used to 

tHISeCte NZ.” 

*The Trisection Problem, by Robert C. Yates (Franklin 

Press, 1942). 

The tomahawk is designed so that 
AB = BC = CD, BY AD, and C is the center of 

a circle with radius BC. It is placed on 2 XYZ 
as shown, with YZ tangent to the circle at P. 

35. Why is AABY = ACBY? 
36. Why is CP 1 YZ? 
37. Why is ACBY = ACPY? 
38. Why does it follow that YB and YC 

trisect ZX YZ? 

Gothic Window. The figure below shows a 
design for placing a circular window in a 
Gothic arch. 

The base of the arch, AB, is tangent to the 
window at D. The two curved sides of the arch 

are parts of circles centered at A and B and 

with radii equal to AB. 

39. Draw a line segment 8 cm long, label it 

AB and its midpoint D. Use your com- 

pass to draw the two curved sides of the 

arch and label its top C. Draw CD. 

40. Why is CD 1 AB? (Hint: What points are 
equidistant from A and B?) 

41. Find the lengths of AD and AF in your 

figure. 

42. Given that the radius of the circle in the 

arch is r cm, express the length of AO in 

terms of 7. 

43, Write an equation relating the lengths of 
the sides of AAOD in terms of 7 and 

solve it for 7. 

44, What sort of right triangle is AAOD? 

39. (continued) Use what you know about 
AAOD to find point O and draw the 
circular window. 

45. How tall is the arch? 
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Tangent Puzzle. The following problem 
appeared in the 1800 edition of the Ladies 
Diary, a book published annually in London 

for more than a hundred years.* 

DC is tangent to the touching circles with 
radii y and z centered at A and B, respectively. 

Prove that x? = 4yz, 

One way to do so is to draw BE || DC as 
shown below. 

ENCE 

46. What relation does segment DC have to 
segments AD and BC? Explain. 

47, What relation do segments AD and BC 

have to each other? Explain. 

L HATE TO TELL YOU 

THIS, BUT YOU GOT 
POCK, MARKS ON YOUR 

48. What kind of quadrilateral is BCDE? 

49, What kind of triangle is AABE? 

50. Why is AB? = AE? + EB?? 

51. Express AB, AE, and EB in terms of x, , 

and z. 

52. Substitute your answers into the equa- 

tion in exercise 50 to get an equation in 

terms of x, y, and z. 

53. Simplify the equation to finish the proof. 

Set III 

Trip to the Moon. On a trip from the earth to 
the moon, where would the earth and the 

moon appear to be the same size?T 

moon 

In the figure above (not to scale), they would 
appear to be the same size at P. Point P lies 

on the line joining the centers of the earth 
and the moon and on the two lines shown 

here tangent to both the earth and the moon. 

The radius of the earth is 3,960 miles, and the 

radius of the moon is 1,080 miles. Find EP, 

given that the distance EM is 234,000 miles. 

Show your reasoning. 

POCK MARKS ON MY WHAT 7 

*Geometry Civilized: History, Culture, and Technique, by 
J. L. Heilbron (Clarendon Press, 1998). 
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Used by permission of Johnny Hart and Creators Syndicate, Inc. 

T Science Fiction Puzzle Tales, by Martin Gardner 

(Clarkson N. Potter, Inc., 1981). 



LESSON 3 

Central Angles and Arcs 

A rainbow is produced when sunlight hits a bank of raindrops in ei- 
ther a cloud or falling rain. The drops act as tiny prisms, the apparent 
color of each drop being determined by the angle at which it is viewed. 

MiC/z 
& % \WNOr go 

& rs 
horizon 

NL ee rw 
ici’ a> C 

Vor 

The rainbow is a set of circular arcs with a common center at a 

point opposite the sun. If the sun is on the horizon, exactly half of each 

of these circles, called a semicircle, can be seen. If the sun is above the 
horizon, the center of the rainbow is below the horizon. As a result, 
the visible part of the rainbow is less than a semicircle. It is a minor arc. 
The part of the rainbow below the horizon is more than a semicircle; it 

is a major are. 

Lesson 3: Central Angles and Arcs 497 



498 

120% 

To indicate how much of the rainbow can be seen, it is convenient 
to relate its arc to an angle at its center. In the figure at the left above, 
the minor arc AB (written AB or BA) is bounded by points A and B on 
the sides of ZAOB. Because its vertex is at the center of the circle, 
ZAOB is called a central angle of the circle. 

Definition 
A central angle of a circle is an angle whose vertex is the center of 
the circle. 

Every pair of points on a circle determines two arcs. A minor arc is 
usually named by just these two points, called its endpoints. A major 

arc or a semicircle is named with three letters, the middle letter nam- 

ing a third point on the arc. In the figure at the right above, for ex- 
ample, the symbol AB refers to the minor arc and the symbol ACB 

refers to the major arc. 
As you know, the measurement of angles is based on dividing a 

circle into 360 degrees. It is natural to base the measurement of arcs 
on the same idea. For example, if 2AOB = 120°, then we say that the 

degree measure of AB, represented by the symbol mAB, is 120°. 

In our earlier treatment of angles, we limited their measures to no 
more than 180°. In working with circles, it is convenient to consider 
angles whose measures are more than 180°. The sides of central 
Z AOB divide circle O into two arcs: a minor arc of 120° and a major 
arc of 240°. Corresponding to the minor arc, AB, is 2 AOB, whose mea- 

sure is 120°. Corresponding to the major arc, ACB, is “another angle” 
having the same sides as ZAOB but whose measure is 240°. To distin- 
guish between these two angles, we call the larger one a reflex angle. 

Definition 
A reflex angle is an angle whose measure is more than 180°. 

Keeping in mind that to every major arc there corresponds a cen- 
tral reflex angle, we can define the degree measure of any arc. 

Definition 
The degree measure of an arc is the measure of its central angle. 
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In the figure at the right, points A, B, and C determine three minor 

arcs whose measures are 

mAB = 90°, mBC. = 120°, and mCA = 150°. 

The three points also determine three major arcs whose measures are 

_m&BC = mAB + mBC = 90° + 120° = 210°, 
mBCA= mBC + mCA = 120° + 150° = 270°, and 

mCAB = mCA + mAB = 150° + 90° = 240°. 

Arc measures can always be added in this way, a fact that follows 

from their definition and the Protractor Postulate. Although it is pos- 

sible to prove this fact, we will make it a postulate. 

Postulate 10. The Arc Addition Postulate 

If C is on AB, then mAC + mCB = mACB. 

For simplicity, we will refer to arcs that have equal measures as 

“equal arcs.” We can prove, by using congruent triangles, that two chords 

of a circle are equal iff they have equal arcs. 

Theorem 61 
In a circle, equal chords have equal arcs. 

S (é 

Given: In circle O, AB = CD. 

Prove: mAB = mCD. 

Proof 
In circle O, AB = CD. Draw OA, OB, OC, and OD. OA = OC 

and OB = OD (all radii of a circle are equal); so AAOB = ACOD 
(SSS). From this congruence, we know that ZAOB = ZCOD and, 
because mAB = ZAOB and mCD = ZCOD (the degree measure of 
an arc is the measure of its central angle), mAB = mCD by substitution. 

The proof of Theorem 62, the converse of Theorem 61, is almost 

the same and is considered in the exercises. 

Theorem 62 
In a circle, equal arcs have equal chords. 

150° 
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Set | 

Routes to Japan. In planning to sail west from 
Portugal to the Indies ( Japan), Columbus 
based his calculations on the figure below.* 

2550 

G 

30° a 
i] 

western P- eastern 
route route 

Points C, J, and P represent China, Japan, and 

Portugal. Marco Polo claimed that the eastern 

overland route from Portugal to China, the 

major arc going from P to C, had a measure 
of 253°. Polo thought Japan was 30° beyond 

China, and so mC] = 30°. 

1, What are 2POJ and ZJOC called with 

respect to circle O? 

2. Name the minor arc that corresponds to 

ZrO]: 

3. Name the major arc that corresponds to 
reflex ZPOJ. 

*Geometry Civilized: History, Culture, and Technique, by 
J. L. Heilbron (Clarendon Press, 1998). 
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What is the measure of ZJOC? 

What is mPC] ? 

What is mP] ? 

What is the measure of 2 POJ? Bae) saat 

Theorem 62. Complete the following proof of 

Theorem 62 by giving the reasons. 

In a circle, equal arcs have equal chords. 

ae = 

Given: In circle O, mAB = mCD. 
Prove: AB = CD. 

Proof 
8. Draw OA, OB, OC, and OD. Why can 

we draw these lines? 

9. OA = OC, and OB = OD. Why? 

10. mAB= ZAOB, and mCD = ZCOD. Why? 
11. Because mAB = mCD , ZAOB = ZCOD. 

Why? 

12. AAOB = ACOD. Why? 

13. AB = CD. Why? 



Jupiier’s Asteroids. As Jupiter travels in its 
orbit about the sun, two sets of asteroids travel 

with it.* In the figure below, the sun is at S, 

Jupiter is at J, and the two sets of asteroids are 

at A and B. 

14. Draw the figure and add to it radii SA, 

SJ, and SB and chords AJ and JB. 

15. Why is mAJ = ZASJ and mJB = ZJSB? 
16. Why is mAJ + mJB = mAJB ? 

17. Why are AASJ and ABSJ congruent? 

18. What kind of triangles are they? 

Arc Illusion. Here is an interesting optical 

illusion.t 

A Gai .E [ONE 

19. What kind of arc does AB appear to be? 

20. What kind of arcs are CD and EF ? 

21. Which arc do you think comes from the 

largest circle? 

Cover the parts of the figure to the left of E 

and to the right of F. 

22. What seems to be true? 

* Constructing the Universe, by David Layzer (Scientific 
American Library, 1984). 
1 Can You Believe Your Eyes? by J. R. Block and Harold 
E. Yuker (Brunner/Mazel, 1992). 

Chords and Arcs. In the figure below, AABC 
is a 30°-60° right triangle whose sides are 
chords of circle O. 

23. Why is mAB + mBC = mABC? 
24. Is AB + BC = AC? Explain. 

25. Copy the figure and draw OB. Also, 

label its length 1. 

26. Find mAB, mBC, and mABC. 
27. Express AB, BC, and AC in terms of 7. 

28. AC = 2AB. How are mABC and mAB 
related? 

29. mBC = 2mAB. How are BC and AB 

related? 

Set Il 

The Square That Isn’t. Saint Peter’s Square in 
Rome is actually oval in shape rather than 

square.* 

30. Use your straightedge and compass to 
construct the oval as follows. 

+ Geometry Civilized: History, Culture, and Technique, by 

J. L. Heilbron (Clarendon Press, 1998). 

) 
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(1) Draw AB about | inch long and draw 
circles A and B with radius AB. Let C 

and D be the points in which the circles 

intersect. 

(2) Draw diameters CG, CH, DE, and DF. 

(3) With D as center, draw EF and, with C as 
center, draw GH. 

31. What can you conclude about AABC and 

AABD? 

32. What kind of quadrilateral is ACBD? 

30. (continued) Extend diameter ED beyond 
E and construct a line through E perpen- 

dicular to ED. Label the line / 

33. What can you conclude about line / and 

circle A? Explain. 

34. Line J has the same relation to EF. Why? 

35. Find the measures of the four arcs that 

form the oval: GE, EF, FH, and HG. 

36. What is their sum? 

Rainbow Distance. Olympiodorus, a sixth- 
century Greek scholar, used the figure below 

in an attempt to calculate an observer’s 

distance to a rainbow.* 

Ze \s 
5 

The observer is at O, the sun is at S, and the top 
of the rainbow is at R; RP | SP. 

*The Rainbow: From Myth to Mathematics, by Carl B. 
Boyer (Princeton University Press, 1987). 
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37. Letting the radius of circle O be 1, write 
an equation relating the lengths of the 

sides of AORP. 

38. Write an equation relating the lengths of 
the sides of ASRP. 

39. Use your equations to show that 

pegs sea 5 x 

Night Sky. In the photograph below of the 
night sky, the stars appear as arcs of 
concentric circles rather than as points of light. 

40. Why? 
41. What can you conclude about the 

measures of the arcs? 

42, Approximately how long do you think it 
took to take this photograph? 
Explain. 

Original Proofs. Write proofs for the 
following exercises. 

43, 

WF 
D 

Given: Vertical angles 2AOB and 

ZCOD are central angles of 

both circles. 
Prove: mAB = mCD. 



44, 

A De aia 

ee 
Given: The vertices of trapezoid ABCD 

(AD || BC) lie on a circle, and 
mAB = mCD. 

Boe B= 2C. 

Raed 

B+ 

D 

Given: Points A, B, D, and E lie on 

a circle, and AB = DE. 

Prove: AD = BE. 

> Y 
46. A 

e 

Given: Points A, B, C, and D lie on 
a circle, mAC = mAD, and 

meBy— mBD: 

Prove: AB contains the center of the 

circle. 

47. B 

Given: AD is a diameter of circle O, 

and AB || OC. 
Prove: mBC = mCD. 

“a > 
Meg 

45. A A ee 

Set III 

Obtuse Ollie drew the figure below with his 

straightedge and compass. 

First, he drew the three lines that form AABC. 

Then, starting at A, he drew DE with center A, 

EF with center B, FG with center _( C, GH with 

center A, HI with center B, and ID with center 

oO 
He thought that the sum of the measures 

of the six arcs must be 360° because the curve 
ends where it began. Acute Alice thought this 
unlikely, because the curve is not a circle. 

Whici pe a is correct? Explain. 

(ea 

lo, Ft r/ 
*. 

Wo 
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l) “Wonderful is The Vitescope. Pletures life size 
and tult of coter. Makes » thrilling show.” 

NEWYORK HERALD, Aprit 24, 96. 

LESSON 4 

Inscribed Angles 

The first demonstration of motion pictures in a theater took place on 

April 23, 1896, in New York City. At the time, the inventor, Thomas 

Edison, thought that ten movie theaters would be enough for the en- 
tire United States!* 

If you have ever watched a movie from the first row of a theater, 

you know that it can be hard to see everything on the screen at once. 
The reason is that the angle that the side edges of the screen make 
with your eyes is very large. At the back of the theater, this angle is 

xX a much smaller. You might conclude from this fact that, the farther you 
are from the screen, the smaller your viewing angle will be. But such 

is not the case. 

In the figure at the left, XY represents the screen and point P rep- 
resents the center seat of the back row, directly under the projection 
window. For someone seated at P, the screen angle to which we have 

been referring is 2P. Where else in the theater is the screen angle the 
same size? 

B The other locations having the same screen angle are on the circle 
P that contains X, Y, and P. Every angle whose vertex is on the arc XPY 

*Edison: The Man Who Invented the Future, by Ronald W. Clark (Putnam, 1977). 
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of this circle and whose sides pass through points X and Y is equal 
to the angle at P. You can check whether the angles at A and B equal 
the angle at P by measuring all three of them with a protractor. 

Such angles are called inscribed angles and, to prove that they are 
equal, we will show that their measure is half that of the common arc, 

XY, that they intercept. 

Definition 
An inscribed angle is an angle whose vertex is on a circle, with 
each of the angle’s sides intersecting the circle in another point. 

B A 

Se eS 
In the figure at the left above, ZA is an inscribed angle of circle O. 

Here, ZA intercepts BC and is inscribed in BAC. Note that these two 
arcs make up the entire circle. Every inscribed angle in a circle divides 
the circle into two arcs, one of which the angle intercepts and the 
other in which it is inscribed. 

The figure at the right above shows a central angle, 2O, and an 
inscribed angle, 7 P, that intercept the same arc, AB. By definition, we 

know that ZO = mAB. You can see that ZP is smaller than 7O; so 

ZP < mAB. We can prove that 

il eas 
ZP = —mAB. 

2 

In our diagram, the center of the circle lies inside the inscribed 
angle. It could also lie on the angle or outside it as the figures at the 

right show. In all three cases, the result is the same: 2P = SmAB. 

Theorem 63 
An inscribed angle is equal in measure to half its intercepted arc. 

This theorem has a couple of useful corollaries. The first of them 

justifies the claim that the screen angles at every point on the circle are 

equal. Look again at the drawing on the facing page to see why. 

Corollary 1 to Theorem 63 
Inscribed angles that intercept the same arc are equal. 

Corollary 2 to Theorem 63 
An angle inscribed in a semicircle is a right angle. 
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Exercises —~ \A i — 63. Complete the following proof of 

rier jE oe Theorem 63 by giving the reasons. 

Set | } > An inscribed angle is equal in measure to half 

: its intercepted arc. 
Skeet Range. The figure below shows a skeet A A 
range. (ee 

F 

Given: ZP is inscribed in circle O. 

Prove — 5mAB, 

Proof 

Case 1. The center of the circle lies on a side of the 
angle. 

In the overhead view of it below, the shooting 6. Draw OA. Why? 

stations are located at seven equally spaced = , 
points, A through G, on circle O, and at point OF es 
H centered on chord AG.* 8. ZPAO = ZP. Why? 

9. ZP + ZPAO = ZAOB. Why? 
10. Z2P + ZP = ZAOB; so 272P = ZAOB. 

Why? 

ize 5 ZAOB. Why? 

Vf! Ko 12 mAB = ZAOB. Why? 

agent 03 Ap Sma, Why? 

Case 2. The center of the circle lies inside the 
1. Given that ZA = 16.5°, find ZG. angle. 

2. Find ZAOG. 

3. Given that the six arcs between points A 

through G have equal measures, find the om G 
measure of each arc. P P 

The clay pigeons are released in the directions RE 
AX and GY. ws B B 

4, Find mGXand mAY. ean A. 14. Draw PO intersecting the circle at C. 

5. Find mYX. : Why? 
15. ZAPB = 21 + 22. Why? 

*Rules of the Game, by the Diagram Group (St. Martin’s 46 Because 1 = AC and one 1 CB 
3 y) Press, 1990). 9 

i 
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»: 

(proved in case 1), ZAPB = ae a 

5B = 5 (mAC + mCB). Why? 

17. mAC + mCB = mAB. Why? 

18. ZAPB = 5 mB. Why? 

There is one more case, which can be proved 

in a similar way. 

19. What do you think it is? 

Complete the following proofs of the 
corollaries to Theorem 63 by giving the reasons. 

Corollary 1. Inscribed angles that intercept the 
same arc are equal. 

C 

A 

B 

Given: 2A and ZB are inscribed angles 

that intercept CD. 

nove aA — IZ 8B. 

Proof 

20. Because ZA and ZB are inscribed 

angles, 2A = smd and ZB = smb. 

Why? 

21. ZA = ZB. Why? 

Corollary 2. An angle inscribed in a semicircle 
is a right angle. 

A & 

D 

Given: ZB is inscribed in semicircle ABC. 

Prove: ZB is a right angle. 

\ 

~ 
Proof Nae t 
Because ZB is inscri ed in-the-Semicircle 
ABC, the arc that it intercepts, ADC, is 

also a semicircle. 

22. mADC= 180°. Why? 
23, ZB = 5 mADC. Why? 

i 24. 2B = (180°) = 90°. Why? 

25. ZB is a right angle. Why? 

Inscribed Triangle. In the figure below, the 
vertices of AABC lie on circle O. 

120° 

: La -&) 

140° 

26. Copy the figure and mark it as needed to 
do the following exercises. 

With respect to the circle, what are the three 

angles 

27. whose vertex is © called? 

28. of AABC called? 

29. Find the measures of ZAOB, ZBOC, 

and ZCOA. 

30. Use your answers to find x, y, and z. 

31. Use x, y, and z to find the measures of 

ZABC, ZBCA, and ZCAB. 

32. Check your answers by using the 
measures of the three arcs to find the 
measures of ZABC, ZBCA, and ZCAB. 
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Set Il 

Forty Angles. In the figure below from a book 
on the number 7, a circle has been divided into 

40 equal arcs.* Each inscribed angle intercepts 

an arc equal in measure to 14 of these arcs. 

LT ZZREBS OO 
ZZ wa i Ia IRM TN 

TSS BSS2 | Spear i 

Vaan 
Vaan 

33. What is the measure of one of these 

arcs? 

34. What is the measure of each inscribed 

Tangents, Chords, and Intercepted Arcs. In the 
figure below, line AT is tangent to circle O, and 

angle? 

AB is a diameter. 2CAT intercepts CA. 

35. 

36. 

37. 

38. 

B_—~.C 

What can you conclude about 2BAT? 

Explain. 

What can you conclude about ZCAT. 

and ZCAB? 

What can you conclude about ZC? 

Explain. 

What can you conclude about 7B and 

ZCAB? Explain. 

*A History of Pi, by Petr Beckmann (Golem Press, 

1971). 
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39. What can you conclude about ZCAT and 

ZB? Explain. 

40. Why is 2B = meh? 

41. Why is ZCAT = smc? 

42. What do exercises 35 through 41 prove 

about the relation of the measure of an 

angle formed by a tangent and a chord to 
the measure of its intercepted arc? 

Similar Inscribed Triangles. In the figure 
below, AABC ~ ADEF. 

Given that ZC = 7’, find each of the following 
measures in terms of n. 

A3 ae/ake 

44, mAB. 

45. mDE. 

46. What can you conclude about AB and 

DE? Explain. 

47, What does your conclusion reveal about 
AABC and ADEF? Explain. 

Square-Root Construction. The figure below 
shows a method, known since the time of 

Euclid, for constructing the square root of a 
number.’ 

F 

A BeG DG 

The History of Mathematics: An Introduction, by David 
M. Burton (Allyn & Bacon, 1985). 



48. Draw the figure as follows: 

49, 

50. 

 E 

52. 

53. 

54. 

(1) Use your ruler to draw AE 4 inches long 
and mark points B, C, and D on it so that 

AB = BC = CD = DE = 1 inch. 

(2) Draw the arc with center at C and radius 
CA. 

(3) At point B, construct a line perpendicu- 
lar to AE, and let F be the point in 

which the line intersects the arc. 

(4) Draw AF and FE. 

What can you conclude about 2 AFE? 
Explain 

What relation does BF have to AAFE? 

Write a proportion relating AB, BF, and 
BE. 

Use the proportion and the lengths of 
AB and BE to find the exact length of BF. 

Use your calculator to find the approxi- 

mate length of BF to the nearest hun- 

dredth. 

Measure BF with your ruler. Does the 
result seem to agree with your answer to 

exercise 53? 

Intersecting Triangles and Circles. In the 
figure below, circles A and B intersect at C and 
D. Point C lies on ADEF and ADGH. 

55. Copy the figure by first drawing circles 
A and B and then drawing ADEF and 

ADGH. 

56. What can you conclude about ADEF and 

ADGH? Explain. 

It is possible to tell which triangle is larger 
without doing any measuring or tracing. 

57. Which triangle is larger? Explain. 

55. (continued) Draw AB. 

58. How is AB related to GH? Explain. 

Set Ill 

Finding the Center. A carpenter had carefully 
cut out four circular wooden disks to use as 

wheels for a toy. His next task was to find the 

center of each disk so that he could drill a hole 

for the axle. The only tools that he had on 

hand were a set square and a pencil.* 

How could he use these tools to find the 

center of each wheel? Illustrate your answer 

with a drawing. 

*4 Mathematical Jamboree, by Brian Bolt (Cambridge 
University Press, 1995). 
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LESSON 5 

Secant Angles 

In this circular woodcut by Escher, pictures of angels and devils are 

fitted together like pieces in a jigsaw puzzle. But, unlike those of a 

jigsaw puzzle, the parts become progressively smaller and more nu- 

merous as they approach the edge. By this device, the artist has man- 
aged to convey an impression of the infinite within a finite region. 

The intricate and orderly design of the picture shows that Escher 
was strongly influenced by ideas from geometry. For example, if the 

120° wing tips of the large devils and angels that meet in the center are 
connected to the center and to each other by line segments, six equi- 

lateral triangles are formed. 
One of these triangles is shown in the first figure at the left. Be- 

cause the triangle is equilateral, the angle at the center has a measure 
of 60°. If we extend the angle’s sides so that they intersect the circle, 
the intercepted arc also must have a measure of 60°. 

If the vertex of this angle were on the circle rather than at its cen- 
ter, as shown in the second figure, it would be an inscribed angle and 
would intercept a larger arc having a measure of 120°. 

510 Chapter 12: Circles 



Figure | Figure 2 Figure 3 

We know the relation between the measures of central and in- 
scribed angles and the arcs that they intercept. What about other an- 
gles, such as those shown above? 

In figures 1 and 2, the vertex of the angle is inside the circle. Al- 
though the size of the arc intercepted by the angle differs in each pic- 
ture, the sum of the measures of that arc and the arc intercepted by its ver- 
tical angle does not change. A comparable result holds for figures 3 and 
4, where the vertex of the angle is outside the circle. Here, the differ- 

ence of the measures of the two intercepted arcs does not change. 
The lines that form the angles in these figures are called secants. 

Definition 
A secant is a line that intersects a circle in two points. 

The angles labeled 2 ABC in the figures are called secant angles. 

Definition 
A secant angle is an angle whose sides are contained in two secants 
of a circle so that each side intersects the circle in at least one point 

other than the angle’s vertex. 

The four figures above suggest the following theorems. 

Theorem 64 
A secant angle whose vertex is inside a circle is equal in measure to 

half the sum of the arcs intercepted by it and its vertical angle. 

Theorem 65 
A secant angle whose vertex is outside a circle is equal in measure to 
half the difference of its larger and smaller intercepted arcs. 

Figure 4 

160° 
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Exercises 
SETTERS STINE DDE TITEL 

Set | 

Complete the following proof of Theorem 64 

by giving the reasons. 

Theorem 64. A secant angle whose vertex is 

inside a circle is equal in measure to half the 

sum of the arcs intercepted by it and its 
vertical angle. 

Given: Secant Z APB with P inside 

the circle. 

Prove: ZAPB = 5 (mAB + mCD). 

Proof 

1. Draw DA. Why? 

2. ZAPB = 21+ 22. Why? 

3, 21 = 5mAB and) 22 = 5m. Why? 

4. ZAPB = SmAB ie 5mCD = 

5 (mAB + mCD). Why? 

In the figure below, chords AB and CD cut the 
circle into four arcs whose measures are given 

in terms of wx. 

5. Find x. She 

6. Find the measures G B 

of the four arcs. x 

7. Find the measures 
of the angles D 
formed by the 4x° 
chords. 
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Complete the following proof of Theorem 65 
by giving the reasons. 

Theorem 65. A secant angle whose vertex is 

outside a circle is equal in measure to half the 

difference of its larger and smaller intercepted 

arcs. 

A 

G 
P 

D 

B A 
Gs 

P 

D 

B 

Given: Secant Z APB with P outside the 

circle. 

Prove: Z APB = 5 (mAB — mCD). 

Proof 

8. Draw DA. Why? 

9. 21 = ZAPB + 22. Why? 

10. ZAPB = 21 — 22. Why? 

11. 21 = mAB and £2 = mb. Why? 

12. ZAPB = 5mAB * smc = 

5 (mAB — mOD). Why? 

In the figure below, the sides of AABC cut the 

circle into four arcs, three of whose measures 

are given. 

13. Find mDE. 1002 : 

14, Find ZA. 5 BEF 
15. Find ZB. 

16. Find ZC. 2 E Cc 

120° 



Danger Angle. A “danger angle” is used by 
navigators to avoid a hazardous region near a 
coast.* ] 

B 

In the figure above, line / represents the path 
of a ship and points A and B represent two 
lighthouses on the coast. The hazardous 
region is inside the circle. 

17. What is the danger angle, 2D, called 
with respect to the circle? 

18. Given that mAB = POP hind) 2): 

19. What is ZS called with respect to the 
circle? 

20. What can you conclude about the 

measure of ZS when the ship is at S? 

21. What could you conclude about the 
measure of ZS if S were inside the 

danger circle? 

Perpendicular Chords. In the figure below, 
ABeieCD. 

A 

D 

G B 

What can you conclude about 

22a 2AKD? 

93. mAD + mCB? 

24. mAC + mDB? 

Given that mAD = 110° and mDB = 80°, find 

25. mCB. 
26. mAC. 

*Dutton’s Navigation and Piloting, by Elbert S. Maloney 
(Naval Institute Press, 1985). 

Star Problem 1. In the figure below, the star 
divides the circle into equal arcs. 

Find each of the following measures. 

27. mAB. 30. mCDA. 

28. mCDE. By eNO: 

29. ZS. 

32. What is the sum of the five angles at the 
points of the star? 

Star Problem 2. In the figure below, the points 
of the star divide the circle into equal arcs. 

Find each of the following measures. 

33. mEF 36. ZFYE. 

34) BS 37. 2BZD: 

35) AX. 

38. What is the sum of the nine angles at the 

points of the star? 
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Set Il 

Angle of View. The angle of view of a camera 
lens is about 50°.* 

The figure below shows an overhead view of 

the photograph setup. The camera is at C so 

that a group of people standing between A 
and B just fits in its angle of view. 

ETE Ae 
D 

O 

G 

39. Given that ZACB = 50°, find mAB. 

40. Given that AD = DB, why is CD 1 AB? 

41. Why is AACD = ABCD? 

Suppose the people standing between A and B 
form a row 16 feet long, making AB = 16. 

42, Find CD to the nearest foot. 

43. To where else could the photographer 
move so that the row of people just fits 

into the camera’s angle of view? 

44, What effect would moving the camera 
toward AB along CD have on the 
photograph? 

*The Camera (Time-Life Books, 1970). 
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The Seasons. The Greek astronomer 

Hipparchus used the figure below to explain 
the lengths of the four seasons.* 

B 

93.14° 91.17° 

A G 

88.83° 86.86° 

D 

He thought that, during a year, the sun traveled 

in a circle at a steady speed around the earth. 

45. Given that chords AC and BD intersect 

at E, find the measures of the four angles 

at E corresponding to the four seasons. 

46. Did Hipparchus place the earth, E, at the 

center of the circle? Explain. 

47. According to the figure, which season 
lasts the longest? 

48. A year is 365.25 days; according to 

Hipparchus, how many days did 

summer last? 

Place Kicker. The figure below (not to scale) 
shows an overhead view of a football field 

with a place kicker at P and goal posts at A 

and B. 
end 
zone ZOCHIG 

49. Copy the 

circle and 

lines inside 

it and mark 

your figure 
as needed to 

do each of 

the following 
exercises. 

+ The Cambridge Illustrated History of Astronomy, Michael 
Hoskin, ed. (Cambridge University Press, 1997). 



50. Given that O/is the center of the circle 

and PC | AB, what can you conclude 

about point C? Explain. 

Given that the kicker is on the 20-yard line 
(which makes PC = 90 feet) and that AB (the 
distance between the goal posts) is 18.5 feet, 
find each of the following measures to the 
nearest degree. 

Slee APC: 

52. ZAPB. 

53. mAB. 

54. For what other positions of the kicker is 

the angle between the goal posts the 
same? 

55. What would happen to the angle if the 
kicker were to move from P to a place 

outside the circle? 

Angles Problem. The figure below consists of 
six line segments and a circle divided into 18 
equal arcs. 

56. What is the measure of each small arc? 

57. Use your protractor and ruler to make a 

large copy of the figure. Find and mark 

the measures of as many angles in your 
figure as you can. 

A 58. Name the triangles 
in the figure that 
are isosceles. 

oo} 
that are similar. 

Name two triangles 

Set Ill 

cup 
CHIP CHIP = QUITE SEEM TO 

HAVE THE IDEA... 

Used by permission of Johnny Hart and Creators Syndicate, Inc. 

The King of Id has commissioned a statue of 
himself for the village square. Unfortunately, 
what the royal sculptor has turned out so far 

doesn’t seem to be what the king has in mind. 

The figure below shows three positions of 

the king as he walks toward the original 

statue. The measure of the angle formed by the 

king’s lines of sight to the top and bottom of 
the statue depends on where the king is 
standing. Can you describe what happens to it 
as the king walks from a great distance away 

to the base of the statue? 
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LESSON 6 

Tangent Segments and Intersecting Chords 

A total eclipse of the sun is a spectacular sight. The first recorded de- 
scription of a solar eclipse was on October 22, 2137 B.c. It was seen 

in China, and the people ran through the streets beating drums and 
shooting fireworks to try to scare away the dragon that was swallow- 
ing the sun.* 

Such an eclipse occurs when the moon passes between the earth 
and the sun in such a way that its shadow touches the earth. This 
shadow is a cone. Because of the relative sizes of the moon and sun 
and their relative distances from the earth, the tip of the cone often 

misses the earth. But when it touches the earth, a total eclipse can be 

seen by those in the area of contact. 
At the same time, a partial eclipse of the sun can be seen from a 

much larger region, shaded blue in the diagram. Within this region, 
the disk of the sun is only partly covered by the moon. 

The lines of the shadows in the figure are tangent to the circles 
that represent the sun and moon. Two of them, AB and CD, meet in 

point E. The segments EA and EC are called tangent segments from 
point E to the circle of the sun; segments EB and ED are tangent seg- 
ments from point E to the circle of the moon. 

*Sun and Earth, by Herbert Friedman (Scientific American Library, 1986). 
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Definition 
If a line is tangent to a circle, then any segment of the line having 
the point of tangency as one of its endpoints is a tangent segment to 
the circle. 

It is easy to prove that the two tangent segments from an external 
point to a circle are always equal, no matter where the point and circle 

may be. 

Theorem 66. The Tangent Segments Theorem 
The tangent segments to a circle from an external point are equal. 

Given: Circle O with tangent segments PA and PB. 
Prove: PA = PB. 

Proof 
Draw PO, OA, and OB. Because PA and PB are tangent segments 

to circle O, PA | OA and PB 1 OB (if a line is tangent to a circle, it is 
perpendicular to the radius drawn to the point of contact). Therefore, 
ZPAO and ZPBO are right angles; so APAO and APBO are right tri- 
angles. Because OA = OB (all radii of a circle are equal) and PO = PO, 
APAO = APBO (HL). Therefore, PA = PB. 

The Tangent Segments Theorem is not surprising. Another theo- 

rem about two segments related to a circle is quite surprising. This 

theorem is about two chords that intersect inside a circle. 

Theorem 67. The Intersecting Chords Theorem 
If two chords intersect in a circle, the product of the lengths of the 
segments of one chord is equal to the product of the lengths of the 
segments of the other chord. 

In regard to the figure at the right in which chords AB and CD 

intersect at P, this theorem says that AP - PB = CP - PD. The proof is 
easier than you might guess and is included in the exercises. 

Exercises 

Set | 

Korean Proof. At the right is the proof of one 
of the theorems of this lesson as it appears in a 
Korean geometry book. 

1. What do you think the statement that 

ZaeNOI— Pl’ ©O = ZR means? 

2. Why is OT = OT’? 

3. Why is APOT = APOT’? 5. State the theorem that has been proved 
4, Why is PT = PT’? as a complete sentence. 
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Complete the following proof of Theorem 67 

by giving the reasons. 

Theorem 67. If two chords intersect in a circle, 

the product of the lengths of the segments of 
one chord is equal to the product of the 

lengths of the segments of the other chord. 

CoN Sep 

ey A) 
Given: Chords AB and CD intersect at 

point P in the circle. 

Jee: IA 3 1283 = 1X o IPD). 

Proof 

6. Draw CB and AD. Why? 

7. ZA = ZC and ZD = ZB. Why? 

8 AAPD ~ ACPB. Why? 

IN TRAD) 5 
— = —, y! 
PEA SRE 

10. PA’> PB = PG PD. Why? 

o 

Lunar Eclipse. The figure below (not to scale) 
represents an eclipse of the moon. Segments 
AP and CP are tangent to the circles of the sun 
and the earth. 

A 

SUN 

11. Why is SA || EB and SC || ED? 

12. Why is AP = CP and BP = DP? 

13. Why is ASAP = ASCP? 

14. Why does PS bisect 2 APC? 

15. Why is ASAP ~ AEBP? 
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Intersecting Chords. In the figure below, 
chords AB, CD, EF, and GH intersect in 

point P. 

H 

As the chords get longer, what happens to 

16. the sum of the lengths of the two seg- 
ments into which P divides them? 

17. the product of the lengths of the two 
segments into which P divides them? 

Tangent Construction. A method for 
constructing the tangents to a given circle 
from a given external point is illustrated by 
the figures below. 

eP 

18. Draw a circle with center at O and 

choose an external point P as shown 

above. 

P 

(2) Bisect OP and label its midpoint M. 



(3) Draw a circle with M as center and MO 
as radius. Let A and B be the two points 

in which this circle intersects circle O. 

ae 
we 

(4) Draw PA and PB. 

Explain how the construction works by 
answering each of the following questions. 

19. What kind of angles are ZOAP and 
ZOBP? Explain. 

20. What relation does PA have to OA and 

PB have to OB? 

21. Why are PA and PB tangent to circle O? 

Tangent Triangle. The sides of AABC are 
tangent to circle O at D, E, and F; AC = 9, 

CB = 12, and AB = 15. 

(Car B 

22. Copy the figure and mark it as needed 
to do each of the following exercises. 

23. What can you conclude about AABC? 

Explain. 

22. (continued) Draw OF and OE. 
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24, What can you conclude about CFOE? 

22. (continued) Given OF = OE = r, express 
the other lengths in the figure in terms 

of 7. 

25. Write an equation and solve it for 7. 

Tangent Quadrilateral. In the figure below, the 
sides of quadrilatereal ABCD are tangent to the 

circle at points E, F, G, and H; AE = w, EB = x, 

DG = y, and GC = z 

A Wale B 

Fe F 

pay 

26. Copy the figure and label the lengths of 
the other four tangent segments. 

27. What do you notice about the opposite 
sides of ABCD? Explain. 

Set Il 

Grid Exercise 7. On graph paper, draw a pair 
of axes extending 10 units in each direction 

from the origin. 

28. Use your compass to draw a circle with 
its center at (0, 0) and radius 5. 

29. Use the distance formula to show that, if 

P(x, y) is on this circle, then x? + y? = 25. 

28. (continued) Label the following points 
on the circle: A(0, 5) and B(4, —3). 

30. Show that the coordinates of points A 
and B are solutions to the equation 

x2 + y? = 25, 

28. (continued) Plot point P(10, 5) and draw 
PA, PB, and OB. 

31. How do you know that PA is tangent to 
circle O? 

32. Use the slopes of PB and OB to show 

that PB also is tangent to the circle. 
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33. Find the lengths of PA and PB. 

28. (continued) Label the following points on 
the circle: C(—4, 3) and D(—3, —4). 

34. From what point can tangent segments 
be drawn to touch the circle at C and D? 

Ridiculous Question. The following problem 
was once posed as a “ridiculous question” in 

Scientific American magazine.* 

\ PR > C 
ZA penal 

10 ae 
x 

Tangent segments CX and CY have been 

drawn from point C to the circle. Each has a 

length of 10 units. Point P has been randomly 

chosen on the circle and AB then drawn 

tangent to the circle at P. 

35. What is the perimeter of AABC? 

36. Explain your reasoning. 

37. Why do you suppose the problem of 

finding the perimeter of AABC was 

called “ridiculous”? 

Grid Exercise 2. On graph paper, draw a pair 
of axes extending 15 units to the right and 15 

units up from the origin. 

38. Use your compass to draw a circle with 

its center at (9, 8) and radius 5. 

39. Use the distance formula to show that, if 

P(x, y) is on this circle, then 
(i= OE (Wie=e8) a2, 

38. (continued) Label the following points on the 
circle: A(9, 13), B(14, 8), C(13, 11), and 
D(6, 4). 

*Mathematical Magic Show, by Martin Gardner (Knopf, 

1977). 
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40. Show that the coordinates of these 

points are solutions to the equation 

(x — 9)2 + y= 8) = 

38. (continued) Draw AB and CD and let P be 
the point in which they intersect. 

41. The coordinates of P are integers. What 
are they? 

42. Find the exact lengths of PA, PB, PC, and 

PL: 

43. Find PA - PB and PC - PD. 

Chord Division. In the figure below, diameter 
AB of circle O is perpendicular to chord CD; 

CP = x, OP = d and OB = 7. 

B 

44, Copy the figure and mark it as needed to 
do each of the following exercises. 

45. Why is PD = x? 

Name a line segment in the figure whose 
length is 

46. r+d. 

47, r—d. 

48. Use the Intersecting Chords Theorem to 
show that x? = r? — @?. 

44, (continued) Draw another chord through 
P and label its endpoints E and F. 

49. Show that EP - PF = r2 — @. 

The result of exercise 49 shows how the 

product of the lengths of the segments into 
which a point divides a chord, EP - PF, is 

determined by rand d. 

50. What do rand d represent with respect 

to the circle and the chord? 



Suppose a circle has a radius of 5. 

51. Where would you draw a chord, EF, and 
where would you choose a point P on it 

so that EP - PF is as large as possible? 

52. To what number would EP - PF be 

equal? 

Earth’s Shadow. The following problem is based 
on the drawing for exercises 11 through 15. 

53. Given that the radii of the sun and the 

earth are 432,000 miles and 3,960 miles, 

respectively, and that the distance 

between their centers is 93,000,000 miles, 

find EP, the length of the earth’s shadow. 

Set Ill 

The Brick Moon. The first known proposal for 
a space station above the earth appeared in a 

story titled “The Brick Moon” published in 

1869.* 

* Space Travel: A History, by Wernher von Braun and 
Frederick I. Ordway, III (Harper & Row, 1985). 

According to the story, the “Brick Moon” 
should be in an orbit 4,000 miles high. 

Copy the figure above in which circle O 

represents the earth, point B represents the 

Brick Moon, and X and Y represent the 
farthest points on the earth from which the 

Brick Moon can be seen. Use 4,000 miles as 

the radius of the earth and find the distance 

from the Brick Moon to these two points. 
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CHAPTER 12 Summary and Review 

Basic Ideas 

Central angle 498 

Chord 485 

Circle 

Concentric circles 

Degree measure of an arc 
Diameter 

Inscribed angle 

Major arc 

Minor arc 

Radius 

484 
484 

498 
485 

505 
497 
497 

485 
Reflex angle 498 
Secant 511 
Secant angle 511 

Semicircle 
Tangent 
Tangent segment 

497 
49] 

ON, 

Postulate 

10. The Arc Addition_P Postulate. If liCrisson AB, 

then mAC + mCB = mACB. 499 

Theorems 

Corollary to the definition of a circle. All radii 

56. 

Die 

58. 

59. 

60. 

522 

485 

If a line through the center of a circle is 
perpendicular to a chord, it also bisects 

the chord. 485 

If a line through the center of a circle 
bisects a chord that is not a diameter, it is 

also perpendicular to the chord. 485 

of a circle are equal. 

The perpendicular bisector of a chord of 
a circle contains the center of the circle. 

485 

If a line is tangent to a circle, it is perpen- 

dicular to the radius drawn to the point 

of contact. 492 

If a line is perpendicular to a radius at its 
outer endpoint, it is tangent to the circle. 
492 
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61. In a circle, equal chords have equal arcs. 

499 

62. In a circle, equal arcs have equal chords. 

499 

63. An inscribed angle is equal in measure to 
half its intercepted arc. 505 

Corollary 7. Inscribed angles that intercept the 
same arc are equal. 505 

Corollary 2. An angle inscribed in a semicircle 
is aright angle. 505 

64. A secant angle whose vertex is inside a 
circle is equal in measure to half the sum 
of the arcs intercepted by it and its 
vertical angle. 511 

65. A secant angle whose vertex is outside a 
circle is equal in measure to half the 
difference of its larger and smaller 
intercepted arcs. 511 

66. The Tangent Segments Theorem. The 
tangent segments to a circle from an 

external point are equal. 517 

67. The Intersecting Chords Theorem. If two 
chords intersect in a circle, the product of 

the lengths of the segments of one chord 
is equal to the product of the lengths of 
the segments of the other chord. 517 



Exercises 

Set | 

Panoramic Camera. The photograph above of 
Paris was taken in 1846 with a camera whose 
lens could turn through an angle of 150°. 

gnoled'ae ze 

The figure above shows an overhead view with 

the camera at C. The scene photographed lies 

within the purple arc of ZC. 

1. What are AC and CB called with respect 

to circle C? 

2. What is ZC called? 

3. What kind of arc is the arc of the 

photograph? 

4. What is mAB? 

Chords and Radius. An exercise in an old 
geometry book says to “draw a circle and 
then draw a chord equal to the radius. Also 

draw a chord equal to twice the radius.”* 

*First Steps in Geometry, by G. A. Wentworth and 
G. A. Hill (Ginn, 1901). 

5. Use your straightedge and compass to 
make the drawing described. 

6. What is a chord equal to twice the radius 

called? 

7. What is the measure of the minor arc 

associated with the chord equal to the 

radius? 

8. What is the measure of one of the arcs 

associated with the chord equal to twice 

the radius? 

Finding Lengths and Angles. Solve for x in 
each of the following figures. The points 
labeled O are the centers of the circles. 

o 10. XD) 

as, 
11. (on 12. 
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15. 16. 

105° B 

Za 
SSS > A 

105° Ke AB is tangent to 

circle O at B. 

Two Equilateral Triangles. In the figure below, 
AABC and AADE are equilateral and A is the 

center of both circles. AB = 4 and BD = 2. 

a 
Find the following measures. 

SWS JaXOr 

18. mBC. 

19. DE: 

20. mDE. 
21. How do BC and DE compare in length? 

22. How do BC and DE compare in 
measure? 

Not Quite Right. In the figure below, sides AB 
and AD of quadrilateral ABCD are tangent to 
circle C. 

A D 

What can you conclude about 

23. ZB and 2D? Why? 

24. ZA and ZC? Why? 
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25. AB and AD? Why? 

26. BC and CD? Why? 

Three Ratios. In the figure below, circles have 
been drawn with two sides of equilateral 

AABC as their diameters. 

CG 

A D B 

27. What relation do the four small triangles 
have to AABC? 

Comparing one of these triangles with AABC, 
find the ratio of their 

28. corresponding angles. 

29. corresponding sides. 

30. perimeters. 

31. areas. 

Set Il 

Tangent Circles. In the figure below, circles O 
and P intersect at A. Also, AC and AD are 

chords of circle P. 

32. Copy the figure and draw PB. 

33. What is the measure of 7 ABP? Explain. 

34. What does the measure of 7 ABP tell us 

about PB and AC? 

35. What can you conclude about AB and 
BC? Explain. 



32. (continued) Draw OB and PC. 

36. What kind of triangles are AAOB and 

AAPC? 

37. What else can you conclude about them? 

Explain. 

38. What can you conclude about OB and 

PC? Explain. 

Arch Problem. The arches in the dome of Santa 
Maria del Fiore in Florence, Italy, are based on 
the geometric figure below.* 

E 

eeCTAE oD 
39. Draw the figure as follows: 

(1) Use your ruler to draw AB 5 cm long. 
Mark points C and D on AB so that 

ANG —s ecm and DB — 1 cm: 

(2) With C as center and CB as radius, draw 
an arc as shown. With D as center and 

AD as radius, draw a second arc. Let E 

be the point in which the arcs intersect. 

(3) From E, construct EF | AB. Also draw 
Cr: 

*Why Buildings Fall Down, by Matthys Levy and 
Mario Salvadori (Norton, 1992). 

Calculate the following lengths. Mark each 
length on your figure as you find it. 

40. CE. 

41. CF. 

42. EF. 

43, Find =, the ratio of the arch’s rise to 

its span. 

44, Find mAE, the measure of one of the two 

arcs of the arch. 

Prehistoric Ring. The inhabitants of 
prehistoric England constructed rings of 
standing stones in different geometric shapes.? 

ey 
E 

7 

IS) Up TS wy ws 

One egg-shaped ring consisting of four arcs is 
shown in the figure above. Use the following 

information and the fact that ABAC and ADAC 

are 3-4-5 right triangles to find the measure of 
each of the following arcs to the nearest 

degree. 

45. EFG, whose center is A. 

46. GH, whose center is D. 

47. HI, whose center is C. 

48. TE, whose center is B. 

49. How do the degree measures of the two 
parts of the ring on either side of GE 
seem to compare? 

50. Explain, by using ABCD and ZHCI, 

why mGH + mHI + mIE = 180°. 

t Geometry and Algebra in Ancient Civilizations, by B. L. 

van der Waerden (Springer, 1983). 
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Circular Saw. The figure below shows the 
blade of a circular saw cutting into a board. 
The radius OD of the blade is perpendicular to 
the board. 

51. What can you conclude about point C? 

If the diameter of the blade is 10 inches and 
the cutting depth, CD, is 3.75 inches, 

52. find the length of the cut from A to B. 

53. find the measure of Z AOD. 

54, find mADB. 

Golden Ratio. In the figure below, circles A, B, 

and C have radii equal to | and are tangent to 
a diameter of circle O.* 

Find the exact length of 

Sys (OW 

502 OG: 

ig (O18, 

58. Find the exact ratio of the radius of circle 

O to the diameter of circle C. 

59. Find the value of this ratio to six decimal 

places. 

60. Find the exact ratio of the diameter of 

circle C to the radius of circle O. 

*The Loom of God: Mathematical Tapestries at the Edge of 
Time, by Clifford A. Pickover (Plenum, 1997). 
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61. Find the value of this ratio to six decimal 

places. 

62. What do you notice? 

Pond Problem. The following problem is from 
a book published in London in 1754.7 

A 

D 

The figure above is an overhead view of a 
rectangular garden that contains a round pond. 

AO, BO, CO, and DO connect the corners of 

the garden to the center of the pond. Given 
that AE = 60 yards, BF = 40 yards, CG = 28 

yards, and DH = 52 yards, the problem is to 

find the radius of the pond. 

The figure below suggests a way to solve 
the problem. In it, OI, OJ, OK, and OL have 

been drawn so that they are perpendicular to 

the sides of the rectangle. 

63. Can you figure out a way to find the 

radius of the pond? 

'“The Ladies Diary,” in Geometry Civilized: History, 
Culture, and Technique, by J. L. Heilbron (Clarendon 
Press, 1998). 



ALGEBRA REVIEW 

Solving Systems of Equations 

To solve a system of two equations in two 
variables means to find every ordered pair of 
numbers that can simultaneously replace the 
variables in both equations to make them true. 
If the equations are linear, this solution 
corresponds to finding the coordinates of the 
point in which two lines intersect. (If the 
two lines are parallel, they have no point in 
common and so the system has no solutions.) 

Solving by Substitution 

For some systems of equations, it is 

convenient to first solve one of the equations 

for one variable in terms of the other. The 

expression that results can then be substituted 

into the other equation. These steps, together 

with the rest of the method, are illustrated by 

the following examples. 

Example 1: Solve the system 

2x+ y= 11 
ia 6 

Solution: |The second equation is already 

solved for y in terms of x. Because 

y and x + 5 are the same number, 

we can substitute x + 5 for y in the 

first equation: 

Qe + (x + 5) = 11 

Solving for x, we have 

ayese o) = Il 

Sve C 

=D 

Substituting this value for x in the 
second equation gives 

y= 2+5 

Jeu 

The solution to the system is (2, 7). 

A graph of the two lines of this system and 
their point of intersection is shown below. 

Example 2: Solve the system 

xy 1 

3x + 29 8 

In this case, we might begin by 
solving the first equation for x and 

substituting the result in the 

second equation. 

a= yap ll 

3(y + 11) + 24y=8 
3p + 33 + 2y=6 

Solution: 

We have already shown that 

Ay and sow == 5-1 0, 

The solution to the system is 

(Opan)2 
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Solving by Linear Combination 

Another way to solve a system of equations is 

to combine the equations to form an equation 

that contains only one of the variables. The 

solution to this equation can then be 

y= 2. 

The solution is (7, 2). 

substituted into either of the original equations Example 4: Solve the system 
to find the other variable. 3x + Ty = 25 

Example 3: Solve the system a+ 4y= 11 

4x + 3y = 34 Solution: We can eliminate x by multiplying 
x—3y= I the first equation by 5, multiplying 

ae ‘ the second equation by —3, and 
Solution: We can eliminate y by adding the then adding the resulting 

two equations: equations: 

4x + ) = 4 5(8x+7))= 5(25) > 15x+ 35y= 125 
a = 

ees See —3(5x + 4y) = —3(11) > —15x— 12y = -33 
aborts : 23y= 92 

Dividing both sides of the red 
resulting equation by 5, we get J 

x= 7. 3x+ 7(4) = 25 

Substituting 7 for x in the first 8x + 28 = 25 
equation, we get 3x = eo 

4(7) + 8y = 34 é Bae: 
28 + 3y = 34 The solution is (—1, 4). 

Exercises 

Solve the following systems of equations. 

l.x=y (omer l= Sy 13. x + y= 35 19. 2x + 5y = 29 
2Qx=y+8 x = 2(3y — 8) x— y= 67 4x — y= 25 

2. y= 2x 8 x+y= 14 14. 5xi—7y=92 20. 5x + 4y= 53 

4xn—y=14 eh Sat y= 4 Ky =O 

oe a, Sa 9. 4 —5y 15. 3x — 5y= 51 21. 8x —3y = 32 
3(x + 1) = 4y 24 1 y= 27 x+ 5y = 23 7x + Oy = 28 

4. P= KT, 10. y= x+3 16. 8x — 7y = 62 22. 6x + by = 24 
VS Ohe ae, Koay == 2 4x — 7y = 66 10x Fao 

5. x=yt1 ll. 2x + y= —40 17. RS =F 23. 5x = 79 = 94 

2x = 3y+3 8y—3=«% 3x + 2y = 25 2x — 3y = 22 

6. y= 3x81 12.-9%= 9.45 18. 4x + 3y= 31 24. 7x — 5y = 40 
x+ 2y = 33 Ay 34 = —20 2x—9y=5 3x — 2y= 16 
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One meaning of the word “concurrence” is “agreement in 

opinion,” as illustrated by the person(s?) and shadow(s?) shaking 

hands in the figure above. In geometry, the word “concurrence” 

has a somewhat related meaning: the meeting of lines in a 

common point. A somewhat amazing fact is that, no matter what 

the shape of a triangle may be, several sets of lines related to the 

triangle are always concurrent. In this chapter, we will see why 

and will look at some other relations between points and lines 

that are quite surprising. 



LESSON 1 

Triangles and Circles 

530 

One of the earth’s ancient mysteries is Stonehenge, a monument of 

huge stones on the Salisbury Plain in England. Its construction is 
thought to have started in about 3000 B.c. when surveyors attached 
one end of a long rope to a post and the other end to a pointed stake. 
Using this primitive compass, they drew an enormous circle in the 
ground. In a period of more than a thousand years, more than 160 
stone blocks weighing as much as 50 tons were moved into place—how 
and why no one knows.* 

The first figure at the left shows the positions of the stones that 
still stand in the main circle. The second figure shows how any three 
of them can be used to find the circle’s center. Drawing AB, BC, and 

AC produces a triangle whose sides are chords of the circle. The per- 
pendicular bisectors of the chords of a circle contain its center; so the 

center of Stonehenge is at the point in which these lines intersect. 
Because the vertices of AABC lie on a circle, the triangle is said to 

be cyclic. 

Definition 
A polygon is cyclic iff there exists a circle that contains all of its 
vertices. 

* Stonehenge Complete, by Christopher Chippindale (Cornell University Press, 
1983). 
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It is easy to prove that every triangle, no matter what its shape, is 
cyclic. 

Theorem 68 G 
Every triangle is cyclic. IF: 

Given: AABC. 
Prove: AABC is cyclic. A B A B 

I; 
Proof 

Let /; and J, be the perpendicular bisectors of AB and BC and 

let P be the point at which they intersect. Draw PA, PB, and PC. 

AAMP = ABMP and ABNP = ACNP (SAS); so PA = PB and 
PB = PC. Because PA = PB = PC, the circle of radius PA contains 

A, B, and C. So AABC is cyclic. 

In the figure at the right, AABC is inscribed in circle O, and circle O 

is circumscribed about AABC. Circle O is called the circumcircle of AABC, 
and point O is called the circumcenter of AABC. 

Definitions 
A polygon is inscribed in a circle iff each vertex of the polygon lies on 
the circle. 
The circle is circumscribed about the polygon. 

In our proof that every triangle is cyclic, we showed that the per- 

pendicular bisectors of two of its sides intersect at the center of its 

circumcircle. All the sides of AABC in the figure at the right are chords 
of circle O. We know from Theorem 58 that the perpendicular bisec- 

tors of the chords of a circle contain the center of the circle. Because 

lines that contain the same point are concurrent, this result establishes 

the following corollary. 

Corollary to Theorem 68 
The perpendicular bisectors of the sides of a triangle are concurrent. 

Theorem 68 and its corollary suggest that we need only to con- 
struct the perpendicular bisectors of any two sides of a triangle to find 
the triangle’s circumcenter. 

Construction 9 
To circumscribe a circle about a triangle. 
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Exercises 
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Set | 

Hot Tub. The figure below shows a design for 
a hot tub as seen from overhead.* 

1. What are the sides of AABC called with 

respect to the circle? 

2. What are the angles of AABC called with 
respect to the circle? 

3. What word describes a polygon for 
which there is a circle that contains all of 

its vertices? 

4, What is circle O called with respect to 

AABC? 

5. What relation does AABC have to circle 

O? 

6. What relation do points A, B, and C 

have to point O? 

Circumcircles. The figures below suggest 

something about the circumcircles of different 
types of triangles. 

7. What kind of arcs do the angles of an 

acute triangle intercept? 

*Indoor Sports Spaces, by Robin Crane and Malcolm 
Dixon (Van Nostrand Reinhold, 1991). 

DoZ 

8. What kind of arc does the right angle of 
a right triangle intercept? 

9. What kind of arc does the obtuse angle 
of an obtuse triangle intercept? 

For what kind of triangle is the circumcenter 

10. inside it? 

11. onit? 

12. outside it? 

13. What is the hypotenuse of a right 
triangle called with respect to its 
circumcircle? 

14. What point is the circumcenter of a right 

triangle? 

RGB Color. The primary colors of light (red, 
green, blue) are mixed in varying proportions 
to produce the colors on a television screen or 
computer monitor. 

F 

The figure above illustrates the basic 
combinations of these colors. 

15. Construct the figure by doing the 
following steps. 

(1) Construct an equilateral triangle with 
sides | inch long, and label its vertices A, 

Byandi€: 

(2) Draw three circles with their centers at 
A, B, and C and radius 1 inch. 

(3) Label the points D, E, and F in which 
the circles intersect. 

15. (continued) Draw AD, BE, and CF. 

16. What do you notice about these three 

lines? 

17. Why is it true? 
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18. In the figure below, three circles having 
different radii intersect in six points. 

F 

(1) Use your compass to draw a figure like 
it. Label the six intersection points as 

indicated. 

(2) Draw AABC. 

(3) Draw AD, BE, and CF. 

19. Are these three lines the perpendicular 

bisectors of the sides of AABC? 

20. Do they seem to be concurrent? 

18. (continued) Label the point P in which 
AD, BE, and CF seem to intersect. 

21. Given that they do intersect in P, explain 
WavenierePD) = BP. PE.= CP - PF. 

Four Lines and Four Circles. In the figure 
below, four lines intersect in six points. 

22. Name the triangles that they form. 

23. How are the circles in the figure related 

to these triangles? 

24. How many points are needed to deter- 

mine a circle? 

25. Although there is nothing special about 
the four lines, there is something un- 

usual about the four circles. What is it? 

Equilateral Triangle. In the figure below, 
AABC is equilateral, it is inscribed in circle O, 
and AE, BF, and CD are its altitudes. 

G 

A Rcmalbrinn< B 

26. It follows that AE, BF, and CD are also 

the perpendicular bisectors of the sides 
of AABC. Why? 

27. Into what kind of right triangles do AEF, 
BF, and CD divide AABC? 

28. How does the length of OA compare 
with the length of OD? Explain. 

29. How does the radius of circle O compare 

in length with one of the altitudes of 
AABC? 

Nearest School. In the figure below, A, B, and 
C represent the locations of three high schools. 
Students are assigned to the school closest to 
where they live. 

A® 

30. If a high-school student lives at P, to 

which school does he or she go? 

Make a large drawing similar to this figure on 
your paper. 
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31. Use your straightedge and compass to 

construct a line separating all points 
closer to A from those closer to B. Draw 

a second line separating all points closer 

to B from those closer to C. Draw a third 

line separating all points closer to C 

from those closer to A. Darken the parts 

of the lines that are the edges of the three 
regions in which students going to the 
three schools live. 

32. What is the point called that is equidis- 
tant from A, B, and C? 

Set II 

Folding Experiment. The figure below shows a 
triangle with sides of lengths 10, 11, and 12. 

12 

33. Use your straightedge and compass to 

construct it by using lengths of 10 cm, 11 

cm, and 12 cm for the sides. Label the 

three vertices of the triangle A, B, and C 

inside the triangle as shown in the figure. 

(1) Construct the three perpendicular 
bisectors of the sides of the triangle. 

(2) Cut the triangle out. Fold it so that 
vertex A falls on vertex B. Open the 
triangle out flat and fold it again so that 
vertex B falls on vertex C. Open the 
triangle out flat and fold it again so that 
vertex C falls on vertex A. 

34. What do you notice about the three 
folds? 

33. (continued) Label the point P in which the 
folds intersect. Tape the triangle on 

your paper. 

35. How is point P related to the vertices of 

the triangle? 

36. Use your ruler to find the radius of the 

triangle’s circumcircle. 
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37. Use your ruler and compass to draw a 
triangle having sides of lengths 9 cm, 
12 cm, and 15 cm. Cut the triangle out 
and fold each pair of vertices together as 
described in exercise 33. Tape the 
triangle on your paper. 

38. What kind of triangle is it? Explain. 

39. What do you notice about the three 

folds? 

40. Use your ruler to find the radius of the 
triangle’s circumcircle. 

Inscribed Triangles. In the figure below, AABC 
and AADE are inscribed in circle O and 

DEG 

EX. 
YS 

41. Copy the figure and draw BD. 

42, ZE= ZABD. Why? 

43, What can you conclude about 2 ADB? 

Explain. 

44, ZAFE = ZADB. Why? 

45, What can you conclude about 21 and 

22? Explain. 

Babylonian Problem. In 1936, some 
Babylonian tablets dating from 1900 B.c. to 

1650 B.C. were discovered in Iran. On one of 

these tablets appears the following 
problem: 

Find the radius of the circumcircle of a 

triangle whose sides are 50, 50, and 60.* 

46. Use your straightedge and compass to 
construct a triangle ABC whose sides 
are 50 mm, 50 mm, and 60 mm, with the 

60 mm side as a horizontal base, AB. 

*An Introduction to the History of Mathematics, Howard 

Eves (Saunders, 1990). 
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47. 

48. 

Construct its circumcircle; draw a radius 

and label it r. 

Use your ruler to measure the radius in 

millimeters. 

Let O be the circumcenter of AABC. Use 
your drawing and what you know about 
it to find the exact answer to the 
Babylonian problem. 

Diameters and Sines. Circle O is the 

circumcircle of AABC and BD is a diameter. 

49, 

50. 

bale 

B 

‘ps 
D 

What can you conclude about ABCD? 

Explain. 

Why is ZA = 2D? 
Express sin D in terms of a and r. 

Because ZA = ZD, sin A = sin D. By the Law 

of Sines, —“— = b =a 
orsin A sin B sin C 

52. Express ca rn in terms of 1. 

53. What does this result reveal about the 
ratio of the length of any side of a 
triangle to the sine of the opposite 
angle? 

Set Ill 

The Slipping Ladder. Obtuse Ollie put a tall 
ladder against a wall so that it made equal 
angles with the wall and floor. When his feet 
were halfway up the ladder, the top end 

started slipping and slid all the way down the 
wall. Ollie was too startled to do anything but 
hold on. 

1. Draw two perpendicular line segments 
to represent the wall and the floor. Make 

an accurate drawing of the path of Ollie’s 
feet as the ladder slid down the wall by 

using one of the shorter edges of a file 

card to represent the ladder as shown 

below. 

. What kind of a path do you think Ollie’s 

feet traveled? 

. Use the fact that the midpoint of the 

hypotenuse of a right triangle is its 
circumcenter to explain why the path has 

the shape that it does. 

535 Lesson 1: Triangles and Circles 



LESSON 2 

Cyclic Quadrilaterals 

Leonardo da Vinci used geometry to study the human figure. The il- 
lustration above is based on a drawing from one of da Vinci’s note- 

books. In one position, the man’s fingers, feet, and head touch the 

square. In the other position, his fingers and feet touch the circle. If 

you stood with your arms outstretched and your feet apart, would 

your hands and feet also touch a circle? 

The answer to this question depends on whether the quadrilat- 

eral whose vertices correspond to the positions of your hands and feet 
is cyclic. Unlike triangles, not every quadrilateral is cyclic. Whether a 
convex quadrilateral has vertices that lie on a circle is determined by 
its angles. In stating the following theorem, we use our assumption 
that polygons are convex, unless told otherwise. 

Theorem 69 
A quadrilateral is cyclic iff a pair of its opposite angles are 

supplementary. 
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First, we will prove that, if a quadrilateral is cyclic, its opposite 
angles are supplementary. 

Given: Quadrilateral ABCD is cyclic. 

Prove: ZA and ZC are supplementary and 7B and 2D 

are supplementary. 

Proof 
Because quadrilateral ABCD is cyclic, let circle O contain its 

vertices (if a polygon is cyclic, there exists a circle that contains all 
of its vertices). 

In the circle, ZA = 5 mDCB and ZC = 5 mBAD (an inscribed 

angle is equal in measure to half its intercepted arc). Because 

ZA+ZC= SmDCB + 5 mBAD (addition), ZA + ZC = 

5 (mDCB + mBAD) = 51860" = 180° (a circle has a degree measure 

of 360°). Therefore, ZA and ZC are supplementary. Because the sum 
of the angles of a quadrilateral is 360°, ZA + ZB + ZC + ZD = 360°. 
We know that ZA + ZC = 180° and so, by subtraction, 
ZB + ZD = 180°; so ZB and ZD also are supplementary. 

Now we will prove the converse: if a pair of opposite angles of a 

quadrilateral are supplementary, then the quadrilateral is cyclic. 

Given: 2B and ZD are supplementary. 

Prove: Quadrilateral ABCD is cyclic. 

Proof 
Draw a circle through points A, B, and C (points A, B, and C 

determine a triangle and every triangle is cyclic). Point D lies either 
outside this circle, inside it, or on it. 

Suppose that D lies outside the circle. Let the second point in 
which AD intersects the circle be called E. Draw EC. Then ABCE 
is cyclic. 

Now, ZB and ZAEC are supplementary (if a quadrilateral is 
cyclic, its opposite angles are supplementary), and 2B and ZD are 
supplementary (given); so ZAEC = ZD (supplements of the same 
angle are equal). But this equality contradicts the fact that 
ZAEC > ZD (an exterior angle of a triangle is greater than either 
remote interior angle), and so our original assumption must be false. 
In other words, D cannot lie outside the circle. 

A similar argument can be used to establish that D cannot lie 
inside the circle. Therefore D must lie on the circle, and so 

quadrilateral ABCD is cyclic. 
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Exercises 

Set | 

Quilt Quadrilaterals. Four shapes frequently 
used in quilt patterns are shown below. 

45° 459 

135° 1359 
Trapezoid 

Diamond Kite 

1. How is it possible to tell whether each of 

these figures is cyclic without drawing 

any circles? 

2. Which of these figures are not cyclic? 

Cyclic and Noncyclic. The figures below 
suggest another difference between cyclic and 
noncyclic quadrilaterals. 

B hs 

D H 

3. How do you suppose the lines 

intersecting AB, BC, CD, and DA were 

constructed? 

4, For a quadrilateral to be cyclic, what 

must be true about these four lines? 

5. What relation does the center of the 

circumscribed circle of a cyclic 

quadrilateral have to the vertices? 

Euclid’s Proof. Euclid’s proof that the opposite 
angles of a cyclic quadrilateral are 
supplementary is based on the figure below. 

KOK 

LX 
D 

Give the reason for each of the following 
statements in his proof. 

6. Draw AC and BD. 

7. Z1 + ZABC + 24 = 1807 

8. Z1= Z3 and 22 = 24. 

9 ZA DG= Zia. 

10. ZADC = 24+ 21. 

11, ZADC + ZABC = 24+ ZR AABC: 

12. ZADC + ZABC = 180°. 

A Different Proof: Another proof that the 
opposite angles of a cyclic quadrilateral are 
supplementary is based on the figure below. 

13. Copy the figure, including the four radii 
and w, x, y, and z, which are the 

measures of the four angles indicated. 

14, What can you conclude about the four 

triangles in the figure? Explain. 

13. (continued) Label the other four angles 
whose measures are w, x, y, and Z. 

15. To what number is 2w + 2x + 2y + 2z 

equal? Explain. 

16. To what number is w+ x + y + zequal? 
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17. How does this result prove that the 

opposite angles of a cyclic quadrilateral 

are supplementary? 

Isosceles Trapezoid. ABCD is an isosceles 
trapezoid with bases AB and DC. 

D (E 

A B 

18. What can you conclude about AB and 

DC? Why? 

19. What can you conclude about ZA and 

ZD? Why? 

20. What can you conclude about ZA and 

ZB? Why? 

21. What can you conclude about 2B and 

LEADI 

22. What does this conclusion indicate about 

ABCD? Why? 

23. What do exercises 18 through 22 prove 

about isosceles trapezoids? 

Equilateral Triangles on the Sides. In the 
figure below, equilateral triangles have been 
constructed on the sides of AABC. 

24. What do you notice about the 
circumcircles of these three triangles? 

25. What kind of quadrilaterals are APBD, 
APCF, and BPCE? 

26. What can you conclude about the three 

angles at P? Explain. 

27. Use your straightedge and compass to 
do each of the following steps. 

(1) Construct a triangle having a different 
shape. 

(2) Construct equilateral triangles on its 
sides. 

(3) Construct their three circumcircles. 

28. Do the conclusions that you drew in 
exercises 24 through 26 seem to be true 

about your drawing? 

Set Il 

Cyclic or Not. For each of the following 
figures, tell whether you think quadrilateral 
ABCD is cyclic or not. In each case, explain 

your reasoning. 

29. A 

D & 

In the figure above, E is a point inside 
quadrilateral ABCD such that 
AE = BE = CE = DE. 

30. In the figure at a 3 
the right, AB | AD, 

DC 1 AD, and 

ZB is obtuse. 
D Ss 

eo ls A 

B 

D GAME, 

In the figure above, 7BCE is an exterior 
angle of quadrilateral ABCD and 
ZBCE = ZA. 
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Brahmagupia’s Theorem. Brahmagupta, an 
Indian mathematician who lived in the 

seventh century, discovered several theo- 

rems about cyclic quadrilaterals. One of 

them is about a cyclic quadrilateral whose 

diagonals are perpendicular to each other. 

G 

D 

32. Make a drawing similar to the one above 
by doing each of the following steps. 

(1) Draw _a large circle and construct two 
perpendicular chords of unequal lengths 
in it. Label them AB and CD and their 
point of intersection E. 

(2) Connect the four points on the circle to 
form the cyclic quadrilateral ACBD. 

(3) Through point E, construct a line per- 
pendicular to side BD and extend the 

line to intersect side AC. Label the 

points of intersection X and Y as shown 

in the figure below. 

33. 22 = 27 and 23 = 26. Why? 

34. 27 = 25 and 26 = 28. Why? 

35. 25 = Z1 and 28 = 24. Why? 

36. 22 = Z1 and 23 = 24. Why? 

37. What do the equations in exercise 36 

reveal about the relation of point Y to 

segment AC? Explain. 

The same reasoning can be used to show that 

lines drawn through E perpendicular to the 
other sides of ACBD are related to the opposite 

sides in the same way. 

38. Use this conclusion to copy and complete 

the following statement of Brahmagupta’s 
Theorem: 

If a cyclic quadrilateral has perpen- 

dicular diagonals, then any line through 

their point of intersection that is perpen- 

dicular to a side of the quadrilateral . . . 

that didn’t always work.* D 

Brahmagupta found a 

formula for the area of a cyclic quadrilateral 
that does always work. The formula is 

A= V(s— a(s— B(s— o(s— d) in which @, b, ¢ 

and dare the lengths of the sides of the 
quadrilateral and s is half its perimeter. 

41. The figure below shows another 

quadrilateral whose sides have the 

same lengths: 25, 39, 52, and 60. 
Do you think it has the same area as 

the quadrilateral in exercise 40? Explain 

why or why not. 

39 52 

25 60 

*Chapter 1, Lesson 5, pp. 30-31. 

Area Formula. 
You may remember that 

the ancient Egyptians 

used a formula for the 

area of a quadrilateral 

39. Show that this 

formula works for 

a rectangle, where 

c=aand d= 6b. 

40. Use it to find the 

area of the cyclic 

quadrilateral at 

the right, which 
Brahmagupta used 
as an example. 

540 Chapter 13: The Concurrence Theorems 



Ptolemy’s Theorem. Claudius Ptolemy, an 
astronomer and mathematician who lived in 
Alexandria, proved the following theorem in 
about 150 A.D.: 

The sum of the products of the 

opposite sides of a cyclic quadrilateral is 

equal to the product of its diagonals. 

In the figure below, this theorem means 

that AB -: DC + AD - BC = AC : BD. 

) Fe 

rw, 

D 

Give the reason for each of the statements in 

the following proof of Ptolemy’s Theorem. 

42. Draw AX so that 25 = 27. 

ABZ P= "7 2. 
44, ADAX ~ ACAB. 

DX _ AD ee 

CB- AD Aone 
AC 

Ate 2 O = 27 + 26. 

48. ZDAC = ZXAB. 

im), eas 
50. ADAC ~ AXAB. 
Bie 2 = re 

SER = aa Cie 

53. DX + XB = ae a fe a 
Pt ee cna 

vowape DC + AD - BC=AC - BD. 

Two Applications. When Ptolemy’s Theorem 
is applied to a rectangle, the theorem turns 
into something else. 

56. Apply it to the 

figure at the right 
to show how it 

does so. 

In the second figure 

at the right, equilateral 
AABC is inscribed in (€ 

the circle and P is any 

point on AB. 

57. Use Ptolemy’s 

Theorem to show A B 

that PA 43 PB = PC, p 

Set Ill 

Overlapping Cards Puzzle. The figure below 
shows two overlapping rectangular cards.* 

H 

1. A circle can be drawn through points A, 

B, C, and D or through points E, F, G, 

and H. Why? 

2. Find another set of four points in the 
figure through which a circle can be 
drawn. Which points did you find? Why 
are they cyclic? (Copy the figure and 
mark it to illustrate your answer.) 

*Adapted from a puzzle by Stephen Barr in his 2nd 
Miscellany of Puzzles, Mathematical and Otherwise 
(Macmillan, 1969). 
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LESSON 3 

Incircles 

Atoms are so small that it is hard to imagine that they could be photo- 

graphed. An atom of gold, for example, has a radius of only about 

one-hundred millionth of a centimeter. 

In 1979, Hatsujiro Hashimoto and his research team at Osaka Uni- 

versity in Japan used a powerful electron microscope to produce the 
photograph above. It shows a piece of gold film so highly magnified 
that the individual atoms can be seen as yellow dots. 

The pattern of the atoms is illustrated in the diagram at the left. 

In this diagram, each atom is represented by a circle. Each circle is in- 
scribed in a rhombus. 

Definitions 
A circle is inscribed in a polygon iff each side of the polygon is 
tangent to the circle. 
The polygon is circumscribed about the circle. 

The circle is called the incircle of the polygon, and its center is called 
the incenter of the polygon. 
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In Lesson 1 of this chapter, we showed that the center of the cir- 
cumcircle of a triangle is the point in which the perpendicular bisec- 
tors of any two of its sides intersect. From this fact, it followed that 

all three of these bisectors must be concurrent. In this lesson, we will 

show that the center of the incircle of a triangle is the point in which 
the bisectors of any two of its angles intersect. From this fact, it fol- 
lows that all three angle bisectors must be concurrent. 

Theorem 70 Ga G 

Every triangle has an incircle. 

Given: AABC. 

Prove: AABC has 

an incircle. A eA yee ial B 

Proof 
Let two rays bisect 2A and ZB and let P be the point in which 

they intersect. Through P, draw PD | AC, PE 1 AB, and PF 1 BC. 

AAPD = AAPE and ABPE = ABPF (AAS); so PD = PE and 
PE = PF. Because PD = PE = PF, a circle can be drawn with P as 

center and PD as radius that contains all three points, D, E, and F. 

Because AC | PD, AB | PE, and BC 1 PF, the sides of the 

triangle are tangent to circle P (if a line is perpendicular to a radius 

at its outer endpoint, it is tangent to the circle.) Therefore, circle P 
is an incircle of AABC. 

In our proof that AABC has an incircle, we showed that the bi- 

sectors of two of its angles, 7A and ZB, intersect at the center of the 

circle. What about the bisector of the third angle, 2C? 
Draw ray CP. Because ACPD = ACPF (HL), 2DCP = ZFCP. So 

CP bisects 2 ACB. Because all three angle bisectors pass through point 
P, they are concurrent. We state this result as the following corollary. 

Corollary to Theorem 70 
The angle bisectors of a triangle are concurrent. 

Theorem 70 and its corollary suggest that, to find the incenter of 

a triangle, we can bisect two of its angles. To find the radius of the 
incircle, we can then construct a perpendicular from the triangle’s in- 

center to one of the triangle’s sides. 

Construction 10 

To inscribe a circle in a triangle. 

BN ts As. Bp 
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9. From what is the center of the incircle 

equidistant? 
Exercises 

BP CU EEREY SAIL INE BSED LIE IE CLASES DOLE SEER OES 

Set | Circumscribed Quadrilateral. Each side of 
; quadrilateral ABCD is tangent to circle O. 

Postage Stamp. This stamp issued by the 

Republic of Maldives illustrates a special 

property of the angle bisectors of a triangle. D G G 

: aight TECHNOLOGY H F 

REPUBLIC OF MALDIVES ‘18 

10. What is circle O called with respect to 

ABCD? 

What is point O called with respect to 

1. What is this property? 

2. What is the name of the point in which 11. 

the angle bisectors intersect? ABCD? 

12. Copy the figure and draw OE, OF, OG, 
Circumcircle and Incircle. The figures below anid .OHs 
compare the construction of the circumcircle 
and incircle of a triangle 13. What relation do these segments have to 

the sides of ABCD? Explain. 

12. (continued) Draw AO, BO, CO, and DO. 

14. What relation do these lines have to the 

angles of ABCD? Explain. 

15. Ifa circle can be inscribed in a quadrilat- 

eral, what must be true about the lines 

that bisect its angles? 

12. (continued) Use tick marks to mark the 

- How many lines are needed in the 

construction of the circumcircle? 

. How are these lines related to the 

triangle? 

. From what is the center of the 

circumcircle equidistant? 

- How many lines are needed in the 

construction of the incircle? 

. What lines are drawn to find the center 

16. 

tangent segments in the figure that are 
equal. 

If a circle can be inscribed in a quadrilat- 

eral, what must be true about the sums 

of the lengths of the quadrilateral’s 
opposite sides? 

Use these conclusions to tell under what 

conditions it is possible for the following 
quadrilaterals to have incircles. 

of the incircle? 17. Rectangles. 

. What is drawn to find the radius of the 18. Parallelograms. 
incircle? 19. Trapezoids. 
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Equilateral Triangle. The incircle and 
circumcircle of an equilateral triangle are 

concentric. 

A 

7X 
DRX 
Cae, 

20. What does concentric mean? 

What relation do lines AD, BE, and CF have to 

21. the sides of AABC? 

22. its angles? 

23. What kinds of triangles do you see in 
the figure? 

Given that the radius of the incircle is 1, what 

is 

24. the radius of the circumcircle? 

25. the circumference of each circle? 

26. the area of each circle? 

Construction Problem. The sides of the 
triangle below are 8, 9, and 10 units. 

B 

A 10 G 

27. Use your ruler and compass to construct 

an enlargement of it, using sides of 

lengths 8 cm, 9 cm, and 10 cm, in the 

center of a sheet of paper. Label its 

vertices A, B, and C. 

(1) Circumscribe a circle around AABC. 

(2) Inscribe a circle in AABC. 

(3) Choose any point on the larger circle 
and label the point D. Use your ruler to 

draw two lines from D that appear to be 

tangent to the smaller circle. Label the 

two points in which these lines intersect 

the larger circle points E and F. Draw EF. 

28. What seems to be true? 

29. Does ADEF appear to be congruent to 

AABC? 

30. On the basis of your results, does it 

appear possible for two triangles that are 
not congruent to have the same incircle 
and circumcircle? 

Set II 

Ship Location. The figure below from a book 
on navigation shows a method for finding the 

location of a ship by bisecting three angles.* 

Three position lines, /, /, and /3, form 

AABC. 

31. Which of the three bisector lines, /4, /5, or 

ls, bisects an angle of AABC? 

32. What are the other two bisected angles, 
ZDBC and ZBCE, called with respect to 

the triangle? 

33. What relation do the three bisector lines 

appear to have to one another? 

*Dutton’s Navigation and Piloting, by Elbert S. Maloney 
(Naval Institute Press, 1985). 

545 Lesson 3: Incircles 



34. Copy the part of the figure, shown 

below, in which the point in which /, 

and /¢ intersect has been labeled P. 

From P, draw PF | AD, PG 1 BC, and 

PH 1 AE. 

A 

35. What can you conclude about the four 

right triangles that are formed? Explain. 

36. What can you conclude about PF, PG, 

and PH? Explain. 

34. (continued) Draw AP. 

37. What can you conclude about AFAP and 

AHAP? Explain. 

38. What does your conclusion prove about 

AP and ZDAE? 

39. What do exercises 34 through 38 prove 

about the three bisector lines? 

Incircle Problem 1. ABCD is a square and 

circle O is its incircle. 

AuwnG gene 

FON 
2 H 

Roly 
D E G 

40. What can you conclude about FDEO? 

Given that OE = 7, express each of the 

following in terms of 7. 

Al. AB. 

42. The circumference of circle O. 

43. The perimeter of ABCD. 

44, The area of circle O. 

45. The area of ABCD. 

Find the exact value of each of the following 
ratios. 

46. The ratio of the circumference of circle O 

to the perimeter of ABCD. 

47. The ratio of the area of circle O to the 

area of ABCD. 

Incircle Problem 2. AABC is a 3-4-5 right 
triangle and circle O is its incircle. 

A 

Ds 
48. What can you conclude about ECDO? 

B 

Given that OD = 7, express each of the 
following lengths in terms of 7. 

49. AE. 

50. DB. 

Olean: 

52. Use your answer to exercise 51 to solve 

for 1. 

Find the exact value of each of the following 
numbers. 

53. The circumference of circle O. 

54. The perimeter of AABC. 

55. The area of circle O. 

56. The area of AABC. 

57. The ratio of the circumference of circle O 

to the perimeter of AABC. 

58. The ratio of the area of circle O to the 

area of AABC. 
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Incircle Problem 3. Quadrilateral ABCD is Set Ill 
circumscribed about circle O with radius 7. 

Excircles. In the figure below, circle O is 
inscribed in AABC, and circles X, Y, and Z are 

tangent to the lines that contain its sides. The 

lines that contain the sides of AX YZ bisect the 

exterior angles of AABC. 

SOM NAOB = SAB 7 eR BOGS 5BC 7 

aACOD = ScD ee 

aADOA = SDA - 7, Why? 

60. Use the fact that aABCD = aAAOB + 

aABOC + aACOD + aADOA to write 

an expression for aABCD in terms of r 

and its perimeter, /. 

Write an expression for each of the following 
ratios in terms of r and p. 

61. The ratio of the circumference of circle O 

to the perimeter of ABCD. 

62. The ratio of the area of circle O to the 

area of ABCD. 1. What relation do XA, YB, and ZC appear 
to have to AXYZ? 

Trisector Challenge. In the figure below, the 
rays from B and C trisect two of the angles of 2. Using the pest of the figure shown 
AABC. below, explain why your guess is true. 

A 

aS > 
aS a AON, 

aw 
63. 21 = 22. Why? 

B 

Lesson 3: Incircles 547 



LESSON 4 

The Centroid of a Triangle 

Tortoises walk very slowly. To keep its shell from scraping the ground, 
a tortoise generally moves just one of its feet at a time. Having the 
other three feet on the ground helps, because three noncollinear points 
determine a plane. For the tortoise to keep its balance, however, its 

center of gravity must always fall inside the triangle determined by 
these three points.* 

The center of gravity of the tortoise is the point in which it is “per- 
fectly balanced.” In the pictures above, this point is obviously not the 

balancing point of the triangles determined by the tortoise’s feet. 
Where is the center of gravity of a triangle? By this question we 

mean, at what point should a triangular board having uniform thick- 
ness and density be supported so that it will balance? 

If we try to find this point by trial and error with a large board in 
the shape of a scalene triangle, we find that this point is not the cir- 
cumcenter, the point in which the perpendicular bisectors of the sides 

are concurrent. Neither is it the incenter, the point in which the an- 

gle bisectors are concurrent. Instead, it is determined by the medians 
of the triangle. 

*Exploring Biomechanics: Animals in Motion, by R. McNeill Alexander (Scientific 
American Library, 1992). 
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Definition 
A median of a triangle is a line segment that joins a vertex to the 
midpoint of the opposite side. 

The fact that the balancing point of a triangle is determined by its 
medians suggests that they are concurrent, a fact whose proof is in- 

cluded in the exercises. 

Theorem 71 
The medians of a triangle are concurrent. 

A 

G 

B 

It was Archimedes who showed that the point in which its medi- 

ans are concurrent is the center of gravity of a triangular board of uni- 
form thickness and density.* Mathematicians refer to it as the centroid 

of the triangle. 

Definition 
The centroid of a triangle is the point in which its medians are 
concurrent. 

At this point, it will probably come as no surprise to you that there 

are other sets of lines related to a triangle that also are concurrent. One 

of these sets contains its altitudes. 

Theorem 72 
The lines containing the altitudes of a triangle are concurrent. 

A 

eG 

B 

Definition 
The orthocenter of a triangle is the point in which the lines 
containing its altitudes are concurrent. 

The proof of Theorem 72 also is included in the exercises. 

“Archimedes: What Did He Do Besides Cry Eureka? by Sherman Stein 

(Mathematical Association of America, 1999), Chapter 3. 
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Exercises 

Set | 

“Ortho” Words. The Greek word orthos 

means “right.” Can you think of a word that 
begins with ortho that refers to 

1. someone who makes teeth right? 

2. a right belief? 

3. shoes to make your feet right? 

4 . To what does the “ortho” in orthocenter 

refer? 

Theorem 71. Complete the following proof of 
Theorem 71 by giving the reasons. 

The medians of a triangle are concurrent. 

Given: AD and BE are medians of AABC. 

Prove: AD and BE are concurrent with 

the third median of AABC. 

Proof 

5. Draw line CP. Why? 

6. Choose point R on line CP so that 
CP = PR. Why? 

7. Draw AR and RB. Why? 

8. EPB || AR and APD || RB. Why? 

9. APBR is a parallelogram. Why? 

10. Q is the midpoint of AB. Why? 

11. CQ is the third median of AABC. Why? 

12. AD and BE are concurrent with CQ, 

Why? 

Theorem 72. Complete the following proof of 
Theorem 72 by giving the reasons. 

The lines containing the altitudes of a triangle 

are concurrent. 

C 

D 

oer yas B 

Given: AD, BE, and CF are the altitudes 

of AABC. 

Prove: AD, BE, and CF are concurrent. 

Proof 

13. AD 1 BC, BE 1 AC, and CREAR ASa way: 

14. Through A, draw GI || BC; through B, 
draw IH || AC; and through C, draw 
GH || AB. Why? 

15. GCBA and CHBA are parallelograms. 
Why? 

16. GC = AB and CH = AB. Why? 

17. GC = CH. Why? 

18. CF 1 GH. Why? 

So CF is the perpendicular bisector of side 
GH of AGHI. In the same way, AD can be 

shown to be the perpendicular bisector of GI, 
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and BE can be shown to be the perpendicular 

bisector of HI. 

19. AD, BE, and CF are concurrent. Why? 

Median Construction. G 
The sides of the triangle 8 9 
at the right are 8, 9, and / s 
10 units. A 0 B 

20. Use your ruler and compass to construct 
an enlargement of it, using sides of 
lengths 8 cm, 9 cm, and 10 cm. Label its 

vertices A, B, and C. 

(1) Construct the medians from A and B to 
the opposite sides. Label them AD and 
BE and let F be the point in which they 
intersect. 

(2) Bisect AF and FB and label their 
midpoints G and H. 

(3) Draw EDHG. 

21. What relation do ED and GH have to 

AB? Explain. 

22. What can you conclude about EDHG? 

Explain. 

23. What can you conclude about GD and 
EH? Explain. 

24. AG = GF = FD and BH = HF = FE. Why? 

on AN BF 
25. Find FD and FE 

Points D and E are points of bisection of CB 

and CA. 

26. What are points G and F with respect to 

AD, and what are points F and H with 

respect to BE? 

Altitude Construction. One of the altitudes of 
AABC has been constructed in the figure 
below. hn 

27. Use your straightedge and compass to 
copy AABC and construct the altitude 

AD as shown. 

28. What is it about AABC that causes the 

altitude to fall outside it? 

27. (continued) Construct the other two 
altitudes of AABC and label them BE 

and CF. 

29. Are the three line segments that are the 

altitudes of AABC concurrent? Explain. 

30. Are the three lines that contain the 

altitudes of AABC concurrent? Explain. 

31. Which of the following points can lie 
outside a triangle: its incenter, its 
orthocenter, its centroid, its circumcenter? 

Set II 

Other Triangles, Other Orthocenters. The 
figure below illustrates an interesting 
observation made by Lazare Carnot, who was 

both a political leader and a mathematician at 

the time of the French Revolution. 

B 

A (E 
E 

In the figure, G is the orthocenter of AABC. 

32. Which three line segments are the 
altitudes of AAGC? 

33. Where is the orthocenter of AAGC? 

34. Which three line segments are the 
altitudes of AAGB? 

35. Where is the orthocenter of AAGB? 

36. Which three line segments are the 

altitudes of ABGC? 

37. Where is the orthocenter of ABGC? 
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Medians as Bisectors. The figure below 
suggests that a median of a triangle bisects 
more than just the side of the triangle to which 
it is drawn. 

38. What relation do the green line seg- 
ments appear to have to BC? 

39. What relation does AM appear to have 
to these line segments? 

40. Given that DE || BC, what can you 
conclude about AADP and AABM and 
about AAPE and AAMC? Explain. 

DEg a Ab eee me 
j = => ? 

Hh SS BMuleeA Nara Cara 
DP PE 

#2. Why 1S BM ~ MC’ 
43, Given that AM is a median of AABC, 

what can you conclude about BM and 
MC? 

~ IDPS APE 
44, Why is MC MG 

45. Why is DP = PE? 

9 

46. What do exercises 38 through 45 suggest 
would happen if AABC were cut from a 
sheet of cardboard and placed with 
median AM along the edge of a ruler as 
shown above? 

a4 

Doing Without a Compass. The figure below 
appeared in Zhe Old Farmer’s Almanac with the 
following question: Can you construct, using 
just an unmarked straightedge, a line through 
P perpendicular to /?* 

P 

47, Use your straightedge and compass to 
draw the figure. Then use your 
straightedge to draw the following lines. 

(1) Draw line PA and let C be the point in 
which PA intersects the circle. Draw 

line PB and let D be the point in which 

PB intersects the circle. 

(2) Draw lines AD and CB and let E be the 
point in which they intersect each other. 

(3) Draw PE. Let F be the point in which 
PE intersects line /. 

48. What can you conclude about 2ACB 

and Z ADB? Explain. 

49. What relation do PD and EC have to 

AAPE? 

50. What is point B with respect to AAPE? 

51. What can you conclude about AF with 

respect to AAPE? Explain. 

52. What fact follows about PE and line /? 

53. Follow the directions for exercise 47 in 

regard to the figure below. 

P 

*Problem by Don Scholten, Zhe Old Farmer’s Almanac, 

1988. 

Chapter 13: The Concurrence Theorems 



54. Look again at exercises 48 through 52. 
Which of the conclusions in these 

exercises are still true? 

Engineering Challenge. The figure below is 
from a book for engineering students.* 

m n 

A B 

The problem is to construct a line perpendicu- 

lar to AB that would pass through the point in 
which lines m and n intersect. The catch is to 

do so without extending lines m and n. 

55. Copy the figure and use your straightedge 
and compass to construct such a line. 

56. Explain how your method works. 

Digg 

*Graphics, by Alexander S. Levens (Wiley, 1962). 

Set Ill 

Balancing Point. You know that, if a triangle is 
cut out of a piece of cardboard, it can be 

balanced on its centroid, the point in which 

the medians of the triangle are concurrent. 
If the board were in the shape of a 

quadrilateral instead, where would its 

balancing point be? The following geometric 
construction for finding this point was not 

discovered until the nineteenth century. 

The first step in finding the balancing 

point is to trisect the sides of the quadrilateral. 

Trace the figure at the bottom of this page, in 
which the sides have been trisected. 

Now, draw EF, GH, JJ, and KL and extend 

them until they meet in four points outside the 

figure. Label these points M, N, O, and P. 

1. What seems to be true about MNOP? 

The balancing point of the original 
quadrilateral ABCD is the same as the 

balancing point of MNOP. 

2. Where do you suppose it is? 
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LESSON 5 

CLEVER IDEA. WONDER 
GHY I OION'Y THINK 

Ceva’s Theorem 

554 

Most of the theorems that we have encountered in our study of geom- 
etry were known to Euclid, who included them in the Elements. In 

fact, after the development of geometry in Greece between 600 B.c. 
and 200 B.c., few significant additions to the subject were made until 
the seventeenth century. One of the new theorems that appeared at 
that time was discovered by an Italian mathematician and engineer 
named Giovanni Ceva (pronounced “chay va”). 

Ceva’s theorem concerns sets of line segments in a triangle that 
we will refer to as cevians. 

Definition 
A cevian of a triangle is a line segment that joins a vertex of the 
triangle to a point on the opposite side. 

In the triangle shown at the left, three cevians have been drawn, 

one from each vertex. They are AY, BZ, and CX. The cevians divide the 
sides of the triangle into six segments: AX, XB, BY, YC, CZ, and ZA. 
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In the figure at the right, the three cevians are concurrent at point A 
P. Ceva’s theorem states that they are concurrent if and only if /| 

ee Bye CzZ - 
ch avey 74 5 IPR 

Several different ways to prove this theorem have been discov- ye 
ered. The appearance of the ratios in the equation suggests that one 
way might be to use similar triangles. Although no similar triangles 
are ordinarily formed by three concurrent cevians, some simple addi- 
tions to the figure produce pairs of similar triangles that make such a 
proof possible. 

Theorem 73. Ceva’s Theorem 
Three cevians, AY, BZ, and CX, of AABC are concurrent iff 

PRES CZ. _ 
MIG A AZA 7 

Proof that, if the three cevians are concurrent, then 

AX MOBY FCZ— 
XB Cane I 

Through B and C, draw lines parallel to AY. Let the points in 
which they intersect CX and BZ be called D and E, respectively. 

Because of equal vertical angles and equal alternate interior E 
angles, AAXP ~ ABXD and ACZE ~ AAZP. Therefore, Xx Hee 

Ec gee ARAM ae CZO"ECE iy 
BX BD AZ, ye xAP P P 

B G 
Because of the common angle and equal corresponding 

angles, ABYP ~ ABCE and ABCD ~ AYCP. Therefore, 

iy ae: Sse a) 
BC CE VCs iY be P 

We can now build the conclusion of Ceva’s Theorem by 
multiplying the left and right sides of these equations. B y C 

Pee bYy BC ©CZ _ AP “YP®)*BD™ CE 
ReaeeebG. YC AZ. BD CE YP. AP: D P 

Simplifying, we have oseeen C 

Prameb Yio BO CZ. 1 dP X24 BD, CE if 
BEG, YG, AZ BD. CR. WE AP. 

and so, by algebra and by using BX = XB and AZ = ZA, we have 

Me Bee & 
Xp  V@uumaAe \ 
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Proof of the converse. 

AX BY CZ 

yas SAC FIN 

CX of AABC are concurrent. 

If = |, then the three cevians AY, BZ, and 

Let CX and BZ intersect in point P. Draw AP, and let the point 

in which it intersects BC be called Y’. 

Now, from the first part, we know that 

ee oda, CL eg) 
XB YC? 97 

and, by hypothesis, we have 

ASS BY ai CZ 

XBEe es SZ 

We will now show that these imply that Y’ and Y are the same point. 

From the two equations above, we know that 

AX ~BYS ~ CZ) AX SEYGaeZ 

ile 

XB YC ZAl XR HYG oe 
Dividing, we get 

BN GeigB Ya 

ViCae SYiCR 

Adding | to each side of this equation, we get 

BY BY 
Ye +]= YC aa POE 

per ome (AC ™ Mets NS 

Dale Sen ee 

Because BY’ + Y’C = BC and BY + YC = BC, 

IBC: oc BO 
Vi CUNaY CR 

Multiplying means and extremes, we get 

BEE WiC Bb Cwae 

Dividing by BC gives 

VC ae: 

Because CY = CY’, Y and Y’ are the same point. This 

conclusion follows from the Ruler Postulate, which says that the 

points on a line can be numbered so that, to every real number, 

there corresponds exactly one point. Because Y and Y’ are the 

same point, AY and AY’ are the same line. Therefore, AY, BZ, and 

CX all contain point P and are concurrent. 
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Exercises 
ERR IER 

Set | 

Which Is Which? The figure below illustrates 
four special types of line segments related to a 
triangle. 

G 

S2D EF 2 
Which line segment appears to 

1. be a median of the triangle? 

2. lie on the perpendicular bisector of a 

side? 

3. be an altitude of the triangle? 

4, lie on an angle bisector of the triangle? 

5. Are all four of these line segments 

cevians? Explain. 

Using Ceva’s Theorem. Given that the cevians 
in each of the following triangles are 
concurrent, solve for x. 

Example: 2p 3 

16 x 

Xx 6 

oe a a Solution: Gun Ge ha 1; so 

Tete aoe 
sei al 1,247 = 288, 

n= 144 and x= 12: 

6. 2 Xx 

3 6 

4 5 

7 

3 5 

x x 

4 XG 

Appearances can be deceiving. Use Ceva’s 

Theorem to determine whether the cevians in 

the following accurately drawn figures are 
concurrent. 

8. a is 

13 iH) 

iH| Is! 

9. 
Si 

14 

IES3 
5 

a Wa 

Equilateral Triangle. AABC is an equilateral 
triangle with sides 7.5 units long. 

B 

Vee} . Tee 

A € 
Ths) 

10. Construct the figure by doing the 
following steps. 

(1) Construct an enlargement of AABC by 
using sides of length 7.5 cm. 

(2) Mark the point on AB that is 5 cm from 
A and label the point X. Draw CX. 

(3) Mark the point on BC that is 5 cm from 
B and label the point Y. Draw AY. 

(4) Draw the cevian from B that is 
concurrent with AY and CX. Label its 

other endpoint Z. 
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Find each of the following ratios. 

AX 
|W OS seseene 

XB 

By 
WA reece: 

VC 

Without doing any measuring, what would 

you expect 

133 ce to be? Explain. 

14. the length of AZ to be? Explain. 

10. (continued) Measure AZ to check the 
accuracy of your figure and your 

reasoning. 

Ratio Relations. Medians AY, BZ, and CX are 

concurrent at P, the centroid of AABC. 

wrote ; . : : res 1 and Obtuse Ollie wrote 

har ant Bin 
Fm Sa: i 

The centroid of a triangle is a point of a f 

trisection of each of its medians. What can 

you conclude about e 

15 AD ee BU SSCrS b 

i PY a P7eee Pe 

PX Sa) BYiGe EZ 4 
16. + ~ ? 

CX AND 
Alice told Ollie that his equation must be 

17: CX ae AY ae BZ , wrong because he should have started with a. 
PX LYae ez 

” AP : BP , CP, 25. Do you agree? Explain. 

SN ee Ollie then changed his equation to 4 ef 1. 

19, Daa pike CZ, SY: 
XB YC ZA 26. Is his new equation correct? Explain. 

20. ma; ¥ BC by CA, 27. What conclusions do exercises 25 and 

AXaeebYe. CZ. 26 suggest? 
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Right Triangle. AABC is a right triangle with 
BC = 8 and CA = 6. CY = CZ=2. 

A 

xX 

Zz 
Zz 

B Y 2 G 

BY 
aki —, 21. Find YC 

: CZ 
22. Find 7A" 

23. Use Ceva’s Theorem to find =. 

24. Find AX and XB. 

Ollie’s Equations. In applying Ceva’s 
Theorem to the figure below, Acute Alice 



Set Il 

The Theorem of Menelaus. Menelaus, a Greek 
mathematician who lived in Alexandria in 
about 100 a.D., made the following discovery 
long before Ceva was born. 

Line / intersects two sides of AABC at X and Y 

and the line containing the third side at Z. 

Line CP has been drawn parallel to AB. 

28. Because of CP, the figure contains two 
pairs of similar triangles. Which are they? 

mex AZ BY) XB: 
29. Why is CP cz 4 and YO. Cp: 

30. Why is AX - CZ = CP - AZ and 
BieCP— YC - XB? 

31. Why is 
pene); BY - CP = CP--AZ- YC: XB 
page CZ- BY = ZA- YC- XB? 

pene bY eS CZ ; ? 32. Why is XB 7c ZA = |) 

33. To what does this result seem closely 

related? 

Concurrent or Not? In the figure below, AY is a 
median of AABC, XZ || BC, and BZ and CX are 
cevians. 

A 

34. Why is 
Me C4 

35. What can you conclude about 

AX ABY Oe bas ie 

RP eG 7M gon, 
36. What does this result prove? 

What Kind of Triangle? In the figure below, 
AY, an altitude of AABC, is concurrent with BZ 

and CX at point P. ADYE has been drawn so 

that DE || BC. 

37. Use your ruler to draw a larger copy of 
this figure. 

38. What kind of triangle does ADYE appear 
to be? 

39. Why is AAXD ~ ABXY and 

ACZY ~ AAZE? 

AX AD C7 CY 
40. Why is B B and y 5 

41. What do you know about 

EGE EY? CZ, 

Bxe ICY @7AZ 

42, What can you conclude about 

AD ED Y _ CY, Peta 

Bye Cy NAR 8 

43. What can you conclude about — 

Explain. 

44, Why is AD = AE? 

45. Why is AY | DE? 

46. What can you conclude about ADYA and 

AEYA? Explain. 

47. What does this relation between ADYA 

and AEYA prove about ADYE? Explain. 
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The Gergonne Point. Joseph Gergonne, a 
French mathematician of the nineteenth 

century, discovered something about the 

incircle of a triangle. 

48. Draw a large scalene triangle and 
labeled its vertices A, B, and C. 

(1) Use your straightedge and compass to 
inscribe a circle in the triangle. Label the 
points of tangency D, E, and F so that D 

is on BC, E is on AC, and F is on AB. 

(2) Draw AD, BE, and CF. 

49. What do you notice? 

50. Why is it true? 

51. What point do you think was named 

after Gergonne? 

Another Look at Altitudes. 
In the figure at the 
right, AY, BZ, and CX A 
are perpendicular to 

the sides of AABC. 

Write a similarity 
correspondence 7 
between each of the xX 

following triangles 
and another triangle B 

in the figure. 

UPAE PSO EC: 

fare AN NCA 

54. ACZB. 

Use your correspondences to copy and 

complete the following proportions. 

SES 
oS oe wi 

BY NYA 
56. — = —. 

BX ? 

CZiglZ 
57. CY a : 

58. Show how it follows from these 

equations and Ceva’s Theorem that AY, 

BZ, and CX are concurrent. 

59. What theorem do your answers to 

exercises 52 through 58 prove? 

560 
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Area Puzzle. Rather than being concurrent, the 
three cevians in AABC intersect to form a 

smaller triangle, AGHI. 

D G 

Given that D, E, and F are points of trisection 

of the sides of AABC, it can be proved that the 

blue regions have equal areas and the purple 
regions have equal areas; it can also be 

proved that, if the area of a blue region is x, 
the area of a purple region is 5x. 

Find the areas of the following triangles in 

terms of x. 

T -AABD: 2. LADG: 3. AGHI. 

4. What fraction of the area of AABC is the 

area of AGHI? 

5. How does the figure below suggest a 
different way to arrive at the same 

conclusion? 

A 
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LESSON 6 

Napoleon's Discovery and Other Surprises 

The popular picture above, published in England many years ago, is 

of the ghost of Napoleon visiting his grave on the remote island where 
he died. Its success was due in part to the fact that some people could 
not immediately find Napoleon in the figure. 

Napoleon enjoyed mathematics and even taught geometry for a 
time at a university. He may have been the first person to discover 
something about triangles now known as Napoleon’s Theorem. 

In the figure shown at the right, equilateral triangles have been 

drawn on the sides of an equilateral triangle. If the centers of these 
three triangles are connected, the result is another equilateral trian- 
gle. Because of the symmetry of the figure, the fact that this triangle 
also is equilateral seems natural and Euclid would have seen imme- 
diately that it was true. 
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Exercises 

Set | 

Suppose, instead, that equilateral triangles are drawn on the sides 
of a triangle having no special shape. If the centers of the three added 
triangles are connected, you might expect that the result is no longer 
anything special or, at most, that it might be a triangle similar to the 
original triangle. Amazingly, this is not the case. As the figure at the 
left suggests, the new triangle is again equilateral! 

Now imagine that the three equilateral triangles on the sides of 
the triangle point inward instead of outward. The centers of the three 
added triangles still determine an equilateral triangle! Regardless of its 
shape, every triangle has two such equilateral triangles associated with 
it, known as the “outer and inner Napoleon triangles.” 

Much like the hidden image of Napoleon in the picture at the be- 
ginning of this lesson, many remarkable results in geometry remained 
hidden for many centuries after Euclid’s time, not because they are 

hard to see but because no one had ever thought to look for them. 
Eric Temple Bell, a historian of mathematics, wrote: 

Geometry is a richer treasure house of more interesting 
and half-forgotten things . . . than any other division of 
mathematics.* 

In the exercises that follow, you will see some more examples of re- 
sults in geometry that are unexpected and, at times, surprising. 

2s 

Euler’s Discovery. Leonard Euler made an 
interesting discovery about the orthocenter, 

centroid, and circumcenter of a triangle. It is 
illustrated in the following series of exercises. 

Tilted Square. The figure above shows a “tilted 
square” on a coordinate grid. 

On graph paper, draw a pair of axes 
extending 20 units to the right and 15 units up 
from the origin. 

The Centroid. 

1. Which sides have a slope of =) 

2. What is the slope of the other two sides? 

3. Why is the product of the slopes of two 
consecutive sides —1? 

4, How long is each side of the tilted 

square? 

5. If A has coordinates (7, 4), what are the 
coordinates of B, C, and D? 

*The Development of Mathematics (McGraw-Hill, 1940). 

Seg ma ay B 

6. Plot the following points and connect 
them to form AABC: A(0, 0), B(18, 0), 
C(6, 12). Find the midpoints of AB and 
AC and label them M and L as shown. 
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13. 

What are the coordinates of points M 

and L? 

Draw CM and BL. Let Y be the point in 

which they intersect. What are the 

coordinates of point Y? 

Draw AY and extend it to intersect CB at 

N. What are the coordinates of point N? 

. How are the coordinates of N related to 

the coordinates of B and C? 

Use the distance formula to find CN and 

NB. 

. What is point Y called with respect to 

AABC? 

What are AN, BL, and CM called? 

The Circumcenter. 

14, 

15. 

16. 

17. 

18. 

19; 

20. 

e 

JouM 

Through M on the same figure, draw a 
line perpendicular to AB and extend the 

line to intersect CB at point V. What are 

the coordinates of V? 

Through N, construct a line perpendicu- 
lar to CB and extend the line to intersect 
AB at point T. What are the coordinates 
of T? 

Find the slopes of NT and CB. 

Are these slopes related in the way that 

you would expect? Explain. 

Let Z be the point in which VM and NT 
intersect. What are the coordinates of 

Vee 

What is point Z called with respect to 
AABC? 

Draw ZL. Find the slopes of AC and ZL. 

Lesson 6: Napoleon’s Discovery and Other Surprises 

21. 

22. 

What do their slopes indicate about AC 

and ZL? 

What are lines VM, NT, and ZL called 
with respect to AABC? 

The Orthocenter. 

23. 

24, 

25. 

26. 

27. 

28. 

29. 

+ 

On the same figure, draw CT. What 

relation does CT have to AB? 

Through A, construct a line perpendicu- 
lar to CB. Where does this line intersect 

CB? 

Find the slope of AV. 

Does AV have the slope that you would 

expect? Explain. 

Let X be the point in which CT and AV 

intersect. What are the coordinates of 

xX? 

What is point X called with respect to 
AABC? 

Draw line BX and extend it to intersect 

AC at W. What are CT, AV, and BW 

called with respect to AABC? 

Euler’s Conclusions. 

30. 

31. 

32. 

33. 

34, 

What relation do points X, Y, and Z 

appear to have? 

Find the slopes of XY and YZ. 

How do XY and YZ compare in length? 
Explain. 

Which point in the figure is equidistant 

from A, B, and C? 

Find each of the three distances to see if 

you are correct. 
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Triangles on Four Sides. In the figure below, 
ABCD is a square and the four triangles are 
equilateral. 

35. Make an accurate enlargement of the 
figure on graph paper by doing each of 
the following steps. 

(1) Draw square ABCD so that each side is 
6 units long. 

(2) Use your straightedge and compass to 
construct the four equilateral triangles 

on its sides. 

36. What is the perimeter of the octagonal 

star, GCFBEAHD? 

37. What is the measure of 7 CBE? 

38. What is the measure of ZHAE? 

35. (continued) Draw HC and DE. 

39. What relation do these lines appear to 

have? 

35. (continued) Draw HE and CE. 

40. What do you notice about AHDC, ACBE, 

and AEAH? Explain. 

41. What does what you noticed about 

these three triangles prove about AHCE? 

42. What do your conclusions prove about 

HC and DE? 

Squares on Three Sides. On graph paper, draw 
a pair of axes extending 20 units to the right 
and 20 units up from the origin. 

43. Plot the following points and connect them 
to form AABC: A(5, 8), B(13, 8), C(7, 12). 
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44, Find the slope of each side of AABC. 

45. Is AABC a right triangle? Explain. 

43. (continued) Draw squares on the sides of 
AABC and label them as shown in the 
figure below. If you have drawn the 

squares accurately, the coordinates of F 

should be (1, 10) and those of H should 
be (11, 18). 

46. Find the coordinates of G and I. 

43. (continued) Find the centers of the 
squares and label them as shown in the 
figure. 

47. Find the coordinates of X, Y, and Z. 

43. (continued) Draw AX, BY, and CZ. 

48. What relation do these lines appear to 

have? 

43. (continued) Draw AXYZ. 

49. How do AX, BY, and CZ appear to be 
related to the sides of AXYZ? 

50. Show whether this relation is really true. 

51. How do AX, BY, and CZ compare in 

length with the sides of AXYZ? 

Squares on Four Sides. On graph paper, draw 
a pair of axes extending 15 units to the right 
and 15 units up from the origin. 

52. Plot the following points and connect 
them to form quadrilateral ABCD: 

A(4, 6), B10, 6), C1, 9), Daa 

53. Find the length of each side of ABCD. 

54. What kind of quadrilateral is ABCD? 

55. How do you know? 
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52. (continued) Draw squares on the sides of 
ABCD. Find the centers of the squares 

and label them as shown in the figure 

below. 

56. Find the coordinates of W, X, Y, and Z. 

52. (continued) Draw XZ and WY. 

57. Find the slopes of XZ and WY. 

58. What do their slopes prove about XZ 

and WY? 

59. How do XZ and WY compare in length? 

52. (continued) Draw quadrilateral WXYZ. 

60. What kind of quadrilateral is it? 

Napoleon Triangles. In the figure below 
illustrating Napoleon’s discovery, equilateral 

triangles AACE, AABF, and ABCD have been 

drawn outward on the sides of AABC, a 

triangle having no special shape. 

Lesson 6: Napoleon's Discovery and Other Surprises 

It can be proved that the line segments AD, 
BE, and CF are equal and concurrent and that 

they form 60° angles with each other. 

61. It follows that the three quadrilaterals 

APCE, APBF, and BPCD must be cyclic. 
Why? 

As a result, the circumcircles X, Y, and Z of the 

three equilateral triangles intersect at point P. 

62. If AXYZ is drawn, it follows that the 

three segments concurrent at P must be 

perpendicular to the triangle’s sides. 
Why? (Hint: Notice that X is equidistant 
from A and P.) 

63. Quadrilaterals PGXI, PGYH, and PHZI 

can now be used to explain why AXYZ is 

equilateral. How? 

Set Ill 

Alternating Triangles. The figures below 
suggest a theorem about quadrilaterals. 

B 

i 

H 

Ne B 

co G 

H 

G 

1. What do you think it is? 

2. Make a drawing with a concave quadri- 

lateral to see if your theorem seems to 

apply to it. 
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CHAPTER 13. Summary and Review 

Basic Ideas 

Centroid 549 

Cevian 554 

Circumcircle and circumcenter 531 

Circumscribed polygon 542 

Cyclic polygon 530 
Incircle and incenter 542 

Inscribed polygon 531 

Median 549 

Orthocenter 549 

Theorems 

68. Every triangle is cyclic. 531 
Corollary. The perpendicular bisectors of the 

sides of a triangle are concurrent. 531 
69. A quadrilateral is cyclic iff a pair of its 

opposite angles are supplementary. 536 

Exercises 

Set | 

Cyclic Triangle. The figure below shows that 
AABC is cyclic. 

D ie 

B 

1. What does saying that a polygon is cyclic 
mean? 

2. What word describes the way in which 

AABC is related to the circle? 

3. What relation do PD, PE, and PF appear 

to have to the lines containing the sides 

of the triangle? 

70. Every triangle has an incircle. 543 

Corollary. The angle bisectors of a triangle are 

concurrent. 543 

71. The medians of a triangle are concurrent. 
549 

72. The lines containing the altitudes of a 
triangle are concurrent. 549 

73. Ceva’s Theorem. Three cevians, AY, BZ, 

and CX, of AABC are concurrent iff 

AX, BY Cie 

XB eV GaN 
15995 

Constructions 

9. To circumscribe a circle about a triangle. 
Jol 

10. To inscribe a circle in a triangle. 543 

SSE TAS DED ELE EE DELI SISTED DRTC 

Although there is nothing special about AABC 
or point P, there is something special about the 
way in which D, E, and F are related. 

4, What do you think it is? 

Circumcircle and Incircle. The circles in the 
figure below are circumscribed about and 
inscribed in AABC; AB is a diameter of 

circle O. 

LEN B 
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5. Use your straightedge and compass to 
construct the figure by doing the follow- 
ing steps. 

(1) Draw a circle with a radius of about 
2 inches and label its center O. 

(2) Draw the diameter AB. 

(3) Choose a point C on the circle in about 
the position shown in the figure and 

draw CA and CB. 

(4) Draw radius OC. 

(5) Inscribe a circle in AABC and label its 
center D. 

(6) Bisect CB and label its midpoint E. 

(7) Draw AE and let F be the point in 
which AE and CO intersect. 

What kind of triangle is AABC? Explain. 

Name one of its medians. 

Name one of its altitudes. 

Pons Name a pair of points that determine 
one of its angle bisectors. 

Which point in the figure is its 

10. incenter? 

11. circumcenter? 

12. centroid? 

13. orthocenter? 

Three Trapezoids. For each of the following 
trapezoids, the measures of two angles are given. 

B G ie G 

A Darr < H 

J 

as 

Which trapezoid(s) 

14. must be cyclic? 

15. cannot be cyclic? 

16. Explain. 

Double Identity. In the figure below, GE, HF, 

and ID are the perpendicular bisectors of the 

sides of AABC. 

17. What is point P called with respect to 

AABC? 

18. What are DE, EF, and DF called with 

respect to AABC? 

19. What relation do the sides of ADEF have 

to the sides of AABC? 

20. What are GE, HF, and ID called with 

respect to ADEF? 

21. What is point P called with respect to 

ADEF? 

22. Which points in the figure are equidis- 

tant from point P? 

Ceva’s Theorem. The sides of the triangle 

below are 5, 6, and 7 units. 

G 

A > B 

23. Use your ruler and compass to construct 
an enlargement of it by using sides of 
lengths 5 cm, 6 cm, and 7 cm. Mark 
point X on CA so that CX = 2 cm, point Y 
on AB so that AY = 4 cm, and point Z on 

BC so that BZ = 3 cm. 

Find each of the following numbers. 

24. AX, YB, and ZC. 

CX AY BZ 
25. XA’ yp? 2nd 7c 
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GO RAYS “BZ, 
28. DCA bre ee 

27. What does the answer to exercise 26 

indicate? 

23. (continued) Add the appropriate line 
segments to your figure to see if your 
answer to exercise 27 is true. 

Five Circles. The figure below illustrates a 

surprising geometric fact. 

B 

D 

28. What kind of quadrilateral is ABCD? 

29. What relation does the largest circle in 
the figure have to this quadrilateral? 

Each of the smaller circles is tangent to three 
lines in the figure. 

30. How are these circles related to some of 

the triangles in the figure? 

31. What is surprising about their centers? 

Centroid. Architects know that one of the 

properties that affects how efficiently a 
structural shape supports a building load is its 

centroid.* 

32. Use your straightedge and compass to 

construct right AABC having legs of i 

inches and 3 inches as shown in the 

figure at the top of the next column. 
Draw cevians AD and BE to find its 

centroid. Label the centroid P. 

* Architectural Exam Review, Vol. 1, Structural Topics, by 

David Kent Ballast (Professional Publications, 1992). 

& 3 B 

Use your ruler to measure the distance from P 

to 

33. AC. 

34. CB. 

35. How do these distances compare with the 

lengths of CB and AC? 

Set Il 

Soap-Film Geometry. The figure below shows 
a frame made of two parallel glass plates 

connected by four identical pins that are 

perpendicular to both plates. 

The next figure shows what happens if the 

frame is dipped into a soap solution and then 

withdrawn. Five walls of soap film are formed 

between the pins.? 

} The Parsimonious Universe: Shape and Form in the 
Natural World, by Stefan Hildebrandt and Anthony 
Tromba (Copernicus, 1996). 
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In the figure above, points A, B, C, and D 

mark the positions of the four pins. Equilateral 
triangles AADE and ABCF and their 

circumcircles have been constructed on 

opposite sides of ABCD, and line EF has 
been drawn to intersect the circles at G and 

Hi 

36. What can you conclude about 
ZAED + ZAGD? Why? 

37. What can you conclude about the 

measure of 7AGD? Why? 

38. What can you conclude about 2EGD 
and ZEAD? Why? 

What can you conclude about the measures of 

the following angles? Explain how you found 
each answer. 

39. ZEGD. 43. ZEHC, 

40. ZDGH. 44, ZGHC. 

41. ZAGH. 45. ZBHG. 

42. ZBHC. 

The line segments meeting at G and H 

correspond to the positions of the five walls of 

soap film. 

46. What do these results suggest about the 
angles formed where the walls meet? 

Irrelevant Information. In the figure below, 
point D is the incenter of AABC. 

Bs. 

47, If ZA = 70° and ZABC = 60°, find ZD. 

48. If ZA = 70° and ZABC = 40°, find ZD. 

49. If ZA = 70° and the measure of 7 ABC is 

not known, find Z.D. 

Medians Theorem. Ceva’s Theorem can be 

used to prove that the medians of a triangle 
are concurrent. 

A 

B Vv G 

50. Use the figure above in which AY, BZ, 

and CX are the medians of AABC to 

explain how. 

Irregular Billiard Table. In the figure below, 
the diagonals of quadrilateral ABCD intersect 
at point P. 

51. What kind of quadrilateral is ABCD? 

What relation do PE, PF, PG, and PH appear 

to have to 

52. ABCD? 

DO REEGE: 

54, Given that both of these relations are 

true and that a billiard table was built 

in the shape of ABCD, where do you 

think a ball at E would go if it were hit in 

the direction EF? 
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Perimeter Problem. AABC is a right triangle 
with legs of lengths a and 0. The radius of its 
incircle is r and the radius of its circumcircle 

Sele 

Name the line segments in the figure whose 
length is 

55. 

56. 

57. 

58. 

59. 

Squares on the Sides. On graph paper, draw a 
pair of axes extending 20 units to the right and 

a= ik. 

b— r. 

eee = ph 

2R. 

Use your answers to exercises 57 and 58 

to show that the perimeter of AABC is 

Qr+ 4R. 

20 units up from the origin. 

60. 

570 

Plot the following points and connect 
them to form quadrilateral ABCD: 
A(6, 8), B(14, 8), C(9, 11), D(8, 14). 

61. 

60. 

62. 

60. 

63. 

What kind of quadrilateral is ABCD? 

(continued) Draw squares on the sides of 
ABCD. Find the centers of the squares 

and label them as shown in the figure. 

Find the coordinates of W, X, Y, and Z. 

(continued) Draw XZ and WY. 

What relations do XZ and WY have? 

Area Problem. In the figure below, O is the 
circumcenter of AABC, and AD is one of its 

altitudes. 

64. 

65. 

66. 

67. 
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A 

oa 

E 

Which triangle in the figure is similar to 
AABD? 

Explain how you know. 

Why does it follow that 

AB - AC=AD-: AE? 

If the radius of circle O is 7, why does it 

follow that the area of AABC is equal to 

the product of the lengths of its three 

sides divided by 47? (Hint: Start 

st AB: AC - BC ) 

Ar 



A polygon is regular if it is both equilateral and equiangular. As 

the number of sides of such a polygon increases, it looks more 

and more like a circle. This observation enabled the Greek 

mathematician Archimedes to make accurate estimates of the 

circumference and area of a circle. In this chapter, you will see 

how the trigonometric ratios and the idea of a limit can be used 

to achieve the same result. 



LESSON 1 

Regular Polygons 

AFTER YEARS OF 
RELENTLESS STUDY, 

NO TWO SNOWFLAKES... 

, 

572 Chapter 14: 

Snowflakes are a beautiful example of geometry in nature. Wilson 
Bentley, a farmer-meteorologist in Vermont, spent many winters tak- 

ing photographs of thousands of them through a microscope; some of 
his pictures are shown above.* 

Although it has been said that no two snowflakes are alike, those 

illustrated here have several basic properties in common. All are six- 

sided and hence hexagonal in shape. Furthermore, each is convex and 
has equal sides and equal angles; such polygons are called regular. 

Definition 

A regular polygon is a convex polygon that is both equilateral and 

equiangular. 

LABORIOUS RESEARCH, AND INNUMERABLE T HAVE HEREBY 
CALCULATIONS»... ASCERTAINED THAT... 

Used by permission of Johnny Hart and Creators Syndicate, Inc. 

*Snow Crystals, by W. A. Bentley and W. J. Humphreys (McGraw-Hill, 1931). 
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Equilateral Square Regular Regular 
triangle pentagon hexagon 

Regular Regular Regular Regular 

heptagon octagon nonagon decagon 

Figures representing regular polygons having from three through 
ten sides are shown above. Notice that, as the number of sides of a 

regular polygon increases, it looks more and more like a circle—a con- 

sequence of the fact that every regular polygon is cyclic. 

Theorem 74 D 
Every regular polygon is cyclic. 

Given: ABCDE is a regular polygon. B G 
Prove: ABCDE is cyclic. 

To illustrate our proof, we will use a regular pentagon. The proof, 
however, applies to all regular polygons because it does not depend eR 
on the number of sides of the pentagon. 

The idea is to draw a circle through three consecutive vertices of 
the polygon and then prove, by means of congruent triangles, that the D 
next vertex also lies on this circle. From this fact, it follows that the 

rest of the vertices lie on this circle. 
E pes € 

Proof a 
Draw the circle that contains points A, B, and C and let its TG 

center be called O. Draw OA, OB, OC, and OD. 
We know that OB = OC (all radii of a circle are equal), and so A —B 

Z1 = Z2 (if two sides of a triangle are equal, the angles opposite 
them are equal). Because ZABC = ZBCD (a regular polygon is 
equiangular), 23 = 24 (subtraction). Also, AB = CD (a regular D 
polygon is equilateral), and so AOBA = AOCD (SAS). Therefore, 
OD = OA. Because OA is the radius of the circle, it follows that E (a> C 
OD also is a radius. Hence, D lies on circle O, because a circle is 
the set of all points in a plane at a distance of one radius from its va 

center. (3 

To prove that E also lies on circle O, OE can be drawn and 

AODE proved congruent to AOCB in the same way. 
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Recall that a polygon whose vertices lie on a circle is inscribed in 

the circle and that the circle is circumscribed about the polygon. Because 
every regular polygon is cyclic, some of the words that we have been 

using with circles are also used with regular polygons. The center of a 
regular polygon is the center of its circumscribed circle. The word 
radius, as for circles, can refer either to a line segment or to a distance: 

a line segment that connects the center of a regular polygon to a ver- 

tex or the distance between the center and that vertex. A central an- 

gle of a regular polygon is an angle formed by radii drawn to two con- 
secutive vertices. 

A new word, used only in geometry, is apothem. 

Definition 
An apothem of a regular polygon is a perpendicular line segment 
from its center to one of its sides. 

Exercises 
<5 CRETE ASE INES SORES TS 

Set | 

Geometry in Art. Swiss artist and designer 
Max Bill created a series of pictures titled 
Fifteen Variations on a Single Theme. Two of 
them are shown above. 

The left-hand figure contains a series of 3. What do the thin lines represent? 

regular polygons. The right-hand figure is related to the left- 

1. Name the regular polygons that you see. hand one. 

2. In what way is each successive polygon 4, What do you think the right-hand figure 
related to the preceding one? illustrates? 
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Geometry in Nature. Triangles appear 
naturally in this cross section of the mineral 
tourmaline. 

5. Ifa triangle is equilateral, can you 
conclude that it is regular? Explain. 

6. Can you conclude that it is cyclic? 

7. Ifa triangle is cyclic, can you conclude 

that it is regular? Explain. 

Squares appear naturally as the faces of 
crystals of iron pyrite, also known as “fool’s 
gold.” 

Can you conclude that a quadrilateral is cyclic 
if it is 

8. equilateral? 

9. equiangular? 

10. regular? 

11. If a quadrilateral is cyclic, can you 

conclude that it is regular? Illustrate 
your answer with a drawing. 

Cell Pattern. When a liquid is heated from 
below, a pattern of cells, made visible here by 

metal flakes suspended in the fluid, develops 

spontaneously.* 

12. What shape do these cells appear to 
have? 

The figure below suggests a simple way to 
construct this polygon. 

The points divide the circle into six equal arcs. 

13. What is the measure of each arc in 

degrees? 

14. What kind of triangles surround the 

center of the circle? 

15. How do the sides of the hexagon com- 
pare in length with the radius of the circle? 

16. Use this fact to construct a regular 
hexagon by inscribing it in a circle. 

17. How does the perimeter of the hexagon 

compare with the diameter of the circle? 

*The Self-Made Tapestry: Pattern Formation in Nature, by 
Philip Ball (Oxford University Press, 1999). 
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Regular Dodecagon. Some of the diagonals of 
the regular dodecagon below are the sides of 
other regular polygons. 

For example, the red diagonals form two 

regular hexagons. Notice that 2 x 6 = 12. 

18. What do the green diagonals form? 

19. What do the blue diagonals form? 

20. How are the numbers of sides of these 

polygons related to the number of sides 

of the dodecagon? 

What regular polygons could be formed if 
diagonals were drawn in this way in a regular 

21. 15-gon? 

22. 16-gon? 

23. 17-gon? 

Polygonal Knot. The figure below shows a 
regular polygon produced when a strip of 
paper is tied in a certain type of knot and 
pressed flat.* 

24. Which regular polygon is it? 

*Mathematical Models, by H. Martyn Cundy and A. P. 
Rollett (Oxford University Press, 1961). 

Does the polygon have any 

25. parallel sides? 

26. parallel diagonals? 

In general, what regular polygons do you 
think have 

27. parallel sides? 

28. parallel diagonals? 

Set II 

Mason’s Pentagon. A method used by masons 
in the Middle Ages to draw a pentagon is 
illustrated by the figure below.’ 

29. Use your straightedge and compass to 
construct it by doing each of the follow- 
ing steps. 

(1) Draw a line segment AB about 4 cm long 
and two circles with centers at A and B 

and with radius AB. 

(2) Let F and G be the points in which the 
circles intersect, and draw line FG. 

(3) With G as center, draw an arc through A 
that intersects circle A at H and line FG 

atl 

(4) Draw line HI, extending it to intersect 
circle B at C. 

(5) With C as center and radius AB, draw an 
arc intersecting line FG at D. 

(6) With D as center and the same radius, 
draw an arc intersecting circle A at E. 

* Geometry Civilized: History, Culture, and Technique, by 
J. L. Heilbron (Clarendon Press, 1998). 
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(7) Draw ABCDE. 

30. Is ABCDE equilateral? Explain. 

ABCDE is not regular. 

31. Explain how it can be that ABCDE is not 

regular. 

29. (continued) Draw AF and FB. 

32. Is AABF regular? Explain. 

Folding an Octagon. The figure below shows 
how a square sheet of paper can be folded to 
form an octagon.* 

Points E, F, G, and H are the midpoints of the 
sides of ABCD. 

33. What kind of triangles are AAEH, ABEF, 

ACFG, and ADGH? 

34. Why are they congruent? 

The lines in these triangles bisect their acute 
angles. 

35. Why is EF = FG = GH = HE? 

36. What kind of triangles are AEHI, AEF, 
AFGK, and AGHL? 

37. Why are they congruent? 

38. What can you conclude about the sides 

of the octagon EJFKGLHI? 

Find the measures of the following angles. 

39. ZAEI. 

*Geometric Exercises in Paper Folding, by T. Sundara 
Row (Open Court, 1905). 

40. ZEIH. 
41. ZIEJ. 

42. What can you conclude about the angles 
of octagon EJFKGLHI? 

43, What do exercises 38 and 42 prove about 

octagon EJFKGLHI? 

Hexagonal Fastener. Fasteners have been 
made with heads in the shape of regular 
hexagons for hundreds of years. They were 

even used to hold armor together in the 

fifteenth century.’ 

D 

The regular hexagon in the figure above 
represents one of these fastener heads; AB and 

CD intersect at its center, P. 

44, What are PA and PB called with respect 
to the hexagon? 

45. What are PC and PD called? 

46. Why is AAPC = ABPD? Explain. 

47, What type of right triangles are they? 

If PA = 0.25 inch, find 

48, AC and PC. 

49, AB and CD. 

50. Which length, AB or CD, would be used 
to give the size of the wrench needed to 

turn the head? Explain. 

¥ Sizes: The Illustrated Encyclopedia, by John Lord 
(Harper Perennial, 1995). 
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Inscribed Pentagon. In the figure below, 
regular pentagon ABCDE is inscribed in the 
circle, and diagonals AC and BD intersect at F. 

A 

G D 

51. Copy the figure and mark it as needed 
to answer each of the following questions. 

52. Why can you conclude that the five arcs 

into which the pentagon divides the 

circle are equal? 

What is the measure of 

53. each arc? 56. ZBAC? 

54. ZABD? 57. ZBCA? 

55. Z AFB? 

58. How many triangles are in the figure? 

59. All the triangles have something in 
common. What is it? 

60. What can you conclude about AEDF? 

Explain. 

61. What can you conclude about AEDB 
and AEDC? 

Set Ill 

A Close Construction. No one has ever 
found a way to construct a regular heptagon 
by using just a straightedge and compass, and 
no one ever will! 

The following construction, however, is 
close enough that, if you do it accurately, you 

won't be able to tell the difference. 

1. Use your straightedge and compass to con- 
struct the figure at top of the next column 
by doing each of the following steps. 

(1) Draw circle O with a radius of about 2 
inches. 
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(2) Choose a point A on it and draw AO. 

(3) With A as center, draw an arc with 
radius AO that intersects the circle in 

points X and Y. 

(4) Draw XY and let Z be the point in which 
XY intersects AO. 

(5) Adjust the compass to the distance ZY 
and, starting at A, draw arcs having this 
radius around the circle. 

(6) Label the endpoints of the arcs B 
through G as shown in the figure. 

(7) Draw ABCDEFG. 

2. To check the method used, draw AX, 

XO, AY, and YO. What kind of triangles 
are AAXO and AAYO? 

3. What relation does AO have to XY? 

4, What special kind of triangle is AOZY? 

Letting OY = 1, find each of the following 
lengths in terms of 7. 

52 OZ, eH eae 7. Be 

8. Let M be the midpoint of AB and draw 

OM. Find AM in terms of 7. 

9. Use your calculator to find the measure 
of ZAOM in right AAMO to as many 
decimal places as you can. 

To as many decimal places as you can, find 

10 2ZAOE: 

11. 7ZAOB: 

12. What does the answer to exercise 11 

reveal about ABCDEFG? Explain. 
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LESSON 2 

The Perimeter of a Regular Polygon 

One of the most famous temples of ancient Greece was the Tholos at 
Delphi. Circular in shape, it had 20 outer columns set at the vertices 

of a regular polygon called an icosagon. The temple was built in about 
370 B.C., and only three of its columns still stand.* 

The ground plan of the temple is shown in the figure at the right. 
A regular icosagon with vertices at the centers of the bases of the 20 
columns is shown in red. Because the icosagon has so many sides, it 
looks a lot like a circle, suggesting that we could approximate the mea- 
surements of a circle by using measurements of a regular polygon hav- 
ing a large number of sides. For example, the circumference of a cir- 
cle should be close to the perimeter of a regular icosagon having the 
same radius as that of the circle. 

The perimeter of a regular polygon can be found by multiplying 
the length of a side by the number of sides. Doing so gives us the 
equation 

p= ns, 

where is the perimeter of the polygon, n is the number of sides, and 
sis the length of one side. This formula cannot be applied to a circle, 
however, because a circle doesn’t have any sides. 

*Euclid: The Creation of Mathematics, by Benno Artmann (Springer, 1999). 
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There is another way to express the perimeter of a regular poly- 

gon that can be extended to measuring a circle. This method is based 
on the length of the polygon’s radius. In the figure at the left, a reg- 

ular pentagon with sides of length s has been inscribed in a circle with 

radius 1. 

Radii OA and OB of the circle have been drawn, as well as apothem 

OM. Since OM 1 AB, AAOM = ABOM (HL). From equal correspond- 
ing parts of congruent triangles, we can conclude that OM bisects 

central Z AOB as well as chord AB. It follows that AM 25 and, 

because a central angle of a regular n-gon has a measure of 208 that 
n 

ZAOM = 
D n n 
1/300). 180 

To see how rand sare related, we can apply the sine ratio to right 

AAOM: 
S 

. 180 y) 
sin-—— = —. 

n r 

Multiplying both sides of this equation by r gives 

ote => 
n 2 

and by 2 gives 

s=2r sees 
n 

Because p = ns, it follows by substitution that 

(i= n(2r sin | = an sin) 
n n 

To understand this expression better, we notice that the product 

n sin depends only on n. This is the part of the formula deter- 

mined by the number of sides of our regular polygon. We represent it 

by the single letter N, and so N= n ee We substitute N in the 
n 

equation above to get 

p-2Nr 

This formula shows that the perimeter of a regular polygon is propor- 

tional to its radius. The formula does not depend on the fact that we 

used a polygon with five sides to derive it, and so we can state it as a 

general theorem. 
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Theorem 75 

The perimeter of a regular polygon having 7 sides is 2Ny, in which 

. 180 ie : 
N= 7 sin—— and ris its radius. 

n 

Knowing that the radius of the regular icosagon in the ground 
plan of the Tholos temple at Delphi is 24 feet, we can now find its 

perimeter. Because it has 20 sides, N= 20 sin 

fore, 

p = 2(20 sin 9°)(24) ~ 150. 

= 20 sin 9°. There- 

The perimeter of the temple is approximately 150 feet. 

Exercises 

Set | 

Perimeter Equations. The expression for the 
perimeter of a regular polygon introduced in 
this lesson has two parts: 

p=2Nr and N=n ee 
n 

1. What does 7 represent? 

2. What does n represent? 

3. What is the smallest number that n can 

be for a polygon? 

Use your calculator to find the value of N to 

four decimal places 

Avie? —1(): 

Hani — 100; 

6. if n= 1,000. 

7. if n= 10,000. 

As n increases, what happens to 

8. the value of N? 

9. the shape of the regular polygon? 
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Angles and Radii. ABCDEFG is a regular 
polygon with center P. 

10. What are PA, PB, and PC called with 

respect to the polygon? 

What can you conclude about 

11. AABP and ACBP? Why? 

12. 21 and 22? Why? 

13. Do your answers to exercises 11 and 12 

depend on the fact that the polygon has 
seven sides? 

14. How is the radius PB related to ZABC? 
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Italian City. During the Renaissance, new 
cities were sometimes planned in the shape of 
regular polygons. 

The figure above shows the design of the 
walled city of Palma Nuova in Italy. The core 

of the city is shown in color. 

15. How many sides does the regular 
polygon have that surrounds the core of 

the city? 

Express the value of N for this polygon 

16. by using a trigonometric ratio. 

17. to the nearest thousandth. 

18. Given that the radius of the city is 1,100 

feet, find the perimeter of its core to the 

nearest foot. 

Hydrogen Fluoride. Hydrogen fluoride gas, 
used to etch glass, has been found to contain 
rings of atoms having the following shapes.* 

o2-e 
wren: 
o « ‘e- oe 

The hydrogen atoms are shown in white and 
the fluorine atoms in yellow. 

*The Architecture of Molecules, by Linus Pauling and 
Roger Hayward (W. H. Freeman and Company, 1964). 
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19. What is the name of each shape? 

20. How do the sides of the two shapes 

appear to compare in length? 

21. How do the radii of the two shapes 

appear to compare in length? 

What is the measure of the angle at each 

corner of 

22. the first ring? 

23. the second ring? 

Given that the distance between two 

consecutive corners in each ring is 25 

angstroms, find the perimeter of 

24. the first ring. 

25. the second ring. 

Find the value of WN for 

26. the first ring. 

27. the second ring. 

28. Use your answers to exercises 24 and 26 

to find the radius of the first ring. 

29. Use your answers to exercises 25 and 27 

to find the radius of the second ring. 

Dollar Coin. In 1979, the United States Mint 

issued a dollar coin with an unusual design. 

Each side showed a regular polygon having 11 
sides inscribed in a circle. 

The radius of the circle was 12 mm. Find each 
of the following lengths to the nearest millimeter. 

30. The circumference of the circle. 

31. The perimeter of the polygon. 

32. The length of one side of the polygon. 
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Set Il 

Phone Cells. Cell-phone networks consist of 
hexagonal cells, each having a base station at 

its center.* 

33. Given that the radius of each cell is 1, use 

Theorem 75 to find the perimeter of each 

cell in terms of 7. 

34. Copy the figure above and draw the 

radii of each cell. 

35. What kind of triangles do you get? Use 
them to get the answer to exercise 33 in 
a different way. 

36. Draw AABC. What kind of triangle is it? 

37. Find the distance between two neigh- 
boring base stations in the cell-phone 

network in terms of 7. 

38. Use your answer to exercise 37 to 
express the perimeter of AABC in terms 

of 7. 

39. Use Theorem 75 and your calculator to 

find the perimeter of AABC in terms of 7. 

* Scientific American: How Things Work Today, edited by 
Michael Wright and M. N. Patel (Crown, 2000). 

40. Do your answers to exercises 38 and 39 

agree with each other? Explain. 

Ten Pentagons. In the figure below, 10 regular 
pentagons form a ring around a regular 
decagon. Point X is the center on one of the 
pentagons. 

41. 

42. 

43. 

44, 

45. 

46. 

47, 

48, 

What is the ratio of the perimeter of the 
decagon to the perimeter of one of the 
pentagons? 

Find 2X. 

Pind’2 XYZ; 

TAS hyis = 

Use your answers to exercises 42 through 

44 to find the ratio = 

Why is XY 1 VZ? 

Why is tan 2X = me, and why is 

tan ZXYZ = ae 

Use your answers to exercises 42, 43, and 

47 to find the ratio 4 
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Euclid’s Discovery. Euclid discovered a Set Ill 
surprising connection between the three 

figures below. Golden-Heather. The petals of this flower are 
arranged like the radii of a regular pentagon. 

To find out what the connection is, do each of 

the following exercises. 

Find the measure of ZO in the 

49. decagon. 

50. hexagon. 

51. pentagon. 

Use the sine ratio to find each of the following 1. Show that the distance between the tips 

lengths to as many decimal places as you can. of two consecutive petals, such as AB, is 

59. AX. JeSINEG Ole 

2. Show that the distance between the tips 
Gt, TENG. ; 

of two nonconsecutive petals, such as 
54. CZ. CE, is 2 suze 

Find each of the following numbers to as Strange as it might seem, 

many decimal places as you can. eer 

———— = 2 sin 54°: 
55. az. 2 sin 36° a 

5602. 3. Use your calculator to see if this equality 

57. c2. seems reasonable. 

58. What do you think Euclid discovered? Even more strangely, 

1 
2 sin 54° = 1 + ———_.. 

ve 2 sin 54° 

4. What famous number is 2 sin 54°? 
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LESSON 3 

The Area of a Regular Polygon 

In 1898, a Hungarian mathematician named Jozsef Kiirschak made 
an interesting discovery illustrated by the figures above. The figures 
show a regular dodecagon inside a square. The square is divided into 
four smaller squares and the entire figure is divided into two sets of 
congruent triangles: equilateral triangles and 15°-15°-150° isosceles 
triangles. 

Because the entire figure contains four squares, each with side 7, 

its area is 47”. The triangles filling three of these squares, then, have a 

total area of 37”. They can be rearranged as shown in the second figure 
to fill the regular dodecagon, showing that the area of a regular dodeca- 
gon whose radius is r is 37°. 

This result is remarkable in that it is so simple. In general, to find 
the area of a regular polygon from its radius is much more compli- 
cated. In figuring out how to do it, we will again reason in terms of a 
regular pentagon, but our argument and conclusion, like those for the 
perimeter of a regular polygon, are valid for a regular polygon having 
any number of sides. 
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The radii of a regular polygon divide it into n congruent triangles. 
(In this pentagon, there are five of these triangles.) The area of one of 

these triangles, such as AAOB, is 5s because apothem OM is the alti- 

tude to base AB. Thus, the total area of the n triangles is n 5} and so 

A= sna 

where A is the area of the entire figure. Because the perimeter of a 
regular polygon having n sides is ns, we can also write 

pes A= 9 ha. (1) 

This equation expresses the area of a regular polygon in terms of its 
apothem and perimeter. 

As we did for the perimeter of a regular polygon, we can restate 

this formula in terms of the number of sides of the polygon and its 

radius. By Theorem 75, 

p=2Nr=2n ee ie (2) 
n 

Applying the cosine ratio to AAOM, we get 

180 _ a 
COS aati: 

n Yr 

Multiplying both sides of this equation by r gives 

a=r ee (3) 
n 

Substituting the expressions for f and a from equations 2 and 3 into 
equation 1, we get 

A s [2" sin 160 n(r com | 
2 n n 

-( _ 180 ee x 
Sid Sin COSaaeamalitine 

n n ; 

Again, we can simplify the appearance of this equation by notic- 

ing that the product n sin com depends only on n, the number 

of sides of our regular polygon. We represent it by the single letter AZ 

and so M= n ao pyeiols We substitute M/ into the equation above 

to get 

A= Mr?. 

586 Chapter 14: Regular Polygons and the Circle 



This formula shows that the area of a regular polygon is propor- 
tional to the square of its radius. Our argument can be applied to any 
regular polygon; so we can state it as a general theorem. 

Theorem 76 
The area of a regular polygon having n sides is Mr?, in which 

180 180 
M =n sin—— cos—— and 7 is its radius. 

n n 

To check this result, we return to the area of the regular dodecagon 
pictured at the beginning of this lesson. A calculator gives us the prod- 
uct of the sine and cosine. 

A=Mr2 = [. ee com |r 
n n 

180 180 = | 12 sin—— cos—— |r2 [12 sn 19 cos 19 p 

I Ginalo: cos 15) 77 

12(0.25) r? 

One: 

II 

The area of the regular dodecagon is 3r?. 

Exercises 
RAREST OSS SILI IIT BESO R EIEIO IE BNR EER 

Set | 

Area Equations. The expression for the area 

of a regular polygon introduced in this lesson Inscribed Polygon. In the figure above, a 
has two parts: regular nonagon is inscribed in a circle with 

A=Mr? and M=n oe es radius . 
n n Tell what each of the following expressions 

ts in the fi : 
1. What does r represent? Fits cis ais ¢ say . 

2. What does n represent? Example: {9 sin cos a 12 OF 

Use your calculator to find the value of M (9 sin 20° cos 20°)r?. 

if n= 1. Answer: The area of the nonagon. 

if m= 2. Sear 
° if n = 3, to two decimal places. 

9. 29 sin oF } or (18 sin 20°)r. 
if n = 180, to two decimal places. 

NOD TE w For a regular polygon, what is the 10. (2 sin 20°)r. 

smallest number than n can equal? 11. 27. 
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The Area of a Square. The word “radius” is 21. Use the formula c= 277 to find the 
usually used in referring to a circle. “perimeter” of the circle to the nearest 

unit. 

22. Find the perimeter of the 60-gon to the 
nearest unit. 

23. Which figure actually has the greater 
perimeter? 

24, Find the ratio of the “perimeter” of the 
circle found in exercise 21 to twice its 
radius. 

12. What does the word “radius” mean in 25. Find the ratio of the perimeter of the 60- 
referring to a square? gon found in exercise 22 to twice its 

radius. 
Write an expression for the area of square ; 
ABCD in terms of the length of 26. Which figure has the greater area? 

27. Use the formula a= 7r? to find the area 

of the circle to the nearest square unit. 

28. Find the area of the 60-gon to the nearest 

13. its side, s. 

14, its apothem, a. 

15. What kind of triangle is AOPB? square unit. 

Write an equation relating Set Il 

16. rtoa mas 

Lieto. : 

18. Use your answers to exercises 14 and 17 

to write an expression for aABCD in 

terms of 7. 

19. Use the formula for the area of a regular 

polygon to write an expression for 

aABCD in terms of 1. 

Close But Not Quite. One of the figures below 
is a circle and the other is a regular 60-gon. Honeycomb Geometry. Bees build the cells of 

honeycombs in the shape of regular hexagons. 
The radii of regular hexagon ABCDEF 

divide the hexagon into six triangles. 

B D 

A circle A regular 
60-gon 

Suppose that they each have a radius of 100 Sey 
units. \/ \ 

A Pp B 
20. What is the “perimeter” of a circle usually 

called? 29. What kind of triangles are they? 
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30. What is OP called with respect to the 

hexagon? 

31. Into what kind of triangles does OP 
divide AAOB? 

Write an expression for 

32. PB in terms of 1. 

33. ain terms of r. 

34. aAAOB in terms of 7. 

35. aABCDEF in terms of 7. 

36. Use the formula for the area of a regular 

polygon to write an expression for 

aABCDEF in terms of 7. 

Use ABOP to show that 

38. cos 30° = V3 
2) 

39. Substitute the results of exercises 37 and 

38 into your expression for exercise 36 

and simplify. 

1 
37. sin 30° = —. sin 9 

40. Does your result turn out to be what you 

would expect? Explain. 

Kiirschak Triangles. The figure below is one of 
the four identical parts of the Kiirschak figure 
shown at the beginning of this lesson. ABCD 
is a square, and the purple triangles are 
equilateral. 

41. Which two triangles must be congruent? 
Explain. 

The purple triangles are congruent and the 

yellow triangles are congruent. 

Lesson 3: The Area of a Regular Polygon 

42. What else can you conclude about the 
yellow triangles? 

What can you conclude about 

43. the measures of their acute angles? 

44, the measures of their obtuse angles? 

45. the measures of ZAHI and ZHIC? 

Given that the length of each side of ABCD 
is 7, find each of the following lengths in 

terms of r. 

46. DH and DI. 

47. AH, HI, and IC. 

48. DE, DF, and DG. 

Find each of the following areas in terms of 7. 

49, aBAHIC. 

50. aDAHIC. 

51. aADAH. 

Rats! 

Even rats take geometry lessons! In this 
experiment, a rat learned to distinguish 
between two regular polygons marking two 
doors. If the rat jumps toward the “correct” 
polygon, the door swings open and the rat is 
rewarded by landing near some food on the 
other side. The other door is latched so that, if 
the rat jumps toward it, it bumps its nose and 

falls in the net.* 

*The Animal Mind, by James L. Gould and Carol 
Grant Gould (Scientific American Library, 1994). 

589 



Suppose the two polygons have the same area. 

52. How do you think the radii of the two 
polygons compare? 

53. How do you think their perimeters 
compare? 

Suppose the area of each polygon is 100 

square centimeters. Find each of the following 

lengths to one decimal place. 

54. The radius of the square. 

55. The radius of the pentagon. 

56. Find the perimeter of the square without 

using the formula for the perimeter of a 
regular polygon. 

57. Use the formula for the perimeter of a 
regular polygon to find the perimeter of 
the pentagon to the nearest integer. 

58. Did you guess the answers to exercises 
52 and 53 correctly? 

Hebrew Exercise. The problem below is from 

a geometry book in Hebrew. 

qoinan ow wnvw mex KXxD (39 

pion? ABCDEFGH  bsiwnn 

.R winaw dayna 

2V2 R2 :aaiwn 

59. What do you think the problem is? 

60. Show whether your guess seems to be 
correct. 

61. If your guess seems to be correct, use 

AAOH to prove it. (Hint: Draw AAOH 
on your paper and find its exact area by 
drawing the altitude from A to HO.) 
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Set Ill 

Congruent Pentagons. The figure above is 
based on a discovery by Marjorie Rice of San 
Diego, California. It consists of congruent 
pentagons, one of which has been enlarged 
below. 

1. From the arrangement, what can you 
conclude about the pentagons? 

2. What kind of shape is the boundary of 

the figure? Explain. 

3. Given that each line segment in it is 1 
unit long, find the radius of the figure to 
two decimal places. 

Find the area of 

4. the entire figure. 

5. one of the pentagons. 
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From Polygons to Pi 

The circle in the photograph above, taken at the Great Sable Dunes 
in Michigan, was drawn by blades of grass blown by the wind! Imagine 
trying to measure the distance around it with a ruler. If the ruler were 
equal in length to the radius, 7, of the circle, the figure at the right 
suggests that the result would actually be the perimeter, 67, of the in- 
scribed hexagon. 

The six arcs of the circle are obviously longer than these chords. If 
we bisect each arc and draw the resulting chords to get a regular 
dodecagon, it follows from the Triangle Inequality Theorem that its 
perimeter must be greater than 67. For example, in AAMB shown in 
the second figure at the right, AM + MB > AB. 

The Greek mathematician Archimedes, who lived in about 250 
B.C., saw how he could find the circumference of a circle by using in- 
scribed and circumscribed polygons. Beginning with a regular hexa- 
gon, Archimedes successively doubled the number of sides to get reg- 
ular polygons of 12, 24, 48, and 96 sides. The more sides he used, the 
better his approximation to the circumference became. 

LESSON 4 

Be 

F E 

B G 

le iB 
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392 

.1414524)p 
3.1415576)r 
3.1415838)r 
3.1415904)r 
3.1415921)r 

Q7r 

QOOG 
As the figures above reveal, the polygons become rounder and 

rounder until they are hard to distinguish from the circles in which 
they are inscribed. About 500 years after Archimedes, a Chinese math- 

ematician named Liu Hui continued the doubling by using polygons 

with 192, 384, 768, 1536, and 3072 sides in his calculations. 

From the triangle inequality argument, it is evident that the pe- 
rimeters of the polygons keep getting larger. The polygons, however, 
are inscribed in the circles; so there is a limit to how large the perim- 

eters can get. Intuitively, this limit is the “length,” or circumference, of 
the circle. 

Neither Archimedes nor Liu Hui had the convenience of a calcu- 

lator with which to do their computations. With your calculator, you 

can easily check some of the values of N given to eight digits in the 
table at the left. 

From the table, it appears that N is getting closer and closer to a 
specific number. The number, its limit, is 7. As a result, the perim- 

eters of the polygons are getting closer and closer to the number 277. 
This finding suggests that the circumference of a circle should be de- 
fined as follows: 

Definition 
The circumference of a circle is the limit of the perimeters of the 
inscribed regular polygons. 

This definition in turn suggests the following theorem, which we 
state without formal proof. 

Theorem 77 
If the radius of a circle is 7, its circumference is 277. 

Because the diameter of a circle is twice its radius, it follows from 

the equations c= 27rand d= 2r that c= rd. 

Corollary to Theorem 77 
If the diameter of a circle is d, its circumference is 7d. 

Dividing both sides of the equation c= 7d by d gives 

Teles 
d 

This result is the basis for the dictionary definition of 7 as “the ratio of 
the circumference of a circle to its diameter.” 
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The number 7 is irrational; so its decimal form neither ends nor 

repeats. Its value is now known to more than 200 billion decimal 

places! Every scientific calculator has a key for it. Rounded to eight 

digits, sufficient for almost any calculation, 7 is 

3.1415927. 

Exercises 

Set | C 

Circumference. The 
formula ¢c = 27r relates 

the circumference of a 

circle to its radius. 

1. Explain why it follows that c= 7d. 

What is the ratio of the circumference of a 

circle to its 

2. diameter? 3. radius? 

Hat Sizes. To find your hat size, you need to 

know the size of your head. 

Printed by 
permission 
of the 
Norman ; 
Rockwell : : 
Family a, 

Agency. © j NG 
1934 the \ 
Norman 3 
Rockwell Family 
Entries. 

This chart shows two examples. 

Head size Hat size 

LD) 7 

2234 7" 

SSE ISR TIC EIEIO PL TI BO ERIE EL ITT TES STB TE TSS SET BIT ERLE ON RES SIE IEEE ARES OLY 

4. Find the ratio of each head size to the 

corresponding hat size. 

The numbers in the chart are based on inches. 

What measurement of the hat do you think is 

given by 

5. your head size? 

6. your hat size? 

The Moon’s Orbit. The orbit of the moon 
around Earth is close to being circular, with 
an average radius of 238,857 miles. 

7. Find the distance traveled by the moon in 

one orbit around Earth. 

The moon’s average speed in orbiting Earth 

is 2,287 miles per hour. 

Find the time that it takes the moon to 

travel once around Earth 

8. in hours. 

9. in days. 
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Semicircles. In the figure below, three semi- 
circles are centered at A, B, and C. 

: ee 

Express the following lengths in terms of a 
and 6. 

10. The length of semicircle A. 

11. The length of semicircle B. 

12. The length of semicircle C. 

13. What can you conclude from these 
answers? 

14. Does the conclusion depend on the 

relative sizes of aand 6? 

Steamboat Geometry. In designing his 
steamboat, Robert Fulton planned for it to 

travel 8 miles per hour.* 

EL = 

What speed is 8 miles per hour in 

15. feet per hour? (1 mile = 5,280 feet) 

16. feet per minute? 

The paddle wheels were 14 feet in diameter. 

17. What was their exact circumference? 

*The Innovators: The Engineering Pioneers Who Made 
America Modern, by David P. Billington (Wiley, 1996). 

Fulton figured out the number of revolutions 

that the wheels would have to make per 

minute for the paddles, moving along their 

rims, to travel 8 miles per hour. 

18. Use your answers to exercises 16 and 17 
to find the number that Fulton got. 

Babylonian Problem. The following problem 

appears on a Babylonian clay tablet from 
about 1600 B.c.* 

The circumference of circle O was given to be 
60 units, OD | AB, and CD = 2. 

19. Copy the figure and mark it as needed to 

answer the following questions. 

From the numbers used in the problem, it 

appears that the writer thought that a = 3. 
If 7 were equal to 3, 

20. what would be the radius of the circle? 

21. what would be the length of OC? 

22. what would be the length of AC? 

23. What is it about AOAC that suggests that 
the person who wrote the problem meant 

OA to be 10? 

24. What relation must AC have to AB? 

Explain. 

25. The problem was to find the length of the 
chord AB. What is it? 

* The History of Mathematics: An Introduction, by David 
M. Burton (Allyn & Bacon, 1985). 
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Viéte’s Calculation. In the sixteenth century, 
French mathematician Francois Viéte used a 

regular polygon having 393,216 sides to 
calculate the value of 7. 

26. Letting n = 393,216, use your calculator 

to find N= 7 sin oy 
n 

27. If it were carried out precisely, would 

Viete’s calculation give the exact value of 
a? Explain why or why not. 

Perimeters and Diameters. Here we compare 
the ratios of perimeters to diameters for 
various figures. Use the figures below as a 
guide to seeing how these ratios depend on 
shape. 

28. Find the exact ratio of the perimeter of a 

square to the length of one of its diago- 
nals, its diameter. 

29. Find the value of this ratio to two decimal 

places. 

30. Find the ratio of the perimeter of a 
regular hexagon to the length of one of 
its longest diagonals, its diameter. 

31. Find the exact ratio of the circumference 

of a circle to the length of one of its 
longest chords, its diameter. 

32. Find the value of this ratio to two decimal 

places. 

33. What would you guess the approximate 
ratio of the perimeter of a regular 
100-gon to the length of one of its 
longest diagonals to be? 

34. Check your answer by using the for- 
mula for the perimeter of a regular 
polygon. 

Set Il 

Going in Circles. Whether awake or asleep, 
you are always traveling in circles. In 1 day 
(24 hours), Earth rotates once on its axis. 

35. Given that Earth’s radius is 3,960 miles, 

find the approximate length of the 
equator. 

36. How far does someone living on the 
equator travel about Earth’s axis in 1 

hour? 

37. Owing to Earth’s rotation, how fast is 
that person traveling in miles per hour? 

In 1 year, Earth travels once around the sun. 

ae 
38. Given that the radius of Earth’s orbit is 

about 93,000,000 miles, find its approxi- 

mate circumference. 

39. How far does Earth travel in 1 day? 

40. How far does it travel in 1 hour? 

41. Owing to Earth’s motion around the 

sun, how fast are you traveling in miles 
per hour? 

42. How fast are you traveling in miles per 

second? 
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Two Squares. In the figures below, circles O 50. the sum of the circumferences of the 

and P have the same radius, 1. three circles. 

51. the ratio of the perimeter of AABC to the 

sum of the circumferences of the three 

circles. 

Videotape. A VHS videotape playing at SP 
speed moves through the recorder at the rate 
of 1.375 inches per second.* 

ABCD is a square with side AD lying on a 
diameter of circle O. EFGH is a square 

inscribed in circle P. 

43, Why is AABO = ADCO? Explain. 

44, Express OD in terms of x. 

45. Express r? in terms of x”. 

46. Express r? in terms of y?. 52. Given that the tape plays for 2 hours, 
47. Express x2 in terms-of y?. how many feet long is it? 

48. How does the area of ABCD compare When the take-up reel is empty, it has a 

with the area of EFGH? radius of 0.5 inch. 

SAT Problem. This problem appeared on an 53. What length of tape does it take up in its 

SAT exam. first revolution? 

When the take-up reel is full, it has a radius of 

1.5 inches. 

54. What length of tape does it take up in its 

eX last revolution? 

55. What length of tape do you think it 
V\ takes up during an average revolution? 

56. On the basis of your answer to exercise 
55, about how many times does the take- 

up reel turn in 2 hours? 

The circles with centers A, B, and C have three 
points of contact as shown. 

Letting a, b, and c be the respective radii of 

the three circles, tind * Scientific American: How Things Work Today, edited by 
49. the perimeter of AABC. Michael Wright and M. N. Patel (Crown, 2000). 
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Kochansky’s Construction. Here is a 
remarkable construction discovered by Adam 

Kochansky, a Jesuit priest, in 1685. 

57. Construct the figure above by doing 
each of the following steps. 

(1) Draw circle O with radius 1 inch, and 
draw diameter AB. 

(2) Construct line / 1 AB at A. 

(3) With A as center and AO as radius, draw 
an arc intersecting the circle at C. Draw 
ACOA. 

(4) Bisect ZCOA and let D be the point in 
which it intersects /. 

(5) Starting at D, mark off three arcs with 
radius AO along line J. 

(6) Let E be the endpoint of the third arc as 
shown, and draw BE. 

What kind of triangle is 

58. AOCA? 

59. AODA? 

Find each of the following lengths to as many 
decimal places as you can. 

60. 

61. 

62. 

63. 

DA. 

AE: 

BE. 

What is interesting about the length of 
BE? 

Set III 

Tire Change. The introduction to a book for 
automotive enthusiasts begins with these 

words: 

If you’re seriously interested in auto- 
mobiles and how they perform, sooner or 
later you'll have to deal with mathematics. 
Virtually all aspects of motor sports, from 

bore and stroke, through power and 
torque, to time and speed, involve math- 

ematical calculations.* 

One of the many practical problems 

considered in the book follows: 

Someone with a four-wheel-drive truck 

with 28.9-inch-diameter tires replaces them 

with 33-inch tires to increase the ground 
clearance. If the truck’s speedometer was 

accurate with the original tires, how fast 

would the truck actually be going on the new 

tires when the speedometer reads 70 mph? 

Can you show, by using your knowledge of 
the circumference of a circle, how to solve the 

problem? 

*Auto Math Handbook, by John Lawlor (HP Books, 
1991). 
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LESSON 5 

The Area of a Circle 

The German city of Cologne was originally a colony of the Roman 

Empire. Located on the Rhine River, the city took the shape of half a 

circle in 1180 when a semicircular wall was built to protect it. On the 

medieval map of the city shown above, it is called “Colonia Agrip- 
pina,” the name that it was given in 50 A.D. 

Why was the wall built with a semicircular shape? The reason is 

that, for walls of a given length built against a boundary such as this 
river, a circular wall encloses the greatest area. 

We have learned that, to measure the circumference of a circle, 

Archimedes and others following him thought of it as the limit of the 
perimeters of the inscribed regular polygons. Each time the arcs of the 
circle are bisected and chords are drawn to produce the next poly- 

gon, the new polygon looks more like the circle. The areas enclosed 

by the successive polygons increase because of the new triangles that 
result. There is a limit, however, to how large these areas can get. The 
area of the circle is defined to be this limit. 

Definition 

The area of a circle is the limit of the areas of the inscribed regular 

polygons. 
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24 48 

The table at the right shows what happens to the area of a regular 
polygon as n, the number of sides, is successively doubled. The first 
eight digits of Mare given, and it is apparent that, like N, Mis getting 

closer and closer to a specific number and that number is 7. Hence, 
the areas of the polygons are getting closer and closer to the number 
Wt? 

This finding suggests the following theorem, which we state with- 
out formal proof. 

Theorem 78 
If the radius of a circle is 7, its area is 77. 

The walled city of Cologne had a radius of 0.9 mile. Because the 

city occupied roughly half a circle, its area was about Str = = 

5710.9) ~ 1.3 square miles. 

Suppose that, instead of having the shape of half a circle, Cologne 
had the shape of half a square. With the use of the figures shown at 
the right, it is easy to show that, if the protecting walls were the same 
length, the area of the half-square would be less than that of the half- 

circle. 

If the radius of the semicircular wall is 7, its length is 5 (2m = a1 
2 

and the area of the city is 5 (a? = oo If a wall of the same length 

surrounded half a square, its dimensions would be me and ". The 
4 Oe) 

. 
Ta WP r 

area of the city would be PEI AF NTO el 
Deal ey 8 

Using a calculator to compare these areas, we get 

arr? arr 

y, 

This comparison shows that the semicircular wall encloses a greater 
area than does the “semisquare” wall. Perhaps surprisingly, this result 

is obtained for every shape other than a semicircle that you might think 

of. No matter what other shape the citizens of Cologne might have 

chosen for their wall, mathematicians have since proved that the semi- 

circle is the best. 

=1.57r2 and = 1.23r2. 

i, e 410 oy 

me 6 Levee po 
(3. pee 

3072 — (3.1415904)r2 
circle wr 

mV 
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Exercises 

Set | 

Hurricanes. A hurricane is a circle of wind and 

clouds that spins like a top. At its center is the 

“eye of the storm,” a circular region of relative 

calm. 

A typical hurricane has a radius of about 

150 miles.* What is its approximate 

1. diameter? 

2. circumference? 

3. area? 

The area of the eye can be as much as 700 
square miles. What is its approximate 

4, radius? 

5. circumference? 

Square and Circular Inches. Although a square 
inch is a familiar unit of area, few people other 

than electricians have heard of a circular inch. 

One circular 
inch 

One square 
inch 

6. What is meant by one square inch? 

7. Judging from the figure above, what is 
meant by one circular inch? 

“Waves, Wind and Weather, by Nathaniel Bowditch 

(David McKay Company, 1977). 
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8. Which unit of area is larger? 

9. If two squares have sides of x inches and 
1 inch, what is the ratio of their areas? 

10. What is the area in square inches of a 

square with sides of 10 inches? 

11. If two circles have diameters of x inches 

and | inch, what is the ratio of their 

areas? 

12. What is the area of a circle in circular 

inches with a diameter of 10 inches? 

Ripples. 

A problem in a calculus book states: 

A stone is dropped into a lake, creating a 

circular ripple that travels outward at a 
speed of 60 centimeters per second. 
Express the area of this circle as a function 
of time ¢ (in seconds).* 

t=3 

13. Find the radius of the ripple at the end 

of 1 second. 

14. Find its area (in terms of 7) at the end of 
1 second. 

15. Find the radius of the ripple at the end 

of ¢t seconds. 

16. Find its area (in terms of 7) at the end of 
t seconds. 

¥ Calculus, by James Stewart (Brooks/Cole, 1995). 
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Equal Areas. In his book Measurement of a Pi Square. The side of the square in the figure 
Circle, Archimedes compared the areas of the below is equal to the radius of the circle. 
circle and right triangle shown below. 

6 i B 

17. If the areas are equal, what would AB ; ; d 
equal? Explain. Given that the area of the square is 7, find 

22. the exact length of each of its sides. 

Central-Pivot Irrigation. In central-pivot 93 
irrigation, a sprinkler pipe rotates about one 
end to water a circular area. 

. the area of the circle. 

24. the ratio of the area of the circle to the 

area of the square. 

Circle on a Grid. The figure below shows a 
circle drawn on a square grid. The number, P, 

of corner points of the grid on or inside the 
circle, shown in red, is 113.* 

18. In which of the two arrangements 

shown below do you think the watered 

area would be greater? 

25. Given that the sides of the small squares 

on the grid are 1 unit, what is the radius, 
: ? 

Express in terms of 7 the area watered in r, of the circle? 

19. the left-hand arrangement. 26. Find the value of a 5 
20. the right-hand arrangement. 

21. How do the watered areas actually *Geometry and the Imagination, by David Hilbert and 

compare? Stephan Cohn-Vossen (Chelsea, 1952). 
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If the circle were larger, with r= 20, the 

number of corner points on or inside it would 

be 1,257: 

27. Find the value of ea 
r 

If the circle were even larger, with r = 300, the 

number of corner points on or inside it would 

be 282,697. 

28. Find the value of =< 
r 

29. What do these results suggest about the 
Pe rk HE . 
limit of the ratio Sap increases? p 

30. Approximately how many corner points 

do you think would be on or inside a 

circle with r= 100? 

Set Il 

Area Problems, Write an expression in terms 

of x* for the area of the shaded region in each 
of the following figures. | 

Example: B 

Square ABCD 

is inscribed in 

circle O. D 

Solution: The area of the circle is 7x? because 

its radius is x. AOCD is an isosceles 

right triangle with OC = x; so 

CD = xV 2. The area of the square is 

(xV2)2 = 2x2. So the shaded area is 
TX” — 2K (a = 2) 

31. 

The centers of the circles are A and B. 

602 

32. 

The two circles are concentric with 

center O. 

Boe A B 

D G 

Circle O is inscribed in square ABCD. 

34, 

35. 

Rectangle ABCD is inscribed in circle O. 

36. ‘S 

A B 

Circle O is inscribed in equilateral 

AABC. 
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Cable Disaster. The following story is true.* 

A rigger in a steel mill noticed that a cable 

on a crane was damaged. Its diameter was 

1 inch but the only cable available had a 

diameter of 2 inch. The foreman told the 

rigger to replace the 1-inch cable with two 

%-inch cables. After this had been done, 

the new cables snapped, 10 tons of steel 

fell 25 feet, and several workers were 
almost killed. 

37. Make a scale drawing to show the l-inch 

cable and the two ‘44-inch cables. 

The foreman’s reasoning was wrong. 

38. What do you think should have been 
done instead? Explain your thinking. 

Slicing a Circle. The figure below is from a 
book by the seventeenth-century Japanese 
mathematician Sawaguchi Kazuyuki.? 

iy A 

BY» 
er 

OLE a RAN RLS BRR HS 

PE4are 

RRA? KA or ch | fray PN SBD NI BI 

S257 +3 aor Hr 
STS >=) 

AHS rege) 

39. On graph paper, draw a pair of axes 
extending 10 units to the right and 10 
units up from the origin. 

*A History of the Circle: Mathematical Reasoning and the 
Physical Universe, by Ernest Zebrowski, Jr. (Rutgers 
University Press, 1999). 
TA History of Japanese Mathematics, by David Eugene 
Smith and Yushio Mikami (Open Court, 1914). 

\ 
di 
A 
i) 

O 5 10 

(1) Use your compass to draw a quarter of a 
circle with its center at O and a radius of 

10 units as shown in the figure above. 

(2) Use your ruler to draw rectangular 
strips 1 unit wide inside the quarter 
circle as shown. 

40. Explain why the exact area of the fifth 

strip is V75. 

41. Find the exact areas of the other eight 
strips. 

42. Use your calculator to find the sum of 

the areas of the nine strips to one deci- 

mal place. 

43. On the basis of this answer, estimate the 

area of a circle with radius 10 to the 

nearest integer. 

44, How would you expect your answer to 

compare with the actual area of the 

circle? Explain. 

If the same method were used, but with strips 

half as wide, the sum of the areas of the 19 

strips would be 75.7 to one decimal place. 

45. Why would you expect this answer to 

lead to a better estimate of the area of 

the circle than the preceding one? 

46. How could this method be continued to 

get better and better estimates of the 

area of the circle? 

Lesson 5: The Area of a Circle 603 



Tangent Circles. In the figure below, the 
centers of the three circles are on XY. The radii 

of the two smaller circles are a and 0. 

47, What is the radius of the large circle? 

Write an expression in terms of a and 6 for 

48, 

49, 

50. 

51. 

52. 
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the blue area. 

the yellow area. 

Write an expression for the ratio of the 

blue area to the yellow area and simplify 
tm : 

If a= b, does your ratio make sense? 
Explain. 

Write an expression for the ratio of the 

border of the blue area to the border of 

the yellow area. 

Set Ill 

Lull’s Claim. A famous thirteenth-century 
poet and mystic named Ramon Lull claimed 
that the circle and middle square in the figure 
below have the same perimeter and area. 

It is possible to decide whether Lull’s claim is 
correct without even considering the geometry 
of the figure. 

Suppose the radius of the circle is r and 
the side of the middle square is s. Write an 
equation stating that the circle and the middle 
square have 

1. the same perimeter. 

2. the same area. 

3. What happens when you solve your 
system of two equations for 7? 
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Used by permission of Tom Henderson. 

LESSON 6 

Sectors and Arcs 

When a pizza is cut into slices, they usually have the shape of sectors. 
A sector of a circle is a region bounded by an arc of the circle and the 
two radii to the endpoints of the arc. 

If a circle is divided into sectors with equal arcs, the sectors are 

congruent to one another and have equal areas. With the use of this 
fact, it is easy to find the area of each one. For example, if a pizza 
with a radius of 12 inches is cut into eight equal pieces, the area of 
each piece is 

=n(12)? = 187 ~ 57 square inches. 

Because the border of the pizza (the 360° arc of a circle) also is divided 
into eight congruent pieces, each sector has an arc (and central angle) 
with a measure of 

l 
—360° = 45°. 
8 

The lengths of these eight equal arcs add up to give the circumference 
of the circle; so each arc has length 

52m(12) = 3m ~ 9 inches. 
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These examples illustrate the general pattern. Suppose that the 

central angle (and hence arc) of a sector has a measure of m° and that 
the radius of the sector is r. Because the arc of every circle has a mea- 

sure of 360°, the area of the sector must be ean times the area of the 

circle, or cana The length of its arc is a times the circumference of 

the circle, or 36027" 

The idea is simple: 

If a sector is a certain fraction of a circle, then its area is the same 

fraction of the circle’s area. If an arc is a certain fraction of a circle, 

then its length is the same fraction of the circle’s circumference. 

In sports events such as the shot put and the discus and hammer 

throws, the region into which the object is thrown is in the shape of a 
sector. In the Olympics, the angle of the sector in each of these events 
has a measure of 40°. For the shot put, the radius is usually about 30 
meters. To find the area of the shot-put sector, we can reason as above: 

BO ie 360 70 1007 = 314. 

The shot put is thrown into a region having an area of about 314 

square meters. 

Exercises 

Set | 

Orange Slices. The photograph at the left 
shows oranges sliced in half to reveal eight 
equal parts. 

1. What is the shape of each part? 

2. What is the degree measure of its arc? 

Given that the radius of the orange is 7, what is 

3. the length of each arc? 

4, the area of each part? 
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Sonar Beams. A dolphin projects a beam of 
sound in front of it to find food and avoid 

obstacles.* 

~200 me 
205 : 

ters 

What does each of the following expressions 

represent? 

20 
5, 360 277300. 

20 
63.5 2 360 7300 

Find 

7. the length of AB to the nearest meter. 

8. the area of sector DAB to the nearest 

hundred square meters. 

Latitude. Latitude measures how many 
degrees north or south you are of the equator. 

The figure above shows that the North Pole is 
90° from the equator. 

9. Given that the radius of the earth is 

3,960 miles, how many miles is it from 

the equator to the North Pole? 

*Animal Navigation, by Talbot H. Waterman (Scientific 
American Library, 1989). 

10. How far north do you travel when you 

increase your latitude by 1°? 

The latitude of the Hawaiian Islands is 20°N. 

11. How far are they from the equator? 

Driveway Design. The figure below shows the 
design of a “Y turn” residential driveway.' 

carport 

ee! 18' 8' 

18 

10' 13" 

Use the dimensions given to find the following 
areas, each to the nearest square foot. 

12. The total area of the figure. 

13. The lawn area (shown in green). 

14. The paved area (shown in yellow). 

Two Sectors. In the figure A_ 
at the right, mAB = 90° : 

and mOB = 180°. 
Express each of the 

following areas in terms 

of 7. 

15. The yellow area. 

16. The area of the entire figure. 

17. How does the yellow area compare with 

the blue area? 

+ Landscape Development, Field Technical Office, U. S. 
Department of the Interior. 
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Reuleaux Triangle. The Reuleaux triangle, 
named after a nineteenth-century engineer, is 

interesting in that its width in every direction 

is the same. It has been used in the design of 

a rotary drill that can drill square holes! 

A 

C= 

A Reuleaux triangle is constructed by 
drawing three arcs on the sides of an 
equilateral triangle. Each arc is centered on 
one of the triangle’s vertices. 

18. Find mAB. 

19. Find the length of AB. 
20. Find the perimeter of AABC. 

21. Find the perimeter of the Reuleaux 

triangle. 

22. Find the diameter of a circle whose 
circumference is equal to the perimeter 
of the Reuleaux triangle. 

Sound Delay. Most sounds that you hear reach 

one of your ears before the other. Suppose 
your head is round and has a diameter of 7 

inches.* 

a 

When a sound from the left reaches your left 

ear, it still has to go past your head to reach 
your right ear. Your brain can detect the 

resulting time delay. 

*Human Information Processing: An Introduction to 
Psychology, by Peter H. Lindsay and Donald A. 
Norman (Harcourt Brace Jovanovich, 1977). 
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23. How many extra inches does the sound 
have to go? 

Sound travels about 1,100 feet per second in 

air. 

24. How many inches does it travel in a 
second? 

25. How much extra time does it take to 

reach the right ear? 

The Radian. A unit of angle measure used in 
advanced mathematics is the radian. As you 
might guess from its name, it has something to 
do with the radius of a circle. A radian is 
defined as the measure of a central angle that 
intercepts an arc equal in length to the radius 
of the circle. 

26. What is the length of a circle in terms of 

its radius? 

27. What is the measure of a circle in terms 

of degrees? 

28. What fraction of the length of the circle 

is the length of AB? 

29. Find mAB. 

30. What is the approximate measure of 

1 radian in degrees? 

Set Il 

Windshield Wipers. The figure below shows 
the region covered by a windshield wiper of a 
car. 
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Use the measurements in the figure to find 
the following numbers. 

31. The distance traveled by the tip of the 

wiper in going from A and B, to the 

nearest inch. 

32. The area wiped by the wiper, to the 

nearest square inch. 

33. A car has two windshield wipers. Is it 
possible, from the information given in 

the figure, to find the total area wiped 

by both wipers? Explain. 

Land Area. Lucius Columella, a Roman farmer 
who lived in the first century, wrote a book on 

agriculture in which he showed how to 

calculate areas of land. 

In one example, Columella claimed that the 
area of the orange region in the figure above 
was more than 44 square units.* 

34. Use your calculator and the sine ratio in 

AADO to find ZAOC. 

35. Find ZAOB. 

36. Find mAB. 

37. Find the area of the sector bounded by 
OA, OB, and AB. 

38. Find the area of AABO. 

39. Find the area of the orange region. 

40. Was Columella correct? 

“Mathematics and Measurement, by O. A. W. Dilke 
(University of California Press, 1987). 

Running Track. The figure below represents 
the measure line (shown in green) of the first 
lane of a 400-meter running track. 

41. 

1D) 100m 

Find AB to the nearest 0.01 meter. 

EF represents part of the measure line of the 

second lane. Because each lane is 1.2 meters 

wide, AE = BF = 1.2 m. 

42. 

43, 

44, 

45. 

Find EF to the nearest 0.01 meter. 

Find the length of EF to the nearest 0.01 

meter. 

How many laps around the track does 
someone make in running a 10,000-meter 
race? 

In this number of laps, how much 
farther would someone who stayed in 

the second lane run than someone who 

stayed in the first lane? 

A runner’s right leg travels farther than the 

left leg on each curve because the race is run 

counterclockwise. 

46. If the difference in the radii of the two 
paths is 15 cm (0.15 m), how much 
farther does the runner’s right leg travel 
during the race? 
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Four Crescents. In the figure below, circle O is 
circumscribed about square ABCD and 

semicircles have been drawn with the sides of 

the square as their diameters. M is the 

midpoint of AB. 

Given that OA = 2, find 

47, AB. 

48. AM. 

Find the exact area of each of the following 
parts of the figure. 

49, 

50. 

ol 

52. 

53. 
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54. 

95: 

56. What do your answers to exercises 50 
and 55 prove? 

Drop-Leaf Table. 

The figure below shows the design of a drop- 

leaf table. The two leaves are hinged along 

chords AB and CD of circle O; diameter EF is 

perpendicular to both chords. 

ie 

F 

Use the measurements given to find each of 
the following numbers. 

57. The radius of the table. 

58. The area of the table to two decimal 

places. 
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Oo ACOH. 

60. ZCOD. 

61. The area of the sector bounded by OC, 

OD, and CD. 

62. CD to two decimal places. 

63. The area of ACOD. 

64. The area of one of the leaves of the table 

to the nearest square inch. 

65. The area of the top of the table when the 

two leaves are down to the nearest 

square inch. 

Salt Cellar. The Greek mathematician 
Archimedes proved that the yellow region in 

the figure below, which he called a “salt 

cellar,” has the same area as the red circle. 

The boundary of the “salt cellar” consists of 

four semicircles drawn on AB. CD is a 

diameter of the red circle. 

Express each of the following numbers in 
terms of a and 0. 

66. The radius of the longest semicircle. 

67. The diameter of the red circle. 

68. The radius of the red circle. 

69. The area of the red circle. 

70. Show that the area of the “salt cellar” is 

equal to the area of the red circle. 

Set Ill 

Pizza Puzzle. Acute Alice and Obtuse Ollie 

decided to share a pizza. Ollie cut it into four 

pieces with two perpendicular cuts, but he 

didn’t cut the pizza through the center. He 

told Alice that he would eat the two pieces 

shown in orange and she could have the rest. 

Not being sure that she liked this idea, 
Alice cut the pizza two more times by bisect- 
ing the four angles at P. She told Ollie that he 
could now take his pick between the four 
orange pieces or the four yellow ones. 

Do you think either way is fair? Make 

some drawings in which P is in different 

places to see what you discover. 
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CHAPTER 14 Summary and Review 

Basic Ideas 

Apothem 574 

Area of acircle 598 

Area of a sector 606 

Central angle of a regular polygon 574 

Circumference 592 

Length of an arc 606 

Limit 592 

qm 592-593 

Radius of a regular polygon 574 
Regular polygon 572 
Regular polygons, names of 573 
Sector 605 

Theorems 

74, Every regular polygon is cyclic. 573 

Exercises 

Set | 

Molecule. A cholesterol molecule contains 74 

atoms. The left-hand figure below shows a 

model of this molecule, and the right-hand 
figure shows its line formula, a picture of the 

way in which its atoms are connected.* 

1. What regular polygons do you see in the 
line formula? 

2. What must be true for a polygon to be 

regular? 

*Molecules, by P. W. Atkins (Scientific American 
Library, 1987). 

75. The perimeter of a regular polygon 

having n sides is 2Nr, in which 

N=n afd and ris its radius. 581 
n 

76. The area of a regular polygon having n 
sides is Mr?, in which 

M=n onl Eee and r is its radius. 
n n 

587 

77. If the radius of a circle is 7, its circumfer- 

ence is 27r. 592 

Corollary. If the diameter of a circle is ¢, its 
circumference is 7d. 592 

78. If the radius of a circle is 7, its area is mr. 
099 

3. What happens to the shape of a regular 

polygon as its number of sides 
increases? 

A Regular 15-gon. In the Elements, Euclid 
showed how to inscribe a regular polygon 
with 15 sides in a circle. He started by 
constructing equilateral AABC and regular 
pentagon ADEFG. 
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Find each of the following arc measures. 

6. mDB. 

7. mBE. 

——~ 

4. mAB. 

5. mAD. 

8. Which points on the circle could be 

connected to form sides of the regular 

15-gon? Explain. 

Use your calculator to find, to two decimal 

places, the following numbers for a regular 
15-gon. 

Ni pe eel 
n 

10. M=n ae ay 
n n 

11. What number is the limit of Nand Mas 

n increases? 

Suppose a regular 15-gon is inscribed in a 

circle with radius r. Write an expression in 

terms of r and to two decimal places for 

12. the perimeter of the polygon. 

13. the area of the polygon. 

14. the length of each of its sides. 

Penny Farthing Bicycle. Before the invention 
of the chain drive, all bicycles used direct 

drive. One turn of the pedals resulted in one 

turn of the front wheel.* 

The typical radius of the front wheel on a 

“penny farthing” bicycle is 2 feet. 

15. How many turns of the pedals would be 

needed to get the bicycle to travel 1 mile 
(5,280 feet)? 

Given that the radius of the back wheel is 0.6 

foot, find 

16. its circumference. 

17. the number of turns that it would make 

in traveling 1 mile. 

SAT Questions. The following questions have 
appeared on SAT tests. Give your answers in 

terms of 77. 

18. What is the circumference of a circle 

with radius 7? 

19. What is the diameter of a circle with 

circumference 1? 

20. What is the area of a circle whose 

circumference is 477? 

Semicircles on the Sides. About a century after 
Pythagoras’s time, a mathematician named 

Hippocrates claimed that, if semicircles are 

drawn on the sides of a right triangle, the sum 
of the areas of the semicircles on the legs is 
equal to the area of the semicircle on the 

hypotenuse. 

*Mathematics Meets Technology, by Brian Bolt 
(Cambridge University Press, 1991). 

91. Find the areas of the three semicircular 

regions in the figure above. 

22. Is what Hippocrates claimed true? 

Explain why or why not. 
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Area Comparisons. In the figure below, 
mAB = 90°, mOB = 180°, and OC bisects 

ZAOB. 

(1) Draw segment AB 2 inches long. 

(2) With A and B as centers and AB as 
radius, draw the two arcs intersecting 

Express each of the following sums in terms of 7. at C. 

23. The sum of the yellow and orange areas. (3) Draw AABC. 

24. The sum of the orange and red areas. (4) Construct CD 1 AB. 

25. How does the yellow area compare with Find the areas of each of the following regions, 

the red area? Explain. both in terms of 7 and roots and numerically 

A to three decimal places. 

28. AABC. 

29. The sector bounded by radii AC and AB 

and CB. 

30. The region bounded by segment CB and 
CB. 

31. The entire arch. 

26. What can you conclude about the figure 
above? Set Il 

Gothic Arch. The Gothic arch was a popular Cup Problem. In the drawing of a cup below, 
shape in medieval architecture. EF divides rectangle ABCD into square ABFE 

and rectangle EFCD; AB = 1. 

5 

G 

27. Use your straightedge and compass to The cup is formed from four arcs: AG with 
construct a Gothic arch by doing each of center B, GD with center E, BH with center A, 

the following steps. and HC with center F. 
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32. How do these arcs appear to compare in 

length? 

33. Find mAG. 

34. Find the length of AG to two decimal 

places. 

35. Find the exact length of EG. 

36. Find mGD. 

37. Find the length of GD to two decimal 

places. 

38. Were you right in your answer to_ 
exercise 32 about how AGand GD 
compare in length? 

Time Zones. The earth is divided into 24 time 

zones, one for each hour of the day. 

<2 24 1 2 > 

39. Given that the radius of the earth is 

3,960 miles, what is the width along the 

equator of each time zone? 

The average latitude of the contiguous United 
States is 40°N. 

40. Use AABO to find the radius, AB, of the 

circle of latitude 40°. 

41. Find the circumference of this circle. 

42. What is the width along this circle of 
each time zone? 

The contiguous United States spreads across 

four time zones. 

43, What is the approximate width of the 

contiguous United States? 

From Dodecagon to Square. The figures below 
show how a regular dodecagon can be cut 
into six pieces that can be rearranged to form 
a square.* 

In the first figure, the dodecagon is inscribed 
in a circle. 

44, What kind of triangle is the blue piece? 

Explain how you know. 

Given that the area of the dodecagon is 6 
square units, find each of the following numbers. 

45. Its radius, from the area formula. 

46. The radius of the square. 

47, The perimeter of the dodecagon to two 

decimal places. 

48. The perimeter of the square to two 

decimal places. 

49, What happens to the perimeter of the 

figure when the pieces are rearranged to 

form the square? 

* Geometric Dissections, by Harry Lindgren (Van 

Nostrand, 1964). 
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Chord and Ring. The two circles in the figure 
below are concentric, and chord AB of the 

larger circle is tangent to the smaller circle at 
point C. 

50. Draw the figure on your paper. Draw OC 

and label its length r. 

51. What can you conclude about segments 

OC and AB? 

50. (continued) Draw OA and label its 
length R. 

52. Write an expression in terms of R and r 

for the area of the yellow ring. 

53. Given that AB = 2, find the area of the 

yellow ring. 

54. What is strange about this problem? 

Half a Heart. The heart-shaped curve below 
consists of two equal semicircles that meet 

another semicircle on AB. CD is any line 

through O, the center of the large semicircle. 

55. Write an expression for the length of the 
border of the “heart” in terms of 7. 

Given that ZAOD = x’, write an expression 
in terms of x for 

56.1:4AOE, 

57.-ZOGE 

616 

58. ZAEC. 

59. the length of AG. 

60. the length of AD. 

61. the length of CAD. 

62. What can you conclude about line CD? 

Explain. 

Biting Region. Obtuse Ollie tied his pet 
bulldog with a rope 15 feet long to one corner 
of a shed 12 feet long and 10 feet wide. 

The green region shows where the dog can go. 

63. If the dog continually pulls at the rope, 
how far can it run in going from A to B? 

64. Find the area within biting distance of 
the dog. 
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So far, our study of geometry has been mostly limited to two- 
dimensional figures such as polygons and circles. In this chapter, 

we consider some familiar three-dimensional figures, the sets of 

geometric solids known as prisms, pyramids, cylinders, cones, 

and spheres. You will become familiar with how to recognize 

and draw these figures and will learn from where the formulas 
for their surface areas and volumes come. The chapter ends with 
the topics of similar solids and the regular polyhedra. 



M. C. Escher’s “Ascending and Descending” © 2002 Cordon Art B. V.—Baarn-Holland. 

L E S S O N 1 All rights reserved. 

Lines and Planes in Space 

618 

In creating a picture, an artist depicts our three-dimensional world on 

a two-dimensional surface. A technique called perspective is used to 
represent space on a single plane. Some artists, including Maurits Es- 
cher, play tricks with perspective. An example is the staircase on the 
roof of the building in the picture above by Escher titled Ascending and 
Descending. The trick is that the people walking in one direction are 
always ascending, whereas those walking in the other direction are al- 
ways descending! 

Escher’s picture depends on special line and plane relations in 
space and on the way that we see them. In this lesson, we will look at 

some of these relations. 
At the beginning of our study of geometry, we made two assump- 

tions about points, lines, and planes: 

Postulate 1. Two points determine a line. 

Postulate 2. Three noncollinear points determine a plane. 
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To this list, we now add two more assumptions. 

Postulate 11 
If two points lie in a plane, the line that contains them lies in the 
plane. 

This postulate expresses the fact that, if you mark two points on a 

flat sheet of paper and draw a straight line through them, the line also 
is on the paper. 

Postulate 12 
If two planes intersect, they intersect in a line. 

This postulate expresses the fact that, if you fold a sheet of paper 

into two parts (two planes), the planes meet along the crease in the 
paper (a line). 

Escher’s picture is filled with lines and planes that are parallel or 
perpendicular. In plane geometry, two lines either intersect or are par- 
allel. In the geometry of three-dimensional space, there is a third pos- 

sibility. Two lines can be skew. 
In the detail from Escher’s picture at the right, the line labeled / 

contains the peak of the roof, and line m contains one of its lower edges. 
These lines neither intersect nor are parallel; they are skew. 

Definition 

Two lines are skew iff they are not parallel and do not intersect. 

For two planes in space, or a line and a plane, the word “parallel” 

simply means “nonintersecting.” Like any two parallel lines, two par- 
allel planes are separated by a constant perpendicular distance. 

Definitions 
Two planes, or a line and a plane, are parallel iff they do not intersect. 

In the detail of Escher’s picture at the right, plane R is parallel to 

the plane of the ground, P; line n also is parallel to plane P. 

In the same picture, line / is perpendicular to plane P. It is tempt- 
ing to say that a line is perpendicular to a plane if they form right an- 
gles, but where are the right angles in the figure above? 

m 

skew lines 
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The figure at the left shows that right angles exist when we look at 
lines in the plane that pass through the point of intersection. We can 

base our definition on this fact. 

Definition 
A line and a plane are perpendicular iff they intersect and the line is 
perpendicular to every line in the plane that passes through the 
point of intersection. 

Finally, the detail at the left from Escher’s picture illustrates two 

planes that are perpendicular. If there is a line, such as /, in plane R that is 
perpendicular to plane P, then plane R is perpendicular to plane P. 

Definition 
Two planes are perpendicular iff one plane contains a line that is 
perpendicular to the other plane. 

In the geometry of space, a line and a plane (or two planes) that 
are neither parallel nor perpendicular are said to be oblique. 

Exercises 
SPDT L LETT LAD EET ING LEER OE DIED GE PRESSE LEE LENE LE LEE DILL LL ESLER ESET LEB LET LE LOLOL OLE 

Set | 

Visual Planes. Each of the figures below gives 3. In interpreting the figure in this way, 
the impression of a plane in space.* what shape are you assuming the 

quadrilaterals to be? 

4. What type of plane does the other figure 

seem to illustrate? 

5. Which part of it appears to be closest? 

6. In interpreting the figure in this way, 
what shape are you assuming the curves 
to be? 

Pole People. The figure below is from a book 
on perspective published in Paris in 1642. The 

artist drew the two people holding the poles 

1. Which figure seems to illustrate a to help suggest that the scene is three- 

vertical plane? dimensional. 

2. Which part of this plane appears to be erat 
closest? Ba 

= Bee Z 
*Intelligence: The Eye, the Brain, and the Computer, by G cee Bele ie 

Martin A. Fischler and Oscar Firschein (Addison- Bo me ay Se E 

Wesley, 1987). Sa 
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7. What relation does the line of the pole at 
D appear to have to the ground? 

8. What kind of plane, horizontal or 

vertical, seems to contain both of the 

dotted lines through E and F? 

9. What do the dotted lines seem to indi- 
cate about EF and the two vertical 

segments at the upper left of EF? 

10. What might be assumed about those 
dotted lines if EF and the two vertical 
segments at the upper left of it were not 
included in the figure? 

Posts and Walls. The figures below are from 
a chapter on form and space in a book on 

architecture.* 

A 

11. Can you conclude that the post labeled 

AB in the upper figure is perpendicular to 

the “floor” if it is perpendicular to line 

BC? Use the definition of a line perpen- 

dicular to a plane to explain why or why 

not. 

12. Can you conclude that the plane of the 
wall labeled DEFG in the lower figure 
is perpendicular to the “floor” if it is 

perpendicular to line EH? Use the 

definition of perpendicular planes to 

explain why or why not. 

*Architecture. Form, Space, and Order, by Francis D. K. 
Ching (Wiley, 1996). 

3-D Shading. The figure below was created by 
psychologist Ted Adelson.* 

Each of its 25 regions is bounded by a 
quadrilateral. What kind of quadrilateral do 

they seem to be if the figure is viewed 

132 yas fate 

14. as three-dimensional? 

If you view the figure as three-dimensional, 

15. which part appears as if it might lie in 

the same plane as ABKL? 

16. which part appears as if it might lie in a 

plane parallel to the plane of ABKL? 

17. which two parts might lie in perpen- 

dicular planes? 

18. there is something strange about the 
position of CDIJ with respect to the rest 

of the figure. Can you tell what it is? 

Compare the grays in the two rectangles in the 
figure above, which correspond to the 

rectangles labeled 1 and 2 in the figure below. 

19. Which one looks darker? 

20. Js it actually darker? 

+ Visual Intelligence: How We Create What We See, by 
Donald D. Hoffman (Norton, 1998). 
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Polarized Light. The figure below shows the 
electric and magnetic fields in a wave of 

polarized light.* 

The two fields lie in different planes. 

21. What relation do the two planes have to 

line /? 

22. What relation do the two planes appear 

to have to each other? 

23. By definition, what must hold for this 

relation to be true? 

Kilroy in Space. The figure below represents 
three planes in space.* 

24. If plane ABCD is parallel to plane 

EFGH, what relation does line CD have 

to line FE? 

25. If plane ABCD is parallel to plane EFGH 

and line CF is perpendicular to plane 

ABCD, what relation does CF have to 

plane EFGH? 

*Lasers: Harnessing the Atom’s Light, by James P. 
Harbison and Robert E. Nahory (Scientific American 
Library, 1998). 

*T]lusions of the Third Dimension,” by Martin 

Gardner, Psychology Today (August 1983), reprinted in 

Gardner’s Whys and Wherefores (University of Chicago 
Press, 1989). 
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26. If planes ABCD and EFGH are perpen- 

dicular to line DE, what relation do the 

planes have to each other? 

Use your answers to exercises 24 through 26 

to copy and complete the following statements. 

27. If a plane intersects two parallel planes, 
it intersects them in... ? 

28. Ifa line is perpendicular to one of two 

parallel planes, it... ? 

29. Two planes perpendicular to the same 

lineranceae eat 

30. Can Kilroy (the character looking over 
the wall) see the bug? 

Set Il 

Triangles in Perspective. In the figure below, 
AABC and AA’B’C’ are said to be “in perspec- 
tive” because the lines through their corre- 
sponding vertices are concurrent in point P. 

The pairs of lines containing their correspond- 

ing sides intersect in points X, Y, and Z. 



31. What seems to be true about points X, Y, 

and Z? 

If you think of the figure as being three- 
dimensional, then points A, B, and C 
determine a plane. 

32. Why? 

It follows that the three lines containing these 

points also lie in the plane determined by the 

points. 

33. Why? 

34. What relation do points X, Y, and Z have 

to this plane? 

If the figure is three-dimensional, then AABC 
and AA'B’C’ appear to lie in different planes. 

35. What relation do points X, Y, and Z have 

to the plane determined by points A’, B’, 

and C’? 

36. If two planes in space intersect, in what 
do they intersect? 

37. What can you conclude about points X, 

Yerand:Z? 

Impossible Slice. This figure was designed by 
Japanese graphic artist Mitsumasa Anno.* 

It appears to show a cube from which a piece 
has been cut off to produce a flat circular face. 

38. If this description were true, what fact 

about intersecting planes would it 

contradict? 

*The Unique World of Mitsumasa Anno, translated by 
Samuel Crowell Morse (Philomel Books, 1980). 

39. What fact about noncollinear points 

such as A, B, and C does the figure 

contradict? Explain. 

Uneven Bars. The uneven bars in women’s 
gymnastics are parallel to the floor—that is, 

horizontal. 

40. If two lines in space are horizontal, does 

it follow that they are parallel? Explain. 

41. If two lines are parallel, does it follow 

that they lie in the same plane? Explain. 

The bars lie in parallel vertical planes that are 

43 cm apart. The figure below is a view from 
one end. 

150 

G D 
43 

Side view 

Given that the lower bar is 150 cm above the 

floor and the upper bar is 230 cm above the 
floor, find 

42. AB, the clearance between the bars. 

43. ZBAK, the inclination of the plane of the 

parallel bars to the horizontal. 
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Pyramid. In this figure of a pyramid, EF is 
perpendicular to the plane of its base, AC and 
BD intersect at F, and FA = FB = FC = FD. 

44, EF | AC and EF 1 BD. Why? 

45. ARPA =) AEFB 2 "AREC 2 ABFDS Why, 

46. EA = EB = EC = ED. Why? 

47. ABCD is a parallelogram. Why? 

48. AB = DC and AD = BC. Why? 

49, AEAB = AEDC and AEAD = AEBC. 
Why? 

50. AFAB = AFDC and AFAD = AFbe: 
Why? 

Lopsided Box. Although Obtuse Ollie built 
this open-topped box from five flat pieces of 

wood, it ended up being lopsided. 

He did manage to make AB perpendicular to 
the bottom (BCDE) and CD perpendicular to 
the front (ABCF). 

51. Which faces of the box must be perpen- 

dicular to each other? 

52. Name the angles in the box that are 

definitely right angles. 

53. Is it possible to tell how AC and AD 
compare in length? Explain. 
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Cube and Hypercube. The photograph below 
shows a “hypercube” kite, designed by José 

Yturralde.* 

The following figure shows one way to unfold 
and flatten out a three-dimensional cube into 

a two-dimensional pattern of polygons called 

a “net.” 

54. How many square faces does a cube 

have? 

55. In how many lines do the edges of the 
faces of the unfolded cube lie? 

The figure below shows one way to unfold a 

four-dimensional hypercube in three dimensions. 

56. How many cube faces does a hypercube 
have? 

57. In how many planes do the square faces 

of the cube faces of the unfolded 

hypercube lie? 

*Beyond the Third Dimension: Geometry, Computer 
Graphics, and Higher Dimensions, by Thomas F. 
Banchoff (Scientific American Library, 1990). 



Set Ill 

This picture by Escher, titled Belvedere, illustrates another impossible 

building. What do you see in the picture that appears to be 
impossible? 

M. C. Escher’s “Belvedere” © 2002 Cordon Art B. V.—Baarn-Holland. 

All rights reserved. 
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Impossible figures created by Oscar Reutersvard 
on stamps issued in Sweden in 1982. 

Solid Geometry as a Deductive System 

Years ago, students spent a full year learning plane geometry before 

taking a course in solid geometry. In the following lessons of this chap- 
ter, we will study in an informal way some of the basic topics included 

in that second course. Instead of continuing to define every term pre- 
cisely as we did in the preceding lesson, we will take for granted the 
meanings of words in some of the definitions throughout the rest of 

this chapter. Furthermore, we will not attempt to prove every theorem 

but will merely use informal arguments to make the theorems seem 
reasonable. This approach will enable us to explore a wider variety 

of topics than would otherwise be possible. 

As with the algebra reviewed earlier, you are already familiar with 

many ideas from solid geometry. Several examples beyond those of 

Lesson | are given on this page and the next. 

Determining a Plane 

One of the first assumptions in our logical development of geometry 
was 

Postulate 2. Three noncollinear points determine a plane. 

It is possible to prove that other configurations also determine a plane 

by means of this postulate and the two assumptions of the preceding 
lesson: 

Postulate 11. If two points lie in a plane, the line that contains them 

lies in the plane. 

Postulate 12. If two planes intersect, they intersect in a line. 
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Theorem. A line and a point not on the line determine a plane. 

Theorem. Two intersecting lines determine a plane. 

Theorem. Two parallel lines determine a plane. 

In our definition of a line and a plane that are perpendicular, we 

said that they intersect and that the line is perpendicular to every line 
in the plane that passes through the point of intersection. From this 
definition, the following theorem can be proved. 

Theorem. A line and a plane are perpendicular if they intersect 

and the line is perpendicular to two lines in the plane that pass 
through the point of intersection. 

More examples of statements that can be proved in solid geom- 
etry are stated below and illustrated at the right. 

Theorem. If three lines are perpendicular to a line at the same point, 

the three lines are coplanar. 

Theorem. Planes perpendicular to the same line are parallel to 
one another. 

Theorem. Lines perpendicular to the same plane are parallel to 

one another. 

Theorem. A plane perpendicular to one of two parallel lines is 

perpendicular to both of them. 

Many other ideas of plane geometry also extend to space. Here 
are three examples. In space, two points each equidistant from the end- 
points of a line segment determine a lane that is the perpendicular 
bisector of the line segment. Reflection in a plane can be defined in 
a way similar to our definition of reflection in a line. Our two- 
dimensional coordinate system with two axes perpendicular to each 
other in a plane can be extended to a three-dimensional coordinate 
system with three axes perpendicular to one another in space. 

It is possible to develop all of solid geometry as a deductive sys- 
tem in the way with which you are now very familiar. Euclid was one 
of the first to do so. The final three books of the Elements contain proofs 
of 75 theorems in the geometry of three dimensions. 
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LESSON 2 

Rectangular Solids 

Near the beginning of the film 2007: A Space Odyssey, a mysterious 
monolith appears, and then from behind it rises a glowing sun di- 
rectly below the crescent of the moon. Later, another monolith is dis- 

covered buried beneath the surface of the moon. The monoliths are 
tall black slabs, and their appearance creates an eerie effect due in part 

to their shape. Their shape, a rectangular solid with straight sharp edges 
meeting at right angles, in contrast with the natural surroundings of 
the monoliths, suggests that they were created by a higher intelligence. 

A rectangular solid is a special type of polyhedron. 

Definition 

A polyhedron is a solid bounded by parts of intersecting planes. 

The intersecting planes form polygonal regions that are the faces 
of the polyhedron. Their sides are the edges of the polyhedron, and 

their vertices are its vertices. Generally, our polyhedra will be convex. 

Definition 
A rectangular solid is a polyhedron that has six rectangular faces. 

In the figure at the left, all six faces of a rectangular solid are shown. 
Its intersecting faces lie in perpendicular planes, and its opposite faces 
lie in parallel planes. Two vertices of the solid that are not vertices of 
the same face are opposite vertices. For example, in the figure, one pair 
of opposite vertices is A and G and another pair is C and E. 
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A line segment that connects two opposite vertices of a rectangular 
solid is a diagonal of the solid. Every rectangular solid has four diago- 
nals, and it is easy to prove that they have equal lengths. (These diago- 
nals are sometimes called the interior diagonals of the solid to distin- 
guish them from the diagonals of its faces.) 

The lengths of the three edges of a rectangular solid that meet at 
one of its vertices are the dimensions of the solid and are usually called 
its length, width, and height. 

The dimensions of the solid shown at the right are /, w, and A. The 

length of one of the diagonals, x, of the solid, can be expressed in terms 

of the solid’s dimensions by using the Pythagorean Theorem. 
If BC is drawn, then AABC and ABCD are right triangles (AB is 

perpendicular to the plane of the base of the solid, and so it must be 

perpendicular to BC). In right AABC, 

x? = y? + h? 

and, in right ABCD, 

yr =P + w?. 

Substituting, we get 

x2 = [2+ w? + h 

and, taking square roots, we get 

Res pean! 
Theorem 79 
The length of a diagonal of a rectangular solid with dimensions /, w, 

and his V/2 + w2 + h?. 

The monoliths in the film 2007 had dimensions | unit by 4 units 
by 9 units. To find the length of one of their interior diagonals, we can 
use Theorem 79 to write 

V12 + 424+ 92 =V1 + 164+ 81 = V08 = V49 -2 = 7V2. 

The length is exactly 7V2 units, or approximately 9.9 units. 

If all three dimensions of a rectangular solid are equal, it is a cube. 

If we let ¢ represent the length of one edge of a cube, it follows that 
the length of one of its diagonals is 

Vez + 62 + €2 = V3e2 = V3. 

Corollary to Theorem 79 
The length of a diagonal of a cube with edges of length ¢ is V3. 
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Exercises 
SEINE LEEDS ELIS 

Set | 

Inside or Outside? The box in the figure 
above is a rectangular solid.* 

1. How many faces does a rectangular solid 
have? 

How many vertices does it have? 

How many edges does it have? 

Which vertex is opposite D? 

Which edges are parallel to AB? 

Which edges are perpendicular to AB? 

Which edges are skew to AB? 

Is the beetle inside or outside the box? Coe ee es Per 

Deck of Cards. A deck of playing cards is a 
fairly good model of a rectangular solid.* 

9. What change in the shape of the cards 
would make the model better? 

*Mathematical Circus, by Martin Gardner (Knopf, 
1979). 
t Wonders of Numbers: Adventures in Mathematics, Mind 
and Meaning, by Clifford A. Pickover (Oxford 
University Press, 2001). 
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10. Given the dimensions of the deck shown 

in the figure and the fact that it contains 

52 cards, find the thickness of each card. 

11. What is the area of the front face of each 

card? 

12. What is the area of one of the long edges 
of each card? 

13. What is the area of one of the short 

edges of each card? 

Integer Lengths. Seven lengths are associated 
with a rectangular solid: the lengths of its 
edges, the lengths of its face diagonals, and 
the length of its interior diagonals. 

No one knows whether all seven of these 
numbers can be integers, but the solid (not 
drawn to scale) shown here comes close. 

Wes 
104 

104 

\ 
S> 

672 

Use the lengths given to find each of the 

following lengths. 

14. a ly @ 

Ss, lv a 

SAT Problem. The following problem 
appeared on an SAT test. 

A cubic box with edge of 
length x inches is tied - 
with a string 106 inches 
long. The string crosses 
itself at right angles on 
the top and bottom of 
the box. If the bow 
required 10 inches of string, what is the 
maximum number of inches x could be? 

18. Write an equation based on this 
information. 

19. Solve the equation for x. 



Slicing a Cube. The photograph below shows 
a transparent cube half filled with liquid. The 
top surface of the liquid illustrates a cross 
section of the cube, the intersection of the cube 

with a plane.* 

20. What shape does the cross section 

appear to be? 

In the cube at the 

right, M and N 
are the midpoints 

of AE and EF. 

21. What can you conclude about AHEM 
and AHEN? 

22. What kind of triangle is AHMN? 

23. What can you conclude about AHDA 

and AFBA? 

24. What kind of triangle is AHAF? 

In the cube at the 
right, O and P 
are the midpoints 

of EH and HG. 

B 

25. What can you conclude about ZEAC? 

*Beyond the Third Dimension, by Thomas F. Banchoff 
(Scientific American Library, 1990). 

26. What kind of quadrilateral is ACGE? 

Are AE and EG equal? 

27. What can you conclude about OP and 

EG? 

28. What kind of quadrilateral is ACPO? 

Set II 

An Inside Job. Obtuse Ollie gave Acute Alice 
the brick shown below and said to her, “T’ll 

bet you can’t find the length of one of its 
inside diagonals with this ruler.” 

SEE 

Ollie’s challenge 

After thinking it over, Alice figured out a way 
to do it.? 

Alice’s plan 

29. What did Alice do? 

The brick was 18 cm long and 9 cm wide, and 

Alice got 21 cm for the length of the diagonal. 

30. How thick was the brick? 

31. Which is thicker: the brick or Ollie’s 

head? 

+ Mathematical Cavalcade, by Brian Bolt (Cambridge 

University Press, 1992). 
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Diagonals. Three diagonals have been drawn 
from vertex A of this cube: two on its faces and 

one inside the cube. 

Find the measures of the following angles. 

324 Z BAG, 

33. CAE. 

34. ZACD. 

35. ZCAD. 

36. (ZDAK 

37. Is ZCAD + ZDAE = ZCAE? Explain 

why or why not. 

Hole Through a Cube. In the figure below, a 
square hole, ABCD, has been cut through a 
cube along the direction of a diagonal of the 
cube: 

The edges of the cube are each 4 centimeters 
long, and the corners of the square hole are 

each | centimeter from a corner of the cube. 

38. Find the area of one of the faces of the 

cube. 

*Mathematical Carnival, by Martin Gardner (Knopf, 
1975). 
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39. Find the exact length of a side of the 

square hole. 

40. Find the area of square ABCD. 

41. Find the length of each side of the 
square hole to two decimal places. 

Imagine two cubes, one 4 centimeters on a 

side and the other 4.1 centimeters on a side. 

42. Is it possible to cut a hole through the 
smaller cube that the larger cube could 
pass through? Explain. 

Bond Angles. Methane, a component of 
natural gas, is a molecule consisting of four 
hydrogen atoms bonded to a carbon atom. (In 
the ball-and-stick model shown here, a bond 

is represented by a stick.) The hydrogen 
atoms are arranged as if they were at four 
corners (A, B, C, and D) of a cube with the 
carbon atom at its center (O). Chemists have 
measured the molecule’s bond angles and 
found that they are each 109.5°.7 

Find each of the following lengths in terms of 
é, the length of the edge of the cube. 

43, AB. 

44, AO. 

AD. AP. 

46. Find ZAOP to two decimal places. 

47, Find ZAOB to one decimal place. 

The Architecture of Molecules, by Linus Pauling and 
Roger Hayward (W. H. Freeman and Company, 1964). 



Soma Puzzles. A popular puzzle is the Soma 

cube, created by Piet Hein in 1936. It consists 
of the seven pieces shown below.* 

The pieces consist of small cubes glued 

together along their faces. 

48. How many of these small cubes are 

there in all? 

Each of the following structures was made 

from a set of the seven pieces, but each has at 

least one hidden hole. How many holes does 

each structure have? Explain each of your 

answers. 

49, 

Staircase 

51. 

*Knotted Doughnuts and Other Mathematical 
Entertainments, by Martin Gardner (W. H. Freeman 
and Company, 1986). 

This wall appears to consist of nine 

geometrically similar columns of cubes, but it 

cannot be built from the seven Soma pieces. 

52. How many “corner cubes” such as the 

two shown in red does it seem to 

contain? 

53. How many of these corner cubes can be 

made from the seven Soma pieces? 

(Look at each one to answer this question.) 

54. Why can’t the wall be built from the 

seven Soma pieces? 

Set Ill 

Flattened Cube. The surface of a cube can be 

cut and flattened out in eleven different ways 

to form a net of the cube. Below, on the left, 

is a flattened cube with letters on all six faces. 

On the right is a cube cut and flattened in a 

different way, with the letter on one of its 

faces shown. 

Copy the second figure. Can you fill in the 
remaining five faces so that, when the nets for 
both cubes are folded back together, they will 

be identical?* 

+Are You as Smart as You Think? by Terry Stickels 

(Thomas Dunne Books, 2000). 
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LESSON 3 

Prisms 

There is a strange rock formation in the Sierra Nevada mountains of 
California called the Devil’s Post Pile. It consists of a set of tall col- 
umns of rock, some of which are 60 feet high. The tops of most of 

these columns are pentagonal and hexagonal in shape. Those that 
have fallen over reveal that the columns themselves have the shape 
of polyhedra called prisms. 

Every prism has two congruent faces, its bases, which lie in paral- 
lel planes. The line segments that connect the corresponding vertices 
of these faces are parallel to each other. 

The figures below illustrate the general idea, which is stated in 
the following definition. 

Definition 
Suppose that A and B are two parallel planes, R is a polygonal 

region in one plane, and / is a line that intersects both planes but not 
R. The solid made up of all segments parallel to line / that connect 

a point of region R to a point of the other plane is a prism. 

634 Chapter 15: Geometric Solids 



The bases of the prism, then, lie in these parallel planes. The rest of 
the faces of the prism, its lateral faces, are parallelograms. The edges 
in which the lateral faces intersect one another are its lateral edges. 

Prisms are classified according to two properties: (1) the relation 
of their lateral edges to the planes containing their bases and (2) the 
shape of their faces. 

If the lateral edges of a prism are perpendicular to the planes of its 
bases, the prism is a right prism and its lateral faces are rectangles. The 
prism representing one of the columns of the Devil’s Post Pile is a 
right hexagonal prism. 

If the lateral edges of a prism are oblique to the planes of its bases, 
the prism is an oblique prism. The prism shown between planes A and 
B in the figure on the facing page is an oblique pentagonal prism. 

One way to make a model of the surface of a prism is to draw a 
pattern of its faces on a sheet of paper, cut it out, and fold it together. 
Such a pattern is called a net for the resulting polyhedron. The figure 
at the right is a net for the right hexagonal prism illustrated at the be- 
ginning of this lesson. Its six lateral faces are shown in yellow and its 
two bases in tan. The area of the yellow region is the lateral area of 
the prism; together, the areas of the yellow and tan regions make up 
the prism’s total area. 

DU 
A lateral A lateral 

face edge 

Definitions 

The lateral area of a prism is the sum of the areas of its lateral faces. 

The fotal area of a prism is the sum of its lateral area and the areas of 

its bases. 

Exercises 

Set | 

3-D Lettering. Obtuse Ollie printed Acute 3. What geometric solid do these letters 
Alice’s name in two-dimensional letters look like in their three-dimensional 

versions? 

/A\ IL | C ( Prismane. In 1973, two chemists at Columbia 
University synthesized an organic compound 

that they named “prismane.”* Its molecular 
and then added some lines to make the letters : é : 

structure is shown in the figure below. 
look three-dimensional: 

4, Why is “prismane” an 

appropriate name for it? 

5. How many bases does 

the structure have? 

1. Which letters are polygons in their two- 6. How many lateral faces? 
dimensional versions? 

2. What are the names of the polygons? *Thomas Katz and Nancy Acton. 
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The vertices of the figure represent carbon 
atoms and its edges represent the bonds 

between them. 

7. How many carbon 

atoms does a prismane 

molecule contain? 

8. How many carbon- 

carbon bonds? 

The bonds form rectangles and equilateral 

triangles. 

9. What are the sizes of the angles that the 
bonds make with one another? 

Polyhedral Nets. The figures below show 
patterns, polyhedral nets, that can be folded to 

form the first three prisms whose faces are all 
regular polygons. 

With respect to the prisms, what are the faces 

shown in 

10. blue called? 

11. yellow called? 

If one of the bases of a prism is an n-gon, how 
many 

12. lateral faces does the prism have? 

13. faces does the prism have altogether? 

14. If each edge of one of these prisms has 
length ¢, what does the expression ne? 

represent? 

15. What is another name for the second 

prism? 
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Inside a Prism. You may be reading this while 
you are sitting inside a prism. Most rooms 
have the shape of rectangular solids and every 
rectangular solid is a prism. 

16. If the floor and ceiling are considered to 
be the bases, what are the four walls? 

Use the dimensions shown in the figure above 
to find 

17. the area of the floor. 

18. the area of the four walls. 

A Hexagonal Surprise. The figure below 
illustrates a remarkable connection between 
the vertices of a hexagon and the vertices of a 
prism.* 

rl iL i 

Points A and A’ are opposite vertices of 

ABA'F. 

19. What special type of quadrilateral does 
ABA’F appear to be? 

*The Penguin Dictionary of Curious and Interesting 
Geometry, by David Wells (Penguin, 1991). 



Name the quadrilateral of which two opposite 

vertices are points 

20-9 beandeb. 

Diem @aandG:. 

22 Dean: WD. 

23. Eeand E. 

24. F and F’. 

25. What type of quadrilateral does each of 

these quadrilaterals appear to be? 

What appears to be true about 

20.04 ) ) BEG cand C’F’? 

27. AA'C’E’ and AB’D’F’? 

Although the figure is two-dimensional, the 

segments shown in green appear to be the 
edges of a polyhedron. 

28. What special type of polyhedron does it 
appear to be? (Name it with two words.) 

Set Il 

Long House. The figure below illustrates a 
“long house,” a type of dwelling constructed 
by the Iroquois in North America in about 

1600.* 

The long house has the shape of a right 
prism. What kind of polygons are 

29. the bases of the prism? 

30. its lateral faces? 

31. How many lateral edges does it have? 

“Architecture: Form, Space, and Order, by Francis D. K. 

Ching (Wiley, 1996). 

Use the dimensions given in the figure below 
to find the following areas. 

by 81' 

32. The area of the floor of the long house. 

33. The area of the roof. 

34. Find the approximate distance of the 

highest part of the roof above the 

ground. Draw a figure to illustrate your 
method. 

Crystal Forms. The basic shapes from which 
all crystals are formed are prisms.? 

<4 <i 
Cc 

Gop a 

Orthorhombic Triclinic 

Two of them are shown above; both have 

edges of three different lengths. 
In an orthorhombic crystal, every pair of 

intersecting edges forms a right angle. 

35. What can you conclude about the shapes 

of the faces of an orthorhombic crystal? 

In a triclinic crystal, there are no right 
angles. 

36. What relation do the lateral edges of a 

triclinic crystal have to the planes of its 

bases? 

37. What type of quadrilateral must the 
faces of these crystals be? Explain. 

+ Crystals and Crystal Growing, by Alan Holden and 
Phylis Singer (Anchor Books, 1960). 
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Feeding Trough. Troughs used in feeding 
animals often have the shape of a prism. 

le H 

G 

A 

B G 

The prism shown above is a right prism in 
which ABCD and EFGH are isosceles 
trapezoids (AB = CD and EF = GH). 

38. Are the bases of this prism congruent? 

Explain why or why not. 

39. Can you conclude anything about AB 
and GH? Explain. 

40. Can you conclude anything about AE 

and CG? Explain. 

41, What can you conclude about ABFE and 

DCGH? : 

Magic Box. The figure below shows the design 
of a box used in magic tricks. 

B 

view of 
audience 

Ams 7 3 E hiding 
space 

The ends ABCD and XFGY are open so that an 

audience looking through the box thinks it is 

empty. According to a book on magic: 

The modern mind is so attuned to the 

geometry of boxes and perspective effects 
that it perceives the sloping false bottom 

as the flat bottom of the box.* 

* Abracadabra! Secret Methods Magicians and Others 
Use to Deceive Their Audience, by Nathaniel Schiffman 
(Prometheus Books, 1997). 
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The shape of the box is such that ABCD and 
EFGH are the bases of a right rectangular 
prism and plane AXYD intersects EFGH so 
that EX = HY. 

42, What kind of polygon is EXYH? 

43, Why is AAXE = ADYH? 

44, How do AX and AE compare in length? 

45. How do AXYD and AEHD compare in 
area? 

46. What kind of polyhedron has the shape 

of the hiding space? 

47, Which polygons are its bases? 

48, What kind of polyhedron has the shape 
of the empty space (the region through 
which the audience sees)? 

49, Which of its faces lie in parallel planes? 

Euler’s Discovery. 

LEONHARD EULER 1707 -1783 

In 1752, Swiss mathematician Leonhard 

Euler discovered something about prisms that 
has been associated with his name ever since. 

Suppose that the bases of a prism are 

n-gons. Write an expression in terms of n for 

50. its number of vertices, V. 

51. its number of faces, F 

52. its number of edges, £. 

The Random House Dictionary of the English 
Language defines the “Euler characteristic” as 
“the number of vertices plus the number of 

faces minus the number of edges of a given 

polyhedron.” 

53. Use this definition and your expressions 

for exercises 50 through 52 to find the 
Euler characteristic for all prisms. 



Set Ill If we suppose that the crystal consists of a 
stack of small rectangular prisms, the two 

Topaz Angles. Scientists studying crystals in angles might be identified with 21 and 22 in 

the eighteenth century made an interesting the figure below. 
discovery that led them to conclude that 
crystals are made up of small “building blocks.”* 

i} Ler zt “il | | | | aes ees 
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1. Given that two edges of these prisms 

If the outline of a topaz crystal such as the have lengths a and 6 as shown, express 

one in the photograph above, for example, is tan 41 and tan 22 in terms of a and 4. 

traced, the indicated angles are found to have 9. What relation does tan Z2 have to 

measures of about 24.5° and 42.3°. tan 21? 

3. Letting 21 = 24.5°, use your calculator to 

42,3° find tan 21 to four decimal places. 

4, Use your answers to exercises 2 and 3 to 

find tan 22 to four decimal places. 

5. Use your calculator to find 22 to the 

nearest tenth of a degree. 

6. Do your calculations fit with the mea- 

surements of the angles of topaz found 
by tracing? 

* Crystals and Light, by Elizabeth A. Wood (Van 
Nostrand, 1964). 
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LESSON 4 

The Volume of a Prism 

640 

lcm 

Cross sections of four popular candy bars are shown in the photo- 
graphs above. How many of them can you identify?* Do you know 
which one is biggest? 

Many candy bars are shaped somewhat like right prisms with their 
ends as the bases. The distance between the bases (the length of the 
bar) is the length of the prism’s altitude. 

Definition 
An altitude of a prism is a line segment that connects the planes of 
its bases and that is perpendicular to both of them. 

The question of which of the candy bars is “biggest” is about their 
volumes. The volume of an object is the amount of space that it occu- 

pies. You know that distances in one dimension are measured in Jin- 

ear units, whereas areas in two dimensions are measured in square 
units. Volumes in three dimensions are measured in cubic units. The 

figures at the left, for example, represent 1 centimeter, 1 square cen- 

timeter, and | cubic centimeter. 

*From the Web site of the Science Museum of Minnesota. 
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Finding the volume of a rectangular solid such as the one shown 
at the right is easy. A layer of 3 X 4 = 12 cubes covers the 12 square 

units of its base. The altitude of the solid, 2, is the number of layers of 

cubes, and so there are 2 X 12 = 24 cubes in all. The volume of the 
solid is 24 cubic units. 

Similarly, if the dimensions of a rectangular solid are /, w, and h, 
then its volume is 

V = lwh, 

or, because B = lw, in which B is the area of one of the bases, 

V = Bh. 

This equality is true whether or not the solid can be divided into a 

whole number of unit cubes as in our example. 

A seventeenth-century Italian mathematician, Bonaventura Cav- 

alieri, thought of an idea that allows us to apply this method to other 
geometric solids. It is based on cross sections such as those shown in 

the photographs of the candy bars. 

Definition 
A cross section of a geometric solid is the intersection of a plane and 
the solid. 

Suppose that two candy bars have equal lengths and that we cut 
them into equal numbers of slices as if they were loaves of bread. 
Cavalieri thought that, if every pair of corresponding slices have equal 
areas, then the candy bars must have equal volumes. This claim is 
known as Cavalieri’s Principle. 

Postulate 13. Cavalieri’s Principle 
Consider two geometric solids and a plane. If every plane parallel 
to this plane that intersects one of the solids also intersects the other 
so that the resulting cross sections have equal areas, then the two 

solids have equal volumes. 

Cavalieri’s Principle shows that the formula V = BA for rectangu- 
lar solids also works for any prism, right or oblique. Suppose, for ex- 
ample, that both the rectangular prism and the triangular one shown 

above have bases with the same area, B, and that they have the same 

altitude, fA. All cross sections of a prism formed by planes parallel to 

the bases are congruent to the bases, and so they have the same area 
as that of the bases. From this fact and from Cavalieri’s Principle, it 

follows that these two prisms have equal volumes. 
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The following postulate expresses this fact. 

Postulate 14 
The volume of any prism is the product of the area of its base and its 
altitude: 

V = Bh 

The familiar formulas for the volumes of a rectangular solid and 
cube can be seen as corollaries to this postulate. 

Corollary 1 to Postulate 14 
The volume of a rectangular solid is the product of its length, width, 

and height: 

V = lwh. 

Corollary 2 to Postulate 14 
The volume of a cube is the cube of its edge: 

Viare 

Exercises 

Set | 

Squares and Cubes. The figure below shows (1 foot)? = (12 inches), or 
why the expression x? is read as “x squared.” 1 square foot = 144 square inches. 

6. It also follows that (1 foot)? = 
(12 inches)’. How many cubic inches are 

Zi 
eX X= in | cubic foot? 

7. How many inches are in | yard? 

8. How many square inches are in 1 square 
1. What does x? represent with respect to af 

the square? nes 
f 9. How many cubic inches are in | cubic 

2. What is the expression x? read as? sf 
yard? 

3. Draw a figure to show why. 

4. What does x? represent with respect to Largest Suitcase. The largest dimensions 
your figure? allowed by airlines for a carry-on suitcase are 

22 inches by 14 inches by 9 inches. 
From that fact that 1 yard = 3 feet, 
it follows that (1 yard)? = (3 feet)?, or 
1 square yard = 9 square feet. 

5. It also follows that (1 yard)* = (3 feet)’. 
How many cubic feet are in 1 cubic 

yard? 

Because | foot = 12 inches, it follows that 
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10. Find the volume of a suitcase having 
these dimensions in cubic inches. 

11. How many cubic inches are in 1 cubic 

foot? 

12. Find the volume of the suitcase in cubic 

feet. 

Noah’s Ark. According to Genesis 6:15, Noah’s 
ark was 300 cubits long, 50 cubits wide, and 30 
cubits high. A cubit is the length of a forearm, 
conventionally taken as 18 inches long. 

300 

Find the approximate volume of the ark in 

13. cubic cubits. 

14. cubic feet. 

15. Given that the capacity of a standard 

railroad box car is about 3,000 cubic feet, 

approximately how many box cars 

would have the same volume as the ark? 

Weathering Rock. The figures below illustrate 
with cubes how the surface area of rock 
changes as it is broken up into smaller 
particles by cycles of weathering.* 

Suppose that the cube is broken up into cubes 

each of whose edges is 0.5 meter long. 

18. How many cubes are formed? 

19. What is their total volume? 

20. What is their total surface area? 

Suppose these cubes in turn are broken up into 

cubes each of whose edges is 0.25 meter long. 

21. How many cubes are formed? 

22. What is their total volume? 

23. What is their total surface area? 

As rock breaks into smaller particles, what 

happens to its 

24. volume? 

25. surface area? 

Keng-chih’s Principle. In the fifth century, the 
Chinese mathematician Tsu Keng-chih wrote: 

If volumes are constructed of piled up blocks 
and corresponding areas are equal, then the 
volumes cannot be unequal. 

26. What postulate from this lesson do these 

words suggest? 

The figure below shows two sets of piled-up 
blocks on a table. 

If the length of each edge of a cube is 1 meter, 
what is 

16. its volume in cubic meters? 

17. its surface area in square meters? 

*Environmental Geology, by Dorothy J. Merritts, 
Andrew de Wet, and Kirsten Menking (W. H. 
Freeman and Company, 1998). 

27. What kind of prism does each pile of 

blocks appear to form? 

28. What does the figure suggest about two 
prisms whose bases have equal areas 

and whose altitudes are equal? 
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Hole in the Ground. Obtuse Ollie asked Acute Candy Bars. The four candy bars pictured at 
Alice, “How much dirt is there in a hole in the _ the beginning of this lesson are identified here. 
ground that is 123 feet long, 123 feet wide, and 

123 feet deep?” 
As he watched her type in the numbers on 

her calculator, Ollie told Alice that he didn’t 

think she would get the right answer. 

3 Musketeers Snickers 
29. What answer do you think Alice got? 

30. Why did Ollie think that her answer 

would be wrong? 

Prism Volumes. Find the volumes of the al 
following prisms. Butterfinger Milky Way 

31. ; ; 
34. Assuming that the 3 Musketeers bar is a 

rectangular solid 3.0 cm wide, 2.1 cm 
thick, and 12.5 cm long, find its volume 

to the nearest cubic centimeter. 

35. Assuming that the Snickers and Milky 

Way bars are rectangular solids 3.3 cm 
wide, 2.0 cm thick, and 10.0 cm long, find 

This is a right prism whose bases are their volumes to the nearest cubic 
right triangles. centimeter. 

39. 36. Assuming that the Butterfinger bar is a 
right prism 14.5 cm long with trapezoid 
bases with bases of 2.3 cm and 3.5 cm 

and with an altitude of 1.3 cm, find its 

volume to the nearest cubic centimeter. 

37. Which candy bar is largest? Must it also 
weigh the most? 

Set Il 
This is an oblique prism whose bases are 

rectangles. Ream of Paper. A ream of paper contains 500 
sheets and is 2 inches thick. “Letter size” 

33. paper measures 8.5 inches by 11 inches. 

Thinking of a single sheet of paper as a right 
This is a right prism whose bases are rectangular prism having its two sides as its 
trapezoids. bases, find each of the following measures. 
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38. Its altitude. 

39. Its volume. 

40. Its total area. 

Binomial Cube. The figure below shows a 
cube with edges of length a + 6 that has been 
sliced into pieces by three planes parallel to its 

faces. 

41. Write an expression for the volume of 
the cube in terms of a@ and 8. 

42. Into how many pieces is the cube cut? 

43. How many of these pieces also are 
cubes? 

Write an expression in terms of a and 6 for the 
volume of 

44, one of the yellow pieces. 

45. one of the orange pieces. 

46. the cube as the sum of the volumes of its 

pieces. 

Chinese Problem. In an ancient Chinese text, 
the Chiu Chang Suan Shu, methods are given 
for finding the volumes of various solids, 
including the one shown below. 

si os Ch’ien tu 

The faces of a “ch’ien tu” are rectangles and 

right triangles. 

47, What kind of geometric solid is it? 

Write an expression in terms of a, 6, and c for 

48. its volume. 

49. its total area. 

SAT Problem. The figure below appeared in a 

problem on an SAT exam. 

4cm 

It shows an empty box with a flap lid that has 

an area of 15 square centimeters. One of the 

three unattached edges of the lid rests on the 
bottom of the box as shown and separates it 
into two compartments. 

50. Draw the figure and mark it as needed 
to answer each of the following questions. 

51. What is the third dimension of the box? 

Given that the lid is flat, what is the volume of 

52. the smaller, closed compartment? 

53. the larger, open compartment? 

Filling a Pool. The figure below shows a 
cross section of water in a rectangular swim- 

ming pool having the shape of a right prism. 
The pool is 40 feet long and 20 feet wide. 

54, Find the area of the cross section in 

square feet. 

55. Find the volume of the water in the pool 
in cubic feet. 

56. How long would it take to fill the pool if 
it can be filled at the rate of 2 cubic feet 
per minute? 
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Advertising Claim. A television commercial Set Ill 
for the Toyota Camry began: 

How can it be that an automobile that’s a Molecule Experiment. One of Benjamin 
mere nine inches larger on the outside gives Franklin’s many discoveries was that, if he 
you over two feet more room on the inside?* dropped a teaspoon of oil onto the surface of 

Suppose the passenger compartment of the car 
has the shape of a rectangular solid 6 feet long, 
4 feet wide, and 3 feet high. 

By how many cubic feet would its volume 

be increased if the passenger compartment 
were 9 inches 

Dis 

58. 

59: 

60. 

Measuring a Toad. These figures show a toad 

a pond, it would spread out to cover half an 

acre but no more. 

A teaspoon of oil has a volume of about 

4 cubic centimeters and an acre is equal to 

longer? about 4,000 square meters. 

wider? 1. How thick was the layer of oil on the 

higher? pond? 

What is strange about the wording of the 2. If the oil film was one molecule thick 

and we think of each molecule as a little 

cube, approximately how many mol- 

ecules might be in a teaspoon of oil? 

commercial? 

and its shed skin.* 

61. 

62. 

Which do you think would be easier to 
measure: the surface area of a toad or its 

volume? 

How would you do it? 

*200% of Nothing, by A. K. Dewdney (Wiley, 1993). 
t Envisioning Information, by Edward R. Tufte 
(Graphics Press, 1990). 
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Used with permission of Ed Fisher 

The Egyptians built more than 70 pyramids between 2700 B.c. and 
2200 B.c. The word “pyramid” has become so identified with these 
structures that the first definition given of it in one dictionary is: “(In 
ancient Egypt) a quadrilateral masonry mass having steeply sloping 
sides meeting at an apex, used as a tomb.”* 

Although the Egyptians always chose the square for the shape of 
the bases of their pyramids, we use the word “pyramid” to refer to 

any geometric solid of which one face is in the shape of a polygon 
(its base) and the other faces are in the shape of triangles that meet 
at a point. 

Definition 
Suppose that A is a plane, R is a polygonal region in plane A, and P 
is a point not in plane A. The solid made up of all segments that 
connect P to a point of region R is a pyramid. 

The face of the pyramid that lies in this plane is its base. The rest of 
its faces are the lateral faces and the edges in which they intersect each 
other are its lateral edges. The lateral edges meet at the apex of the 
pyramid. 

*The Random House Dictionary of the English Language. 

LESSON 5 

Pyramids 
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The height of a pyramid is measured by the length of its altitude. 

Definition 
The altitude of a pyramid is the perpendicular line segment 

connecting the apex to the plane of its base. It is also the length of 
this segment. 

As the figures above show, the altitude of a pyramid can lie inside 
it, lie outside it, or even be one of its lateral edges. 

The volume of a pyramid, like that of a prism, is determined by 

the area of its base and the length of its altitude. The figures at the left 
show a pyramid and a prism that has been drawn with the same base 
and altitude as those of the pyramid. This was done by constructing 
PI and RD so that they are both parallel to YM and equal to it in 
length. Points M, I, and D are connected to determine the upper base 
of the prism. 

The prism thus formed can be cut into three pyramids, one of which 

is the original pyramid. Each pyramid is shown in one of the figures 
above. Cavalieri’s Principle can be used to show that these pyramids 

have equal volumes. Hence the volume of each pyramid is one-third 

the volume of the prism, or = Bh Because every pyramid can be 

viewed as being made up of triangular pyramids with their bases in 
a common plane and having a common apex, this result holds for all 
pyramids. These ideas can be used to establish the following theorem. 

Theorem 80 
The volume of any pyramid is one-third of the product of the area of 
its base and its altitude: 

ie V = Bh. 
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Exercises P X-ray 
source 

Set | 

X-Ray Beam. In radiography, an X-ray tube 
projects a beam of X-rays through the body 
and onto a film.* 

1. What kind of geometric solid does the 
beam appear to form? 

With respect to this solid, what is 

2. point P, the X-ray source? 

3. EFGH, the film? 

4, ABCD, the opening in the lead plate? 

5. APEF? 

Ferrocene. The figure below shows the ar- 
rangement of atoms in a ferrocene molecule.* 

*Scientific American: How Things Work Today, edited by 
Michael Wright and M. N. Patel (Crown, 2000). 
1 The Architecture of Molecules, by Linus Pauling and 
Roger Hayward (W. H. Freeman and Company, 1964). 

The atom shown in red is iron, the ten large 

atoms above and below it are carbon, and the 

small atoms are hydrogen. 

6. What shape do the bases of the pyramids 

have that appear in the molecule? 

7. Where is the iron atom with respect to 

these pyramids? 

8. What are the sticks that represent the 

bonds between the iron atom and the 

carbon atoms called with respect to 

these pyramids? 

9. What kind of triangles do the sticks 
representing the bonds appear to form? 

Pyramid Volumes. Find the volumes of the 
following pyramids. 

10. 

& 

The base of this pyramid is a square. 

11. 

15 

The base of this pyramid is a rectangle. 

12. 

The base of this pyramid is a right 

triangle. 
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A Regular Pyramid. The base of the pyramid 
in the figure below is a regular polygon. Point 

O is the center of its base, and PO is its altitude. 

What can you conclude about 

13. OA, OBsSOCy OD and OE: 

14. -2ZPOARZPOB, Z POC, 2PODrana 
APOE? 

15. APOA, APOB, APOC, APOD, and APOE? 

16.; PA, PB, PC, PD; and PE: 

17. APAB, APBC; APCD YAPDE, and/APEA? 

Leonardo’s Claim. In 1483, Leonardo da Vinci 

made the sketch below and wrote: “If a man is 

provided with . . . linen fabric with a length of 

12 yards on each side and 12 yards high, he 

can jump from any great height whatsoever, 

without injury to his body.” 

18. What does his sketch show? 

19. Use da Vinci’s numbers to find the 

volume of air that would fill it. 
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20. Does the man seem to be the correct size 

with respect to the rest of the figure? 
Explain. 

Triangle and Pyramid Compared. The 
formulas for the area of a triangle and the 
volume of a pyramid are similar but different. 

21. What is the area, A, of a triangle having 
base b and altitude h? 

22. What is the volume, V, of a pyramid 

having base of area B, and altitude h? 

fi 

Se E Eee eS A gz 
f\ Los! eee \ 

f 

In the figure above, the base and altitude of 

the red triangle are each 10.5 units long. 

23. What is its area? 

An estimate of its area might be made by 
counting the squares shown in blue. 

24. How many squares are there in all? 

The red triangle in the figure can also be seen 

as a side view of a square pyramid.* In this 

case, the edges of the base of the pyramid 
and its altitude are 10.5 units long. 

25. What is the volume of the pyramid? 

An estimate of its volume might be made by 
counting the cubes shown in blue. (The 
bottom layer of cubes, for example, contains 
10? = 100 cubes.) 

26. How many cubes are there in all? 

*Based on an idea in Geometrical Investigations, by John 
Pottage (Addison-Wesley, 1983). 



Set Il 

The Divided Cube. Nicholas Saunderson, 
blinded by smallpox when he was 12, later 

became a professor of mathematics at 

Cambridge University.* 

He thought of a way to get the formula for 

the volume of a pyramid by using the figure 
above. It shows a cube divided into six 

congruent pyramids whose apexes are at its 
center and whose bases are its faces. 

Express the following measures in terms of 

the length, x, of the edges of the cube. 

27. The volume of the cube. 

28. V, the volume of one of the pyramids, 
based on your answer to exercise 27. 

29. B, the area of the base of one of the 

pyramids. 

30. A, the length of the altitude of one of the 
pyramids. 

31. Bh. 

Compare your answers to exercises 28 and 31. 

32. What relation does V, the volume of one 

of the pyramids, have to Bh, the product 
of the area of its base and the length of 
its altitude? 

Pyramid Numbers. The Greek historian 
Herodotus is said to have learned from the 

Egyptian priests that the square of the altitude 
of the Great Pyramid is equal to the area of 

one of its lateral faces.* 

*The Penguin Book of Curious and Interesting Mathematics, 
by David Wells (Penguin, 1997). 
*Gnonom: From Pharoahs to Fractals, by Midhet J. 
Gazalé (Princeton University Press, 1999). 

The base of the Great Pyramid, ABCD, is a 

square with sides of length 756 feet, its altitude 

PO has length 481 feet, and M is the midpoint 
OL De. 

33. Find the square of the altitude to the 

nearest thousand square feet. 

34. Find PM to the nearest foot. 

35. Find the area of one of the lateral faces 

to the nearest thousand square feet. 

36. Based on your answers to exercises 33 
and 35, might the claim of the Egyptian 
priests be true? 

37. Find the volume of the Great Pyramid to 
the nearest million cubic feet. 

More on the Euler Characteristic. Suppose 
that the base of a pyramid is an n-gon. 

As 
Write an expression in terms of n for 

38. its number of vertices, V. 

39. its number of faces, F 

40. its number of edges, E. 

The Euler characteristic is V+ F— E. 

41. What can you conclude from your 

expressions for exercises 38 through 40 

about the Euler characteristic for 

pyramids? 
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Salt Funnel. The figure below shows a funnel 
used in Africa in producing salt.* 

42. Make a model of the funnel by doing the 
following steps. 

A 

(1) Take a square piece of paper and fold it 
along both diagonals (see the upper left- 
hand figure above). 

(2) Fold an apothem (see the upper right- 
hand figure). 

(3) Bring AAOD and ABOC together as in 
the lower left-hand figure, with point M 

being up and point O being down. 

(4) Tape or clip the “double triangle” 
together as shown in the lower right- 
hand figure. 

*Geometry from Africa, by Paulus Gerdes (Mathematical 
Association of America, 1999). 
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43. What shape is the funnel? 

44, What is the shape of its top? 

45, What is the shape of its other faces? 

Given that each side of the square from which 

the funnel is folded has length s, what is the 
funnel’s 

46. lateral area? 

47. volume? (Hint: Any face of the funnel 
can be considered its base.) 

The Frustum of a Pyramid. A frustum of a 
pyramid is the part of the pyramid included 
between its base and a plane parallel to its 
base. The figure below shows a square 
pyramid from which a smaller square 
pyramid has been cut off. 

Each edge of the base of the large pyramid 
has length a, and its altitude, VO, has length 
Sioa 1 ; 

48. Write an expression for the volume of 

the large pyramid. 

Each edge of the base of the small pyramid has 

length 0 and its altitude, VP, has length x. 

49, Write an expression for its volume. 

50. Write an expression for the volume of 

the frustum (the part shown in green.) 



Given that OM and PN are apothems of 

ABCD and EFGH, it can be shown that 

AVOM ~ AVPN. 

51. Write expressions for OM and PN in 
terms of a and 4. 

VO OM 9 Se See 52. Why is VP PN: 

53. Rewrite this proportion in terms of x, A, 
a, and b. 

54. Solve your equation for x in terms of A, 

a, and b. 

55. Substitute for x in your answer to 

exercise 50 and show that the volume of 

the frustum is s(a? + ab+ b)h. 

There is evidence that the Egyptians used this 

expression to find the volume of the frustum 

of a square pyramid as early as 1890 B.c.* 

56. Find the volume of such a frustum for 

which @ = 12, b= 3, and A= 8. 

The ancient Babylonians used a different 

expression, se + P)h, to find the volume of 

the frustum of a square pyramid. 

57. Is this expression also correct? Explain. 

*Beyond the Third Dimension, by Thomas F. Banchoff 
(Scientific American Library, 1990). 

Set Ill 

How Many Faces? The following question 
appeared on a PSAT exain. 

In pyramids ABCD and EFGHI shown 
above, all faces except base FGHI are 
equilateral triangles of equal size. If face ABC 
were placed on face EFG so that the vertices 
of the triangles coincide, how many exposed 
faces would the resulting solid have? 

(A) Five. 

(B) Six. 

(C) Seven. 

(D) Eight. 

(E) Nine. 

Daniel Lowen, when he took the test as a 

student at Cocoa Beach High School in 
Florida, showed that the “expected” answer to 

the question was wrong. 

1. What do you think the “expected” 

answer was? Explain. 

Make models of the two pyramids and put 
them together as described in the question. 

2. What do you think the correct answer to 

the question is? Explain. 
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LESSON 6 

Cylinders 
and Cones 

The picture above, part of a painting titled Euclidean Walks by René 
Magritte, contains several visual tricks. One of them concerns the roof 
of the tower and the street extending out to the horizon. They are al- 
most identical in appearance, and yet the tower roof is a cone, a three- 

dimensional solid, whereas the street is a two-dimensional figure 

bounded by parallel lines. 
A cone is like a pyramid. Its base, however, is bounded by a circle 

rather than a polygon. And, instead of having a set of flat triangular 
faces, it has a single curved surface called its lateral surface. 

Just as the term polygonal region refers to the union of a polygon 
and its interior, the term circular region refers to the union of a circle 

and its interior. To define the term cone, we can simply replace the 

word “polygonal” in the definition of a pyramid with the word 
“circular.” 

eP P 

Definition 
Suppose that A is a plane, R is a circular region in plane A, and P 
is a point not in plane A. The solid made up of all segments that 
connect P to a point of region R is a cone. 
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The words base, apex, and altitude are used in the same sense with 
respect to cones that they are with pyramids. The line segment con- 
necting the apex of a cone to the center of its base is called its axis. 
A cone is either right or oblique, depending on whether its axis is per- 
pendicular or oblique to its base. 

Just as cones are the circular counterparts of pyramids, cylinders 
are the circular counterparts of prisms. Changing the word “polygonal” 
to “circular” turns the definition of a prism into that of a cylinder. 

Definition 
Suppose that A and B are two parallel planes, R is a circular region 

in one plane, and / is a line that intersects both planes but not R. 
The solid made up of all segments parallel to line / that connect a 
point of region R to a point of the other plane is a cylinder. 

Every cylinder has three surfaces: two flat ones, which are its bases, 
and a curved one, which is its lateral surface. The word altitude is 
used in the same sense with respect to cylinders as it is with respect 

to prisms. The axis of a cylinder is the line segment connecting the 
centers of its bases. Cylinders, like cones, are classified as right or 

oblique, depending on the direction of their axes with respect to their 
bases. 

Because a cylinder can be closely approximated by a prism and a 

cone can be approximated by a pyramid, the formulas for the volumes 
of prisms and pyramids can be used to find the volumes of cylinders 

and cones as well. They are restated as the following theorems with- 

out proof. 

Theorem 81 
The volume of a cylinder is the product of the area of its base and 
its altitude: 

V = Bh= wr?h. 

A right cone 

An oblique cone 

An oblique cylinder 
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Theorem 82 

The volume of a cone is one-third of the product of the area of its 

base and its altitude: 

iE = Bh eh 
3) 

Exercises 

Set | 

Primitive Perspective. The “three-dimensional” | What do you think the following words mean? 
figures below are shown in the style in which 
they were usually drawn in the fifteenth 

century.* 

4, Cilindro. 

Cono. 

Prodotto. 

Un terzo. 

Altezza. 

sapere | Cee th SN In which statement do you think one of 
the words could be correctly replaced 
by “piramide”? OU 

1. What geometric solids do you think they Solids of Revolution. A cylinder can be 
illustrates thought of as a “solid of revolution” because it 

can be generated by revolving a rectangle 
2. Redraw each figure in a more correct A ke 

ou about one of its sides. 
perspective. 

Italian into English. Compare the following 
two statements from an Italian geometry book. 

Il volume di un cilindro é dato dal 
prodotto dell’area di base per l’altezza. 

Il volume di un cono é dato da un terzo 

del prodotto dell’area di base per l’altezza. 

3. Which words appear to be the same in 
Italian and English? . 

10. What is the side AB about which the 

*The Invention of Infinity: Mathematics and Art in the rectangle tevolves called aaa : ? 
Renaissance, by J. V. Field (Oxford University Press, the cylinder: 
1997). 11. What is the length of AB called? 
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12. What is the curved surface generated by 
the opposite side CD called with respect 

to the cylinder? 

13. What do sides AD and BC generate? 

14. What relation does line AB have to 

the planes that contain the bases of the 

cylinder? 

Suppose the rectangle is a 3-inch-by-5-inch 
file card and that it is revolved about a 5-inch 

side, as shown on page 656. 

15. Find the volume of the cylinder gener- 

ated in cubic inches. Leave your answer 

in terms of 77. 

Suppose the rectangle is revolved about one of 
its shorter sides, as shown below. 

16. Does the cylinder generated have the 

same volume as that of the preceding 

one? Explain. 

A cone also can be thought of as a “solid of 

revolution.” 

ae) 

17. What figure can be revolved to generate 
it? 

18. Would a cone be generated regardless of 

which side of the figure the figure is 

revolved about? Explain. 

Hockey Puck. Although a sphere (the ball) is 
important in most sports, a cylinder (the puck) 
is important in ice hockey. 

A hockey puck has a diameter of 3 inches and 
an altitude of 1 inch. 

19. Find the area of ice covered by one of 

its bases to the nearest square inch. 

20. Find its volume to the nearest cubic inch. 

Cylindrical Tunnel. One of the tunnel-boring 
machines used to construct the Channel 

tunnel connecting France and England is 
shown in the photograph below. The machine 

can bore a cylindrical tunnel with a diameter 

of 9 meters, advancing by 75 meters per day. 

21. Find the area to the nearest square meter 

of one of the bases of this section of 

tunnel. 

92. Find the volume to the nearest hundred 

cubic meters of a day’s worth of this 

machine’s tunneling. 
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Sliced Solids. The figures below are overhead 
views of two geometric solids and 

corresponding cross sections produced by a 
set of planes parallel to their bases. Each plane 

is equidistant from the neighboring ones. 

23. What kind of solids do they appear to 

be? 

24. Sketch figures to show what side views 

of the two solids might look like. 

25. What can you conclude about the two 

solids if every pair of corresponding 
cross sections have equal areas? 

26. What is the basis for your conclusion? 

Sausages in a Can. Vienna sausages are 
sold in cans that contain seven sausages. 

The diameter of each sausage is 2 cm and the 
diameter of the can is 6 cm. The sausages are 
5 cm long and the can is 6 cm high. 

Find the total volume in cubic centimeters 
of the seven sausages 

27. as an exact number in terms of 7. 

28. to the nearest integer. 

Find the volume in cubic centimeters of 
the can 

29. as an exact number in terms of 7. 

30. to the nearest integer. 

31. What percentage of the volume of the 
can do the sausages fill? 
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Triangles or Cones. Compare the figures 
below. 

32. If they are seen as isosceles triangles, 

how do the triangles compare in area? 
Explain. 

33. If they are seen as side views of right 
cones, how do the cones compare in 

volume? Explain. 

Set Il 

Pipe Puzzle. The following question appears 
in a popular book of puzzles.* 

<+—_—_—P 

4 

Which arrangement of lengths of pipes would 
hold the most water? 

34. To answer this question, what would 

you assume about the pipes? 

35. Which arrangement is the correct 

answer? 

Cake Pans. The directions on a typical box of 
cake mix say to use either a round pan with a 
9-inch diameter or a square pan with sides of 
8 inches. Both pans are ie inches deep. 

*The Mammoth Book of Brainstorming Puzgles, by David 

J. Bodycombe (Carroll & Graf, 1996). 



36. Find the volume of each pan to the Stage Lighting. Cones of light are used in 
* nearest cubic inch. stage lighting. 

37. How would you expect the heights of 

the cakes produced in the two pans to 

compare? Explain. 

Engine Displacement. Cylinders are basic 
parts of gasoline engines. According to an 
automobile handbook, 

The swept volume in cubic inches of an 
individual cylinder is found by multiply- Suppose that one of these light cones is shaped 
ing pi/4 by the bore in inches squared by so that the radius of its base is always equal to 

the stroke in inches. its altitude. 
Write an expression for each of the 

following measures in terms of h, the distance 
of the light above the stage. bore 

42. The area of the stage lighted by it. 

43. The volume of space lighted by it. 

stroke Suppose the distance of the light above the 

stage is doubled to 2h. 

44, Exactly how does the area of the stage 

lighted by it increase? 

45. Exactly how does the volume of space 
lighted by it increase? 

Paper Towels. A popular brand of paper 
towels contains, according to the package, 
“80.6 square feet” of towels. Each towel 

What dimension of the cylinder (shown in measures 11 inches by 6 inches. 
green) is 

38. the bore? 

39. the stroke? 

40. Letting the radius of the cylinder be r 

and its altitude be h, show why the 

description above gives the correct 
expression for the “swept volume.” 

The “displacement” of an engine is the total 
swept volume of its cylinders. 

46. How many towels do you think are in 
41. Find the displacement to the nearest the package? 

cubic inch of an eight-cylinder engine 
with a bore of 4.0 inches and a stroke of et UP SA 

3.5 inches. *Beyond the Third Dimension, by Thomas F. Banchoff 
(Scientific American Library, 1990). 
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The towels are wrapped around a cardboard 
tube so that the package has the shape of a 
cylinder that is 11 inches long and has a 
diameter of 6 inches. The diameter of the 
cardboard tube is 1.75 inches. 

Find the volume of 

47, the roll of towels, including the tube, to 
the nearest cubic inch. 

48. the towels, not including the tube, to the 
nearest cubic inch. 

49. one towel, to the nearest 0.1 cubic inch. 

Cylinder and Cone Areas. The lateral area of a 
right cylinder or cone is the area of its curved 
surface. | 

flattened surface 

B 

50. What does the curved surface of a right 

cylinder look like if the cylinder is slit 

down one side and flattened out? 

51. Write an expression for AB in terms of 7. 

52. Write an expression for the lateral area 

of a right cylinder in terms of 7 and A. 

53. What does the expression 27r(r + A) 
represent for a right cylinder? 

O 

l D > 

flattened surface 

54. What does the curved surface of a right 
cone look like if the cone is flattened out? 

55. Write an expression for the length of arc 
CD in terms of r. 

56. What fraction of the area of circle O is 

the lateral area? Express your answer in 

terms of rand 1. 
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57. Write an expression for the lateral area 

of a right cone in terms of r and / 

58. Write an expression for the lateral area 

in terms of rand h. 

59. What does the expression ar(r + /) 
represent for a right cone? — 

Coin Wrappers. Coin wrappers come in 
different sizes according to the dimensions of 

the coins that they are made to hold. 

A wrapper for nickels, for example, is 34 mm 

wide when pressed flat. 

60. Show that this size is appropriate for 

nickels, given that the diameter of a 
nickel is 21 mm. 

61. How wide would you expect a wrapper 

for dimes to be, given that the diameter 

of a dime is 18 mm? 

62. In general, approximately how wide 
should a wrapper for a set of coins be 
if the diameter of each coin is x mm? 

Rolling Cones. A right circular cone rolls on a 
flat horizontal surface.* 

63. Describe what happens to the cone. 

*Mathematics Meets Technology, by Brian Bolt 
(Cambridge University Press, 1991). 



Suppose the cone returns to the same spot 
after rotating twice about its axis. 

64. What can you conclude about 2PVO? 
Explain. 

Set Ill 

Iron Ore. The photograph above is an 
overhead view of a conical pile of iron ore 
ready to be loaded into train cars.* 

The cars are 10 feet wide and the “angle of 
repose” of iron ore (ZR in the side view of the 
pile below) is 34°. 

R O N 

*Taking Measures Across the American Landscape, by 
James Corner and Alex S. MacLean (Yale University 
Press, 1996). 

Use this information, your ruler, and a 

calculator to estimate each of the following 
measures. (It is easiest to make your 

measurements on the photograph in 
millimeters. For example, the width of the 

cars is 4 mm.) 

1. The diameter of the pile in feet. 

2. The height of the pile. . 

3. The area of ground covered by the pile. 

4, The volume of ore in the pile. 

5 . The number of 4,400-cubic-foot gondola 
cars needed to haul the pile away. 
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LESSON 7 

Spheres 

In 360 B.c., the Greek philosopher Plato wrote: 

Wherefore he [the Creator] made the world in the form of a 
sphere, round as from a lathe, having its extremes in every 

direction equidistant from the center.* 

On December 7, 1972, when on the Apollo 17 mission to the moon, 

American astronaut Harrison Schmitt confirmed Plato’s words as he 

took the famous photograph of Earth shown above. The familiar shape 

of Africa is visible at the upper left, and snow-covered Antarctica can 

be seen at the bottom. 

Plato’s description of a sphere, written before Euclid was born, is 

the basis for our definition. 

Definition 
A sphere is the set of all points in space that are at a given distance 
from a given point. 

*Timaeus, translated by Benjamin Jowett. 
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Notice that this definition is like that of a circle except that the 

words “in space” replace “in a plane.” As a result, words such as 
center, radius, and diameter have the same meanings for spheres as they 
do for circles. 

You know that two useful measures of a circle are its circumfer- 

ence and area, both of which can be determined from its radius: 

C= 2nr7and a= nr. 
Two useful measures of a sphere are its surface area and volume. By 

the volume of a sphere, we mean the volume of the solid consisting of 

the sphere and its interior. You may already know the remarkable fact 

that the surface area and volume of a sphere, like the circumference 

and area of a circle, can be expressed in terms of its radius and pi. 

First, we can use Cavalieri’s Principle to find the volume. The fig- 
ure at the right shows a sphere of radius r sliced by a plane at a dis- 

tance d from the sphere’s center. The cross section of the sphere is a 

circle; we will let its radius be x. 
By the Pythagorean Theorem, 

n+ d2=977, so x2 =r — d?. 

Because the cross section is a circle, its area is 7x”. Substituting for x? 

gives 

= ae OR ss 2 
Aeross section — ar d ) = Will wd. 

This result can be interpreted as the difference between the areas 

of two circles having radii r and d. In the figure at the right, this dif- 
ference is the area of the yellow region between the two circles. 

To apply Cavalieri’s Principle to finding the volume of a sphere, 
we use a geometric solid that has this kind of cross section. It consists 
of a right cylinder from which two identical cones have been removed, 
as shown in the figure below. The cylinder has the same radius, 7, and 

the same height, 27, as those of the sphere and is situated so that the two 

solids rest on the same plane. The two hollowed-out cones meet at 
the center of the cylinder and each shares one or the other of its bases. 

A cross section of this solid chosen at a distance d from the solid’s 

center is bounded by two circles with radii 7 and d; so the area of the 

cross section is 

arr? — td?. 
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This area is the same as that of the corresponding cross section of the 
sphere; so, from Cavalieri’s Principle, it follows that the volumes of the 

two solids are the same. 
It is easy to find the volume of the cylindrical solid. It is equal to 

Veylinder "s Ving cones 

ar(27r) — af srr 

Qarr -— Sar = —ar’, 

It follows that this volume is also that of the sphere. 

Theorem 83 4 
The volume of a sphere is —7 times the cube of its radius: 

22s V gat f 

We can use this result and an intuitive argument to find a formula 
for the surface area of a sphere. First, we divide the sphere into a large 

number of small “pyramids.” Imagine that the surface of the sphere 
is separated into a large number of tiny “polygons.” They are not actu- 
ally polygons, because there are no straight line segments on the sur- 
face of a sphere. However, the shorter the “line segments,” the closer 
they come to forming polygons. 

Imagine connecting the corners of all of these “polygons” to the 
center of the sphere so that they become the bases of a set of “pyra- 
mids” all with a common apex, the center of the sphere. All of the 
pyramids, then, have altitudes equal to the radius of the sphere. 

The volume of one of these pyramids is Br in which Bis the area 

of the pyramid’s base and r is the length of its altitude. The volume 

of the sphere is the sum of the volumes of all of the pyramids. If the 

areas of their bases are B,, Bo, B3, and so on, then their volumes are 

= Bi i = Bar, = Bat and so a and 

Vophere = bit AF me ar pst ie gs 

= 3 1(B, + By + By +--)) 

Now Agphere = B, + Bo + Bz +---, and so 

1 
Vophere a 31 Asphere): 

Solving this equation for Ajphere, we get 
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4 
But Vephere = uae and so 

3(4nr?) 

r Asphere = = dar’. 

Our intuitive argument is only approximately correct. We have 
been thinking about polygons and pyramids in a situation in which 
such figures cannot really exist. It is possible, however, to obtain the 

same result by means of the calculus, without making any of the ap- 
proximations that we have made. 

Theorem 84 
The surface area of a sphere is 47 times the square of its radius: 

A= 4nr?. 

Exercises 

Set | 

Earth Shadow. \n this painting by Mitsumasa Black Hole. For our sun to collapse to a “black 

Anno titled The Shadow of the Earth, the hole,” it would have to be compressed into a 

earth and its shadow have the same radius. sphere with a radius of 1 kilometer. 

3. What would its surface area be? 

4. What would its volume be? 

Suppose another spherical “black hole” has a 

surface area in square kilometers that is 

numerically equal to its volume in cubic 
1. How does the length of the earth’s loniatere 

equator compare with the circumference 

of the shadow? 5. What would its radius be? 

2. How does the area of the earth compare 6. What would its surface area and volume 

with the area of the shadow? be? 
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Archimedes’ Discoveries. Archimedes (287-212 
B.C.) wrote a book titled On the Sphere and 
Cylinder. 

One of his discoveries was about a cone, a 
hemisphere (half a sphere), and a cylinder that 
have the same radius and height. 

Write an expression in terms of x for the 

volume of 

7. the cone. 

8. the hemisphere. 

9. the cylinder. 

10. In what ways are the volumes of these 
three solids related? 

Flatland. Flatland, a science-fiction novel by 
Edwin A. Abbott, is a story about life in a two- 
dimensional world. 

This illustration from the book is of a sphere 

visiting Flatland. All that Flatland’s inhabitants 
can see is the intersection of the sphere with 

their plane. 
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The figure below can be used to explain 

why they see a circle. Points A and B represent 

any two points in which sphere O intersects 

plane P, and OM is perpendicular to plane P. 

11. Why is OA = OB? 

12. Why is OM 1 MA and OM 1 MB? 

13. Why is AOMA = AOMB? 

14, Why is MA = MB? 

15. What does this equality imply about the 

curve that is the intersection of sphere O 
and plane P? Explain. 

Sound Wave. According to a book on sound, 
“when a point source . . . radiates into free 
space, the intensity of the sound . . . is given by 

ive ae 
4arr? 

where W is the power of the source.”* 

The sound wave being described is 
spherical in shape. 

16. Where is the “point source” with respect 

to the sphere? 

17. What does 47r? measure with respect to 

the sphere? 

*The Science of Sound, by Thomas D. Rossing 
(Addison-Wesley, 1990). 



18. According to the formula, what happens 
to the intensity of the sound as the 

radius of the sphere increases? 

Volume and Density. Scale drawings of a 
baseball and a golf ball are shown below. 

diameter = 
7.4 com 

diameter = 
4.3cm 

Find the volume to the nearest cubic 

centimeter of 

19. a baseball. 

20. a golf ball. 

The density of an object is its mass per unit 
volume. One cubic centimeter of water has a 

. A, etal 
mass of 1 gram; so its density is ee 1 gram 

per cubic centimeter. 

21. Use the fact that a baseball has a mass of 

145 g to find its density to the nearest 

0.1 g/cm’. 

An object will float if its density is less than 

that of water; it will sink if its density is more. 

22. Will a baseball float on water or sink? 

As every golfer knows, a golf ball will sink in 
water. 

23. What can you conclude about its mass? 

Chocolate Packing. The photograph below 
shows 16 chocolates packed in a box. 

Compare the side view of the box below with 

an identical box that contains 2 chocolates 

having twice the diameter of the chocolates in 
the original box. 

24, Which box do you think contains more 

chocolate? 

25. Find the volume in terms of d of chocolate 

in each box to check your answer. 

The chocolates are wrapped in paper. 

26. Which box do you think would contain 
more wrapping paper? 

27. Write appropriate expressions in terms of 

dto check your answer. 

Set Il 

Half Sphere. This sculpture by Swiss artist 
Max Bill is titled Half Sphere Around Two Axes. 

Write an expression for each of the following 

measures in terms of 7, the radius of the half 

sphere. 

28. Its volume. 

29. The area of its curved surfaces. 

30. The area of its flat surfaces. 

31. Its total surface area. 
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Hollow Earth. A cult once believed that the 

earth is hollow and that we and the entire 

universe are inside it. 

In the figure below, circle O represents the 
hollow earth. To every point P outside the 

earth, there corresponds a point P’ inside the 

earth such that PT is tangent to circle O and 
TE aOR 

32. What can you conclude about AOTP? 

Explain. 

OPsiLOL 
yes ? 33. It follows that OTF oP” Why: 

If the moon is at P, the “hollow earth” people 
thought that it was actually at P’. For the 

moon, OP ~ 240,000 miles; the radius of the 

earth OT ~ 3,960 miles. 

34. Find OP’ to the nearest mile. 

35. If we are at point A so that the moon is 

directly overhead, how far “above” us 

would the moon in the hollow earth be? 

If the sun is at P, OP ~ 93,000,000 miles. 

36. Find OP’ for the sun to the nearest 

hundred feet. (1 mile = 5,280 feet.) 

37. From these results, where do you think 

the hollow-earth people thought the 
stars were? 
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Melting Snowball. A problem in a calculus 
book begins: 

A spherical snowball is melting in such 
a way that its volume is decreasing at a 
rate of 1 cm® per minute.* 

Suppose that the diameter of the snowball 

before it begins to melt is 12 cm and that the 

snowball melts at a constant rate. 

Approximately how many hours would it take 

for the snowball 

38. to melt completely? 

39. to shrink to a diameter of 6 cm? 

Find the surface area of the snowball to the 
nearest square centimeter 

40. before it begins to melt. 

41. when it has shrunk to a diameter of 
6 cm. 

As the snowball in the problem melts, its 
volume decreases at a constant rate. 

42. Does its diameter decrease at a constant 

rate? Explain. 

43. Does its surface area decrease at a 

constant rate? Explain. 

Earth Under Water. If the earth were perfectly 
spherical in shape, the water in its oceans 

would cover its surface to a depth of 1.65 
miles. 

Using 3,960 miles as the radius of the earth 
under the water, estimate the volume of the 

water to the nearest million cubic miles by 
using the formula for 

44, the volume of a sphere. 

45. the surface area of a sphere. 

*Calculus, by James Stewart (Brooks/Cole, 1995). 



Doughnuts. Most doughnuts have the shape 
of a geometric solid called a ¢orus. 

Two expressions for measuring a torus are: 

(1) 2a2ab? 
(2) 4m2ab 

One expression is for its surface area and 

the other is for its volume. 

46. Explain how it is possible to tell from 

these expressions which is which. 

47, Which expression would be more 
appropriate for finding the amount of 
frosting on a doughnut? 

What would happen to the volume of a 

doughnut if 

48. awere doubled but b stayed the same? 

49. b were doubled but a stayed the same? 

Spheres in Different Dimensions. Here are the 
formulas for the volumes of “spheres” in 

different dimensions.* 

mensions Volume Dimensions Volume 

1 27 5 ss 

9 wre 15 

a5 
pe 2 Sue 6 ae r 

100 3 
4 Sr 165” 

50. Judging from this table, what is our 
name for a two-dimensional “sphere”? 

* Surfing Through Hyperspace: Understanding Higher 
Universes in Six Easy Lessons, by Clifford A. Pickover 
(Oxford University Press, 1999). 

51. What is our name for its volume? 

52. What does the volume of a one- 
dimensional “sphere” appear to measure? 

53. Use the table and your calculator to find 

the volumes of spheres of radius 1 in 

each of these dimensions, each to the 

nearest hundredth. 

54. What happens to the volume as the 

number of dimensions increases? 

Set Ill 

In the movie Raiders of the Lost Ark, Indiana 

Jones barely escapes from a huge spherical 

boulder rolling along a tunnel in an 

underground cave.* 

Suppose the boulder, 30 feet 

in diameter, perfectly fits a 

square passageway as 
shown in the cross-sectional 

view at the right. 

1. If you couldn’t get out of the tunnel and 
the boulder were rolling toward you, 

could you avoid being squashed by it? 
Explain. 

2. Do you think your method would have 

worked for Indiana Jones? 

+The Mammoth Book of Brainstorming Puzzles, by David 
J. Bodycombe (Carroll & Graf, 1996). 
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LESSON 8 

Similar Solids 

Although the Titanic was one of the largest ships of its time, the 
“Titanic” in the picture above is only 44 feet long! The ship in the 
picture is one of several models of the actual Titanic that were con- 

structed for the 1997 movie. 

The model is convincing because, like all accurate models, it is 

similar to the object that it represents. Two geometric solids are similar 

if they have the same shape. For two such solids to be similar, every 

pair of distances between pairs of corresponding points in the two 
solids must be proportional. 

The actual Titanic was about 880 feet long. Comparing its length 

with 44 feet, the length of the model, we get 

880 _ 
44 

The actual ship was 20 times as long as the model. Because the ship 

and model are similar, the ship must also have been 20 times as wide 

as the model and 20 times as high. 

All these measurements are of lengths. What about areas and vol- 
umes? Were the surface area and volume of the Zitanic also 20 times 

those of the model? As you may suspect from what you know about 

similar polygons, the answer is no. 

20. 

670 Chapter 15: Geometric Solids 



To see why, we will consider two similar solids that are polyhe- 

dra. If two polyhedra are similar, their corresponding faces are simi- 
lar; so their corresponding dimensions are proportional. For exam- 
ple, the two rectangular solids shown here are similar if 

he er Ay 
lo W9 ho 

Letting these ratios equal 7, we have 

L w 
tar, —t=r and t=, 
ly W9 hy 

and so 

li a rly, (Cai — 1 leloy. and hy aa rho. 

What is the ratio of the surface areas of these solids? Their surface 
areas are 

A; = 2(L, wy, = why = 1, hy) and Ay = 2(lowo ar wohs Ss lohg); 

so 

A, = 2(L, wy, a why a L, hy) se [wy aia why ar Li hy 

Ay 2(lowe a woh aia Ish) lowo ie wohg Ae loho ; 

Substituting for 4, wj, and hy, we get 

Ay _ (rly)(rwa) + (rwo)(rhy) + (rls)(rho) 
Ay IpW9 + Woho + oho 

= r?(lows aF Wohg a lohg) Baye So cA. =o 

loW9 + Woh + loho Ap 

The ratio of the surface areas of two similar rectangular solids is 
equal to the square of the ratio of any pair of corresponding dimen- 
sions. 

What is the ratio of the volumes of the same solids? Their volumes 

are 

Vi= wh and VK = lwohg; 

so 

KY _ hwy 

Vo Inwohg 

Substituting for 4, w,, and hy, we get 

Vi _ (rlo)(rwe)(rhg) _ r(dgwahs) _ 73 
Vo lowohs lgwyohg Vy 

The ratio of the volumes of two similar rectangular solids is equal 
to the cube of the ratio of any pair of corresponding dimensions. 
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These relations can be proved true for any pair of solids that are 
similar, regardless of their shape. We state them as the following use- 
ful theorems. 

Theorem 85 
If the ratio of a pair of corresponding dimensions of two similar 
solids is 7, then the ratio of their surface areas is r?. 

Theorem 86 
If the ratio of a pair of corresponding dimensions of two similar 
solids is 7, then the ratio of their volumes is r°. 

These theorems make it easy to compare the properties of two 
similar solids regardless of their shape. We can apply them, for ex- 
ample, to the actual Titanic and the model of it pictured at the begin- 
ning of this lesson. From the fact that the ratio of their corresponding 
dimensions is 20, we can conclude that the ratio of their surface areas 

is 20? = 400 and the ratio of their volumes is 20? = 8,000. 

Although the Titanic is 20 times as long as the model, its surface 
area is 400 times as great and its volume is 8,000 times as great. 

Exercises 
RETA DIODES DT PI TPN NESE LE RES ERE AED SILLA LED IO SETI NEL NS ENS E EONAR PEDO. 

Set | 

Similar or Not? Two geometric solids are 

similar if they have the same shape. 

The cylinders above are not similar, because 

they have different shapes. 

Tell whether or not you think the solids in 

each of the following exercises are always Scaling Up. The Statue of Liberty is 
similar. If you think they are not similar, draw approximately 20 times life size. In designing 

a figure to show why. it, the sculptor started with a model and 
scaled it up several times.* Two cones. 

The strength of the supports of a structure 
Two cubes. depends on its cross-sectional area; the weight 
Two triangular prisms. of a structure depends on its volume. 

Two spheres. 

Sa het ee *Poetry of the Universe, by Robert Osserman (Anchor Two square pyramids. Books, 1995). 
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If the scale of a structure is multiplied 

by 3, what happens to 

6. the strength of its supports? 

7. its weight? 

If the scale of a structure is multiplied by 20, 
what happens to 

8. the strength of its supports? 

9. its weight? 

If the scale of a structure is multiplied by n, 

what happens to 

10. the strength of its supports? 

11. its weight? 

Giant Windmill. The windmill below, part of 
NASA’s wind-energy program, has blades 125 
feet long that weigh 2,500 pounds.* 

NASA proposed to build a larger windmill 
with blades 400 feet long. If it were geometri- 
cally similar to the one in the photograph, 

12. how many times longer would the 

larger blades have been? 

13. how many times greater would their 

surface areas have been? 

14. how many times greater would their 
volumes have been? 

15. Approximately how much would one of 

the blades have weighed? 

*The Science of Structures and Materials, by J. E. Gordon 
(Scientific American Library, 1988). 

Gulliver in Lilliput. In Gulliver’s Travels by 
Jonathan Swift, Gulliver’s first voyage took 
him to Lilliput, a land of tiny people. The 

emperor of Lilliput decreed that Gulliver was 
to be given “a quantity of meat and drink 
sufficient for the support of 1,728 Lilliputians.” 

The emperor’s mathematicians had measured 
Gulliver and found that he was 12 times as 
tall as they were. 

16. How did they calculate the number 
1,728 from 12? 

17. What did they assume about Gulliver’s 
body with respect to their own bodies? 

Later in the story, the emperor’s tailors make 

Gulliver a suit of clothes. 

18. If the suit was made from the same fabric 

as their own, how many times as much 

material did they need? 

Earth and Mars. Mars is smaller than Earth. 

The radius of Earth is about 3,960 miles, 

whereas the radius of Mars is 2,100 miles. 

19. How many times the radius of Mars is 

the radius of Earth? 

20. How many times the surface area of 

Mars is the surface area of Earth? 

21. How many times the volume of Mars is 

the volume of Earth? 
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Olive Sizes. Olives are graded according to 
their sizes. “Jumbo” olives are about 18 
millimeters wide and 23 millimeters long and 
weigh about 5 grams. 

Side view of a 
“giant” olive 

shown at actual size 

22. Use your ruler to draw a side view of a 

jumbo olive. . 

23. Assuming that all olives are similar in 
shape, find the width of “supercolossal” 
olives that are 28 millimeters long. 

24. Use your ruler to draw a side view of a 

supercolossal olive. 

25. How many times the volume of a jumbo 
olive is the volume of a supercolossal 
olive? 

26. How much would you expect a super- 
colossal olive to weigh? 

Three Pyramids. The three pyramids at Giza 
are right pyramids with square bases. They are 
thought to have originally had the following 
dimensions in meters. 

Pyramid Base edge —- Height 
Cheops 236 147 
Chephren 216 144 

Mycerinus 109 66 
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27. Find the ratio of the height to the base 
edge for each pyramid to the nearest 
hundredth. 

28. Which two pyramids were closest to 

having the same shape? Explain. 

Set II 

Doubling a Cube. According to Greek legend, 
King Minos was unhappy with a tomb that 
had been built for his son because it was too 

small. The tomb was in the shape of a cube, 

and Minos demanded that it be doubled in 

size.* 

Suppose that each edge of the small tomb had 
length x and each edge of the new tomb had 
length 2x. 

Write an expression in terms of x for 

29. the total surface area of the small tomb. 

30. the total surface area of the new tomb. 

31. the volume of the small tomb. 

32. the volume of the new tomb. 

The ratio of the corresponding dimensions of 
the tombs (comparing larger with smaller) is 

2% = 9. 
x 

What is the ratio of 

33. their surface areas? 

34. their volumes? 

What power of the ratio of their 
corresponding dimensions is the ratio of 

35. their surface areas? 

36. their volumes? 

*An Introduction to the History of Mathematics, by 
Howard Eves (Saunders, 1990). 



Plato’s Method. Plato is thought to have 
considered the figure below with respect to 
the cube-doubling problem. 

D 

B G 

Inite nb BC, BC 1 CD, and AC 1 BD. 

fern. PB ig Ie 
37. Why is = d 56 PD Be PC, 

Suppose PA = 1, PB = x, PC = y, and PD = 2. 

38. Use this information and the equations in 

exercise 37 to solve for x and y. 

39. Find the volumes of four cubes having 
edges of lengths PA, PB, PC, and PD. 

40. How does the volume of each succes- 
sively larger cube compare with that of 
the preceding one? 

Suppose that, in the same figure, PA = 1, 

PB =x, PC = y, and PD = 3. 

41. Find x and y in this case. 

42. Find the volumes of four cubes having 
edges of lengths PA, PB, PC, and PD in 
this case. 

43. How does the volume of each succes- 

sively larger cube compare with that of 
the preceding one in this case? 

Rubber Bands. “Number 10” rubber bands are 
1; inches long and 7; inch wide, and 
“number 31” rubber bands are 25 inches long 
and , inch wide. 

44, Does it follow from these dimensions that 

they are geometrically similar? Explain. 

45. If it is assumed that the bands are 

similar in shape, how many number 10 

bands would you expect to weigh the 
same as one number 31 band? 

There are 5,780 number 10 bands in a pound 

and 1,420 number 31 bands in a pound. 

46. What conclusions seem to follow from 

this information? 

Two Cups. The figures below show two cups, 
both partly filled with liquid. One is in the 
shape of a right cone, and the other is in the 
shape of a right cylinder. 

In the left-hand figure, AABE and ACDE are 
right triangles. 

47. Does it necessarily follow that 

AABE ~ ACDE? Explain why or why not. 

48. Does the liquid in this cup have a shape 

geometrically similar to the space 
enclosed by the cup itself? Explain. 

In the right-hand figure, ABFE and CDFE are 
rectangles. 

49. Does it necessarily follow that 

ABFE ~ CDFE? Explain why or why not. 

50. Does the liquid in this cup have a shape 

geometrically similar to the space 
enclosed by the cup itself? 

Height and Weight. A person’s weight is 
approximately proportional to his or her 

volume. Suppose that someone is 6 feet tall 

and weighs 160 pounds. 
About how much would a person similar 

in shape weigh who is 

51. 4 feet tall? 

52. 5 feet tall? 

53. 7 feet tall? 

54. 8 feet tall? 
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Heated Ring. A piece of solid iron in the shape 57. Do you think doubling the amount of 
of a doughnut is expanded by heating.* materials makes sense? If not, what do 

you think she should have ordered? 

58. Which material did Ollie’s grandmother 
use up first? 

59. How many large bears did she make? 

60. Of which material(s) would she have 
had exactly enough to make 20 of the 
large bears? 

55. Do you think the diameter of its hole Set Ill 

will get larger or smaller? 
Colossal Clam. Clams range in size from as 

When the doughnut expands with heat, its little as a pinhead to more than 4 feet in 
shape stays the same. length! If a clam 2.4 inches long weighs 

1 ounce, how much would you expect a clam 
having the same shape and a length of 
4 feet to weigh? Explain your reasoning. 

56. What does this fact indicate about the 

diameter of its hole? Explain. 

Teddy Bear Trouble. Obtuse Ollie’s 
grandmother makes 20 identical teddy bears 
each month for a local toy shop. To do so, 
she uses 6 square meters of material for the 
fur, 5 kilograms of kapok for the stuffing, 
4 meters of ribbon for bows around their 
necks, and 40 buttons for their eyes. 

CNE THING Is 
FOR SURE, HARRY, 
THEYRE AHEAD 

IN 
AINIRTURICATTON I 

The owners of the toy shop asked her to 
make 20 bears twice as large; so she doubled 
the order for all her materials.? Used by permission of Johnny Hart and Creators Syndicate, Inc. 

*Mathematical Carnival, by Martin Gardner (Knopf, 
1975). 
tThis problem is by Brian Bolt and is from his book 
titled Mathematical Cavalcade (Cambridge University 
Press, 1992). 
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Taavia Il VORBIVMPLANETARVM DIMENSIONES, ET DISTANTIAS PER QVINQVE 
REOVLARIA CORPORA GEOMETRICA EXHIBENS, 

ILLVsTRISS* PRINCIPI, AC DNO, DNO,FRIDERIGO, DVCI WIR: 
TENBERGICO, FT TECCIO, COMITE MON TIS BELGARVM, ETC. CONSECRATA. 
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Oris, Bectide Gnpire point 
Qian Sent coaremed pus ‘je Goo, F 

Gadde, Aitort wna OE 

LESSON 9 

The 
Regular 

Polyhedra 
Perhaps the most famous picture of geometric solids ever drawn is 

the above illustration from the book Mysteries of the Cosmos published 

in 1596. The book was written by the astronomer Johannes Kepler 
and the picture was titled “Model of the Orbits of the Planets.” At the 

time, only six planets were known to exist, and Kepler thought he 
could explain their number and their distances from the sun by means 

of five geometric solids known as the regular polyhedra. He wrote: 

The orbit of the Earth is a circle: round the sphere to 
which this circle belongs, describe a dodecahedron; the sphere 
including this will give the orbit of Mars. Round Mars, de- 
scribe a tetrahedron; the circle including this will be the orbit of 
Jupiter. Describe a cube round Jupiter’s orbit; the circle includ- 
ing this will be the orbit of Saturn. Now inscribe in the Earth’s 
orbit an icosahedron; the circle inscribed in it will be the orbit of 
Venus. Inscribe an octahedron in the orbit of Venus; the circle 

inscribed in it will be Mercury’s orbit. This is the reason of the 
number of the planets. 
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Dodecahedron 

Exercises 

Set | 

The solids to which Kepler referred were the last figures to be in- 
cluded by Euclid in the Elements, so it is appropriate to consider them 

as we come to the end of our study of Euclidean geometry. 

Definition 
A regular polyhedron is a convex solid having faces that are 
congruent regular polygons and having an equal number of 
polygons that meet at each vertex. 

Octahedron Icosahedron Tetrahedron 

There are three regular polyhedra whose faces are equilateral tri- 
angles: the tetrahedron, with 4 faces, the octahedron, with 8 faces, and 
the icosahedron, with 20 faces. 

The most familar regular polyhedron is the one whose faces are 
squares: the cube. Finally, there is one regular polyhedron whose faces 
are regular pentagons: the dodecahedron, which has 12 faces in all. 

Long before Kepler attempted to use them in explaining the solar 

system and even before Euclid wrote about them, the regular polyhe- 
dra were studied by a group of Greek mathematicians under the lead- 

ership of Pythagoras. Plato gave instructions for making models of 

them and claimed that the atoms of the four elements of ancient sci- 

ence had the shape of regular polyhedra. Atoms of fire were thought 
to have the shape of tetrahedrons; atoms of earth, cubes; atoms of air, 

octahedrons, and atoms of water, icosahedrons. The universe itself 

was thought to be in the shape of a dodecahedron. 
Although such ideas are no longer taken seriously, the regular 

polyhedra, also known as the Platonic solids, have proved to be impor- 

tant not only in mathematics but also in such fields as molecular chem- 
istry, art, and architecture. 

CE BOS POISE LE ELT AIS ORE IEEE PIV PERSIST ERECT ES 

What name do you think we commonly use Numbers and Names. Polygons are named 
according to their number of sides; polyhedra 

are named according to their number of faces. 
What is the number for 

1. an octagon or octahedron? 

2. a dodecagon or dodecahedron? 
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for 

3. a tetragon? 

4, a regular hexahedron? 

If you were to look them up in a dictionary, 



you would find icosahedron but you probably da Vinci Polyhedron. Leonardo da Vinci built a 
wouldn’t find icosagon. set of wooden models of polyhedra and from 
5. What d ao A Na them created a series of illustrations for a book 

: at He you think each of these words published in 1509. 
means: 

Two Triangles. In the figure below, the vertices 
of the smaller triangle are the midpoints of the 
sides of the larger triangle, but the triangles are 

not equilateral. 

A ie B 

6. Are the two triangles similar? 

7. How do the sides of the larger triangle 
compare in length with the sides of the 
smaller one? 

8. How do the perimeters of the two 
triangles compare? 

9. How do the two triangles compare in 
area? 

f ips 
Two Tetrahedrons. In the model pictured 
below, the vertices of the smaller tetrahedron 
are at the centers of the faces of a larger 13. 

tetrahedron. Both tetrahedrons are regular. 
14, 

15. 

16. 

ie 

Which regular polyhedron did da Vinci 
illustrate in the picture above? 

What kind of regular polygons are its 
faces? 

How many faces does the polyhedron 

have? 

How many sides does each face have? 

How many faces meet at each vertex of 

the polyhedron? 

How many faces meet along each edge? 

Compare the following two calculations with 
your answers to exercises 14 through 7 

The edges of the larger tetrahedron are 
three times as long as the edges of the smaller 
one. 

How do the two solids compare in 18. 

10. surface area? 

11. volume? 19. 
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How many vertices does the polyhedron 

have? 

How many edges does it have? 
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Escher Box. Maurits Escher designed the tin 

box shown here in 1963. 

20. Which regular polyhedron did Escher 

use for its shape? 

21. What kind of regular polygons are its 
faces? 

22. How many faces does the polyhedron 

have? 

23. How many sides does each face have? 

24. How many faces meet at each vertex of 

the polyhedron? 

25. How many faces meet along each edge? 

Use your answers to exercises 22 through 25 

to calculate the number of 

26. vertices of the polyhedron. 

27. edges of the polyhedron. 

Euclid’s Claim. Euclid claimed at the end of 
the Elements that “no other figure, besides the 
said five figures, can be constructed which is 

contained by equilateral and equiangular 
figures equal to one another.” 

What did he mean by 

28. “equilateral and equiangular figures”? 

29. “equal to one another”? 

The following figures support Euclid’s claim 

that there are only five regular polyhedra. 

vee 
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What is the sum of the angles surrounding 

each vertex of 

30. a tetrahedron? 

31. an octahedron? 

32. an icosahedron? 

33. Why are there no more than three 

regular polyhedra whose faces are 

equilateral triangles? 

What is the sum of the angles surrounding 

each vertex of 

34. a cube? 

35. a dodecahedron? (Each angle of a 
regular pentagon has a measure of 108°.) 

36. How does the sum of the angles sur- 

rounding a point determine whether a 
figure is flat? 

Set Il 

Octahedron and Cube. In the model pictured 
below, the vertices of the octahedron are at 

the centers of the faces of a cube. 

aig 
Vy * 

bm 4 
ee ia ee 

The octahedron can be viewed as consisting of 

two square pyramids with a common base. 



37. Draw and mark the figure below as 
needed to find each of the following 
measures in terms of ¢, the length of an 
edge of the cube. 

e 

38. The length of an edge of the octahedron. 

39. The area of the base of one of the 

pyramids. 

40. The altitude of one of the pyramids. 

41. The volume of the octahedron. 

42. What fraction of the volume of the cube 

is the volume of the octahedron? 

Dodecahedron Construction. Euclid showed 
how to construct a dodecahedron by starting 
with a cube. He did so by adding identical 
“rooflike” shapes to each face of the cube as 
shown in the figures below.* 

The figure below shows one of the pentagonal 
faces that is formed. 

EB D 

*Euclid: The Creation of Mathematics, by Benno 
Artmann (Springer, 1999). 

43, Given that BP | AC, why does it follow 
that AABP = ACBP? 

44, Use the fact that each angle of a regular 
pentagon has a measure of 108° to find 
the measures of ZABP and ZBAP. 

45. Find the ratio of the edge of the cube, 
AC, to the edge of the dodecahedron, 
AB, to the nearest thousandth. 

If AC = 1 unit, the volume of each of the added 

rooflike shapes is about 0.135 cubic unit. 

46. Find the ratio of the volume of the 

dodecahedron to the volume of the cube. 

Round About. The first figure below is an 
illustration of the fact that every regular 
polygon is cyclic. 

47, What does saying that a “polygon is 
cyclic” mean? 

The second figure illustrates a comparable fact 

for regular polyhedra. 

48. What do you think the fact is? 

Suppose regular polygons having 12 and 20 
sides are inscribed in the same circle. 

49. Which one has an area closer to that of 

the circle? 

Suppose regular polyhedra having 12 and 20 

faces are inscribed in the same sphere. 

50. Which one do you think has an area 

closer to that of the sphere? 

Suppose the sphere in which they are 

inscribed has a radius of | unit. 

51. Find its area to the nearest tenth. 
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A dodecahedron inscribed in this sphere has 
edges of length 

e= 5 (VI5 - V3). 

52. Find ¢ to the nearest thousandth. 

The area of a regular dodecahedron with 

edges of length ¢ is 

3e2V 5(5 + 2V'5). 

53. Find the area of the dodecahedron to the 

nearest tenth. 

An icosahedron inscribed in the same sphere 
has edges of length 

pe sv 10(5 — V5). 

54. Find e to the nearest thousandth. 

The area of a regular icosahedron with edges 
of length ¢ is 

5e2V/3. 

55. Find the area of the icosahedron to the 

nearest tenth. 

56. Which polyhedron, the dodecahedron or 

the icosahedron, do you think has a 

volume closer to that of the sphere? 

57. Find the volume of the sphere to the 

nearest tenth. 

A regular dodecahedron having edges of 
length e has the following volume: 

<eX(I5 + 7V/5). 

58. Find the volume of the dodecahedron 

inscribed in this sphere to the nearest 

tenth. 

A regular icosahedron having edges 

of length e has the following volume: 

23 Ta + p 9878 V5) 

59. Find the volume of the icosahedron 

inscribed in the same sphere to the 

nearest tenth. 
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60. Which inscribed polyhedron has an area 

and volume closer to those of the sphere: 

the dodecahedron or the icosahedron? 

Set Ill 

Tetrahedron Puzzle. A puzzle patented in 1940 

has become so popular that it is still available 
for sale. It consists of two identical pieces that 

can be put together to form a tetrahedron.* 

To make the puzzle, make two copies of 

the pattern below on stiff paper and cut them 
out. Fold each one along the red lines and tape 
the edges of each together to form a pair of 
identical solids. 

Can you put the two solids together to 
form a tetrahedron? If so, make a drawing to 
show your solution. 

*Puzzles Old and New, by Jerry Slocum and Jack 
Botermans (University of Washington Press, 1986). 
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Altitude of a prism 640 

Altitude of a pyramid 648 

Cone 654 

Cross section of a solid 641 

Cube 629 

Cylinder 655 
Diagonal of a rectangular solid 629 
Dodecahedron 678 

Icosahedron 678 

Lateral area of a prism 635 

Oblique lines and planes 620 

Octahedron 678 

Parallel lines and planes 619 

Perpendicular lines and planes 620 

Polyhedron 628 

Prism 634 

Pyramid 647 

Rectangular solid 628 
Regular polyhedron 678 

Similar solids 670 

Skew lines 619 

Sphere 662 
Tetrahedron 678 

Volume 640 

Postulates 

be 

12: 

Ro 

14. 

If two points lie in a plane, the line that 
contains them lies in the plane. 619 

If two planes intersect, they intersect in a 
line. 619 

Cavalieri’s Principle. Consider two 
geometric solids and a plane. If every 
plane parallel to this plane that intersects 

one of the solids also intersects the other 
so that the resulting cross sections have 
equal areas, then the two solids have 

equal volumes. 641 

The volume of any prism is the product 

of the area of its base and its altitude: 

VB 642 

Theorems 

79. The length of a diagonal of a rectangular 
solid with dimensions J/, w, and h is 

V1I2+ w2+h2. 629 

Corollary. The length of a diagonal of a cube 
with edges of length ¢ is eV/3. 629 

Corollary 7 to Postulate 14. The volume of a 

rectangular solid is the product of its 

length, width, and height: V= lwh. 642 

Corollary 2 to Postulate 14. The volume of a 

cube is the cube of its edge: V= ¢°. 642 

80. The volume of any pyramid is one-third 

of the product of the area of its base and 

its altitude: V= = Bh 648 

81. The volume of a cylinder is the product 

of the area of its base and its altitude: 

V= Bh= rh. 655 

82. The volume of a cone is one-third of the 

product of the area of its base and its 

altitude: V= = Bh = Sah 656 

83. The volume of a sphere is a times the 

cube of its radius: V= str. 664 

84. The surface area of a sphere is 477 times 

the square of its radius: A = Amr. 665 

85. If the ratio of a pair of corresponding 

dimensions of two similar solids is 7, then 

the ratio of their surface areas is r?.. 672 

86. If the ratio of a pair of corresponding 

dimensions of two similar solids is 7, then 

the ratio of their volumes is 7°. 672 
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Exercises 

Set | 

Flipping Cubes. The sculpture in the 
photograph below is by Hungarian artist 
Victor Vasarely.* 

Although its surfaces, numbered in the figure 
below, might seem to lie in 11 different planes, 

two of them actually lie in the same plane. 

1. Which two are they? 

2. If two planes intersect, in what do they 
intersect? 

3. What relation do planes 1 and 2 appear 

to have? 

* Symmetry: A Unifying Concept, by Istvan Hargittai and 
Magdolna Hargittai (Shelter Publications, 1994). 
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4, Which plane(s) appear to be parallel to 
plane 5? 

5. Does plane 3 appear to be parallel to 

plane 9? 

6. What does saying that two planes are 
parallel mean? 

Seeing Things. The figures below, devised by 
psychologist Gaetano Kanizsa, are interesting 
because, although they look almost the same, 

most people see them as being very different.t 

Describe in geometric terms what 

7. the first figure looks like to you. 

8. the second figure looks like to you. 

Cord of Wood. Firewood is sold by the cord. A 

cord is the volume of a stack of wood 8 feet 

long, 4 feet wide, and 4 feet high. 

9. How many cubic feet are contained in a 

cord? 

10. How high would a cord of wood be if it 
were arranged in a stack 4 feet long and 
2 feet wide? 

t Visual Intelligence: How We Create What We See, by 
Donald D. Hoffman (Norton, 1998). 



Box Pattern. The figure below is a pattern that 

can be cut out and folded together to form a 

box.* It contains six squares and two regular 

hexagons. 

11. If the pattern is made into a box, which 

polygons would be its bases? 

12. What kind of polyhedron would it be? 

Octagonal Building. Two geometric solids 
were used in the design of this building in 
Florence, Italy. Both of them have bases that 

are regular octagons. 

13. What are the two solids? 

14. Find the volume of the lower part, given 
that it covers 12,000 square feet of 

ground and is 90 feet high. 

15. Find the volume of the upper part, given 
that it is 20 feet high. 

16. Find the total volume of the building. 

*The Victorian Gift Boxes, by Jane Thomson (Hearst 
Books, 1992). 

Screen Illumination. In the figure below, light 
from a lens at point L illuminates two possible 

screens: a smaller one at A and a larger one at 
B twice as far away. The screens are the bases 

of two similar pyramids. 

17. How do the edges of the larger screen 
compare in length with the corresponding 
edges of the smaller screen? 

18. How does the area of the larger screen 
compare with that of the smaller screen? 

According to the inverse-square law of physics, 
the light on the larger screen would be one- 
fourth as bright as that on the smaller screen. 

19. Explain why this makes sense. 

Stars. The circles in the figure below (not to 
scale) represent cross sections of two 

imaginary spheres centered at the sun.* 

Sphere A has a radius of 10 light-years and 

sphere B has a radius of 5,000 light-years. 

What is the ratio of 

20. the radius of sphere B to that of 

sphere A? 

21. the surface area of sphere B to that of 

sphere A? 

22. the volume of sphere B to that of 

sphere A? 

t Pictorial Astronomy, by Dinsmore Alter, Clarence H. 
Cleminshaw, and John G. Phillips (Crowell, 1974). 
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23. Given that sphere A contains 10 stars, 

how many stars would you guess sphere 

B to contain? 

Our galaxy is thought to have a volume 100 
times that of sphere B. 

24. According to this estimate, how many 
stars might our galaxy contain? 

Divided Cube. The 
figure at the right 
shows a cube in 

which a diagonal 
of each face has 

been drawn. 

25. Find the length of each diagonal in 
terms of ¢, the length of an edge. 

26. What can you conclude about the four 

triangles whose sides are these 
diagonals? 

27. Of what regular polyhedron are these 

triangles the faces? 

28. If the cube were cut apart along the 
planes of the faces of this polyhedron, 

how many pieces would be formed? 

One of the pieces is the pyramid whose base 

is AABC and whose altitude is BF. 

29. Find its volume in terms of ¢. 

30. Find the volume of the polyhedron that 

you named in exercise 27 in terms of ¢. 

31. What fraction of the volume of the cube 

is the volume of this polyhedron? 
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Set II 

According to Archimedes. In his book titled On 
the Sphere and Cylinder, Archimedes proved the 
following theorem: 

The surface area of any sphere is equal 

to four times the area of a great circle of 

the sphere. 

32. What do you think Archimedes meant 

by “a great circle”? 

33. Show why the theorem is true. 

The next theorem in Archimedes’ book said: 

The volume of any sphere is equal to 

four times the volume of the cone whose 

base equals a great circle of the sphere, 
and whose height equals the radius of 
the sphere. 

34. Use the figure below to show that this 
theorem is true. 

Another of Archimedes’ discoveries was about 
a sphere and a cylinder that have the same 
radius and height. This figure illustrating it 
was even engraved on his tombstone! 

Write an expression in terms of x for 

35. the volume of the sphere. 

36. the volume of the cylinder. 



37. What fraction of the volume of the 

cylinder is the volume of the sphere? 

Write an expression in terms of x for 

38. the area of the sphere. 

39. the lateral area of the cylinder. 

40. the total area of the cylinder. 

41. How does the area of the sphere com- 

pare with the lateral area of the cylinder? 

42. What fraction of the total area of the 

cylinder is the area of the sphere? 

Twisted Ring. The “twisted ring” shown 
below is made from cubes that have been 
glued together along their faces.* 

43. How many faces of each cube are glued 
to faces of other cubes? 

Given that the edges of the cubes are | unit 
long, 

44, find the volume of the ring. 

45. find the surface area of the ring. 

SAT Problem. The following description 

appeared in a problem on an SAT exam. 

A closed rectangular tank 1 meter by 
2 meters by 4 meters contains 4 cubic 
meters of water. When the tank is placed 
level on its various sides, the water depth 

changes. 

*Fractal Music, Hypercards, and More, by Martin 

Gardner (W. H. Freeman and Company, 1992). 

Draw and label a sketch showing a position of 

the tank for which the water is 

46. the deepest. 

47, the shallowest. 

48. What are the depths of the water for 

these positions? 

Wine Barrel. According to Cavalieri, the 

volume of a wine barrel, such as the one shown 

below, can be estimated by the expression 

5 (2a? ar) is 

M is the midpoint of its axis, AB. 

49. What does mr? represent? 

50. What does 7R? represent? 

51. What does the wine-barrel expression 

become if R= r 

52. For what type of geometric solid does 
your answer to exercise 51 give the 
volume? 

53. What does the wine-barrel expression 

become if R= 0? 

54. For what type of geometric solid does 

your answer to exercise 53 give the 

volume? 

55. What does the wine-barrel expression 

become if r= 0 and A= 2R? 

56. For what type of geometric solid does 
your answer to exercise 55 give the 
volume? 
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AX Wl AS 
Tetrahedron 

va 
Dodecahedron 

Euler Characteristic. Victor Schlegel, a German 

mathematician, invented the diagrams above 
in 1883 to represent the regular polyhedra. 
They show the way that the edges of a 
polyhedron would look if the polyhedron 

were transparent and you viewed it from a 

point just above the center of a face. That face 
appears as the border of the diagram. 

Each diagram shows all of the faces, 
vertices, and edges of the polyhedron. 

57. A tetrahedron has four faces. Does the 

diagram for it contain four triangles? 

58. How many vertices does a tetrahedron 

have? 

59. How many edges does it have? 
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Cube Octahedron 

EN 
Icosahedron 

60. Refer to the diagrams to copy and 
complete the following table. 

Regular Number of 
polyhedron faces, vertices, edges, 

F V iE 

Tetrahedron 4 ? ? 

Cube 6 ? : 

Octahedron ? P ? 

Dodecahedron ? ? ? 

Icosahedron ? ? a 

The Euler characteristic of a geometric solid is 
the number F+ V— E. 

61. Find the Euler characteristic for each of 

the regular polyhedra. 
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Circle Limit I!_—Maurits Escher 

A remarkable thing happened in the nineteenth century. 

Mathematicians realized for the first time that there are 

geometries other than that of Euclid. These geometries are based 

on different assumptions and lead to theorems that seem to 

contradict common sense. Nevertheless, these geometries, called 

non-Euclidean, are logically consistent, and one of them may 

actually be the correct system for describing our universe! 



IN PROVING To You RATHER 
DENSE INDIVIDUALS THAT 
PARALLEL LINES NEVER MEET- 

--| AM ABOUT To EMBARK 
UPON A HERETOFORE 
UNPRECEDENTED ppt 

WHICH ee ON 
THE GLOB 

Used by permission of Johnny Hart and Creators Syndicate, Inc. 

LESSON 1 

Geometry on a Sphere 

Euclid defined parallel lines as “lines that, being in the same plane 
and being produced indefinitely in both directions, do not meet one 
another in either direction.” In the cartoon above, one of the charac- 

ters tries to prove that parallel lines never meet by tracing them on the 

surface of the earth. His two-pronged stick, however, has worn down 

to a nub by the end of the journey, and so the “parallel lines” have 

come together to meet in a common point. 

Aside from the wearing down of the stick, the cartoon shows a 
way in which geometry on a sphere differs from the plane geometry 

that we have been studying. We think of lines as being straight and in- 
finitely long, but “lines” drawn on the surface of a sphere are curved and 
finite in extent. The “plane” on which they are drawn, the surface of 

the sphere, is not flat but curved and is finite in extent. 

Peter, the character in the cartoon who tried to prove that paral- 

lel lines never meet by tracing them around the earth, has come back 
to his starting point. This suggests that he walked “straight ahead,” 
never turning either left or right. Such a path is along a great circle of 
the sphere. 

Definition 

A great circle of a sphere is a set of points that is the intersection of 
the sphere and a plane containing its center. 
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From this definition, it follows that a great circle divides the sur- 
face of a sphere into two equal parts, called hemispheres. The most fa- 
mous great circle on the earth is the equator, which divides the earth 

into the northern and southern hemispheres. Other well-known great 

circles on the earth are the meridians, the circles that pass through the 

North and South Poles. The Poles, where the axis about which the earth 

turns intersects the earth’s surface, are an example of a pair of antipo- 
dal points. 

Definition 
Antipodal points are the two points of intersection of a sphere with 
a line through its center. 

At the beginning of our study of geometry, we did not define the 
terms “point,” “line,” and “plane” but gave them meaning by making 
postulates about them. Would these postulates still seem reasonable if 

we changed our ideas of these terms? For example, suppose that, in 

thinking about geometry on a sphere, we call great circles “lines” and 
the surface of the sphere a “plane.” 

Our first postulate said: 

Two points determine a line. 

If great circles are “lines,” the figure at the right suggests that this pos- 
tulate is no longer true. Lines / and m intersect in two antipodal points, 
A and B; so points A and B evidently do not determine a line. 

Suppose, however, that we consider a pair of antipodal points to 

be just one “point.” (Remember that, as with “line” and “plane,” we 

did not define the term “point”.) If we do consider a pair of antipo- 
dal points to be just one “point,” then our first postulate is true again. 
Lines / and m intersect in just one point (called A and B). To deter- 
mine a line, we need two points—C and D in the next figure at the 
right. 

With our new ideas about points and lines comes a surprising re- 
sult. The last figure on this page represents a point, P, and a line, J, 

that does not contain it. Through P, how many lines can be drawn 

parallel to line /? The answer is none. Every great circle of a sphere in- 
tersects all other great circles of the sphere! 

What does all this mean? It means that we have the beginning of a 
geometry in which the Parallel Postulate that we have used in the past 
no longer applies, because, through a point not on a line, there are now 

no lines parallel to the line. 
With other changes in our postulates concerning distance and be- 

tweenness and this new assumption that there are no parallel lines, 

we can develop a new geometry with all sorts of unexpected theo- 
rems. Although these theorems flatly contradict others that we have 
proved in our study of geometry, they make sense in regard to the 
new parallel postulate and in regard to one another. They are part of 
a non-Euclidean geometry. In this chapter, we will become acquainted 
with the two main non-Euclidean geometries. 

=) 

SY OG 
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Exercises 

In the following exercises, we will refer to the 

geometry that we have been studying 
throughout the course as Euclidean geometry 
and to our new geometry on a sphere as sphere 
geometry. The surface that we use for our 
model of sphere geometry is curved in three- 
dimensional space, but the surface itself is 

two-dimensional and we will think of it as a 

“plane.” 

Set | 

Our Spherical Earth. This statue at Rockefeller 
Center in New York City is of Atlas holding 
the earth on his shoulders. 

The earth is represented by several great circles. 

1. Where is the center of a great circle of a 

sphere? 

2. What is its radius? 

3. Into what does a great circle divide a 

sphere? 

Any two great circles of a sphere intersect in 
a pair of antipodal points. 

4. What type of line segment inside a sphere 
connects two antipodal points? 
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Basic Differences. The figures below illustrate 
some simple differences between Euclidean 

geometry and sphere geometry. Each figure 
represents three points and a line that contains 

them.* 

Tell whether each of the following statements 

seems to be true for one of the geometries 
(name it) or both of them. 

5. Points A, B, and C are collinear. 

6. Point B is between points A and C. 

7. If AB = BC, then B is the midpoint of AC. 

8. AB = BC = AC. 

9. AB + BC = AC. 

10. If two points lie in a plane, the line that 

contains them lies in the plane. 

11. Point B separates the line into two parts. 

Shortest Routes. The figure below from 
Euclidean geometry shows two points 

connected by arcs of three circles. 

A 

12. Which of the three numbered arcs is the 

shortest? 

13. How does the circle of which the arc is part 

compare in size with the other two circles? 

“We take the liberty of using some of the words of 
Euclidean geometry in sphere geometry without 
formal definitions when the meaning is clear by 
analogy or from examples given. 
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14. From these results, how would you 
describe the shortest path from A to B in 
sphere geometry? 

15. Why is this part of sphere geometry of 
interest to the airlines? 

Beach Ball. This beach ball has been divided 
by great circles into congruent triangles. 

Each triangle is a 36°-60° right triangle. 

16. What is the sum of the angles of one of 
these triangles? 

17. Are the acute angles of a right triangle in 
sphere geometry complementary? 
Explain. 

Find the measures of the angles in each of 
the following triangles and then find their sums. 

18. AABC. 

eI 7aWe OLS 

20. ACDF. 

21. AADF. 

22. If a triangle in sphere geometry is 
equiangular, does it also appear to be 

equilateral? 

23. How does the sum of the angles of a 

triangle in sphere geometry seem to be 
related to its area? 

24, What kind of triangle would you expect 

to have an angle sum very close to 180°? 

Set II 

Spherical Triangles. Menelaus, a Greek 
mathematician, wrote a book on sphere 

geometry in about 100 a.D. In it, he proved 
many theorems about spherical triangles. 

25. What figures are the sides of a triangle in 

sphere geometry? 

Menelaus proved that the Triangle Inequality 
Theorem of Euclidean geometry is also true in 
sphere geometry. 

26. What does this theorem say? 

He proved that, if the angles of one triangle are 
equal to the angles of another triangle, then 
the triangles are congruent. 

27. Is this statement true in Euclidean 

geometry? Explain. 

Menelaus also proved that the sum of the 

angles of a triangle in sphere geometry is 

related to the area of the triangle. 

28. What do you think the connection is? 

Seemingly Parallel. The figure below seems to 
show two lines in sphere geometry that are 

parallel. 

29. Why do the two (Ayeonm 

une) 
curves seem to be 

parallel? 
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Parallel lines do not exist 

on a sphere; so something 

is wrong with our thinking 
about this figure. 

30. What is it? 

Cass) ay 
Euclidean and Sphere Geometries. In the 
figure below, lines AB and AC are both 

perpendicular to line BC. 

Na 

ve ig, 

31. In Euclidean geometry, how many lines 

through a given point in a plane can be 
perpendicular to a given line in the 
plane? 

32. Is your answer to exercise 31 also true in 

sphere geometry? 

33. In Euclidean geometry, what can be 

concluded about two lines that form 

equal corresponding angles with a 
transversal? 

34. Is this conclusion also true in sphere 

geometry? Explain. 

35. In Euclidean geometry, what can be 
concluded about two lines that lie in a 

plane and are perpendicular to a third 

line? 

36. Is this conclusion also true in sphere 

geometry? 

37. In Euclidean geometry, what can be 
concluded about an exterior angle of a 
triangle with respect to the remote 
interior angles? 

38. Is this conclusion also true in sphere 

geometry? Explain. 

39. In Euclidean geometry, what can be 

concluded about the sum of the mea- 
sures of the angles of a triangle? 

40. Is this conclusion also true in sphere 

geometry? Explain. 

Wet Paint. Obtuse Ollie’s father painted a 
straight line on the floor of his garage. While 
the paint was still wet, Ollie rolled his father’s 

bowling ball along the line. 

41. In what ways is a line painted on the 

floor different from a line in Euclidean 

geometry? 

Acute Alice told Ollie that the ball had a line 

on it. 

42. Does Alice’s statement make any sense? 
Explain. 

43, What determines the length of a line on 
a sphere? 

Equilateral and Right. A triangle of the type 
shown in the figure below cannot exist in 
Euclidean geometry. AABC is an equilateral 
right triangle! 

In what way is it different from triangles in 

Euclidean geometry that are 

44, equilateral? 

45. right? 

46. How does the line through B and C 
compare in length with the sides of AABC? 
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Given that the radius of the sphere is 2 units, 

what is 

47. the length of the line through B and C? 

48. the perimeter of AABC? 

49. the area of the sphere? 

50. the area of AABC? 

Set Ill 

Antipodal Points. If you could dig a hole 
through the center of the earth from where 

you are to the opposite side, where would you 
end up? One way to find out would be to 

turn a world globe so that your location is at 
the top and then look at the bottom. Another 

way would be to use the map below. 

1. What do you think the map represents? 

2. What does the map show that is rather 

surprising? 
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LESSON 2 

The Saccheri Quadrilateral 

The most controversial statement in the history of mathematics was 

made by Euclid near the beginning of the Elements. After presenting 
a series of definitions, Euclid listed five postulates, the last of which 
said: 

If a straight line falling on two straight lines makes the 
interior angles on the same side less than two right angles, the 
two straight lines, if produced indefinitely, meet on that side 
on which are the angles less than the two right angles. 

In regard to the figure at the left, this postulate says that, if 
Z1+ 22 < 180°, then , and /) must eventually intersect in a point on 

the right side of ¢ , 
Euclid’s Fifth Postulate was criticized almost immediately, not only 

because it was much more complicated than the first four postulates, 

but also because many felt that he could have proved it on the basis of 
the first four. 
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A briefer statement that implies Euclid’s Fifth Postulate is our Par- 

allel Postulate: 

Through a point not on a line, there is exactly one line paral- 
lel to the given line. 

Among the many people who tried to prove Euclid’s Fifth Postu- 
late was an eighteenth-century Italian priest named Girolamo Saccheri. 

A professor of both philosophy and mathematics, Saccheri tried to 

use indirect reasoning to establish the postulate as a theorem. As you 
know, indirect reasoning begins by assuming that the opposite of what 
you want to prove is true and continues by showing that this assump- 

tion leads to a contradiction. In 1733, about 2,000 years after Euclid 

wrote the Elements, Saccheri wrote a book titled Euclid Freed of Every 

Flaw. He intended to prove that Euclidean geometry is the only log- 
ically consistent geometry possible. 

He began his work with a quadrilateral that has a pair of sides 

perpendicular to a third side. We will call such a quadrilateral 

“birectangular.” 

Definition 
A birectangular quadrilateral is a quadrilateral that has two sides 
perpendicular to a third side. 

The two sides perpendicular to the third side are the legs, the side 
to which they are perpendicular is the base, and the side opposite the 
base is the swmmit. In the first figure at the right, 2A and ZB are the 
base angles and ZC and ZD are the summit angles of quadrilateral 
ABCD. Also, ZC is the summit angle opposite leg AD, and ZD is 

the summit angle opposite leg BC. 
A birectangular quadrilateral whose legs are equal might be called 

“isosceles,” but it is usually called a Saccheri quadrilateral in honor of 
Saccheri. 

Definition 
A Saccheri quadrilateral is a birectangular quadrilateral whose legs 
are equal. 

A Saccheri quadrilateral looks very much like a rectangle; that is, 

the summit angles look as if they must also be right angles, from which 

it follows that the figure is equiangular. It is easy to prove that this is 
so in Euclidean geometry. In a geometry with a different postulate about 
parallel lines, however, it can be proved that a Saccheri quadrilateral 

is not a rectangle, because its summit angles are not right angles! 
Before we look into these ideas further, we will state some theo- 

rems about birectangular quadrilaterals that are true in both Euclid- 
ean and non-Euclidean geometries. Each of them can be proved with- 
out using the Parallel Postulate, and their proofs are considered in the 

exercises. In the next lesson, we will use these theorems to derive 

some strange results that Saccheri obtained. 

leg Q 

> 

summit 

leg 

base B 

A Saccheri 
quadrilateral 
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Theorem 87 

The summit angles of a Saccheri quadrilateral are equal. 

Theorem 88 

The line segment connecting the midpoints of the base and summit 

of a Saccheri quadrilateral is perpendicular to both of them. 

The next two theorems are comparable to a pair of theorems about 

inequalities in triangles that you already know. 

Theorem 89 

If the legs of a birectangular quadrilateral are unequal, the summit 
angles opposite them are unequal in the same order. 

Theorem 90 

If the summit angles of a birectangular quadrilateral are unequal, 
the legs opposite them are unequal in the same order. 

Exercises 

Set | 

Wyoming. The boundary of Wyoming 
mapped on a plane can be thought of as a 
Saccheri quadrilateral whose base, YO, is its 
southern border. 

1. What are sides WY and MO called with 

respect to quadrilateral WYOM? 

2. What are ZY and ZO called? 

3. What is WM called? 

4, What are ZW and ZM called? 

5. Which sides of WYOM are equal? 

6. Which angles of WYOM are right 
angles? 

Complete the proofs of the following 

theorems of this lesson by giving the reasons. 

Theorem 87. The summit angles of a Saccheri 
quadrilateral are equal. 

“a Sa A B A B 

Given: Saccheri quadrilateral ABCD with 
base AB. 

Prove MAC =A 

Proof 
7. Draw AC and BD. Why? 

8. AD = BC. Why? 

9. ZBAD = ZABC. Why? 

10. ABAD = AABC. Why? 

11. BD = AC. Why? 

12. ABCD = AADC. Why? 

13. ZBCD = ZADC. Why? 
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Theorem 89. If the legs of a birectangular 
quadrilateral are unequal, the summit angles 
opposite them are unequal in the same order. 

D 

A B 

Given: Birectangular quadrilateral ABCD 
with base AB, CB > DA. 

Prove 2) > ZC. 

Proof 
Because ABCD is a birectangular quadrilateral 
with base AB, DA | AB and CB 1 AB. Also, 

CBE DA. 

14. Choose point E on BC so that BE = AD. 
Why? 

15. Draw DE. Why? 

16. ABED is a Saccheri quadrilateral. Why? 

Pie 72. Why? 

18. Because ZADC = 21+ 23, ZADC > 21. 

Why? 

19. ZADC > 22. Why? 

2022 > ZC. Why? 

Deez ADC > 7 C. Why? 

Theorem 90. If the summit angles of a 
birectangular quadrilateral are unequal, the 

legs opposite them are unequal in the same 
order. 

Given: Birectangular G 
quadrilateral 

ABCD with D 
base AB, 

LAO ey a Ge A B 
Prove: CB > DA. 

Proof (by the indirect method) 
22. Either CB > DA, CB = DA, or CB < DA. 

Why? 

Suppose CB = DA. 

23. If CB = DA, what kind of quadrilateral is 

ABCD? 

Lesson 2: The Saccheri Quadrilateral 

24. If your answer to exercise 23 is true, then 

ZD = ZC. Why? 

25. What does this conclusion contradict? 

Suppose CB < DA. 

26. lf CB < DA, then 72D < ZC. Why? 

27. What does this conclusion contradict? 

28. What is the only remaining conclusion 
about CB and DA? 

Set Il 

Nasir Eddin. One of the many people who 
have tried to prove Euclid’s Fifth Postulate 

was a Persian mathematician who was the 

court astronomer of the grandson of the 
famous Genghis Khan. His name was Nasir 
Eddin and he lived in the thirteenth century. 

Nasir Eddin began by supposing that / 

and m are two lines such that perpendiculars 

from A and C to line m make 21 # Z2 and 

LB, 32 HAM, 

29. If 71 and Z3 are acute and 22 and 24 

are obtuse, which segment must be 

longer: AB or CD? 

30. Why? 

Complete the following proof of Theorem 88 
by giving the reasons. 

Theorem 88. The line segment connecting the 
midpoints of the base and summit of a 

Saccheri quadrilateral is perpendicular to both 

of them. 

Dy eG 

A M B 

Given: Saccheri quadrilateral ABCD with 

MN connecting the midpoints of AB 

and CD. 

Prove: MN | AB and MN 1 DC. 
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Proof 
First, draw DM and CM. 

Denes 

A M B 

31. How can you conclude that DM = CM? 

32. DN = CN. Why? 

33. It follows that MN 1 DC. Why? 

Next, draw AN and BN. 

fo aan BG 

A M B 

34. How can you conclude that AN = BN? 

35. It follows that MN 1 AB. Why? 

Polish Flag. The flag of Poland is shown in the 
figure below. 

RB D 

O N 

L A 

36. Copy the figure and mark the following 
information on it: PD = LA, ZP and ZL 

are right angles, O is the midpoint of PL, 

and N is the midpoint of DA. 

Assuming only the information that you have 
marked on the figure and nothing about 
parallel lines, answer each of the following 
questions. 

37. What kind of quadrilateral is PLAD? 

38. Which side is its summit? 

39. Why is ZD= ZA? 

40. Why is ON 1 PL and ON 1 DA? 

41. What kind of quadrilaterals are OPDN 
and LONA? 

Alter Ego. In Euclidean geometry, it is easy to 
prove that a Saccheri quadrilateral is a 
rectangle. 

a A B 

42. In Euclidean geometry, why would the 
legs of a Saccheri quadrilateral have to 

be parallel? 

43, Why does it follow that a Saccheri 
quadrilateral is a parallelogram in 
Euclidean geometry? 

44, Why does it follow that its summit 

angles are right angles? 

45. Why does it follow that it is a rectangle? 

46. In Euclidean geometry, what relations 

does the summit of a Saccheri quadrilat- 

eral have to its base? 

Irregular Lots. The figure below shows an 

overhead view of two slightly irregular lots. 

The angles at A, B, and C are right angles but 
the angles at D, E, and F are not; 21 > ZF and 

VW a) 

47, What can you conclude about the 

relative lengths of AF and CD? Explain. 

48. If A-B-C and F-E-D, what can you 

conclude about the relative sizes of ZF 

and 2D? Explain. 
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Set Ill 

Offsets. The jog in this road in Castleton, 
North Dakota, is caused by a basic problem in 
geometry.* 

The figure at the right illustrates what the 
problem is. Each quadrilateral represents a 
“township,” a unit of land used by surveyors. Ww ir 

A township is supposedly bounded by a | 
Square measuring 6 miles on each side. If its | Sut bl K 
sides lie along map directions as in the 
diagram, a township is effectively bounded by 
a Saccheri quadrilateral. The road from B to J 
has a jog in it from E to F. D 

1. Are the legs of these Saccheri quadrilat- 
erals parallel? Explain why or why not. 

Each side marked with a tick mark is 6 miles A B G 

long, and DF = FH = 6 miles. 

2. How do you think the summits of these 
quadrilaterals compare in length with 

their bases? Explain. 

3. How do you think the summits change 

as the townships continue farther north? 

*Taking Measures Across the American Landscape, by 
James Corner and Alex S. MacLean (Yale University 
Press, 1996). 
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LESSON 3 

The Geometries of Lobachevsky and Riemann 

Saccheri thought that he could use his quadrilaterals to prove the Par- 
allel Postulate. Having shown that the summit angles are equal, he 
planned to prove indirectly that they must also be right angles. To do 
so, he had to eliminate the possibilities of them being either acute or 

obtuse. 
Saccheri managed to arrive at a contradiction by assuming that 

the summit angles are obtuse. Rather than being able to eliminate the 
possibility that they are acute, however, he ended up creating the be- 
ginning of a geometry that is non-Euclidean, that is, a geometry with 
a different assumption about parallel lines. Saccheri missed the impli- 
cations of what he had started, and so he named his book Euclid Freed 

of Every Flaw. A better name would have been A New Kind of Geometry. 
Saccheri died in 1733, a few months after his book was published. 

It was nearly a century later before anyone began to realize that ge- 
ometries different from Euclid’s made logical sense. Three men inde- 
pendently reached this conclusion: the great German mathematician 
Carl Friedrich Gauss; a Hungarian, Janos Bolyai; and a Russian, 

Nicolai Lobachevsky. 
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The assumption that Saccheri couldn’t disprove—that is, that the 
summit angles of a Saccheri quadrilateral are acute—is the “acute an- 
gle” hypothesis. The non-Euclidean geometry based on this hypoth- 
esis is often called Lobachevskian geometry, the name that we will use. 

The Lobachevskian Postulate 

The summit angles of a Saccheri quadrilateral are acute. 

With the use of this postulate, the following theorems can be proved 
in Lobachevskian geometry. 

Lobachevskian Theorem 1 
The summit of a Saccheri quadrilateral is longer than its base. 

Lobachevskian Theorem 2 
A midsegment of a triangle is less than half as long as the third side. 

These theorems are false in Euclidean geometry. They contradict 
the theorems of Euclid that are based on the Parallel Postulate. The Par- 
allel Postulate states that, through a point not on a line, there is exactly 
one line parallel to the given line. For the theorems stated above to 

hold in Lobachevskian geometry, it must be true that, through a point 
not on a line, there are many lines parallel to the line! 

In Lesson 1, you learned that, in sphere geometry, there are no par- 

allels to a line through a point not on it. However, this result contra- 

dicts other Euclidean theorems proved before the introduction of the 
Parallel Postulate. In fact, it is equivalent to assuming that the sum- 
mit angles of a Saccheri quadrilateral are obtuse, which is why Sac- 
cheri was able to eliminate this possibility. 

Nevertheless, if some other postulates related to distance and be- 

tweenness are changed in addition to the Parallel Postulate, a logi- 
cally consistent non-Euclidean geometry can be developed in which 

there are no parallels at all. A German mathematician, Bernhard Rie- 

mann, was the first to understand this concept. We will refer to the 

geometry that he created as Riemannian geometry. 
The basic differences between Euclidean geometry and these two 

non-Euclidean geometries are summarized in the table below. In each 

case, either statement can be proved to be a logical consequence of the 

other. 

ee more t. more than one nol 
allel line parallel _parallel__ 

to the line. __ to the line. to the line. 

The summit angles 
of a Saccheri 
quadrilateral are right. acute. obtuse. 

Nicolai Lobachevsky 
(1793-1856) 

Bernhard Riemann 

(1826-1866) 
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Exercises 
RESIS RRL SLRS IE OBR SESE ORES TES ETSI LEIS 

We restrict our proofs to Lobachevskian 

geometry because, in this geometry, only the 
Parallel Postulate is changed. For this reason 

you can use any idea considered before 

Chapter 6 in this book. 

Set | 

Complete the proofs of the theorems of this 

lesson by giving the reasons. (Some of the 
sides of the figures have been drawn as curves 

to make the figures look non-Euclidean.) 

Lobachevskian Theorem 7. The summit of a 

Saccheri quadrilateral is longer than its base. 

D G D N (& 

lea A M B 

Given: Saccheri quadrilateral ABCD with 

base AB. 

Prove: DC > AB. 

Proo 

Because ABCD is a Saccheri quadrilateral with 

base AB, DA 1 AB and CB 1 AB. Therefore, 

ZA and ZB are right angles, and so 
LA =O 

1. 2D and ZC are acute. Why? 

2. ZD < 90° and ZC < 90°. Why? 

3. ZD< ZA and ZC < ZB. Why? 

Let M and N be the midpoints of AB and DC 

as shown in the second figure. 

4. What permits us to let M and N be these 

midpoints? 

5. What permits us to draw MN? 

6. MN 1 AB and MN 1 DC. Why? 

7. AMND and BMNC are birectangular 

quadrilaterals. Why? 

We have proved that 2D < ZA and ZC < ZB. 
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8. It follows that DN > AM and NC > MB. 

Why? 

9. DN + NC > AM + MB. Why? 

10. DC > AB. Why? 

Lobachevskian Theorem 2. A midsegment of a 
triangle is less than half as long as the third 

side. 

C 

M N 

A 

Given: AABC with 

midsegment 

MN. 

Prove: MN < SAB. 

Proof 
Through C, draw CP | MN. Choose points D 

and E on line MN so that MD = MP and 

NE = NP. Draw AD and BE. 

11. AADM = ACPM and ABEN = ACPN. 

Why? 

12. AD = CP and BE = CP. Why? 

13. AD = BE. Why? 

Angles D and E are right angles because they 

are equal to the right angles at P; so AD 1 DE 
and BEE DEF 

14. ADEB is a Saccheri quadrilateral. Why? 

15. AB > DE. Why? 

Because DE = DM + MP + PN + NE, 

MP = DM, and PN = NE, it follows that 

DE = MP + MP + PN + PN = 2MP + 2PN = 

2(MP + PN). 

16. DE = 2MN. Why? 

17. AB > 2MN. Why? 

18. SAB > MN, so MN < SAB. Why? 
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Set Il 

Lobachevsky and His 
Geometry. This stamp ro 
is one of two Russian os 40 

stamps issued in honor | 

of Nicolai Lobachevsky. 

te eb. 

MOUTH CCCP 195%6, 

19. Can you guess 
what any of the 

words on the 

stamp mean? 

q ; A 

[iH MOBALEBC 
BennKHH PuCeKKH reome’ 
eee ee aan eed 

Rewrite each of the following sentences from 
Euclidean geometry so that it is true in 
Lobachevskian geometry. 

20. Through a point not on a line, there is 
exactly one line parallel to the line. 

21. The summit angles of a Saccheri quadri- 
lateral are right. 

22. The summit of a Saccheri quadrilateral 

is equal to its base. 

23. A midsegment of a triangle is half as 
long as the third side. 

Lobachevskian Quadrilateral. ACDF is a 
quadrilateral in Lobachevskian geometry. 

A B G 

1|2 

3\4 
FE EF D 

24. Copy the figure and mark the following 
information on it: AF | FD, CD 1 FD, 
AB = BC, FE = ED, and AF = CD. 

25. What kind of quadrilateral is ACDF? 

26. What kind of angles are 2A and ZC? 

Explain. 

27. What kind of angles are 21, 22, 23, and 
Z4? Explain. 

28. What kind of quadrilaterals are ABEF 

and CBED? 

29. Why is BE < AF and BE < CD? 

30. State a theorem in Lobachevskian 

geometry about the length of the line 

segment that connects the midpoints of 
the summit and base of a Saccheri 

quadrilateral. 

Riemannian Quadrilateral. The sphere 
geometry that we studied in Lesson | helps us 

understand Riemannian geometry because 
there are no parallel lines in either. 

The figure above shows a Saccheri 

quadrilateral on a sphere. 

31. What kind of angles do 2D and ZC 
seem to be? 

32. Does your answer agree with the table 

on page 703? 

33. How do DC and AB seem to compare in 

length? 

34. State a theorem in Riemannian geometry 
that you think corresponds to 
Lobachevskian Theorem 1. 

Riemannian Triangle. The figure below shows 
a triangle on a sphere; MN is one of the 

triangle’s midsegments. 

35. State a theorem in Riemannian geometry 
that you think corresponds to 

Lobachevskian Theorem 2. 

36. Do you think that a midsegment ofa 

triangle in Riemannian geometry is 

parallel to the third side of the triangle? 

Explain. 
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Triangular Pyramid. In the pattern below, B, 
D, and F are the midpoints of the sides of 

equilateral AACE. The pattern can be folded to 

form a triangular pyramid whose properties 

depend on whether it is Euclidean or non- 

Euclidean. 

37. In Euclidean geometry, how do the 
edges of the pyramid compare in length 

with the sides of AACE? 

38. What can you conclude about the faces 
of the pyramid? 

In Lobachevskian geometry, the pyramid 
formed by folding the pattern is slightly 
different. 

39. How do the edges of its base, ABDF, 

compare in length with the sides of AACE? 

40. What can you conclude about its faces? 

Open Box. The pattern below can be folded to 
form an open box in Euclidean geometry. 

41. On the basis of the marked parts, what 

special shape would the box have? 

42. What can you conclude about its faces? 

We can show that such a pattern is impossible 
in Lobachevskian geometry. 

43. What kind of quadrilaterals are the four 

faces shown in yellow? 

44, How would AB, DE, GH, and JK com- 

pare in length with the sides of CFIL in 

Lobachevskian geometry? 

45. What special type of quadrilateral is 
CFIL? 

46. Why can’t such a quadrilateral exist in 

Lobachevskian geometry? 

seri 

Pseudosphere. The photograph below is of a 
model of a pseudosphere, a surface invented by 
the Italian geometer Eugenio Beltrami.* 

The surface of a pseudosphere can be used to 

represent a part of a plane in Lobachevskian 

geometry. In the figure above, ABCD is a 

Saccheri quadrilateral. 

What conclusions can you draw about the 

figure? 

“Beyond the Third Dimension: Geometry, Computer 

Graphics, and Higher Dimensions, by Thomas F. 
Banchoff (Scientific American Library, 1990). 
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LESSON 4 

The Triangle Angle Sum Theorem Revisited 

We live in a mysterious universe. Before Einstein and relativity, physi- 
cal space was assumed to be Euclidean. In the nineteenth century, 
mathematicians realized that the geometry of Euclid is not the only 
one possible, but none of them would have guessed that a non- 
Euclidean geometry might better describe the universe. Yet Einstein’s 
theory of relativity and the experiments confirming it suggest that a 
geometry other than Euclid’s does.* 

At about the time that Lobachevsky and Bolyai were developing 
the non-Euclidean geometry to which we have been referring as 
Lobachevskian, Karl Friedrich Gauss measured the angles of a huge 
triangle. You know that, in Euclidean geometry, the sum of the angles 

of a triangle is exactly 180°. According to the geometry of Lobachevsky, 
it is Jess than 180°, whereas, in Riemannian geometry, it is more than 

180°. 

*For more information about the possible geometries of space, see Einstein’s 
Legacy, by Julian Schwinger (Scientific American Library, 1986). 

’ 
Albert Einstein 

(1879-1955) 
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The sides of the triangle that Gauss measured were formed by 
light rays sent between three mountain tops in Germany. The sum of 

the angles of the triangle turned out to be just a few seconds more 
than 180°. Gauss’s measurements were as accurate as was possible at 
the time, but Gauss understood that the fact that the sum was slightly 

more than 180° could have been due to experimental error. Indeed, 

Gauss knew that the mountain-top triangle was much too small to 

determine whether physical space is non-Euclidean, even though the 
lengths of its sides ranged from 43 to 66 miles. According to both 
Lobachevskian and Riemannian geometry, the smaller the triangle, 

the closer the sum of the measures of its angles is to 180°. If space 
can be described by either of these non-Euclidean geometries, then a 
triangle with three stars as its vertices, rather than three mountain tops, 

would be required to determine which model is correct. 

One of the consequences of the fact that the sum of the measures 

of the angles of a triangle in the non-Euclidean geometries is not 180° 
is that scale models cannot exist in these geometries. In other words, if 
two figures are not the same size, they cannot have the same shape! 

It is no wonder that, with such surprising results as these, it took a 

long time for the non-Euclidean geometries to be taken seriously. We 
know enough about Lobachevskian geometry to be able to prove theo- 

rems that cover these observations. 

Lobachevskian Theorem 3 
The sum of the angles of a triangle is less than 180°. 

Corollary to Lobachevskian Theorem 3 
The sum of the angles of a quadrilateral is less than 360°. 

Lobachevskian Theorem 4 
If two triangles are similar, they must also be congruent. 

Gauss, the mathematician who measured the triangle on the moun- 
tain tops, was probably the first person in history to realize that the 

geometry of Euclid and the geometry of our universe are not neces- 
sarily the same. At the time of the development of Lobachevskian ge- 
ometry, Gauss wrote to a friend: “I am becoming more and more con- 

vinced that the necessity of our [Euclidean] geometry cannot be proved, 
at least not by human reason.” With regard to the fact that the theo- 
rems of the non-Euclidean geometries seem to be absurd, he wrote: 

It seems to me that we know . . . too little, or too nearly 

nothing at all, about the true nature of space, to consider as 
absolutely impossible that which appears to us unnatural. 

In the twentieth century, British scientist J. B. S. Haldane observed 
that the universe may not be only stranger than we imagine, but it may 
be stranger than we can imagine. 
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Exercises 

Set | 

Complete the proofs of the theorems of this 

lesson by answering the questions. 

Lobachevskian Theorem 3. The sum of the 
angles of a triangle is less than 180°. 

(€; 

A B 

Given: A ABC. 

Prove: ZA + ZB + ZC < 180°. 

BOR: 
Let M and N be the midpoints of sides AC 
and BC, and draw MN. Through C, draw 
CP | MN. Choose points D and E on line MN 
so that MD = MP and NE = NP. Draw AD and 
BE. 

1. AADM = ACPM and ABEN = ACPN. 
Why? 

Which angles of ADEB are right angles? 

Which sides of ADEB are equal? 

What kind of quadrilateral is ADEB? 

ZDAB and ZEBA are acute. Why? 

What can be concluded about 

ZDAB + ZEBA from the fact that 

ZDAB < 90° and ZEBA < 90°? 

Sete 

Because ZDAB = 41+ Z2 and 

ZEBA = 23 + Z4, it follows that 
Z1 4224+ 23 + 24 < 180°. 

Lesson 4: The Triangle Angle Sum Theorem Revisited 

7. To which angles in the figure are 21 and 
Z4 equal? 

Se hyriseeo 22 +9248 97 6.< 180°? 

9. Why does it follow from this that 

ZCAB + ZCBA + ZACB < 180°? 

Corollary to Lobachevskian Theorem 3. The 
sum of the angles of a quadrilateral is less 

than 360°. 

B G B € 

D 
A A 

Given: Quadrilateral ABCD. 
Proves Ae AB el Cm Zi =3602 

Proof 
Draw AC. 

10. Z1+ 22 + ZB < 180° and 

Zid + ZA A= 180% Why? 

11. 21+ 22+ 2Z2B4+ 23+ 24+ ZD < 360°. 

Why? 

12; Al -- 24 = ZBAD and 22-- 23 = ZBCD: 

Why? 

13. ZBAD + ZB + ZBCD + ZD < 360°. Why? 

Lobachevskian Theorem 4. If two triangles are 
similar, they must also be congruent. 

E 

B 

a D iB 

Given: \ABC ~ ADEF. 

Prove: AABC = ADEF. 

Proof 
By hypothesis, AABC ~ ADEF. 

14. Why is 2D = ZA, ZE = ZB, and 

ZF = ZC? 
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Our proof will be indirect. Suppose that AABC 
and ADEF are not congruent. If this is the case, 
then BA # ED and BC # EF, because, if either 

pair of these sides were equal, then the 
triangles would be congruent by ASA. 

E 

; Bs 
[aN A Cae Dp Fi 

We will now copy the smaller triangle on the 

larger one as shown above. Choose point G on 

ED so that EG = BA and point H on EF so that 

EH = BC. Draw GH. 

15. Why is AGEH = AABC? 

It follows that 71 = ZA and 22 = ZC because 

they are corresponding parts of these 

triangles. 

16. Why is 2D = 21 and ZF = 22? 

17. Why is 21 + 23 = 180° and 

Lay aA — NS ae 

18. Why is 21 +22 4+ 23 24 =3600%? 

LOW ilyiS32 DD ore eRe aor 24 =n Oa: 

20. If we assume from the figure that DGHF 
is a quadrilateral, the equation in 

Exercise 19 is impossible. Why? 

Because we have arrived at a contradiction, 

our assumption that AABC and ADEF are not 
congruent is false! So AABC = ADEF. 

Set Il 

Lobachevskian Triangles. In Lobachevskian 
geometry, the sum of the angles of every 
triangle is less than 180°. The larger the 
triangle’s area, the smaller the angle sum is. 

Use these facts to decide on answers to the 
following questions about triangles in 

Lobachevskian geometry. 

21. If two angles of one triangle are equal to 
two angles of another triangle, can you 
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conclude that the angles of the third pair 

are equal? Explain. 

22. What can you conclude about the acute 

angles of a right triangle? 

23. What can you conclude about the 
measure of each angle of an equilateral 
triangle? 

24. How does the measure of each angle of 
an equilateral triangle depend on the 
lengths of its sides? 

Triangle on a Sphere. The figure below 
illustrates an isosceles AABC with AB = AC 

on a sphere. 

On the basis of the figure, what 

25. seems to be true about 7B and ZC? 

26.. seems to be true about ZA + ZB + ZC? 

27. kind of geometry seems to be 
illustrated? 

Triangle on a Pseudosphere. The figure below 
illustrates an isosceles AABC with AB = AC on 

a pseudosphere. 

On the basis of the figure, what 

28. seems to be true about 7B and ZC? 

29. seems to be true about ZA + ZB + ZC? 

30. kind of geometry seems to be 

illustrated? 
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Exterior Angles. In the figure below, AABC 
represents a triangle in Lobachevskian 

geometry and Z1 is one of its exterior angles. 

Cd! 

A B 

In both Euclidean geometry and Lobachevskian 
eeomety, 1 > ZA and Z1 > ZB. 

31. What else can you conclude about 21 in 

Euclidean geometry? 

32. Use the figure to show whether or not 
your conclusion about 21 is also true in 
Lobachevskian geometry. 

Angle Inscribed in a Semicircle. In the figure 
below, Z ABC is inscribed in a semicircle. 

O 

33. What can you conclude about 2 ABC in 

Euclidean geometry? 

Radius OB has been added in the figure below. 

(Ss 

34. Use the numbered angles to show 
whether or not your conclusion about 

ZABC is also true in Lobachevskian 

geometry. 

Magnification and Distortion. The following 
photographs are an exaggerated illustration of 
the fact that a figure cannot be enlarged in 
Lobachevskian geometry without its being 
distorted. 

In the figure at the left below, AABC is a right 

triangle with right ZC. In the figure at the 
right, the triangle has been enlarged by 
extending line AB so that AD = 2AB and by 
drawing DE 1 line AC. 

D 

B B 

A C A @ es 

In Euclidean geometry, what can you conclude 

about 

35. AADE and AABC? Why? 

36. ZD and ZABC? 

37. the lengths of the sides of AADE with 
respect to the corresponding sides of 
AABC? 

In the figure below, line DF has been drawn so 

that 71 = ZA, and BC has been extended so 

that it intersects DF at F. 

fe D 

B 

A G E 

38. Copy the figure and mark this informa- 

tion on it. 
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In both Euclidean geometry and Lobachevskian 
geometry, what can you conclude about 

39. ADBF and AABC? Explain. 

40. the lengths of BF and BC? 

Ale. AF? 

42. quadrilateral CFDE? 

In Lobachevskian geometry, what can you 

conclude about 

43, ZFDE? 

44, the lengths of DE and FC? Explain. 

45. FC and 2BC? 

46. DE and 2BC? 

47, the lengths of CE and FD? 

48. the lengths of CE and AC? 

49, AE and 2AC? 

50. How do the sides of AADE compare in 
length with the corresponding sides of 
AABC in Lobachevskian geometry? 

Set Ill 

Astronomical Triangle. In 1829, Lobachevsky 
reported that he used some astronomical 

measurements to find the sum of the angles of 
the triangle determined by Earth, the sun, 

and the star Sirius. He found that the sum 

differed from 180° by approximately 
0.000000001°. 

1. Does Lobachevsky’s finding prove that 
physical space is non-Euclidean? Explain 

why or why not. 

2. Would it be easier to prove by this 

method that physical space is Euclidean 

or that it is non-Euclidean? Explain. 
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CHAPTER 16 Summary and Review 
Basic Ideas 

Antipodal points 691 
Birectangular quadrilateral 697 
Great circle 690 
Lobachevskian geometry 703 
Riemannian geometry 703 
Saccheri quadrilateral 697 

Postulate 

The Lobachevskian Postulate. The summit angles 
of a Saccheri quadrilateral are acute. 703 

Theorems 

87. The summit angles of a Saccheri quadri- 
lateral are equal. 698 

88. The line segment connecting the midpoints 
of the base and summit of a Saccheri quad- 
rilateral is perpendicular to both of them. 
698 

_ Through a point ar a exactly one 
~ not on a line, line parallel 
there is to the line. 

The summit angles 
of a Saccheri 
quadrilateral are right. 

The sum of the 
angles of a 
triangle is 180°. 

89. If the legs of a birectangular quadrilateral 
are unequal, the summit angles opposite 
them are unequal in the same order. 698 

90. If the summit angles of a birectangular 
quadrilateral are unequal, the legs 

opposite them are unequal in the same 

order. 698 

Ll. The summit of a Saccheri quadrilateral is 

longer than its base. 703 

L2. A midsegment of a triangle is less than 
half as long as the third side. 703 

L3. The sum of the angles of a triangle is less 
than 180°. 708 

Corollary. The sum of the angles of a quadri- 

lateral is less than 360°. 708 

L4. If two triangles are similar, they must also 
be congruent. 708 

more than one __ no line 
line parallel parallel 
to the line. to the line. 

acute. obtuse. 

less than more than 

180°. 180°. 
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Exercises 
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Set | 

Sphere Geometry. The figure below appeared 
in a book published in 1533.* 

Most of the curves on the globe are “lines” in 
sphere geometry. 

1. What is a “line” in sphere geometry? 

Tell whether each of the following statements 
is true or false in sphere geometry. 

2. Through a point not on a line, there is 
exactly one line perpendicular to the 
line. 

3. In a plane, two lines perpendicular to a 

third line are parallel to each other. 

4. If two lines intersect, they intersect in no 

more than one point. 

5. The sum of the angles of a triangle is 
180°. 

6. An exterior angle of a triangle is greater 

than either remote interior angle. 

“Introduction to Geography, by Peter Apian. 

Saccheri Quadrilateral. In the figure below, 
ABCD is a Saccheri quadrilateral in 

Lobachevskian geometry; 2B and ZC are 

right angles, and AB = BC = CD. 

A B 

D G 

7. Which side of ABCD is its summit? 

8. What can you conclude about the length 
of AD? 

9. Can ABCD be a rhombus? Explain. 

10. What kind of angles are 2A and 2D? 

11. Can ABCD be a rectangle? Explain. 

Beach Ball. This beach ball has been divided 
by great circles into congruent triangles. 

The angles at E and F are right angles, the 

angles at A and C are 60°, and the angles at B 
and D are 45°. 

What is the sum of the measures of the 

angles surrounding 

12. point A? 

13. point B? 

14. point C? 
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15. Make a large copy of the part of the 
figure bounded by quadrilateral EBCD. 
Label the measures of all of the angles in 
your figure. 

16. Find the measures of the angles in 

quadrilateral ABCD. 

17. If the opposite angles of a quadrilateral 
in Euclidean geometry are equal, what 
can you conclude? 

18. Does the same conclusion appear to 
hold in sphere geometry? Explain. 

19. What can you conclude from the fact 

that quadrilateral ABCD is equilateral? 

20. How are the diagonals of ABCD related 
to each other? 

21. Is this relation also true for such 

quadrilaterals in Euclidean geometry? 

22. Find the measures of the angles in 
quadrilateral EAFD. 

Can a quadrilateral have exactly three right 
angles in 

23. Euclidean geometry? 

24. sphere geometry? 

Set Il 

Lobachevsky’s Ladder. In the figure below, |, 
and J, represent the two parallel side rails of a 

ladder. Segments AB, CD, and EF represent 

three rungs that are perpendicular to j,. 

In Lobachevskian geometry, no more than two 

of the three rungs AB, CD, and EF can have 

equal lengths. 

25. Copy the figure and mark it to suggest 
that AB = CD = EF. 

26. If AB = CD = EF, what kind of quadrilat- 

erals are ABDC and CDFE? 

27. In Lobachevskian geometry, what kind 
of angles are 21, 22, 23, and 24? 

28. What can you conclude about 22 + 23? 

29. How does this conclusion contradict the 

fact that 22 and Z3 are a linear pair? 

30. What does this contradiction prove about 

the rungs of the ladder? 

Pythagoras Meets Lobachevsky. In the figure 
below, AABC is a right triangle and MN is one 
of its midsegments. 

G 

M N 

A B 

Suppose that CA? + CB? = AB? and 
CM? + CN2 = MN?. 

31. On what theorem of Euclidean geometry 
are these equations based? 

Because M and N are the midpoints of CA and 

CB, CM = 5A acne 5 CB. 

32. Why does it follow that 

1 2 1 2 : 
—CA) +{—CB) = MN?? ees 

33. Use this equation and the initial assump- 

tion that CA? + CB? = AB? to 

chowethtat NIN & SAB. 

34. What theorem in Lobachevskian geom- 
etry does this result contradict? 

35. What does this contradiction indicate 

about the Pythagorean Theorem in 

Lobachevskian geometry? 
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Lobachevsky Meets Escher. The print by points A and B. The tangents to the circles at 
Maurits Escher at the beginning of this these points have been drawn. 
chapter illustrates a model devised by a 
French mathematician, Henri Poincaré, for 

visualizing the theorems of Lobachevskian 
geometry. Silvio Levy used a computer to 
create the above version of it.* 

To understand this model, it is necessary to 
know what orthogonal circles are. 

The figure at the right shows two 
orthogonal circles O and O’ intersecting at 

*The Visual Mind: Art and Mathematics, edited by 36. On the basis of this figure, define 

Michele Emmer (MIT Press, 1993). orthogonal circles. 
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In Poincaré’s model of Lobachevskian 40. 
geometry, points of the plane are represented 

by points inside a circle, and lines are 

represented by both the diameters of the 

circle and the arcs of circles orthogonal to it. 
Examples of some lines in this model are 

shown in the figure below. a 
The figure below shows two points in a circle 
and the only arc through them that is 
orthogonal to the circle. 

The Geometry of the Universe. According to 
one model of the universe, called Einstein’s 

spherical universe, the geometrical properties 
Keae/. of space are comparable to those of the surface 

of a sphere. 

42. If this model is correct, what conclusion 
37. What postulate does this figure illustrate? follows about the volume of the space of 

The figure below shows an “orthogonal arc” the universe? Explain. 
and several such arcs through point P that do 43. If an astronaut were to travel far enough 
not intersect it. along a straight line, what would this 

model predict? Explain. 

38. What idea in Lobachevskian geometry 
does this figure illustrate? 

State a theorem or postulate in 
Lobachevskian geometry suggested by each 
of the following figures. 

39. 
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German Terms. The figure below from a 

German geometry book names lines and line 

segments related to the circle. 

~~ > Sekante 
~ > ~ Sehne 

RSS =i Mittelpunkt 
Bi ate I Radius 
Ba Sa Durchmesser 

__ ~~ Tangente 

1. Which word in the figure is identical in 
German and English? 

2. It appears from the figure that a 
durchmesser is a sehne of a kreis that 
contains its mittelpunkt. Explain. 

3. What is the difference between a sekante 

and a tangente? 

Regular Polygons. The figure below consists 
of equilateral triangles and squares. 

4, What other regular polygons do you see 
in it? 

5. What properties do all regular polygons 
have in common? 

6. What are the measures of the angles of 
the rhombuses in the figure that are not 

squares? 
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7. What other type of quadrilateral in the 
figure has angles of these measures? 

8. What is the sum of the measures of the 

angles of a regular hexagon? 

9. What is the sum of the measures of the 

angles of a regular dodecagon? 

What Follows? Complete the statements of 

the following postulates and theorems. 

10. The area of a parallelogram is the 

product of... 

11. If a line through the center of a circle 
bisects a chord that is not a diameter, 

i ae 

12. If two points lie in a plane, the line that 

contains them... 

13. If the square of one side of a triangle is 
equal to the sum of the squares of the 
other two sides, .. . 

14. Triangles with equal bases and equal 

altitudes... 

15. Two nonvertical lines are parallel iff 

their slopes... 

16. If a line is perpendicular to a radius at its 
outer endpoint, it is... 

17. If two planes intersect, they intersect 

iin 

18. The length of a diagonal of a cube with 
edges of length ¢ is... 

19. If a line parallel to one side of a triangle 
intersects the other two sides in different 

points, it divides the sides. . . 

20. Each leg of a right triangle is the 
geometric mean between . . . 

21. The volume of a pyramid is one-third of 

the product of... 

22. The ratio of the perimeters of two 

similar polygons is equal to... 

23. Two nonvertical lines are perpendicular 

iff the product of their slopes... 

24. A secant angle whose vertex is outside a 
circle is equal in measure to... 



Pythagorean Squares. In the figure 
below, the squares on the legs of a 
right triangle have been moved so 
that they partly overlap the square 
on its hypotenuse. The letters 
represent the areas of the five 
regions that result. 

BOOK U/I. PROP. XXII. THEOR. 

ra EMRIHE cppo/ite angles ¢ 

and 4 9 @ and 

w of any quadrilateral figure in- 

Seribed ina circle, are together equal to 

feo right angles. 

Draw nd ee 

the diagonals ; and becaufe angles in 

the fame fegment are equal = 

According to the Area Postulate, and \ = q;, 
the area of a polygonal region is Dp 
equal to the sum of the areas of its ade to: Both: 
nonoverlapping parts. "9 q> + 4 ns 4 i W i = 

25. In terms of the letters, what is two right angles (B. 1. pr. 32.). In Jike manner it may 
the area of the largest square? Reiorenthae 

26. Which is greater: the area 

shaded red, v + z, or the area ¢ “a w Ae CI } 
shaded blue, x? Explain. 4 

Q. E. D. 

The Value of Pi. Brahmagupta, a 
seventh-century Indian mathematician, 

proposed the following estimate Euclid in Color. The most colorful edition of 
for 7. Euclid’s Elements was published in London in 

eR astadiameter of C 1847. The figure above shows a page from 

the circle and CD | AB. (/\~ this book. 

Deen you A Ee B 31. What theorem is being proved? 

conclude about 32. Why are the angles that are labeled with 

AABC? Explain. the same color equal? 

28. Write a proportion 33. Why is the part of the proof shown 

relating the lengths below true? 

AD, CD, and DB. 

29. eee fact that AD = 2 and DB = 5, 4 a \ Su Vv. two right angles 
in ; 

Brahmagupta's estimate was CD = 7. 34. What do you think the symbol LIN 
30. Is this estimate correct? Explain. means? 
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Largest Package. The rule for the largest 
rectangular package that you can mail at the 

post office is: 

The length of its longest side plus the 
distance around its thickest part is less 

than or equal to 130 inches. 

hae 20" 

A package has dimensions 10 inches, 20 
inches, and 75 inches. 

35. What is its volume? 

36. Would the post office accept it? Explain. 

37. What is the length of the edge of the 
largest cube that you can mail? 

38. What is its volume? 

Four Centers. Points A, B, C, and D are the 

four centers of AX YZ. 

A 

Leam : 

What is the name of 

39. point A, the point in which the lines 

containing the altitudes of AXYZ are 
concurrent? 

40. point B? 

41. point C, the point in which the medians 

of AXYZ are concurrent? 

42. point D? 
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Which of these points is 

43. equidistant from the sides of the 

triangle? 

44, equidistant from its vertices? 

45, the triangle’s balancing point? 

46. not collinear with the other three? 

Formulas. What is each of the following 

formulas used for? 

MNT) (B= GypGl 

48, d= VI2 + w2 + h?. 

1c A= 5 Mos bi 

BO Ae a 

Kindergarten Toy. The photograph from the 
Milton Bradley catalog of 1889 shown below 
is of a toy for kindergarten children. Three 
basic geometric solids are suspended by 
strings. 

51. What does each solid appear to be? 

Write expressions for the volume and total 

surface area of 

52. solid A in terms of the length, e, of each 

of its edges. 

53. solid B in terms of its altitude, A, and the 

radius, 7, of its bases. 

54. solid C in terms of its radius, 7. 



Steep Roof. The steep roof of an A-frame 
house helps it to shed snow easily. 

The figure below is a side view of an A-frame 

roof in a coordinate system; the units are in feet. 

/ A(12,21) 

xX 

O B(24, 0) 

55. Find the slopes of OA and AB. 

56. Find ZAOB, the angle of inclination of 

the roof, to the nearest degree. 

57. Find OA and AB to the nearest foot. 

58. AOAB looks equilateral. Is it? 

Greek Crosses. The figures below show how 

two congruent Greek crosses can be cut and 

put together to form a square. 

Given that the length of each side of one of the 
crosses is x units, find each of the following 
measures in terms of x. 

59. The perimeter of one of the crosses. 

60. The area of one of the crosses. 

61. The area of the square. 

62. The length of a side of the square. 

63. The perimeter of the square. 

Baseball in Orbit. The smaller a planet, the 

weaker its gravity. If the radius of the earth 

were 22 miles, it would be possible to throw a 

baseball into orbit!* 

64. Given that the orbit is circular, find the 

distance that the ball would travel in 

going once around the earth. 

To be put into this orbit, the ball would have 
to be thrown at a speed of 100 miles per hour, 

something that professional pitchers can easily 
do. 

65. Approximately how many minutes 
would it take the ball to return to the 
spot from which it was thrown? 

Two Quadrilaterals. ABCD represents any 
convex quadrilateral. The four lines that bisect 

its angles intersect at E, F, G, and H to form 

quadrilateral EFGH. 

G 

A D 

Letting the measures of the angles produced 

by the bisectors be w, x, y, and z as indicated, 

show why each of the following statements is 
true. 

66. wt x+y+ z= 180°. 

67421 = 180° = woz and ZH = 180) =x = yy. 

680 b eA = 80> 

69. Quadrilateral EFGH is cyclic. 

*The Cosmological Milkshake, by Robert Ehrlich 

(Rutgers University Press, 1994). 
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Long Shadows. Tall buildings cast long 
shadows. At 3 P.M. on the winter solstice, 

December 21, the Empire State Building casts 

a shadow more than a mile long.* 

E 

x IM 

70. Given that the angle of elevation of the 
sun at this time is 12.8° and that the 

Empire State Building is 1,250 feet tall, 

find the approximate length of its 

shadow. ; 

71. How long would the shadow cast by a 
person 6 feet tall be at the same time? 

Tree Geometry. Galileo calculated that trees 
cannot grow beyond a certain size without 

collapsing from their own weight. 

The figures at the right below represent 
the trunks of two trees as similar cylinders. 

If the ratio of their diameters is k, what is the 

ratio of 

72. their heights? 

73. the areas of their bases? 

74, their volumes? 

75. their weights? 

Suppose two trees are similar in shape and 
that one tree is 10 times as tall as the other. 

“The Empire State Building, by John Tauranac 
(Scribner’s, 1995). 
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76. How would corresponding cross 
sections of their trunks compare in area? 

77. How would their trunks and branches 

compare in weight? 

78. On the basis of these comparisons, 

which tree trunk would be more likely 
to fail because of the load that it bears? 

SAT Problem. 

The figure at 

the right 
appeared in a 

problem on an 
SAT test. 

It consists of a square with side of length s 

and the arcs of two circles centered at A and 

C and having radius s. 
Write an expression in terms of s for 

79. the perimeter of the figure. 

80. its area. 

Sight Line. In the design of seating that enables 
each spectator to have a clear view, the sight 
line is projected 15 cm above the head of the 
spectator seated three rows below.? 

Given the measurements in the figure above, 

find 

81. 21, which equals the angle at which the 
seats rise with respect to the horizontal. 

82. 22, the angle of the sight lines with the 
horizontal. 

* Indoor Sports Spaces, by Robin Crane and Malcolm 

Dixon (Van Nostrand Reinhold, 1991). 
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Dog Crates. Dog crates usually have the shape 
of rectangular solids. 

Crates for beagles are 30 inches long and 22 
inches high and have a volume of 12,540 

cubic inches. 

83. How wide are they? 

Crates for boxers are 36 inches long, 26 
inches high, and 23 inches wide. 

84. Are the crates for beagles and boxers 
similar? Explain why or why not. 

Crates for Great Danes are 48 inches long. 

85. Given that these crates are similar to 

those for beagles, find the volume of 
such a crate to the nearest cubic inch. 

Tangent Circles. The three circles in the figure 
below are centered on the vertices of AABC 
and meet on its sides at points D, E, and F. 

I 
DIN 

Lines AD, BE, and CF look as if they might be 

concurrent. 

86. Write an equation relating the lengths of 
the segments of the sides of AABC that, 
if true, would show that lines AD, BE, 

and CF are concurrent. 

87. Would this equation be true if the three 

circles had equal radii? Explain. 

88. Is the equation true, given that the 

circles have radii of different lengths? 

Explain. 

Squares on the Legs. In the figure below, 
squares ABEF and BCHG have been drawn on 

the legs of right AABC, and BD is the altitude 
to its hypotenuse. 

89. AABD ~ ABCD. Why? 

aAABD _ AB Y 
Bea Nascent | Saees ? 
aABCD sch ee 

aAABD 

aABCD 

90. 

91. How does compare with 

aABEF A f 

aBCHG © Explain 

92. Is the yellow region similar to the light 

red one? If so, write the similarity. 

Formula Confusion. On the final exam, Obtuse 
Ollie started confusing different formulas with 

the one for the area of a triangle. 

1 
For the area of a circle, he wrote A = 9 

93. If by r and ¢ he meant the radius and 

circumference of the circle, how many 
points out of 5 would you give Ollie? 

Explain. 

Final Review 723 



For the volume of a sphere, Ollie wrote 

V= am 

94. If by r and A he meant the radius and 

surface area of the sphere, should Ollie 

get any credit for this answer? Explain. 

Ollie also wrote V= sr for the volume of a 

right cylinder. 

95. If by r and A he meant the radius and 
area of the lateral surface of the cylinder, 
should Ollie get any credit for this 
answer? Explain. 

Regular 17-gon. The stamp shown below 

pictures the great German mathematician 
Carl Friedrich Gauss and a circle divided into 

17 equal arcs. Gauss proved that this division 

could be done with just a straightedge and 

compass when he was 18 years old. 

96. Find the value of N= n sin fora 

regular 17-gon to the nearest 

hundredth. 

97. Find the value of M= n sin fel 

for the same polygon to the nearest 
hundredth. 

180 
COS aman 

n 

Given that the radius of a regular 17-gon is 

10 centimeters, use the formula 

98. p = 2Nr to find its perimeter to the 
nearest centimeter. 

99. A= Mr? to find its area to the nearest 
square centimeter. 

100. Without calculating the numbers, how 

would you expect the corresponding 
measurements of a circle with the same 
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radius to compare with those of the 

17-gon? 

101. Check your answer to exercise 100 by 

calculating the circumference and area of 
the circle, each to the nearest square 

centimeter. 

Packing Circles. When equal circles are 
packed together as closely as possible, their 
centers are at the vertices of equilateral 
triangles. 

102. Find the area of one of these triangles in 

terms of 7, the radius of the circles. 

103. Find the area inside the triangle filled by 

the three sectors of the circles. 

104. Use your answers to exercises 102 and 

103 to find the percentage of the plane 
filled by the circles. 

Rain Gutter. A rain gutter is to be constructed 
from a metal sheet of width 30 cm by bending 
upward one-third of the sheet on each side 
through an angle of 60°.* 

A D 

105 5B LO » °G, i 

105. Copy the figure and draw perpendicular 

line segments from A and D to line BC to 

form right AAEB and right ADFC. Also 

draw AD. 

*From a problem in Calculus, by James Stewart 
(Brooks/Cole, 1995). 



106. What can you conclude about AAEB and 

ADFC? Explain. 

107. Why is AE || DF? 

108. Why is AE = DF? 

109. Why is AD || EF? 

110. Find the length of AE. 

111. Find the area of ABCD (the cross section 
of the water when the rain gutter is full) 
to the nearest square centimeter. 

Incircele. In right AABC, the bisectors of ZA 
and ZB intersect in point O. 

ZB. 
112. Why does it follow that the bisector of 

ZC also passes through point O? 

113. What is point O called with respect to 

the triangle? 

The sides of the triangle are tangent to circle O 
at points D, E, and F. 

114. Why is CD = CE? 

115. Why is OD 1 AC and OE | CB? 

116. Why is OD || EC and OE || DC? 

117. Why does it follow that OD = EC and 
OE = DC? 

118. Given that CA = 20 and CB = 21, find 

AB. 

Express each of the following lengths in terms 
of the given side lengths and 7, the radius of 

the incircle. 

119. AD and AF. 

120. BE and BF. 

121. Use AB to write and solve an equation 

for 7. 

Angles and Sides. The sides B 
opposite ZA, ZB, and ZC C 
of AABC have lengths a, 8, A 
and ¢ 

122. Why does it follow that b 

c2 = a? + b? — 2ab cos C? C 

123. Solve this equation for cos C, given that 

(sa 

124. Use your calculator to find ZC. 

125. Is the result the number that you would 

expect? Explain. 

126. Solve the equation of exercise 122 for 

cos C, given that c? = a? + 6?. 

127. Use your calculator to find ZC. 

128. Is the result the number that you would 

expect? Explain. 

Circular Track. The figure below shows a 

circular race track bordered by two concentric 

circles. 

A 

Chord AB represents one of the longest 
possible straight paths on the track. It is 
tangent to the inside of the track at C and is 
200 meters long.* 

129. Copy the figure and draw OA and OC. 
Let R be the length of OA and r be the 

length of OC. 

130. AB 1 OC. Why? 

131. OC bisects AB. Why? 

132. R? — r2 = 10,000. Why? 

133. Find the area of the track to the nearest 

square meter. 

*Mathematical Nuts, by Samuel I. Jones (S. I. Jones 
Co., 1932). 
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da Vinci Problem. Leonardo da Vinci dedicated 138. 

a hundred pages of his notebooks to geometry. 
He made many drawings of figures bounded 
by circular arcs in which the areas of the parts 

were related in simple ways.* 

139. 

In the figure below, square ABCD is 

circumscribed about circle O, and square 
EFGH is inscribed in it. Four semicircles have 

been drawn with the sides of EFGH as their 
diameters; each diameter is 2 units long. 

(The yellow part only.) 

140. G 

O in 

Find the area of each of the following parts of 4 Problem from Ancient India.* A fish at 

mene wte: corner F of a rectangular pool sees a heron at 
134. corner H looking at him. As the fish swims 

along FB, the heron walks along the shore 
from H to A to B, arriving at the same time. 

Sector OPF. 

136. 137. Gi 

Oat: 9G 

141. Given that the pool is 12 units by 6 units 
and that the heron and the fish move at 

the same speed, find the distance that 

the fish swam. 

*The Unknown Leonardo, edited by Ladislao Reti ¥ Geometry Civilized: History, Culture, and Technique, by 
(McGraw-Hill, 1974). J. L. Heilbron (Clarendon Press, 1998). 
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Circumradius. The figure on this stamp from 

Guinea-Bissau can be used to derive an 

equation relating a triangle and its 
circumcircle. 

The figure at the right 
shows AABC with 
circumcircle O; 

OHS BC, BC = a, 
and OB = r. 

142. State the theorem 
that tells us that, 

regardless of its 
shape, AABC has a circumcircle. 

143. Why is BH = 5 

144, Why is ZBOH = 54BOC? 
145. Why is ZBOC = mBC ? 

UR ae 5 BC ? 

147. Why is Z2BOH = ZA? 
a 

148. Why is sin ZBOH = a 

a 
= Dip 149. Why does it follow that ca 

i 

150. Given that the sides of AABC opposite 
ZB and ZC have lengths ) and ¢ why 

G 
= = 27? 

sn B sinC : 

151. Use the equation of exercise 149 to find 
the radius of the circumcircle of a 
triangle for which a = 3 cm and 
ZA = 30°. 

152. Draw a figure to show that your answer 
is reasonable. 

does it follow that 

Conical Mountain. The unusual mountain in 
Iran in the photograph below was shaped by a 
gaseous spring. Its crater once contained a lake.* 

In the side view of the mountain below, the 

crater is represented as the lower part of a 
circular cone, and the bow! of the crater is 
represented as half of a sphere. 

153. Use the numbers in the figure to find x, 
the length of AF. 

Find each of the following volumes to the 

nearest cubic meter. 

154. The volume of the solid cone whose 

altitude is AG. 

155. The volume of the solid cone whose 

altitude is AF. 

156. The volume of the bowl of the crater. 

157. Use your answers to exercises 154 

through 156 to estimate the volume of 
material in the actual mountain to the 

nearest 100,000 cubic meters. 

*Below from Above, by George Gerster (Abbeville 
Press, 1986). 
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Glossary 

Acute angle: An angle whose measure is less 

than 90°. 92 

Acute triangle: A triangle all of whose angles 

are acute. 158 

Altitude of a prism: (1) A line segment that 
connects the planes of the bases of a prism 

and that is perpendicular to both of them. 

(2) The length of that line segment. 640 

Altitude of a pyramid: (1) The perpendicular 
line segment from the apex of a pyramid to 

the plane of its base. (2) The length of that 
line segment. 648 

apex 

altitude 

Altitude of a quadrilateral that has parallel 
sides: (1) A perpendicular line segment 

that connects points on the lines of the 
parallel sides. (2) The length of that line 
segment. 359 

Altitude of a triangle: (1) A perpendicular 
line segment from a vertex of a triangle to 
the line of the opposite side. (2) The length 
of that line segment. 352 

Angle: A pair of rays that A 
have the same endpoint. 

The angle in the figure at 

the right can be named 
ZO or ZAOB or ZBOA; O 

this notation also stands 

for the measure of this angle. The measure 

might either be found by using a protractor 
or worked out by the geometry of a given 

problem. 13 

B 

Angle of inclination: The angle that a line 

forms with the horizontal. 461 
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Antipodal points: The two points of 
intersection of a sphere with a line through 

its center. 691 

Apothem of a regular polygon: A 
perpendicular line segment from the center 
of the polygon to one of its sides. 574 

central 
angle 

center 

radius 
apothem a 

Area: Measure of extent for plane figures. 
Determined by using the Area Postulates 
for polygonal regions or as limits of the 
areas of polygons (as described for the area 
of the circle) for curved regions. The 
methods can be extended to finding the 
areas of surfaces in three dimensions, 

including the area of a sphere. 20, 664-665 

Area of a circle: The limit of the areas of 

inscribed regular polygons. Archimedes 

extended this method to find the areas of 

figures bounded by curves by using areas 
of inscribed and circumscribed polygons. 
598 

blue area < curved region area < red area 

Betweenness of Points: An intuitive notion, 

formally defined as follows by using the 
Ruler Postulate. A point is between two 

other points on the same line iff its 

coordinate is between their coordinates. 

(More briefly, A-B-C iff a< b< cor 
a> D> G) BS 

Aire by 

ae vilot [ps Ai 



Betweenness of Rays: An intuitive notion, 
formally defined as follows by using the 
Protractor Postulate. A ray is between two 

others in the same half-rotation iff its 

coordinate is between their coordinates. 

(More briefly, OA-OB-OC iff a< b< cor 
a>bp>c) 93 

Birectangular quadrilateral: A quadrilateral 
that has two sides perpendicular to a third 

side. 697 

Bisector of an angle: A line or ray that 
divides an angle into two equal angles. 99 

Center of a regular polygon: The center of 
the circumscribed circle of the polygon. See 
Apothem of a regular polygon. 574 

Central angle of a circle: 
An angle whose vertex A 
is the center of a circle. 
498 “ 

Central angle of a regular 
polygon: An angle 
formed by radii drawn 
to two consecutive vertices of the polygon. 
See Apothem of a regular polygon. 574 

Centroid of a triangle: The point in which 
the medians of a triangle are concurrent. 
Physically, a uniform triangular region 

balances perfectly in any position when 

supported at its centroid. 549 

Cevian of a triangle: A line segment that 
connects a vertex of a triangle to a point 

on the opposite side. 554 

Chord of a circle: A line segment that 
connects two points of a circle. 485 

Circle: The set of all points in a plane that are 

at a given distance from a given point in 
the plane. 484 

Circumcenter of a polygon: The center of the 
circle circumscribed about the polygon. 

Toil 

Circumference of a circle: The limit of 

the perimeters of the inscribed regular 

polygons. 592 

Circumscribed circle about a polygon: The 
circle that contains all of the vertices of the 
polygon. 531 

Circumscribed polygon about a circle: A 
polygon each of whose sides is tangent to 

the circle. 542 

Collinear points: Points that are contained by 
the same line. 9 

Complementary angles: Two angles whose 
sum is 90°. 105 

Concave polygon: A polygon that is not 
convex. 258 

Concentric circles: Circles that lie in the same 

plane and have the same center. 484 

Concurrent lines: Lines that contain the same 

point. 9 

Cone: Suppose that A is a plane, R is a 
circular region in plane A, and P is a point 
not in plane A. The solid made up of all 
segments that connect P to a point of 
region Ris acone. 654 

P 
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Congruent figures: Informally, two figures 
are congruent if they have the same size 
and shape so that, if one is superimposed 
on the other, they match exactly. Formally, 

two figures are congruent if there is an 
isometry such that one figure is the image 
of the other. This definition of congruence 
for figures in general agrees with the 
definition of congruent triangles and extends 
the idea of same size and same shape to all 
plane and solid shapes. 140, 312 

Congruent triangles: Two triangles for which 
there is a correspondence between their 
vertices such that all of their corresponding 
sides and angles are equal. 140 

Converse of a conditional statement: The 

statement formed by interchanging the 
hypothesis and conclusion of the conditional 

statement. 47 

Convex polygon: A polygon such that every 
line segment that connects two points 
inside it lies entirely inside the polygon. 
More generally, a plane figure or a solid 
shape is convex iff every line segment 
connecting two points inside the figure or 
shape also lies inside it. 258 

Coplanar points: Points that are contained in 
the same plane. 9 

Corollary: A theorem that can be easily 
proved as a consequence of a definition, a 
postulate or another theorem. 99 

Cosine of an acute angle of a right triangle: 
The ratio of the length of the adjacent leg 
to the length of the hypotenuse. More 
generally, see Trigonometric functions. 455 

fy) 
cos A= — B 

G 

A b G 

Cross section of a geometric solid: The 
intersection of a plane and the solid. 641 

Cube: A rectangular solid whose length, 
width, and height are equal. 629 
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Cyclic polygon: A polygon for which there 
exists a circle that contains all of the 

vertices of the polygon. 530 

Cylinder: Suppose that A and B are two 
parallel planes, R is a circular region in one 
plane, and / is a line that intersects both 

planes but not R. The solid made up of all 
segments parallel to line / that connect a 
point of region R to a point of the other 
plane is a cylinder. 655 

Decagon: A polygon that has 10 sides. 573 

Degree measure of an arc: The measure of 
the central angle of an arc. 498 

Diagonal of a polygon: A line segment that 
connects any two nonconsecutive vertices 

of a polygon. 259 

Diameter of a circle: (1) A chord that contains 
the center of a circle. (2) The length of a 
chord that contains the center. 485 

Dilation: Informally, a transformation in 
which a figure is reduced or enlarged. 300 



Distance between two parallel lines: In 
general, the length of any perpendicular 
segment connecting one line to the other. 

I2 

I; 

Distance between two points: An intuitive 
idea of what we measure by using a ruler. 
Formalized by the Ruler Postulate. The 
distance between the endpoints of a line 
segment gives the length of the segment. 
85 

Distance from a point to a line: In general, 
the length of the perpendicular segment 
from the point to the line. 

P l 
d 

Dodecagon: A polygon that has 12 sides. 

585 

Dodecahedron: A polyhedron that has 12 
faces. The faces of a regular dodecahedron 
are regular pentagons. 0678 

o 
Equiangular polygon: A convex polygon all 

of whose angles are equal. 572 

Equiangular triangle: A triangle all of whose 
angles are equal. 158 

Equilateral polygon: A polygon all of whose 
sides are equal. 572 

Exterior angle of a triangle: An angle that 
forms a linear pair with an angle of the 

triangle. 191 
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Geometric mean: The number 3 is the 

geometric mean between the numbers a 

fa a 
and ciff a, b, and care positive and — = b pest 

380 

Glide reflection: A transformation that is the 

composite of a translation and a reflection 

in a line parallel to the direction of the 

translation. 313 
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Great circle of a sphere: A set of points that is 
the intersection of the sphere and a plane 
containing its center. 690 

2 Heptagon: A polygon that has seven sides. 573 

Hexagon: A polygon that has six sides. 19 

Hypotenuse of a right triangle: The side 
opposite the right angle of the triangle. 66 
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Icosahedron: A polyhedron that has 20 faces. 

The faces of a regular icosahedron are 
equilateral triangles. 678 

Incenter of a polygon: The center of the 
inscribed circle of the polygon. 542 

Inscribed angle of a circle: An angle whose 
vertex is on a circle and whose sides each 

intersect the circle in another point. 505 

B 

8 
Inscribed circle in a polygon: A circle for 

which each side of the polygon is tangent 

to the circle. 542 

Inscribed polygon in a circle: A polygon 
each of whose vertices lies on the circle. 

Soil 

Isometry: A transformation that preserves 

distance and angle measure. 300 

Isosceles trapezoid: A trapezoid whose legs 
are equal. 281 

ipod Glossary 

Isosceles triangle: A triangle that has at least 
two equal sides. 157 

Lateral area of a prism: The sum of the areas 
of the lateral faces of a prism. Lateral area 

excludes the areas of the bases of a prism. 

635 

Length of a line segment: The distance 
between its endpoints. 85 

Line segment: Part of a line bounded by two 
endpoints. If the endpoints are A and B, 

then the segment is written as AB (or BA). 
9 

Linear pair: Two angles that have a common 
side and whose other sides are opposite 
fayss ait 

Median of a triangle: A line segment that 
connects a vertex of a triangle to the 

midpoint of the opposite side. 549 

G 
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Midpoint of a line segment: The point that 
divides a line segment into two equal 

segments. 98 

Midsegment of a triangle: A line segment 
that connects the midpoints of two of a 

triangle’s sides. 286 

(G 



Net: A two-dimensional pattern of polygons 
that, when folded together, forms a 

polyhedron. 635 

Nonagon: A polygon that has nine sides. 573 

Noncollinear points: Points that do not lie 
on the same line. 9 

Oblique line and plane (or two planes): A 
line and a plane (or two planes) that are 
neither parallel nor perpendicular. 620 

Obtuse angle: An angle whose measure is 
more than 90° but less than 180°. 92 

Obtuse triangle: A triangle that has an 
obtuse angle. 158 

Octagon: A polygon that has eight sides. 19 

Octahedron: A polyhedron that has eight 
faces. The faces of a regular octahedron are 
equilateral triangles. 678 

» a 
Opposite rays: Informally, two rays are 

opposite rays if they have a common 
endpoint and point in opposite directions. 
Formally, rays AB and AC are opposite rays 

iff B-A-C. 19 

C 
A 
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Orthocenter of a triangle: The point in which 
the lines containing the altitudes of a 
triangle are concurrent. 549 

Parallel line and plane: A line and a plane 
that do not intersect. 619 

Parallel lines: Lines that lie in the same plane 
and do not intersect. 118 

Parallel planes: Planes that do not intersect. 
619 

Parallelogram: A quadrilateral whose 
opposite sides are parallel. 265 

Pentagon: A polygon that has five sides. 19 

Perimeter of a polygon: The sum of the 
lengths of the sides of a polygon. 20 

Perpendicular bisector of a line segment: 
The line that is perpendicular to the line 
segment and that divides the segment into 
two equal parts. 212 

A 
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Perpendicular line and plane: A line and a 
plane that intersect such that the line is 
perpendicular to every line in the plane 
that passes through the point of 
intersection. 620 

Perpendicular lines: Lines that form a right 
angle. 117 

Perpendicular planes: Two planes such that 
one plane contains a line that is 

perpendicular to the other plane. 620 

Plane: A flat unbounded surface. 9 

Polygon: A connected set of at least three line 
segments in the same plane such that each 
segment intersects exactly two others, one 

at each endpoint. 139 
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Polygonal region: The union of a polygon 
and its interior. 339 

Polyhedron: A solid bounded by parts of 
intersecting planes. 628 

Postulate: A statement that is assumed to be 

true without proof. We choose our 

postulates for their natural intuitive appeal 
and for their ability to capture the basic 

properties of space from which the rest of 

geometry can be developed. 61 

Prism: Suppose that A and B are two parallel 

planes, R is a polygonal region in one 

plane, and / is a line that intersects both 

planes but not R. The solid made up of all 
segments parallel to line / that connect a 
point of region R to a point of the other 
plane is a prism. 634 

Proportion: An equality between two ratios. 
379 

Pyramid: Suppose that A is a plane, R is a 
polygonal region in plane A, and P is a 
point not in plane A. The solid made up of 

all segments that connect P to a point of 
region R is a pyramid. Point P is the apex 

of the pyramid. 647 
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Pythagorean triple: A set of three integers 
that can be the lengths of the sides of a 

right triangle. 437 

Quadrilateral: A polygon that has four sides. 
bo 

Radius of a circle: (1) The distance between 
the center of a circle and any point on it. 

(2) A line segment that connects the center 
of the circle to any point on it. 485 

Radius of a regular polygon: A line segment 
that connects the center of the polygon to a 
vertex of the polygon. See Apothem of a 
regular polygon. 574 

Ratio: The ratio of the number a to the 

number 0 is the number as 379 

Ray: Part of a line that extends endlessly in 
one direction. If a ruler is placed on a line, 

points with coordinates that are zero or 

positive form a ray. The ray in the figure 

below is named ray AB. 13 

A 

Rectangle: A quadrilateral each of whose 
angles is a right angle. 259 

Rectangular solid: 
A polyhedron that 
has six rectangular 

faces. 628 

Reflection of a point 
through a line: The reflection of point P 
through line / is point P itself if P is on J. 
Otherwise, it is point P’ such that / is the 
perpendicular bisector of PP’. 305 



Reflection symmetry: A figure has reflection 
(line) symmetry with respect to a line iff it 
coincides with its reflection image through 

the line. 320 

Reflex angle: An angle whose measure is 
more than 180°. 498 
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Regular polygon: A convex polygon that is 
both equilateral and equiangular. 572 

Regular polyhedron: A convex solid having 
faces that are congruent regular polygons 
and having an equal number of polygons 
that meet at each vertex. Euclid showed 

that there are five regular polyhedra: the 

tetrahedron, the cube, the octahedron, the 

dodecahedron, and the icosahedron. 678 

Rhombus: A quadrilateral all of whose sides 

are equal. 276 

Right angle: An angle whose measure is 90°. 

92 

Right triangle: A triangle that has a right 
angle. 158 

Rotation: Informally, a transformation in 
which a figure is rotated a certain number 
of degrees about a fixed point. Formally, a 

transformation that is the composite of two 
successive reflections through intersecting 
lines. 307 

Rotation symmetry: A figure has rotation 
symmetry with respect to a point iff it 

coincides with its rotation image through 

less than 360° about the point. 319 

Saccheri quadrilateral: A birectangular 
quadrilateral whose legs are equal. 697 

Scalene triangle: A triangle that has no equal 
sides. 157 

Secant: A line that intersects a circle in two 

points. 511 

Secant angle: An angle whose sides are 
contained in two secants of a circle so that 

each side intersects the circle in at least one 

point other than the angle’s vertex. 511 

bs 
Sector of a circle: A region bounded by an arc 

of the circle and the two radii to the 
endpoints of the arc. 605 

be 

Similar figures: Informally, two figures are 
similar if they have the same shape, though 

they may differ in size. In similar figures, 
corresponding segments are proportional 
and corresponding angles are equal. 
386-387 

Similar solids: See Similar figures. 670 
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Similar triangles: Two triangles for which 
there is a correspondence between their 

vertices such that their corresponding sides 

are proportional and their corresponding 

angles are equal. 386 

A A’ 

B Cc! 
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Sine of an acute angle of a right triangle: 
The ratio of the length of the opposite leg to 

the length of the hypotenuse. More 
generally, see Trigonometric functions. 455 

Skew lines: Two lines that are not parallel 

and do not intersect. 619 

Slope: The slope m of a nonvertical line that 

contains the points P\(x, y;) and Po(x, ya) 

isan SE ee 
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Sphere: The set of all points in space that are 
at a given distance from a given point. 662 

Square: A quadrilateral all of whose sides 
and angles are equal. 276 
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Straight angle: An angle whose measure is 
ISO ano? 

Supplementary angles: Two angles whose 
sum is 180°. 106 

Symmetry with respect to a line: Two points 
are symmetric with respect to a line iff the 

line is the perpendicular bisector of the line 

segment connecting the two points. See 
Reflection symmetry. 212 

Symmetry with respect to a point: Two 
points are symmetric with respect to a 

point iff the point is the midpoint of the line 

segment connecting the two points. A 
figure that has symmetry with respect to a 

point coincides with its rotation image 

through 180° about the point. 266 

Tangent: A line in the plane of a circle that 

intersects the circle in exactly one point. 

49] 

Tangent of an acute angle of a right triangle: 
The ratio of the length of the opposite leg to 
the length of the adjacent leg. More 
generally, see Trigonometric functions. 449 

tanA= = B 
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Tangent segment: Any segment of a line 
that is tangent to a circle that has the point 
of tangency as one of the segment’s 
endpoints. 517 

Pp 

A 

Tetrahedron: A polyhedron 
that has four faces. The faces 

of a regular tetrahedron 
are equilateral triangles. 

678 



Theorem: A statement that is proved by 
reasoning deductively from already 

accepted statements. 51 

Transformation: A one-to-one correspon- 
dence between two sets of points. 
Examples of transformations include 
isometries, which preserve the size and 

shape of figures. Isometries give us the 
general definition of congruent figures. 
Isometries include reflections, translations, 

rotations, and glide reflections. Also 
important are dilations, which preserve 

shape but may alter the size of figures. 
299-300 

Translation: Informally, a transformation in 
which a figure is slid a certain distance in a 
given direction without being turned. 
Formally, a transformation that is the 

composite of two successive reflections 
through parallel lines. 307 

Translation symmetry: A pattern has 
translation symmetry if it coincides with a 

translation image. 320) 

Transversal: A line that intersects two or 

more lines that lie in the same plane in 

different points. 219 

Trapezoid: A quadrilateral that has exactly 
one pair of parallel sides. 281 

Triangle: A polygon that has three sides. 19 

Trigonometric functions: For acute angles, 
see Cosine, Sine, and Tangent. More 

generally, you can discover by working 
with a calculator that you can find cos x, 

sin x, and tan x where the number of degrees 
of x ranges widely. The interpretation of 

(cos x, sin x) 

O (1,0) 

these trigonometric functions is as follows. 
If a unit segment with one endpoint at the 
origin is rotated counterclockwise through 
an angle of x degrees starting with its other 
endpoint at (1, 0) on the x-axis, the other 
endpoint of this segment will end up at the 
point having coordinates (cos x, sin x). 
Other trigonometric functions such as the 
tangent can be defined for general angles 
by the equations that define them in terms 
of sines and cosines of acute angles; for 

sin « 
example, tan x = ——. 

cos x 

Vertical angles: Two angles such that the 
sides of one angle are opposite rays to the 
sides of the other. 111 
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Formulary 
CIRCLE 

Circumference: c= 7d Se 

Area: A= mr 

C= ii 

2 

Central angle: 21 = mAB 

Inscribed angle: 22 = 5 mAB 

Secant angles: 23 = 5 (mAB + mCD) 

i 
L4=— 

2 

CONE (Circular) 

Volume: V= = Bh 

CUBE 

Diagonal: d= ¢V3 

Area: A = 6¢? 

Volume: V= e? 

CYLINDER (Right circular) 

Lateral area: A = 27rh 

Total area: A = 2arh + Qar? 

Volume: V= Bh= mr2h 
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(mAB — mCD) 

DISTANCE AND SLOPE 

MD pat 4 

Pi (x;y) 

Distance: d= V (x9 — x)? + (yo — 91)? 

Slope: m= tISC peep) Dae 
KUN) |e ota 

PARALLELOGRAM 

Area: A = bh 

PRISM 

Volume: V= Bh 

PYRAMID 

Volume: V= = Bh 

QUADRILATERAL (Convex) 

B 

D 

Angle sum: ZA + ZB + ZC + ZD = 360° 



RECTANGLE SIMILAR TRIANGLES (AND POLYGONS) 

i $2 

< : eS: 
Given the side ratio, 2 = r 

5} 

Perimeter: p = 21+ 2w 

Area: A = lw 

RECTANGULAR SOLID 

5 Cea 
Altitude ratio: re =7 

1 

po 
Perimeter ratio; — = 7 

1 
Diagonal: d= 2+ w+ h? 

oP =D 
Area: A = 2lw + 2wh + 2th Area ratio: ne r 

1 

Volume: V= lwh 
SLOPE RELATIONS 

REGULAR POLYGON (n sides) 
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b 

N= nsin dal 
n 

Pie tog ee 
n n Parallel lines: m, = mo 

S 
Perimeter: p = ns = 2Nr Perpendicular lines: m;mz = —1, 

Area: A = Mr? i 
S01 == —— 

mg 

SIMILAR SOLIDS 

SPHERE 

Area: A = 4a1r? 

Volume: V= <a 

es 
Given the edge ratio, a r SQUARE 

AA 
Area ratio: vi = 7? Diagonal: d= sV2 

l 
Vo Fermeters: ) =45 

Volume ratio: 7 ay 
1 Area: A= s? 
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TRAPEZOID TRIANGLE, EQUILATERAL 

Meng ee 
2 s s 

Area: A = V3 J 
4 

5 

G 

7 x 

B C A 

1 
>A=—h(h + b Area 9 (b, + bs) TRIANGLE, RIGHT 

TRIANGLE i 

B Area: A= 9% 

Pythagorean Theorem: c? = a? + 6? 
G a a b 

Sine ratio: sin A = —, sin B = — 
fe ¢ 

A 
b £ Cosine ratio: cos A = 2, cos B = : 

Perimeter: p=a+b+c 

l Tangent ratio: tan A = a tan B = a 
Area: A = 9 oh b 

Angle sum: ZA + ZB + ZC = 180° b 
a 

Taworenee sin A _ sin B _ sin Cc 

ee: b C 

Law of cosines: a2 = b? + c2 — 2bc cos A c 

be a7 | c= acces B Altitude mean: ~ = Z 

c2 = a2 + b2 — 2Qabcos C ) 

Leg means: — = ae 
x’ b 

Side-Splitter Theorem: 

- = < TRIANGLE, RIGHT (Isosceles) 

es mage WN Te Leg: a C/A? ‘ 
+ + 

‘ b ? : ee Hypotenuse: ¢ = aV2 G5c ae 

TRIANGLE, RIGHT (30°-60°) 

Shorter leg: a@ 

Longer leg: b= V3a= aV3 

Hypotenuse: ¢ = 2a ; 

Ceva’s Theorem: 

a eed 
bide 
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Teacher: “. . . and now | want to 
prove this theorem.” 

Pupil: “Why bother to prove it, 
teacher? | take your word for it.” 

Postulates and Theorems 

Chapter 2 

Postulate 1 Two points determine a line. 61 

Postulate 2 Three noncollinear points 

determine a plane. 61 

Theorem The Pythagorean Theorem. The 
square of the hypotenuse of a right triangle 

is equal to the sum of the squares of the 

other two sides. 65 

Theorem The Triangle Angle Sum Theorem. 
The sum of the angles of a triangle is 180°. 
66 

Theorem If the diameter of a circle is d, its 

circumference is 7d. 66 

Theorem If the radius of a circle is 7, its area 

is mr2. 66 

Chapter 3 

Postulate 3 The Ruler Postulate. The points on 
a line can be numbered so that positive 

number differences measure distances. 85 

Postulate 4 The Protractor Postulate. The rays 

in a half-rotation can be numbered from 0. 

to 180 so that positive number differences 

measure angles. 92 

Theorem 1 The Betweenness of Points Theorem. 

If A-B-C, then AB + BC = AC. 86 

Theorem 2 The Betweenness of Rays Theorem. 

If OA-OB-OC, then 
ZAOB + ZBOC = ZAOC. 93 

Corollary to the Ruler Postulate A line 
segment has exactly one midpoint. 99 
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Corollary to the Protractor Postulate An 
angle has exactly one ray that bisects it. 
100 

Theorem 3 Complements of the same angle 
are equal. 106 

Theorem 4 Supplements of the same angle 
are equal. 106 

Theorem 5 The angles in a linear pair are 
supplementary. 111 

Theorem 6 Vertical angles are equal. 112 

Theorem 7 Perpendicular lines form right 
angles. 118 

Corollary to the definition of a right angle 
All right angles are equal. 118 

Theorem 8 If the angles in a linear pair are 

equal, then their sides are perpendicular. 

118 

Chapter 4 

The Distance Formula The distance between 

the points P(x), y,) and Po(%, yg) is 

V (x9 Fs vail a (yo = yi)?.° 134 

Postulate 5 The ASA Postulate. If two angles 

and the included side of one triangle are 
equal to two angles and the included side 

of another triangle, the triangles are 

congruent. 147 

Postulate 6 The SAS Postulate. If two sides 
and the included angle of one triangle are 
equal to two sides and the included angle 
of another triangle, the triangles are 

congruent. 147 

Corollary to the definition of congruent 
triangles Two triangles congruent to a 
third triangle are congruent to each other. 
141 

Theorem 9 If two sides of a triangle are 
equal, the angles opposite them are equal. 
158 

Corollary An equilateral triangle is 
equiangular. 159 

Theorem 10 If two angles of a triangle are 
equal, the sides opposite them are equal. 

159 

742 Postulates and Theorems 

Corollary An equiangular triangle is 
equilateral. 159 

Theorem 11 Zhe SSS Theorem. If the three 
sides of one triangle are equal to the three 
sides of another triangle, the triangles are 

congruent. 164 

Chapter 5 

Theorem 12 The Exterior Angle Theorem. An 
exterior angle of a triangle is greater than 
either remote interior angle. 191 

Theorem 13 If two sides of a triangle are 
unequal, the angles opposite them are 

unequal in the same order. 196 

Theorem 14 If two angles of a triangle are 
unequal, the sides opposite them are 
unequal in the same order. 196 

Theorem 15 The Triangle Inequality Theorem. 
The sum of any two sides of a triangle is 
greater than the third side. 201 

Chapter 6 

Postulate 7 The Parallel Postulate. Through a 
point not on a line, there is exactly one line 

parallel to the given line. 226 

Theorem 16 In a plane, two points each 
equidistant from the endpoints of a line 
segment determine the perpendicular 
bisector of the line segment. 212 

Theorem 17 Equal corresponding angles 
mean that lines are parallel. 220 

Corollary 7 Equal alternate interior angles 

mean that lines are parallel. 220 

Corollary 2 Supplementary. interior angles on 

the same side of a transversal mean that 

lines are parallel. 220 

Corollary 3 In a plane, two lines perpendicular 
to a third line are parallel. 220 

Theorem 18 In a plane, two lines parallel to 

a third line are parallel to each other. 226 

Theorem 19 Parallel lines form equal 
corresponding angles. 231 

Corollary 7 Parallel lines form equal 
alternate interior angles. 231 



Corollary 2 Parallel lines form supplementary 
interior angles on the same side of a 

transversal. 231 

Corollary 3 In a plane, a line perpendicular 
to one of two parallel lines is also 

perpendicular to the other. 231 

Theorem 20 The Angle Sum Theorem. The 
sum of the angles of a triangle is 180°. 237 

Corollary 7 If two angles of one triangle are 
equal to two angles of another triangle, the 
third angles are equal. 237 

Corollary 2 The acute angles of a right 
triangle are complementary. 237 

Corollary 3 Each angle of an equilateral 
triangle is 60°. 237 

Theorem 21 An exterior angle of a triangle is 
equal to the sum of the remote interior 
angles. 237 

Theorem 22 The AAS Theorem. If two angles 
and the side opposite one of them in one 
triangle are equal to the corresponding 
parts of another triangle, the triangles are 
congruent. 243 

Theorem 23 The HL Theorem. If the 
hypotenuse and a leg of one right triangle 
are equal to the corresponding parts of 
another right triangle, the triangles are 
congruent. 244 

Chapter 7 

Theorem 24 The sum of the angles of a 
quadrilateral is 360°. 259 

Corollary A quadrilateral is equiangular iff it 
is arectangle. 259 

Theorem 25 The opposite sides and angles of 
a parallelogram are equal. 266 

Theorem 26 The diagonals of a parallelogram 
bisect each other. 266 

Theorem 27 A quadrilateral is a parallelogram 
if its opposite sides are equal. 271 

Theorem 28 A quadrilateral is a parallelogram 
if its opposite angles are equal. 271 

Theorem 29 A quadrilateral is a parallelogram 

if two opposite sides are both parallel and 

equal. 271 

Theorem 30 A quadriiateral is a parallelogram 

if its diagonals bisect each other. 271 

Theorem 31 All rectangles are 

parallelograms. 276 

Theorem 32 All rhombuses are 

parallelograms. 276 

Theorem 33 The diagonals of a rectangle are 
equal 6277, 

Theorem 34 The diagonals of a rhombus are 

perpendicular. 277 

Theorem 35 The base angles of an isosceles 

trapezoid are equal. 282 

Theorem 36 The diagonals of an isosceles 

trapezoid are equal. 282 

Theorem 37 The Midsegment Theorem. A 
midsegment of a triangle is parallel to the 
third side and half as long. 287 

Chapter 9 

Postulate 8 The Area Postulate. Every 
polygonal regio has a positive number 
called its area such that (1) congruent 
triangles have equal areas and (2) the area 
of a polygonal region is equal to the sum of 
the areas of its nonoverlapping parts. 339 

Postulate 9 The area of a rectangle is the 

product of its base and altitude. 345 

Corollary to Postulate 9 The area of a square 
is the square of its side. 345 

Theorem 38 The area of a right triangle is 
half the product of its legs. 352 

Theorem 39 The area of a triangle is half the 

product of any base and corresponding 

altitude. 353 

Corollary Triangles with equal bases and 
equal altitudes have equal areas. 353 

Theorem 40 The area of a parallelogram is 

the product of any base and corresponding 

altitude. 359 
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Theorem 41 The area of a trapezoid is half 

the product of its altitude and the sum of 

its bases. 359 

Theorem 42 The Pythagorean Theorem. The 
square of the hypotenuse of a right triangle 

is equal to the sum of the squares of its 

legs. 366 

Theorem 43 Converse of the Pythagorean Theorem. 
If the square of one side of a triangle is equal 
to the sum of the squares of the other two 
sides, the triangle is a right triangle. 366 

Chapter 10 

Theorem 44 The Side-Splitter Theorem. If a line 
parallel to one side of a triangle intersects 
the other two sides in different points, it 

divides the sides in the same ratio. 393 

Corollary If a line parallel to one side of a 
triangle intersects the other two sides in 
different points, it cuts off segments 
proportional to the sides. 394 

Theorem 45 The AA Theorem. If two angles 
of one triangle are equal to two angles of 
another triangle, the triangles are similar. 
400 

Corollary Two triangles similar to a third 
triangle are similar to each other. 401 

Theorem 46 Corresponding altitudes of 
similar triangles have the same ratio as that 
of the corresponding sides. 408 

Theorem The SAS Similarity Theorem. If an 
angle of one triangle is equal to an angle of 
another triangle and the sides including 
these angles are proportional, then the 
triangles are similar. 412 

Theorem The SSS Similarity Theorem. If the 

sides of one triangle are proportional to the 

sides of another triangle, then the triangles 

are similar. 412 

Theorem 47 The ratio of the perimeters of 
two similar polygons is equal to the ratio of 
the corresponding sides. 415 

Theorem 48 The ratio of the areas of two 

similar polygons is equal to the square of 
the ratio of the corresponding sides. 416 

744 Postulates and Theorems 

Chapter 11 

Theorem 49 The altitude to the hypotenuse 

of a right triangle forms two triangles 
similar to it and to each other. 429 

Corollary 7 The altitude to the hypotenuse of 

a right triangle is the geometric mean 

between the segments into which it divides 

the hypotenuse. 429 

Corollary 2 Each leg of a right triangle is the 

geometric mean between the hypotenuse 
and its projection on the hypotenuse. 429 

Theorem 50 The Isosceles Right Triangle 
Theorem. In an isosceles right triangle, the 
hypotenuse is V2 times the length of a 

leg. 442 

Corollary Each diagonal of a square is V2 
times the length of one side. 442 

Theorem 51 The 30°-60° Right Triangle 
Theorem. In a 30°-60° right triangle, the 
hypotenuse is twice the shorter leg and the 

longer leg is V3 times the shorter leg. 442 

Corollary An altitude of an equilateral 

triangle having side s is us and its area 

is V3.2 443 

Theorem 52 Two nonvertical lines are 

parallel iff their slopes are equal. 463 

Theorem 53 Two nonvertical lines are 

perpendicular iff the product of their slopes 

iS =I, 4108 

Theorem 54 The Law of Sines. If the sides 
opposite ZA, ZB, and ZC of AABC have 

lengths a, 5, and ¢, then. 

sinvAwinshy Bae csi 

a b oe 

Theorem 55 The Law of Cosines. If the sides 

opposite ZA, ZB, and ZC of AABC have 

lengths a, 6, and ¢, then 

c2 = a2 + b? —2abcosC. 469 

469 



Chapter 12 

Postulate 10 The Arc Addition Postulate If C is 

on AB, then mAC + mCB = mACB. 499 

Corollary to the definition of a circle All 
radii of a circle are equal. 485 

Theorem 56 Ifa line through the center of a 
circle is perpendicular to a chord, it also 

bisects the chord. 485 

Theorem 57 If a line through the center of a 
circle bisects a chord that is not a diameter, 
it is also perpendicular to the chord. 485 

Theorem 58 The perpendicular bisector of a 
chord of a circle contains the center of the 

circle. 485 

Theorem 59 If a line is tangent to a circle, it is 
perpendicular to the radius drawn to the 
point of contact. 492 

Theorem 60 If a line is perpendicular to a 
radius at its outer endpoint, it is tangent to 

the circle. 492 

Theorem 61 In a circle, equal chords have 

equal arcs. 499 

Theorem 62 In a circle, equal arcs have equal 

chords. 499 

Theorem 63 An inscribed angle is equal in 
measure to half its intercepted arc. 505 

Corollary 7 Inscribed angles that intercept 
the same arc are equal. 505 

Corollary 2 An angle inscribed in a semicircle 
is aright angle. 505 

Theorem 64 A secant angle whose vertex is 
inside a circle is equal in measure to half 

the sum of the arcs intercepted by it and its 

vertical angle. 511 

Theorem 65 A secant angle whose vertex is 
outside a circle is equal in measure to half 
the difference of its larger and smaller 
intercepted arcs. 511 

Theorem 66 The Tangent Segments Theorem. 
The tangent segments to a circle from an 
external point are equal. 517 

Theorem 67 The Intersecting Chords Theorem. 
If two chords intersect in a circle, the 

product of the lengths of the segments of 
one chord is equal to the product of the 
lengths of the segments of the other chord. 
OL 

Chapter 13 

Theorem 68 Every triangle is cyclic. 531 

Corollary The perpendicular bisectors of the 
sides of a triangle are concurrent. 531 

Theorem 69 A quadrilateral is cyclic iff a pair 
of its opposite angles are supplementary. 
536 

Theorem 70 Every triangle has an incircle. 
543 

Corollary The angle bisectors of a triangle are 
concurrent. 543 

Theorem 71 The medians of a triangle are 

concurrent. 549 

Theorem 72 The lines containing the 
altitudes of a triangle are concurrent. 549 

Theorem 73 Ceva’s Theorem. Three cevians, 

AY, BZ, and CX, of AABC are concurrent 

OVAX deb Yo CZ 
iff XB YC ZA’ DIO 

Chapter 14 

Theorem 74 Every regular polygon is cyclic. 
573 

Theorem 75 The perimeter of a regular 

polygon having n sides is 2Nr, in which 

N= nsin J8U and ris its radius. 581 
n 

Theorem 76 The area of a regular polygon 
having a sides is Mr?, in which 

: 180 
M= nsin 180) cos —— and ris its radius. 

n n 
587 

Theorem 77 If the radius of a circle is 7, its 

circumference is 27r. 592 

Corollary If the diameter of a circle is d, its 

circumference is 7d. 592 

Theorem 78 If the radius of a circle is 7, its 

area is mr2. 599 
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Chapter 15 

Postulate 11 If two points lie in a plane, the 

line that contains them lies in the plane. 619 

Postulate 12 If two planes intersect, they 

intersect ina line. 619 

Postulate 13 Cavalieri’s Principle. Consider 
two geometric solids and a plane. If every 
plane parallel to this plane that intersects 

one of the solids also intersects the other so 

that the resulting cross sections have equal 
areas, then the two solids have equal 

volumes. 641 

Postulate 14 The volume of any prism is the 
product of the area of its base and its 
altitude: V= BA. 642 

Theorem 79 The length of a diagonal of a 
rectangular solid with dimensions J/, w, and 

his Vi2 + w+ h?. 629 
Corollary The length of a diagonal of a cube 

with edges of length ¢ is ¢V3. 629 

Corollary 1 to Postulate 14 The volume of a 
rectangular solid is the product of its 

length, width, and height: V= lwh. 642 

Corollary 2 to Postulate 14 The volume of a 
cube is the cube of its edge: V= e°. 642 

Theorem 80 The volume of any pyramid is 

one-third of the product of the area of its 

base and its altitude: V= = Bh. 648 

Theorem 81 The volume of a cylinder is the 

product of the area of its base and its 

altitude: V= Bh=ar2h. 655 

Theorem 82 The volume of a cone is one- 

third of the product of the area of its base 

and its altitude: V= = Bh = Sah 656 

Theorem 83 The volume of a sphere is <a 

times the cube of its radius: V = Lid 664 

Theorem 84 The surface area of a sphere is 

4a times the square of its radius: V= 47r?. 
665 
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Theorem 85 If the ratio of a pair of 
corresponding dimensions of two similar 

solids is 7, then the ratio of their surface 

areas is r2. 672 

Theorem 86 If the ratio of a pair of 

corresponding dimensions of two similar 
solids is 7, then the ratio of their volumes 

isorse NOW 

Chapter 16 

Theorem 87 The summit angles of a Saccheri 
quadrilateral are equal. 698 

Theorem 88 The line segment connecting 
the midpoints of the base and summit of a 

Saccheri quadrilateral is perpendicular to 

both of them. 698 

Theorem 89 If the legs of a birectangular 
quadrilateral are unequal, the summit 
angles opposite them are unequal in the 
same order. 698 

Theorem 90 If the summit angles of a 
birectangular quadrilateral are unequal, the 

legs opposite them are unequal in the same 
order. 698 

The Lobachevskian Postulate The summit 
angles of a Saccheri quadrilateral are 
acute. 703 

Lobachevskian Theorem 1 The summit of a 

Saccheri quadrilateral is longer than its 
base. 703 

Lobachevskian Theorem 2 A midsegment of 
a triangle is less than half as long as the 
third side. 703 

Lobachevskian Theorem 3 The sum of the 
angles of a triangle is less than 180°. 708 

Corollary The sum of the angles of a 
quadrilateral is less than 360°. 708 

Lobachevskian Theorem 4 If two triangles 
are similar, they must also be congruent. 

708 



Answers to Selected Exercises 

Chapter 1, Lesson 1 (pages 10-11) 
elem, & od. About, 1:3:cm...7., 3-mi. 
14. Line segments. 21. Three. 25. Six; AB, 
AG, AC, AF, AD, AI. 

Chapter 1, Lesson 2. (pages 15-17) 
2eAC.956. Rays AC and AB. 
iemColinears 16. Z2l'= 67. 22- Z1= 117°. 

25. Approximately = ft. 28. Approxi- 

mately a it, O00), C2 

Chapter 1, Lesson 3. (pages 21-22) 
Peon 3.12 in. 4. 36 in?. 5. 24 in. 

13. Piece I because it has four sides. 
16. Ranch A. 23. Polygons. 25. Eight. 
Zoaevoree.) 30.A line. 32. .75.6 ft. 

Chapter 1, Lesson 4 (pages 26-29) 
5. Noncollinear. 11. The bisecting lines seem 

to be concurrent. 16. No. 17. West. 

21. About6A.M.and6Pp.M. 23. Olbisects ZHOJ. 

Dye aDOB and ZHOA. 31. 60°. 33. 180°. 

Chapter 1, Lesson 5 (pages 31-34) 
1. 100 square units. 6. It contains 80 square 
units. 8. 54 square units. 11. It contains 
84 square units. 

Chapter 1, Review (pages 36-38) 
2. Polygons (or squares). 5. 12. 
Scoplanar,, 10. PQ. 13..T. 
18. Constructions. 20. ZDAB = 110°. 
25. ZDCF = ZFCE = 40°. 

Chapter 1, Algebra Review (page 40) 
1. Associative for addition. 2. Commutative 

for multiplication. 3. Definition of 

subtraction. 4. Identity for addition. 

5. Definition of division. 6. Inverse for 

multiplication. 7. 1,728. 8. 12,000. 
Oe eel One One 11s 225.12. 81; 

10. ZB = 30°. 

13. 497. 14. 147. 15. 5x. 16. x?. 

17 SaaS SO xO) D7 oye 20 wane, 
DRS yeh 2) xtc? O30 Dy, 
DAM 2D, Une OLO.R/ He. QT) eo 
28. 5x2. 29. 4x2 4+ 3x. 30. 3x3 + Qx2 + x. 
Slax W320 x0 1388 56K, 3840 6x2: 
35. SOR NE 308 72x? 137 thx Ay, 
Bop Att AV 39.12%. 40. 240A IO} 

42.1. 43. 5¢ + 10y. 44. 3x + Ay. 

45. 5x— 10y. 46. 3x —4y. 47. 31 xy. 

AS Day EAD iar sen ok DOL MON. 

Chapter 2, Lesson 1 (pages 43-45) 
1. A conditional statement. 4. You live in 

the Ozarks. 6. Yes. 14. If an animal is a 

koala bear, then it eats only eucalyptus leaves. 

18. If I don’t understand, then I ask questions. 

21. If at first you don’t succeed, then try again. 
24. Regions | and 2. 28. The second. 

35. Statements c and d. 

Chapter 2, Lesson 2 (pages 47-49) 
3. If a creature has two legs, then it is a goose. 
5. You are not more than six feet tall. 9. If 

you do not know how to reason deductively. 
13. They have the same meaning. 21. Yes. 

The converse must be true because this is a 

definition. 26. No. 28. It is the converse. 

32. Sentence 2. 35. It is the converse. 

Chapter 2, Lesson 3. (pages 52-54) 
2. If you keep quiet, others will think you are 
wise. 4. All Greeks are humans. All humans 
are mortals. Therefore, all Greeks are mortals. 

7. No. 8. The hypothesis. 12. It also may 

be false. 16. A theorem. 18. If you go to 
Dallas, you will see the yellow rows of taxis. 

22. 21. 26. Red. Because the label is wrong. 

Chapter 2, Lesson 4 (pages 57-59) 
1. Contradiction. 3. Suppose that it would 

not speak foul language. 6. No. 10. It is 
the opposite of the theorem’s conclusion. 

11. The earth is not flat. 14. That it is false. 
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15. Beginning assumption: Suppose that the 
pupils can obey the teacher. Contradiction: 
There are 13 pupils at the black desks but only 
12 brown desks. Conclusion: The pupils can’t 
obey the teacher. 

Chapter 2, Lesson 5 (pages 61-64) 
3. You go around in circles. 6. Two points 

determine a line. 8. Theorems. 12. The 

points. 18. Converse. 20. True. 

22. False. 26. A picul is 1,600 taels. 

32. Statements 1 and 3. 37. Two points 

determine a line. 

Chapter 2, Lesson 6 (pages 67-70) 
1. The length of the hypotenuse of a right 
triangle. 5. The area of acircle. 9. No. 
12. 27, 4a, 677, 877, and 107 units. 13. 97 

square units. /18. 30°. 21. 70°. 24. No. 
26. Approximately 50 mm’. 32. Yes, 

because the sum of the other two angles could 

be 1°. 34. a2. 38. To the left. 

Chapter 2, Review (pages 71-74) 
1. If something is a limerick, then it has five 
lines. 9. Collinear. 11. A postulate. 

13. If it rains, then it pours. 18. 50°. 

20. Three noncollinear points determine a 
plane. 23. Square. 32. Theorems. 

34. 144 square units. 37. 20 ft. 

41. Direct. 44. 2Qar. 48. 4r?. 

Chapter 2, Algebra Review (page 76) 
1. 10x. 2. 16x?. 3. 6x+5. 4. 4x — 5. 

Dye On ere ON feet Ot ee Ot eee 
Oe Sugar I, lO), 44h = lle INL, IRelees= ©. 

12. 40 — 56x. 13. 9x2 — 18x. 14. 20x + 6x2. 

i155, xy xy. 16. 2x2 —4x%4+ 8. 17. 10. 

LSPS O39 20) 6 Oks ee 2D) 

Z3F STS 245 2560 R268 Ol a2 el 
Bas here hy dap Ae thee Shira Ob Zlaahs boy koall 
32. Any number. 

Chapter 3, Lesson 1 (pages 80-82) 
1. Subtraction. 2. Substitution. 
10. Addition. 14. No number (because there 
is no number when multiplied by 0 that gives 

6). 19. Ifa=bdandcF# omen oe lf¢= <4, 
@ wile 
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then fe ; by substitution. 21. Substitution. 

25. a? and b?. 26. 2ab... 28. (ae 
32. Substitution. 38. Division. 

41. A direct proof. 

¢ 
No 

Chapter 3, Lesson 2 (pages 86-90) 
4. The definition of betweenness of points. 

7. 52. 9. BC + CD = BD; orS 36a 

15... 92,760,000 mi. 17. 18. 2000 2iea. 

26. A; —25; B, 15. *380.-B. 35. -AB pees 

greater than AC. 38. AC = AB + BC. 

Chapter 3, Lesson 3 (pages 93-97) 
6. The definition of betweenness of rays. 

8. Rays. 11. The coordinates. 13. Acute. 

16. 15. -22. Obtuse. 25. 14.4°. 32GRRies 

29. 28.8°. 31. ZSCP + Z2ZPCK =—25Gr 

35. 27. 38. They are the same. 

41. Betweenness of Rays Theorem. 44. 20°. 
DO OOU Reto lena: 

Chapter 3, Lesson 4 (pages 100-104) 
3. Figures that can be made to coincide (or fit 
exactly together). 7. Then it divides it into 
two equal segments. 9. Each is the converse 
of the other. 15. No. 19) 45°) 922507 
26. The midpoint of a line segment divides it 
into two equal segments. 28. 1.5. 
31. 2cm. 32. 27 (or about 6.28). 
44. They are each 36°. 

42. 180. 

Chapter 3, Lesson 5 (pages 107-109) 
1902 Ae 878, TSO O.F1S0e 
16. 2 DOW + ZWOF = ZDOF. 
26. Betweenness of Rays Theorem. 
28. Substitution. 35. 75°. 37. ZS seems 
to be 90° larger than 2C.- 42. They are 
supplementary. 

1927, 

Chapter 3, Lesson 6 (pages 112-115) 
1. Because they are vertical angles. 7. They 
are a linear pair and they are supplementary. 
12. 80°. 14. They are vertical angles. 
16. No. 23. Two:' 26. 180°. 30. These 
angles are linear pairs; so they are 
supplementary. 36. Vertical angles are equal. 
37. 23 = 21 +°90*.* 45. ‘1 79°59 Seno 



Chapter 3, Lesson 7 (pages 119-121) 
1. Two angles are complementary if their sum 
is 90°. 4. Supplements of the same angle 
are equal. 6. If the angles in a linear pair 

are equal, then their sides are perpendicular. 

10. Vertical angles are equal. 14. DH, AE, 

and, if perspective is taken into account, HG, 

EF. 17. They are a linear pair. 21. They 

are perpendicular. 24. 21 and 23 look like 
vertical angles, yet they are not equal. 
pUmeane@x 25° / BOY, 65°. 33: 180°. 
37. They are perpendicular. 

Chapter 3, Review (pages 124-128) 
1. Yes. E-F-H because 6.1 < 7.7 < 10.8. 

5. (180 — x)°. 8. The handle is perpendicu- 
lar to the blade. 11. CE-CS-CD. 13. 41.5. 

18. 110. 23. They would be perpendicular. 

28. Any number is equal to itself. 

646+ x) ft. 38. 2AOB=(90— x + ¥)°. 

43. Hexagons. 46. Six. 50. 150. 
53. 120 steps per minute. 56. 6,480 inches 
per minute. 

Chapter 3, Algebra Review (page 130) 
lL. 6x +1. 2. 2x—4y, 3. 4x2 +8. 
A. 3x2 + 6x—5. 5. 12x —3. 
meee x — 8. 7. An — Sy 8. 7x + 4. 

10. —x2— 11x. 11. 2x2 + 10x - 1. 
13. x2 + 14x + 24. 

15. 16x2 — 1. 

16. x? — 10x? — 23x + 6. 

Wary oy? + 13y—5. 
19. 5x3 + 3x2 — 20x — 12. 
20. x3 + 5x? — 12x — 36. 21. —49. 
22. 100x2 — 20x +1. 23. x3 + 12%? + 48x + 64. 
De AREA 

18. «3 + Wy 

Chapter 4, Lesson 1 (pages 134-138) 
pend, 5.8. 7..A(4, 3), C(—3, —4). 
9. On the y-axis. 12. Two. 16. The fourth 

(IV). 19. The hummingbirds. 23. Point A. 
27. A(4, 1), B(6, 6). AB = V29 =~ 5.39. 
31. Ax(5, 2), Ao(15, 2). 35. (900, 200). 
37. 250mm. 41. V18 or 3V2. 

Chapter 4, Lesson 2. (pages 141-144) 
2. The vertices. 4. A 32-gon. 6. That 

they are congruent. 8. They are right 
angles (and equal). 11. Line segments AB 
and EF intersect two others but not at their 
endpoints. 12. AAEG. 17. CBEG. 
25. An octagon (an 8-gon). 27. D. 
31. H. 34. HBCFIE <> MNIEHK. 
40. Convex. 45. No. 48. 21 square units. 
5ogRNo; 

Chapter 4, Lesson 3 (pages 148-150) 
ie Bivand be. 3. 2B.) 5..SAS: 

LORE VAIN eA ="2G Ss Two 

triangles congruent to a third triangle are 
congruent to each other. 17. All the angles 
are acute. 20. None of the sides are equal. 

22s All three. 29. 35. 31. They, get larger. 

34. About 5.9 cm. 38. Perpendicular lines 

form right angles. 41. ASA. 44. Both are 
pairs of opposite rays. 

Chapter 4, Lesson 4 (pages 153-155) 
2. The midpoint of a line segment divides it 
into two equal segments. 7. Corresponding 
parts of congruent triangles are equal. 

10. ASA. 17. If the angles in a linear pair 
are equal, then their sides are perpendicular. 

19. Hexagons. 20. AABX = ACBX. 

26. No. ABDC is larger than AADB. 
Bo eAB ai ACA BC.) V 658.1" 
37. AABC and ADEF would coincide. 

38. The x-coordinates are equal; the 

y-coordinates are opposites. 40. SAS. 

44, Yes. 

Chapter 4, Lesson 5 (pages 159-162) 
3. ZABD and ZADB. 4. BD. 6. No. 

8. If two sides of a triangle are equal, the 
angles opposite them are equal. 12. That it 

has at least two equal sides. 21. Addition. 

22. Betweenness of Rays Theorem. 

23. Substitution. 28. They appear to be 

parallel. 30. Z2S=ZB=72°. 38. Ope 

39. Obtuse. 43. A pentagon. 44. Because 
its sides intersect in points other than their 

endpoints. 50. They seem to be congruent. 
52. It seems to be equilateral (and 
equiangular). 
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Chapter 4, Lesson 6 (pages 165-167) 
1. SSS. 2. Corresponding parts of congru- 
ent triangles are equal. 5. They are a linear 
pair. _10. Five. 11. No. “16..CA =CB 
and AD=BD. 18. SSS. 24. SAS. 
29. ZADC = ZCBA because they are 
corresponding parts of congruent triangles. 
38. SSS. 40. OC bisects ZAOB. 
42. Because an angle has exactly one ray that 
bisects it (the corollary to the Protractor Postulate). 

Chapter 4, Lesson 7 (pages 172-175) 
1. Acompass. 2. Distances between pairs of 

points. 5. A line segment is bisected. 
11. 22 is complementary to 21. 

12. Copying an angle. 18. It means equally 

distant. 25. Addition. 26. Substitution. 

36. SSS. 37! Height = 7.5 in; width = 10 in. 

Chapter 4, Review (pages 176-180) 
2. Because they have the same size and shape 

(they can be made to coincide). 4. They are 
all equal. 8. Statement 4. 13. An 
equilateral triangle is equiangular. 
15, Sobstitugon, 17-6028 193 12073 
2 OU GeO OS. ao 200 Maou Oe 
38. V4 + 16 = V20 (or 2V5 ~ 4.5). 
40. At (—5, 3). 46. Seven. 

Chapter 4, Algebra Review (page 182) 
rere sl ore amare Prr ont 
A VAG T2389) eo. Wx eULO)E) On exe Oo xeauo). 
THOT 8)RE8. Dx(detey\in GANG Die 6): 
10.p2arn(ht tseddalx 2 44) onda 
WDE Cpe Cees 2H a Koaeeelle? Fs 10) 
1A: (weet 2) ee dS) al ca Watee ieee Oe 
LOR Ox 14 a7 ine Done oleae 
18. x(x —4y). 19. a _ 25) ( a 2) One 
200 +22 y\ we 2 2 Letriaeasn) Gat 
22 OMG 2) (ie Zak CORE K te eet One 
2A OK 3)y 25m eo 

Chapter 5, Lesson 1 (pages 186-189) 
1. Either h> w,h = w,orh<w. 6. The 

transitive property. 8. Multiplication. 
11. Addition. 14. AB > BC. 
15. Substitution. 20. ZAPB > ZHPI. 
220 Pie BA. 205 Transive: 
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30. The “whole greater than part” theorem. 
34. ZA ~ 83°, ZB ~ 56°, ZC = 41°. 37. 9 
units. 41. That the line is “upright” (contains 
the center of the earth). 

Chapter 5, Lesson 2. (pages 192-194) 
1. ZBCY, ZBAX, ZCAD(ZYAD). 3. It gets 
smaller. 6. An exterior angle of a triangle is 
greater than either remote interior angle. 
9. 22, 25282100 Twor MO ine 

19. AROS. 20. ZROA > ZSRO and 
ZROA> ZS. 25. No. It does not form a 
linear pair with an angle of the triangle. 
26. 360°. 28. 180°. 32. A line segment 
has exactly one midpoint. 37. The “whole 
greater than part” theorem. 39. Two points 
determine a line. 41. The angles in a linear 
pair are supplementary. 43. An exterior 
angle of a triangle is greater than either 
remote interior angle. 

Chapter 5, Lesson 3 (pages 197-199) 
3. Each is the converse of the other. 

4,BC<AC. 8 ZA> ZB. 10M Titwerde- 

of a triangle are unequal, the angles opposite 

them are unequal in the same order. 

14. ZB. 18. ZA ~ 29°, 2B ~ 104% ZG 47. 

19. DE. 22. DF ~ 4.5 cm, EF ~ 5.4 cm. 

23. ZX > ZY. -30. ZBDE.. 34.56 Eeeieas 

ZABC. 36. Yes. They are congruent by ASA. 
42. FG < GH because both are sides of 

AFGH in which GH is the longest side. 
45. An equilateral triangle is equiangular. 

47. The “whole greater than part” theorem. 

Chapter 5, Lesson 4 (pages 202-204) 
2. DP+PH>DH. 6. They are collinear. 

7. Yes; 160 million miles. 10. PA + PB > 12, 

PA + PC > 12, and PB + PC > 1235 

and C are not collinear. 19. AB + BC = AC. 

24. An angle has exactly one line that bisects 

it. 27. Substitution. 28. If two angles of a 

triangle are unequal, the sides opposite them 

are unequal in the same order. 33. The sum 

of any two sides of a triangle is greater than 

the third side. 35. Substitution. 

AA. 5.5 m. 



Chapter 5, Review (pages 206-209) 
5. The “three possibilities” property. 
7. Both dimensions are 2.5 in. 12. One 

angle has a measure of 179°, and the other two 

angles are each less than 1°. 16. The 
midpoint of a line segment divides it into two 
equal segments. 17. Reflexive. 20. If the 
angles in a linear pair are equal, their sides are 

perpendicular. 22. If two sides of a 
triangle are unequal, the angles opposite them 
are unequal in the same order. 24. Transitive. 

26. The small angles each appear to be equal 
to 10°. 29. An exterior angle of a triangle is 

greater than either remote interior angle. 
Same 2 3/. One. 39: Yes.. 41. SSS. 
43. Betweenness of Rays Theorem. 

Chapter 5, Algebra Review (page 210) 

4 on 1 Ko a 4 
eee 3, 4, 

> 8 : x 2 z i 

1 1 x Nictas 
(We ‘che aes 

3 WED y 10 

x4 4 xe =3 
10 1 Se ele ee! 
0 Ax be ie 2 

9 28 2 
14 19 and 19: 15 74 and = 

3x 2 16. and. 17 
xy xy 3xSs60 2 Ba 6 

Ot!) 5e+ 5 x 
18. d 
Pe ee = De +) 

2 2 
on 2. 192 and -— 

Soe | XYZ XZ 

Chapter 6, Lesson 1 (pages 214-217) 
4. Yes, because W and E are equidistant from 

the endpoints of NS. 12. 6cm. 13. 90 ft. 
1>.elntthe west.~ 19, Seven. 21. Line / is 
the perpendicular bisector of ST. 22. Ifa 
line segment is bisected, it is divided into two 
equal segments. 31. 9.5 in. 34. C and E; 
DandF. 36. Because they are corresponding 
parts of congruent triangles (AABC = AADC 
by SSS). 39. N. 43. Three. 

Chapter 6, Lesson 2. (pages 221-224) 
ene ali 22 (2)09'= £3.0(3)) Z0'= 12.3. 

(4) a|| 6. 4. Alternate interior angles. 
6. In a plane, two lines perpendicular to a third 

line are parallel. 7. Corresponding angles. 

9. Equal corresponding angles mean that lines 
are parallel. 14. No. 18. AE || BF. 
27. No. These angles are not formed by a 
transversal. They could be equal and yet lines 

x and y could intersect either to the left or to 

the right") 32eFour..\°35. SASS 382 No. 

Chapter 6, Lesson 3 (pages 226-229) 
1. 12. 2. If they form a right angle. 
5. 23. 6. Equal corresponding angles mean 

that lines are parallel. 12. At least, no more 

than, exactly. 14. No more than. 

20. They form equal corresponding angles 

with a transversal. 22. They seem to be 

supplementary. 25. All four of them. 
27. Down, below the figure. 30. One. 

33. In a plane, two lines perpendicular to a 

third line are parallel. 36. Through a point 
not on a line, there is exactly one line parallel 

to the line. 37. Yes. (SAS.) 42. aand dare 
not parallel. 43. Given. 

Chapter 6, Lesson 4 (pages 232-235) 
1. They are equal. 2. Parallel lines form 
equal corresponding angles. 5. (1) Given. 
(2) Parallel lines form equal corresponding 
angles. (3) Vertical angles are equal. 

(4) Substitution. 9. Betweenness of Rays 
Theorem. 12. Equal corresponding angles 
mean that lines are parallel. 13. 21 = 115°, 

A053 5 917 Theymuist be 

perpendicular because, in a plane, a line 
perpendicular to one of two parallel lines is 
also perpendicular to the other. 20. 67°, 

113 -so7Seandel13°ae 224i and?Z22-are 

supplementary because parallel lines form 
supplementary interior angles on the same 
side of a transversal. 24. 73 = 24 because 
parallel lines form equal alternate interior 
angles. 30. Through a point not on a line, 

there is exactly one line parallel to the line (the 
Parallel Postulate). 31. Parallel lines form 
equal alternate interior angles. 37. Two 
points determine a line. 39. In a plane, two 

lines perpendicular to a third line are parallel. 
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44, The length of a perpendicular segment 

between them. 46. 70°. 

Chapter 6, Lesson 5 (pages 238-241) 
1. The sum of the angles of a triangle is 180°. 
2. Substitution. 3. Substitution. 
4. Subtraction. 9. An equilateral triangle is 
equiangular. 10. An equiangular triangle has 
three equal angles. 14. Through a point 
not on a line, there is exactly one line parallel 

to the line. 16. Parallel lines form equal 
corresponding angles. 19. 22> 21 and 
Z2>ZA. 24. An equilateral triangle. 
27. It is a right triangle. 28. They are 
complementary. 34. 22 and Z3 are 
complementary. 36. Complements of the 
same angle are equal. 40. An exterior angle 
of a triangle is equal to the sum of the remote 
interior angles. 41. Substitution. 

Chapter 6, Lesson 6 (pages 245-248) 
1. ASA. 5. HL. 6. Parallel lines form 
equal corresponding angles. 9. Three. 
(Oe es.) LO” TLL 2 two anglesior a: 
triangle are equal, the sides opposite them are 
equal. 24. In a plane, two lines 

perpendicular to a third line are parallel. 
27. Substitution. 29. AAS. 32. AB = AC, 

AD = AE, and ZA = ZA. 40. Because 

ZDAP = ZEAP (corresponding parts of 
congruent triangles are equal). 42. SSS. 
44, 45°. 50. Substitution. 

Chapter 6, Review (pages 250-254) 
1. Fold the figure along the proposed line of 
symmetry and see if the two halves coincide. 
5. It is the perpendicular bisector of AB. 
7. Equal corresponding angles mean that lines 
are parallel. 9. To the sum of the remote 

interior angles. 12. They are perpendicular. 
14. Are equal, their sides are perpendicular. 

16. Ina plane, two points each equidistant from 
the endpoints of a line segment determine the 
perpendicular bisector of the line segment. 
26. Equilateral. 30. In a plane, two lines 

perpendicular to a third line are parallel. 

33. In a plane, a line perpendicular to one of 

two parallel lines is also perpendicular to the 
other. 35. Concurrent. 39. 2B = ZCAD = 
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45°. 42. BA = CD by substitution. 

AS. ACDBI=27- 0 AACBE sve 

Chapter 6, Algebra Review (page 256) 

7 x x + 10 Alig — 3) 

! 6 20 : Qx x3 

9) x6 5 x+2 
5 3° 3 7 7 8 9 

Bye 1 1 2 
Does ae 

2 4 5 6 

a 3 ef 
13 Herne Pye Ae ARS 8 oc 

Die) ive B20 HO Nie! 
16. Wo 

Ix -3 Ix -— 3 wz-— 1 
3 

[eae Ot ge 
, i bere 5. 

Chapter 7, Lesson 1 (pages 260-264) 
1. Two points determine a line. 3. Addi- 

tion. 6. The sum of the angles of a 
quadrilateral is 360°. 9. A quadrilateral each 

of whose angles is a right angle is a rectangle. 
10. Each angle of a rectangle is a right angle. 

14. Lines that form right angles are 
perpendicular. 17. They seem to be parallel 
and equal. 21. They are equiangular (or 
each of their angles is a right angle). 

26. 2x: + 2y = 180.) 29.144". SSRs 
37. Triangles, quadrilaterals, and an octagon. 

40. Six sides, three diagonals, and four 

triangles. 43. 2-3. 46. 720°. 470m20] 
50. (n — 2)180°. 52. Their sum is 360°. 
54. They all appear to be smaller. 

Chapter 7, Lesson 2. (pages 267-269) 
2. Point. 3. See if the figure looks exactly 
the same when it is turned upside down. 
4. Three. 5. Yes. The opposite sides of a 
parallelogram are equal. 8. An exterior 
angle of a triangle is greater than either remote 
interior angle. 11. The opposite sides of a 
parallelogram are parallel. 15. A line 
segment is bisected if it is divided into two 
equal segments. 17. The diagonals of a 
parallelogram bisect each other. 18. Two 
points are symmetric with respect to a point if 
it is the midpoint of the line segment 



connecting them. 26. 10. 30. About 24°. 

32, ZAEB = «°, ZCED=y°. 35. AD =2DC. 

37. 180. 45. All three. 

Chapter 7, Lesson 3 (pages 272-275) 
1. A quadrilateral is a parallelogram if its 

opposite sides are equal. 3. Parallel lines 

form equal corresponding angles. 4. Ina 

plane, if a line is perpendicular to one of two 
parallel lines, it is also perpendicular to the 

other. 8. Supplementary interior angles on 
the same side of a transversal mean that lines 

are parallel. 13. SAS. 15. A quadrilateral 

is a parallelogram if its opposite sides are 

equal. 20. Equal alternate interior angles 

mean that lines are parallel. 21. A 

quadrilateral is a parallelogram if two opposite 

sides are both parallel and equal. 22. Line 

symmetry. The figure can be folded along a 
vertical line so that the two halves coincide. 

26. No. Line symmetry (one vertical line). 
29. They seem to be parallel. 32. The pairs 

of opposite angles. 37. A quadrilateral is a 
parallelogram if its diagonals bisect each other. 
39. SSS. 43. A quadrilateral is a rectangle if 

all of its angles are equal. 47. 12. 53. They 
are the sides of the quadrilaterals above and 

below the braced square. 

Chapter 7, Lesson 4 (pages 277-280) 
eee et bree. .d: 15. 7. All of the 
angles of a rectangle are equal. 10. A 
quadrilateral is a parallelogram if its opposite 
sides are equal. 12. All rectangles are 
parallelograms. 17. All of the sides of a 
rhombus are equal. 19. Two consecutive 
sides. 24. No. It must be a rectangle. 
31. A quadrilateral is a parallelogram if its 
opposite sides are equal. 34. A quadrilateral 
all of whose angles are equal is a rectangle. 
36. False. 39. True. 43. Its opposite sides 
are parallel. 

Chapter 7, Lesson 5 (pages 282-285) 
1. A trapezoid. 2. That it has exactly one 
pair of parallel sides. 4. That all of its 
angles are right angles (or that they are equal). 
5. Yes. All rectangles are parallelograms. 
8. Point. 10. They seem to be congruent. 

11. Trapezoids. 13. No. The legs of a 

trapezoid must be equal for it to be isosceles. 
16. The bases of a trapezoid are parallel. 

17. Through a point not on a line, there is 

exactly one line parallel to the line. 19. The 
opposite sides of a parallelogram are equal. 

22. If two sides of a triangle are equal, the 
angles opposite them are equal. 25. Parallel 

lines form supplementary interior angles with 
a transversal. 30. The base angles of an 

isosceles trapezoid are equal. 36. 75°. 

40. Parallel lines form equal corresponding 
angles. 41. 105°. 46. AC and DB bisect each 

other. 47. A quadrilateral is a parallelogram 

if its diagonals bisect each other. 49. A 

trapezoid has only one pair of opposite sides 

parallel. 

Chapter 7, Lesson 6 (pages 288-291) 
2. A midsegment. 5. DE || AC, and 

DE= SAC. 8. A midsegment of a triangle 

is parallel to the third side. 9. In a plane, 
two lines parallel to a third line are parallel to 
each other. 10. A midsegment of a triangle 
is half as long as the third side. 13. MNPQ 
is a parallelogram because two opposite sides 
are both parallel and equal. 17. Addition. 
18. Substitution. 20. The sum of its 
diagonals. 24. ZA = ZC because the base 
angles of an isosceles trapezoid are equal. 
ZB (ART 129 a (8,210)2 93255, 9352 They 
should be parallel. 38. They are congruent 
by SSS. 43. A rhombus. 49. MN seems to 
be parallel to AB and DC, the bases of the 

trapezoid. 

Chapter 7, Review (pages 292-295) 
2. Both pairs of its opposite sides are parallel. 

4, AAS. 7. Substitution. 9. Four. 
13. All of the sides and angles of a square are 
equal. 16. Ifa line divides an angle into 

two equal parts, it bisects the angle. 21. True. 

27. True. 31. The sum of the angles of a 
quadrilateral is 360°. 33. The opposite 
angles of a parallelogram are equal. 36. D, 

E, and F. 42. GI | HM and ML 1 HM. 
In a plane, two lines perpendicular to a third 

line are parallel. 45. 2c. 
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49. A trapezoid. 
trapezoid has two parallel sides. 
a trapezoid because JJ || LK. 

51. No, because a 

56. IJKL is 

Chapter 7, Algebra Review (page 296) 
1.<2936% 328. 20:86eaRM22316 AL7.07; 
5707. AGil ONAS a7 ee OON/ San See5ay Dt 
9. 50V2._ 10. 5V x. 11. x2?V x. 12. KW zr. 
13. 2x6V3. 14. V490V3 + V3 =7V3 4 
V3 =8V3. 15. V150 = V25V6 = 5V6. 
165 V7.2 1705 Vile 188 DVS eal 
9.0: nikAienDe 10 2267 VG ae 
JASIAN/ 10) D563 26> 8N/5.0 27. 10! 
98 E5529 9 any aes ON Oe 
31. Wx + 2Vy. 32. x +I xy ty. 

Chapter 8, Lesson 1 (pages 300-304) 
1. A translation. 3. A rotation. 

6. A reflection. 16. Exercises 9, 11, and 14. 

17. Each has a vertical line of symmetry. 

20. Yes. 25. A translation. 28. They 

are parallelograms because they have two 

sides that are both parallel and equal. 
31. The opposite sides of a parallelogram are 
equal. 36. Betweenness of Rays Theorem. 
37. Substitution. 43. A dilation. 

44, They seem to be twice as long. 

52. A translation. 56. A rotation. 

Chapter 8, Lesson 2. (pages 308-311) 
4. 2x units. 5. It is the segment’s perpendicular 
bisector. 7. A rotation. 9. 180°. 14. Its 

image looks the same. 18. B. 22. A 
reflection. 24. Yes, because it is the 

composite of two reflections in intersecting 

liness, 427;,Cyandiis.. 1285) 12038 30 Nos Lhe 

figure does not look exactly the same upside 

dows, 5325: Be) Bot Koad pAtiranslation: 

41. Arotation. 44. Ifa point is reflected 

through a line, the line is the perpendicular 

bisector of the segment connecting the point 

and its image. 46. Its magnitude. 48. SAS. 

Chapter 8, Lesson 3 (pages 314-316) 
3. A reflection. 5. A glide reflection. 
8. ZPAB and ZPCD. 10. The opposite 

sides of a parallelogram are equal. 14. A 

reflection. 17. The magnitude of the 
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rotation. 18. The lines bisect these angles. 
22. They are the perpendicular bisectors of 
these line segments. 25. Two figures are 
congruent if there is an isometry such that one 
figure is the image of the other. 27. D. 
29. G. 35. No, because the two dogs are not 

mirror images of each other. 39. -A translation 
and a reflection. 42. B’(14, 9), C’(, 6). 
43. 6V2. 46. M(11, 4), N(12, 5), P(8, 1). 

Chapter 8, Lesson 4 (pages 321-324) 
1. Rotation (or point) symmetry. 6. It has 
reflection (line) symmetry with respect to a 
line through home plate and second base. 

12. The point itself. 14. A line looks the 
same if it is rotated 180°. 16. A line has 
reflection symmetry because it can be reflected 

(folded) onto itself. 19. That rays OA and 
OD are opposite rays and that rays OB and OC 
are opposite rays. 22. In a plane, two points 

each equidistant from the endpoints of a line 

segment determine the perpendicular bisector 

of the line segment. 25. They bisect each 
other. 30: Translation. 33/022. 
34. No. 36. 16. 38. The y-axis. 

42. Even. 45. Because it can be translated 

(in various directions) and look exactly the 
same. 

Chapter 8, Review (pages 325-329) 
6. No. 8. A glide reflection. 9. A rota- 
tion. 11. That it can be rotated so that it 
looks the same in three positions. 17. Yes. 
20. A reflection. 24. Two figures are 
congruent if there is an isometry such that 
one figure is the image of the other. 29. A 
translation. 31. About 47°. 36. Because 
AADC is the reflection image of AABC. 
37. It has reflection (line) symmetry with 
respect to line AC. 41. 45°. 47. No. 

Chapter 9, Lesson 1 (pages 340-342) 
3. Its area is equal to the sum of the areas of its 

nonoverlapping parts. 7. True, because 

AADC = AABC. 9. True, because 

aAADC — aAl — aA2 = aAABC — aA4 — aA. 

14. 2x square units. 16. (x + y) square units. 
20. They are both concave octagons. 

23. 3a+ 6b. 26. They are congruent (SSS) 



and therefore equal in area. 30. No. 

31. Yes. Each one contains two of the four 

triangles, all of whose areas are equal. 

BO, ; Square unit. 37. 2 square units. 

42. It is equilateral and equiangular. 

43. BFED contains four of the congruent 

triangles, and ABCD contains two of them. 

44. 4 square units. 49. They are both equal 

to AB. 50. Because DF = DC + CF = 

CE FE = CE. 

Chapter 9, Lesson 2. (pages 345-349) 
Ie 20itt 4. 13,600 in*. 8. Four. 
Memavec12..aband ac. 14. (a + 3). 
19. Two congruent triangles. 22. V6. 
Zeno 26. 2,592 nails. 30. 66 ft. 

34. 6,400 square chains. 37. 84 cm?. 
38. 17.5%. 40. 21.6 ft long. 43. The total 
surface area of the walls. 47. 1,728 in?. 

48. 189 in?. 

Chapter 9, Lesson 3 (pages 353-357) 

1. 6 square units. 5. me 6. The area of 

a right triangle is half the product of its legs. 
7. The area of a polygonal region is equal to 
the sum of the areas of its nonoverlapping 
parts (the Area Postulate). 9. Substitution. 
15. They seem to be equal. 17. AABC, 40 

units, ADEF, 80 units. 21. They seem to stay 

the same. 27. aABCD ~ 99.87 square 
chains. 29. The area of a triangle is half the 
product of any base and corresponding 
altitude. 31. Substitution. 33. Division. 
35. 84 square units. 36. 11.2 units. 41. In 
a plane, two points each equidistant from the 

endpoints of a line segment determine the 
perpendicular bisector of the line segment. 
42. Betweenness of Points Theorem. 
48. a\AMB = aAAMD = 20.25 in?; cABMX = 
aADMY = 6.75 in?; aACMX = aACMY = 
13.5 in’. 52. About 1,200 shingles. 

Chapter 9, Lesson 4 (pages 360-364) 
1. That they are equal. 2. 2,800 ft”. 

6. Area = a6 + s\(s+ s) = = (29(25 iss 

8. 260 square units. 14. 1,369 square units. 

17. A parallelogram. (Two of its opposite sides 
are both parallel and equal.) 18. 1 unit. 
A= bh=(1)(1)=1. 23. 30,794 ft?. 
LO eon eS Oo ito). 675.07: 
35. 3,696 m?. 41. Its area is (a + Dh. 
43. In a plane, two lines perpendicular to a 
third line are parallel. 46. 165 square units. 
50. AEBH, FHCG (and FHCD). 

Chapter 9, Lesson 5 (pages 367-370) 
2. 2,2, and 4 units. 4. The Ruler Postulate. 

5. The Protractor Postulate. 8. The square 
of the hypotenuse of a right triangle is equal to 
the sum of the squares of its legs. 
9. Substitution. 12. Substitution. 15. 12. 
IGYT2 29% 18737. “2OMINONZSS F225) = 
481 # 484. 33. 6 units. 35. 25 units. 
37. 2ab. 38. (b—a)?. 43. The acute angles 
of a right triangle are complementary (so the 
sum of these angles is 90°). 45. A trapezoid. 
49. It appears to bisect ABDE (that is, divide it 
into two congruent parts having equal areas). 

Chapter 9, Review (pages 371-375) 
1. 125 m?. 3. 525. 4. Camp A, 68 paces; 
camp B, 64 paces; camp C, 60 paces. 

8. 16 units. 12. The area of a polygonal 
region is equal to the sum of the areas of its 
nonoverlapping parts. 14. ZDEY. 
16. AAS. 18. Corresponding parts of 
congruent triangles are equal. 20. Triangles 
with equal bases and equal altitudes have 
equal areas. 23. 11. 27. 4a. 29. 4a + 4b. 
30. a(a+ 28) or a? + Qab. 34. 216 fi’. 
38. 332.5 ft?. 40. It would be four times as 
great. 44. aAAEF = 2x (because AF = 2AC 
and BH = EG). 46. 4x? — xy. 47. 4x— y. 
51. It would be rectangular. 

Chapter 9, Algebra Review (page 376) 

ERO” 2s 5 oO Oe. 02.0.0 at 10: 

pe Ones ae etl Oo. 20) 9. 4" 
LOMO Dee leee abl 2 8. Vo. .> IED. 

IS, 36: 
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Chapter 10, Lesson 1 (pages 380-384) 
1. 2.25. 4. The geometric mean. 

ORE 2 
= 1b he ott, 9s. 

: 6 4 7 

15. Division. 19. Rectangles 2 and 4. 

36 19 
, 60) ; ie = TEMES a WASP OE TS 15 Ay i} 10 

36. The width of one stripe. 

37. Approximately 12.3 ft. 39. Approximately 

DP sie, Ab a AV), Ze) 48. The means 
8 943° 

are interchanged. 50. Division. 

Chapter 10, Lesson 2 (pages 387-391) 
1. They are proportional. 2. They are equal. 

i AD _ DC 3. ZDAC = ZFBC. 6. BE FC” 

9. OF =4 and OG=8. 13. 24.2. 15. The 

center of the dilation. 18. - 

20. Corresponding sides of similar polygons 
are proportional. 24. A midsegment of a 
triangle is parallel to the third side. 
28. Division. 30. Betweenness of Points 
Theorem. 34. Two triangles are similar if 
their corresponding angles are equal and their 
corresponding sides are proportional. 
35. OC = 56 mm; % = 2.0. 37. BF = 24 mm; 

BF _ 24 _ 
A Lec 
840 mm. 44. Approximately 1 m?. 47. VO. 
49. w= 0. 

1.1. 42. Approximately 

Chapter 10, Lesson 3 (pages 394-398) 
2. If a line parallel to one side of a triangle 
intersects the other two sides in different 
points. 7. The area of the rectangle. 
8. As lengths: AC = 3, AD = 2, and AE = 6. 

17. Substitution. (Both are 

18. x =2.4. 22. Reasonable 

because BE || CF in AOCF (the Side-Splitter 
Theorem). 26. It is a parallelogram because 
DF || EB and DF = EB. 29. Ifa line parallel 

AP 
equal to ——). 

PB 
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to one side of a triangle intersects the other 
two sides in different points, it divides the 
sides in the same ratio. 36. EO. 39. Point 
G is the same point as point A. 

41. EF = FG; so = = | by division. 

43. In a plane, two lines perpendicular to a third 

line are parallel. 45. The opposite sides of a 

parallelogram are equal. 

Chapter 10, Lesson 4 (pages 401-405) 
1. Parallel lines form equal corresponding 
angles. 3. AA. 6. Yes. Two triangles 
similar to a third triangle are similar to each 
other: =10. 30°. 500 and 1207 
14. Corresponding sides of similar triangles 
are proportional. 17. They are not 
collinear. 19. That they are parallel. 
21. AAHK ~ AABD and AAKL =7 Ape 

De}. BD — DE’ 27. Addition. 28. Multi- 

plication. 31. AABD ~ ACBA. 34. x=8, 

y= 10, and z= 10. 39. AA (ZA = ZEFA 

and-2 FHA = 7A\ 0452 
So) bees 

Chapter 10, Lesson 5 (pages 409-413) 
1. CGand CF. 4. Corresponding altitudes. 
7. CG, the distance of the fish from the 

camera. 10. 7-5iem:) 12::2:555 Kes 
18. 7 is the reciprocal of 7. 21. Yes. 

Corresponding sides of similar triangles are 
proportional. 23. No. These areas cannot be 
equal if AAGB is larger. 26. B’(7, 2), C’(17, 8). 
27. AA'B'C’ appears to be an enlargement of 
AABC. (Also, the corresponding sides of the 
two triangles appear to be parallel.) 
31. 555.4 ft. 34. Corresponding altitudes of 
similar triangles have the same ratio as that of 
the corresponding sides. 35. ASA. 36. AA. 
40. Ruler Postulate. 41. Through a point 
not on a line, there is exactly one line parallel 
to the given line. 47. Parallel lines form 
equal corresponding angles. 49. AA. 
53. Reflexive. 55. Corresponding sides of 
similar triangles are proportional. 58. SSS 
Congruence Theorem. 



Chapter 10, Lesson 6 (pages 416-419) 
1 1 

1. — 2. -. ‘ : : ; 9 y) 7 hy 8m 7 32 m 

ieoum, 19. —.. 21. —. : m 5 95 25.a 1 ney, 

must be proportional. 28. 440. 

1 

* 63,360 

34. No. 37. Six. 44, Because all 

circles have the same shape. 46. 907 ~ 283 ft 

3 
and 1207 ~ 377 ft. 48. ir 0.75. 

Domo) it, 

30 32. Yes. AADE ~ AABC by AA. 

1 
AO ne: 

) 

Chapter 10, Review (pages 421-424) 

: 2 OF 2.5. 10: Itis 6.25, times il. 9 T9" 

as great. 12.6.4. 14. 12.8. 17. Con- 

cave pentagons. 18. ABHIG = EKJGI. 
20. GFEI is a parallelogram. Both pairs of its 

opposite sides are equal because 

GFEKJ = EIGJK. 25. It increases. 

10 
32. They are multiplied by 3. 34. —= 

i 

Approximately 7.1 cm. 36. ue = ().71. 

Es 5 

41. Ina plane, two lines parallel to a third line 

are parallel to each other. 46. 30 ft. 

ie 4 
48. . .—=-—; EF=15. =. See One roS 90 3° 010: 3 

BOs {X05 ee eS 

Chapter 10, Algebra Review 1 
(page 425) 

1. 4and —7. 2. land = 3.4+V11 and 

pe ied 7 and 7.0592) 2V6 and 

94/6. 6. _ 7. and 3, 

8. 2and 5. 9. —1 and —8. 

1 + V96 1 - V6 
10. —a. and .—— —- ae 

5 5 

Chapter 10, Algebra Review 2 
(page 426) 

es hed ees 
Qa : 0} i D) 

4.c=Vae4+ 6. 5. a=Ve— Be. 

tA = Ot liber he OD =a 

or r=1-—- 

regent nee rem 

hoa) 
gee Ba 

241 C= =F = 32) MOIR oS ele 

Chapter 11, Lesson 1 
2. The altitude to the hypotenuse. 
and P@ > 5,EP, 6) EPand-EG. 
11. Their projections on the hypotenuse. 
12. AC. 15. 4. 17. 2V/10 (or about 6.32). 

Paes, ol Se = Oe ulee: 

(pages 430-432) 
GaAP 

Fey AV Gs a a fore O)© S719 wae 

ees NSE ns OB OC AN Gr, PAD, per 
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Chapter 11, Lesson 2. (pages 436-440) 
1, 30 ft. 2. About95 ff 5: About0ras 
8. 8 cubits. 12. 20 fti4 15. Aboutsey tt: 
18. 72 + 242 = 49 + 576 = 625 = 25°. 21. Each 
number in 14-48-50 is twice the corresponding 
number in 7-24-25. 23. 6-8-10 and 9-12-15. 
28. AB 4 29. so == Vite goon =x. 

33. 8.4 in by 11.2 in. 35. a or about 1.9. 

38. OH = V45 or 3V5, OP = V65, PH = V20 
or 2V5. 42. The length of AP. 
Ad x? + 20° (40 — wien 5. 

55.) = Ro Ree. 

Chapter 11, Lesson 3 (pages 443-447) 

1. Yes. They are similar by AA. 2. 7 = Ae 

TUN ei — a 5. In an isosceles 

right triangle, the hypotenuse is V2 times the 

length of one leg. 11. c= =. 15. 8V2. 

16. 5V2.. 17. x= 12, 9=6V3. 19. x= 5V3, 
y= 10V8. 28.03.0924. 43. 
27. 90V2 = 127 ft. 30. 75V3 ~ 130 ft. 
31. About 23 in. 34. 21 square units. 

teat abd i ae bed Fa: 
39. 5 43. OA oe 5 V3. = 

ike 1 3 
dealt eNO = i ats Ae 4A, ( sh 3). 53 5 oF 0.5 5 i 

Chapter 11, Lesson 4 (pages 450-453) 

1. £ 3,4, 4, 0.445. 6. 57.290. 
b d 

Ts SO, AU ian A= 

oy, Aes ls 

BG .-5Ve Ns é 
—_ = —— = V3. 22. Aright 
AG Tes : ms 

triangle because 3? + 4? = 52. 24. 3" 

DOuudten elie ZN = 2B 7A anda Bi ate 

complementary. 29. 16.5. 32. 20°. 
35. 58". 39.5197 ft... 4387 About 22m 
46. 3.7°._ 48. 26.565051°. 51. AB= V5, 
BC = V10, and AC= V5. 53. 40.8°. 

18. tan 60° = 
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55. About 4,172 mi. 

Chapter 11, Lesson 5 (pages 456-460) 

ee: Ee 3. 2 or = 
Dt AE y b Bie tye 

7. 0.996. 10. 82,935, 11. 45,0008 
12 5 

Paes wal OP >. 1 oan 14 13 V0 fee 13 3: Deo 

25. O17. 26. 36.5. 29° BH = 2iotene 
CI = 5.0 cm, DJ = 7.1 cm, EK = 8.7 cm, and 

FL=9.7 cm. 36. The sine of an acute angle 
of a right triangle is the ratio of the length of 
the opposite leg to the length of the 
hypotenuse. 38. In a 30°-60° right triangle, 
the side opposite the 30° angle is half the 
hypotenuse. 40. Approximately 14,500 ft, or 

more than 2.7 mi. 43. About 806 ft. 

46. About 4°. 48. Parallel lines form equal 

alternate interior angles. 49. AAS. 

d-—w 
ile Sil, 54 BF, Sty Z2 = 

Chapter 11, Lesson 6 (pages 463-467) 

lew 3. Thei-axisse co. Come . é, —A. 

11. The slope is tan 30° ~ 0.58. 13. —60 m. 

fo About sas oie: > (or aboutOper 
3 3 

2 ee ge 
ci LL 2 

its riseis -10m. 39. (300 — a m above the 

36. Its run is 550 m, and 

ground. 40. 16,500 m. 42. Run = «— x; 

rise=y— yy. 43. y= m(x— x) + yp. 
47. From the start to about 2.5 seconds. 

AC 
D2 BC: 56. Corresponding sides of similar 

triangles are proportional. 58. Division. 

60. fo. 62. The altitude to the hypotenuse of 

a right triangle is the geometric mean between 
the segments of the hypotenuse. 

Chapter 11, Lesson 7 (pages 471-474) 
2. They are opposite each other. 4. The 

Law of Sines. 7. They include ZA. 12. 40°. 
130, LS. OUl LO ste. 



18 Sine | Ad 

) 
208E2 7.7 mi. 

21, N08" 40025 a0. 

28. 34.6 mi. 32. 238,000 mi. 

sin 74 
hea a ; 

34. a2 = 62 + c2 —2becosA. 35. cosA = a 

40. By multiplication. 44. c2 = a2 + b?. 

Chapter 11, Review (pages 476-480) 

pons: “3 8. HF 1 BG. 11. d=sV2. 
jaenttee wl6. About 24.2 ft. 19. About 

195m 21 About 5.7°.. 26. Two. 

30. 100 ft. 31. About 137.6 ft. 34. About 

A03ntumoo. 0:87. 40. 7 units. 

43. AF=BF. 47. About 44 ft. 53. About 

380 times as far. 55. Approximately 2 in. 

sain 
57. About 600 ft. 62. tan ZABE = 

Chapter 11, Algebra Review (page 482) 

3 3 
" = -— oh . 7 = —-——: = ‘ ey Ms On 2. re b=6 

3: y 

ee] pelea eyeies 
stele | | 5 DAB a 
Mess ele INL 
ae a -| ia ah es Gi 
clad al i Ll 
SGI Bees 
BS Mesias ody bet cli dee beh 
Balad 1 | io a 
ren [| ust ye 
areal Fo) Dien 
Betas BER 
metal | plete 

4, 

a | 
as 
ae 
ae 
Be 
aa 
5 
peels | 
el 
re 
at 
ne SEP SEE See are tole Lote SPP Smee aoe ig ee ee et TN 

9. They have the same slope, 2. 

LOM yD ie Lp Nk Viera cin DoW) ake S. 

12 

13. —land1. 14. The product of their 

slopes isl. 15: IG, =O: 

7: 

ia Es A 
rH 
AMS 

13, y= nee 7 2 Oo exintercept, 6; 

y-intercept, 2. 20. x + 3y= 6. 
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Zt, 

2259. 23. (yi ieee) 24 ee OMe 

PSR ie 26. y= <x (or y= 44 + 0). 

29; 038830910! 

Chapter 12, Lesson 1 (pages 486-490) 
2. Chords. 3. A diameter. 6. Five. 

9. Six. 10. Concentric. 14. They are 

perpendicular. 17. Two points determine a 
line. 18. All radii of a circle are equal. 

22. If a line divides a line segment into two 
equal parts, it bisects the segment. 26. Ina 
plane, two points each equidistant from the 

endpoints of a line segment determine the 

perpendicular bisector of the line segment. 
27. If a line through the center of a circle 
bisects a chord that is not a diameter, it is also 

perpendicular to the chord. 28. Through a 
point on a line, there is exactly one line 

perpendicular to the line. 34. An isosceles 
right triangle. 35. About 46 mm. 38. 1,000 
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seconds. 40. ae or about 0.37. 45. They 

are rhombuses because all of their sides are equal. 

Chapter 12, Lesson 2 (pages 493-496) 
2. In a plane, two lines perpendicular to a 

third line are parallel to each other. 

4. OB 1 AC. _ 5. Ifa line through the center 
of a circle bisects a chord that is not a 

diameter, it is also perpendicular to the chord. 

3) 4 
OY Sal), = 

4 
3° 

O. 16. Ifa line is perpendicular to a radius 

at its outer endpoint, it is tangent to the circle. 

18. aS or AB. 32. Because ZFDE is a right 

15. AB is tangent to circle 

angle and corresponding parts of congruent 
triangles are equal. 34. Line AB. 36. Ifa 
line is tangent to a circle, it is perpendicular 
to the radius drawn to the point of contact. 
41. AD = 4 cm and AF = AB = 8 cm. 
42. (8-—r)cm. 44. A 3-4-5 right triangle. 
48. A parallelogram (also, a rectangle). 

Chapter 12, Lesson 3 (pages 500-503) 

1. Central angles. 2. Py. 3s PCR 
5. 283°. 7. 77°. 8. Two points determine 
aline. 10. An arc is equal in measure to its 

central angle. 16. The Arc Addition 

Postulate. 19. A semicircle. 24. No. The 

sum of any two sides of a triangle is greater 

than the third side. 27. AB = 17, BC= rV3, 
AC =2r. 31. AABC and AABD are 

equilateral and congruent. 33. Line /is 
tangent to circle A. If a line is perpendicular 
to a radius at its outer endpoint, it is tangent 
to the circle. 41. All of the arcs have the 

same measure. 

Chapter 12, Lesson 4 (pages 506-509) 
2. 147°. 3..24.5°. 4, 33°:.7. Allradiean 
a circle are equal. 9. An exterior angle of a 
triangle is equal to the sum of the remote 
interior angles. 12. A central angle is equal 
in measure to its intercepted arc. 
15. Betweenness of Rays Theorem. 17. Arc 
Addition Postulate. 20. An inscribed angle 
is equal in measure to half its intercepted arc. 



22. The measure of a semicircle is 180°. 
25. A 90° angle is a right angle. 
28. Inscribed angles. 30. x = 40°, y = 20°, and 

z= 30°. 33. 9°. 36. They are complementary. 

37. It is a right angle. An angle inscribed in a 
semicircle is a right angle. 43. n°. 44. 27°. 
50. It is an altitude (to the hypotenuse) of the 
triangle. 52. BF = V3 in. 

Chapter 12, Lesson 5 (pages 512-515) 
2. An exterior angle of a triangle is equal to 
the sum of the remote interior angles. 3. An 
inscribed angle is equal in measure to half its 
intercepted arc. 5. 36. 7. 54° and 126°. 
10. Subtraction. 14. 40°. 15. 75°. 
18. 55°. 19. A secant angle. 20. It is less 

than 55°. 23. mAD+ mCB = 180°. 

Vi eee 30>. 34. 202 40) If a line 

through the center of a circle bisects a chord 
that is not a diameter, it is also perpendicular 
to the chord. 42. 17 ft. 45. Each angle 
is90'. 748. About 92.5 days. 51. 6°. 

Chapter 12, Lesson 6 (pages 517-521) 
3. HL. 7. Inscribed angles that intercept the 
same arc are equal. 9. Corresponding sides 
of similar triangles are proportional. 
12. The tangent segments to a circle from an 
external point are equal. 19. Right angles. 
An angle inscribed in a semicircle is a right 
angle. 24. CFOE is a square. 31. PA is 
tangent to circle O because it is perpendicular 
to radius OA at its outer endpoint. 
33. PA=PB= 10. 35. 20 units. 
41. (12, 10). 45. If a line through the center 
of a circle is perpendicular to a chord, it also 
bisects the chord. 46. BP. 

Chapter 12, Review (pages 523-526) 
Zee central angle. 7. 60°.. 9. 35°. 

HOmtooe15.130°. 18. 60°. 

25. AB = AD. The tangent segments to a circle 

from an external point are equal. 27. They 

are similar to AABC. 29. = ove, 128} JL ANG. 

36. Isosceles. (In the figure, they are also 
obtuse.) 40. 4cm. 42. Approximately 3.7 
em. 44. Approximately 68°. 46. 53°. 
47. 74°. 51. C is the midpoint of AB. 

52. Approximately 9.7 in. 53. Approxi- 

mately 75.5°. 56. V5. 58. woe 

Chapter 12, Algebra Review (page 528) 
TRS AS at ON ATA) AlcSe 0) BI 40 Ba). 
BinlOje= thie Gl) (Sf 14)s 00724145 5). 
8. (3.5) '10:5)x 92 (45-9). 10..(=2) 1). 
10. (<19,—2))> 12.60, =5)y- 13051, 16). 
LAA Oh LLL 1500619-5,00.0)ee L6ue( 1k 10); 
17a e487 My aLON 9) 
Q0(98D). Di (4 

at 
AO\ S22en ul m5): 

Bate) Bild 8(Oaas8). 

Chapter 13, Lesson 1 (pages 532-535) 
4, Its circumcircle. 5. AABC is inscribed in 

circle O. 6. They are equidistant from it. 

7. Minor arcs. 13. A diameter (or a chord). 
17. The lines are the perpendicular bisectors 

of the sides of AABC, and the perpendicular 

bisectors of the sides of a triangle are con- 
current. 19. No. 24. Three. 28. OA = 

20D because, in a 30°-60° right triangle, the 
hypotenuse is twice the shorter leg. 
32. The circumcenter of the triangle with A, 

B, and C as its vertices. 36., It is approximately 
6.4 cm. 39. They are concurrent on the 

hypotenuse of the triangle. 40. 7.5 cm. 

42. Both ZE and ZABD intercept AD. 

Inscribed angles that intercept the same arc 
are equal. 47. Approximately 31 mm. 

48. 31.25 mm. 51. sin D = 

Chapter 13, Lesson 2. (pages 538-541) 
1. By seeing if a pair of opposite angles are 
supplementary. 4. They must be concurrent. 

8. Inscribed angles that intercept the same arc 

are equal. 10. Substitution. 14. They are 

isosceles because all radii of a circle are equal. 

18. AB || DC because they are bases of a 
trapezoid. 21. ZB and ZD are supplementary. 

24. They intersect in a common point, P. 

30. ABCD is not cyclic, because its 

opposite angles are not supplementary. 

33. Vertical angles are equal. 34. Supplements 

of the same angle are equal. 40. 1,764. 
42. The Protractor Postulate. 

46. Multiplication. 54. Substitution. 
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Chapter 13, Lesson 3 (pages 544-547) 
1. The angle bisectors of a triangle are 
concurrent. 3. Two. 4. They are 

perpendicular bisectors of the sides. 5. The 

vertices of the triangle. 7. Two angle 
bisectors. 10. Its incircle. 11. Its incenter. 

13. They are perpendicular to the sides. If a 

line is tangent to a circle, it is perpendicular 
to the radius drawn to the point of contact. 

15. They must be concurrent. 17. Only if 

the rectangle is a square. 21. They are the 

perpendicular bisectors of the sides. 25. 27 
and 47 units. 28. EF seems to be tangent to 
the incircle. 32. Exterior angles. 38. It 
proves that AP bisects ZDAE. 40. FDEO is 

asquare. 42. 27runits. 46. ic ANC) 3) = ip 

DIM P27 Ho gisquare units.e209 "ihe 

area of a triangle is half the product of its base 

and altitude. 61. om 

Chapter 13, Lesson 4 (pages 550-553) 
4. The fact that the altitudes of a triangle form 
right angles with the lines of its sides. 

5. Two points determine a line. 6. The 

Ruler Postulate. 8. A midsegment of a 
triangle is parallel to the third side. 11. A 
line segment that connects a vertex of a 

triangle to the midpoint of the opposite side is 
a median. 14. Through a point not on a 

line, there is exactly one line parallel to the 

line. 18. Ina plane, a line perpendicular to 

one of two parallel lines is also perpendicular 

to the other. 23. GD and EH bisect each 

other. The diagonals of a parallelogram bisect 
each other. 28. AABC is obtuse. 29. No. 

The altitude segments do not intersect. 
32. GE, AF, and CD. 33. At point B. 
41. Corresponding sides of similar triangles 
are proportional. 42. Substitution. 49. PD 

and EC are altitudes of AAPE. 

Chapter 13, Lesson 5 (pages 557-560) 
1. CF. 5. No. GF is not a cevian, because 

neither of its endpoints is a vertex of the 

triangle. 6. 3.2. 8. Not concurrent. 11. 2. 

15. That this product is 8. 18. That this sum 
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is2. 21.3. 24. AX=4; XB =6. 

28. AAXZ ~ ACPZ and ABXY:-=AGPae 
32. Division (and substitution). 34. Ifa line 
parallel to one side of a triangle intersects the 
other two sides in different points, it divides the 

AX) «BY 9@Zge 1 

BX “GY* #AZ 
(by Ceva’s Theorem). 45. In a plane, a line 
perpendicular to one of two parallel lines is 
also perpendicular to the other. 

52. AAXC ~ AAZB. 

sides in the same ratio. 41. 

Chapter 13, Lesson 6 (pages 562-565) 

1 AB and Dey sr: =e 4. V13 units. 

7. M(Q, 0); L(8, 6). 8. (8, 4). 1L7CN= 

NB = V72 or 6V2. 16. mNT = 1 and 
mCB=-—I1. 18. Q, 3). 24. At Vo 27iGuGr 
36. 48 units. 38. 150°. 45. No. AGzand 
CB are not perpendicular, because the product 

of their slopes is not —1. 46. G(3, 14); 
I(17, 14). 53. AB = DC =6; AD = BC= 

V10. 57. mXZ = 9; mWY = a 

Chapter 13, Review (pages 566-570) 
2. AABC is inscribed in the circle: 6 7ABC 
is a right triangle because 7 ACB is inscribed 
in a semicircle. 12. F > 142 TK 
18. Midsegments. 24. AX = 4, YB = 3, and 

LO 27 285 Cyclic. 

36. ZAED + ZAGD = 180°. ZAED and ZAGD 
are supplementary because they are opposite 
angles of a cyclic quadrilateral. 
38. ZEGD = ZEAD because they are 
inscribed angles that intercept the same arc. 
39. ZEGD = 60° because ZEGD = ZEAD. 
42. ZBHC = 120° because it is supplementary 
to ZBFC. 48. 125°. 53. They appear to 
bisect its angles. 55. DB and FB. 
61. ABCD is concave. 

34. S in. 
4 

Chapter 14, Lesson 1 (pages 574-578) 
3. The radii of the polygons. 5. Yes. Ifa 
triangle is equilateral, it is also equiangular. 
8. No. 10. Yes. (All regular polygons are 
cyclic.) 13. 60°. 14. Equilateral. 



18. Three squares. 
21. Equilateral triangles and regular 
pentagons. 27. Regular polygons having an 
even number of sides. 31. If it isn’t regular, 
it must not be equiangular. 33. Isosceles 
memmimangles: 39.,.22.5°. ,41, 185°. 
45. Apothems. 47. 30°-60° right triangles. 
52. They are equal because the sides of the 
pentagon are chords of the circle, and equal 

arcs in a circle have equal chords. 54. 72°. 

Chapter 14, Lesson 2. (pages 581-584) 
2. The number of sides. 4. 3.0902. 

10. Radii. 14. PB bisects ZABC. 

Vomoesiae 20. (17. 3.078. 21. The radius of 

the hexagon appears to be longer. 22. 108°. 
26. 5 sin 36° ~ 2.94. 28. Approximately 

2.13 angstroms. 31. 74mm. 37. V3. 

39. p~5.196r. 41. 2. 44. By the Law of 
Sines. 45. Approximately 1.9. 

48. Approximately 2.2. 49. 18°. 
52. 3.0901699.... 

Chapter 14, Lesson 3 (pages 587-590) 
Jot). 9. The perimeter of the 
monagon. 14. 402. 16. r=aV2. 18. 2r?. 
22. 628 units. 28. 31,359 square units. 

31. 30°-60° right triangles. 32. 3: 

34, V3 2, 42. They are isosceles. 

47. All are 

49, ae Bye Wolk Cal 

43. That they are 15°. 

(2 sin 15°)r ~ 0.5187. 

SYieeoorcm. 

Chapter 14, Lesson 4 (pages 593-597) 
2. am. 5. The circumference of the hat. 
7. Approximately 1,500,780 mi. 10. 7a. 

16. 704 ft/minute. 17. 147 ft. 20. 10 

eos units, 94. AC = SAB. ie 
line through the center of a circle is 
perpendicular to a chord, it also bisects the 

chord. 26. 3.1415927. 28. 2V2. 
29. 2.83. 35. Approximately 24,880 mi. 

36. Approximately 1,040 mi. 37. 1,040 

mi/hour. 42. Approximately 19 mi/second. 

45, 72 = ee 46. r2 = a 

20. They are factors of it. 49, Qa+2b+4 2c. 

53d. T= oal4 in: 

O28 82 5eit 

Chapter 14, Lesson 5 (pages 600-604) 
1. 300 mi. 2. 940 mi. 3. 71,000 mi?. 

Aion mal SOOO 0x74 1125100 

circular inches. 14. 3,600a7 cm2. 15. 60¢ 

cm. 19. 36a square units. 23. 77. 
2S. momaniisnimlyks. 1425. 93 saree. 
332 (4a ga)wet Sasol bor 28 Ke 
36. (3V3 — m)x2. 42. 72.6. 43. 290. 
47. a+ b. 48. wa* + rab or mala+t Db). 

Chapter 14, Lesson 6 (pages 606-611) 

DAS eso: rials 

on Lhe length of, AB in meters. 

4, ipa 1. A sector. sector 3 

8. 15,700 m2. 9. About 6,220 mi. 

12... 2,009 fi@: 13. 887 fi?, 16. ar. 18. 60°. 

19. Te Soma se poul Ont 

25. About 0.0007 second, 27. 360°. 28. = 
7 

30. 57.3°. 31. 46 in. 32. 469 in2. 

34. About 53°. 37. About 93 square units. 

39. About 45 square units. 41. 63.66 m. 

43. 103.77 m. 45. About 188m. 47. 2V2. 
AO) Aig BOs doe Mell, Age = Cy SYR ae. 

58. 1,256.64 in2. 62. 34.64 in. 
64. 246 in?. 66. 2a+ b. 67. 2a+ 2b. 

Chapter 14, Review (pages 612-616) 
2. It must be convex, equilateral, and 

equiangular. 4. 120°. 6. 48°. 9. 3.12. 
10. 3.05. 12. 6.24r. 15. About 420 turns. 

18. 22. 20. 47. 21. ae ae and oe 

24. aie 98. V3 ~ 1.732. 29. Sn ~ 2.094, 

31. an BN 5) 457 ee 5 

35) W921 97. 0.98. SOMA boutal,037) mi: 
40. About 3,034 mi. 42. About 794 mi. 

45. V2 (or about 1.414). 47. 8.78. 
SIR aoa Re). (55. Am: 

58. (360 — 2x)°. 59. = aad 

63. About 83 ft. 

34. 0.79. 
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Chapter 15, Lesson 1 (pages 620-624) 
1. The second. 7. It appears to be oblique 
to the ground. 8. A vertical plane. 

10. That they lie in a horizontal plane. 

11. No. AB is perpendicular to the floor if it 

is perpendicular to every line in the floor that 

passes through point B. 13. Parallelograms. 

15. EFGH. 21. They intersect in line / (or 
they both contain it). 23. One plane must 
contain a line that is perpendicular to the 

other plane. 25. CF is perpendicular to 

plane EFGH. 27. If a plane intersects two 

parallel planes, it intersects them in parallel 
lines. 32. Three noncollinear points 

determine a plane. 33. If two points lie in a 

plane, the line that contains them lies in the 

plane. 34. They lie in it. 40. No. Two 

horizontal lines can be skew. They can also 

intersect. 42. About 91cm. 43. About 

62°. 45. SAS. 47. A quadrilateral is a 
parallelogram if its diagonals bisect each other. 
55. Nine. 

Chapter 15, Lesson 2 (pages 630-633) 
1. Siew Debreht ae) 4 
7. CG) DH, EHS and G9 410%0.025senr 

12. 0.225 cm?. 14. 185 units. 15. 697 

units. 18. 8x+10= 106. 20. A regular 

hexagon. 21. AHEM and AHEN are 

congruent right triangles. 25. ZEAC isa 
right angle. 28. An isosceles trapezoid. 

30 Oscme 5 3274.52.41 33.400.40 OOF ADOUE 

35°. 39. 3V2cm. 44. ove 46. 54.74°. 

49. One. The structure appears to contain 

27 + 1 = 28) cubes: 

Chapter 15, Lesson 3 (pages 635-638) 
le-Lovtands E-7e3~-Prismsx) (oa we: 

6, Three! 10; Thetbases), 125%: 

13. n7+2. 18. 1,624 f?. 19. A 

parallelogram. 20. BAB’C. 23. EDE’F. 
26. They appear to be parallel and equal. 
29. Pentagons. 33. 1,458 ft?. 
rectangles. 38. Yes. The bases of every prism 
are congruent. 44. AX > AE. 46. A right 
triangular prism. 50. 2n. 
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35. They are 

Chapter 15, Lesson 4 (pages 642-646) 
2. “x cubed.” 4. Its volume. 5. 27. 

7. 36. 8» 1,296) 12: “About 1.6/f% 

14. 1,518,750 fi?. 16. 1 m3. 1 7iGia 

20. 12 m?. 27. A right hexagonal prism and 
an oblique hexagonal prism. 31. 108 cubic 

units. 33. 288 cubic units. 34. 79 cm®. 
36. 55 cm®. 38. 0.004 in. 40. 187.156 in2. 

41. (a + 3°. 43. Two of them. 44. a7. 

49, ab + act be + Va? + 67. 51. 3 cm. 

54. 236.5 ft2. 55. 4,730 ft®. 57. 9 ft. 

Chapter 15, Lesson 5 (pages 649-653) 
1. A pyramid. 2. Its apex. 4. A cross 

section. 5. A lateral face. 10. 128 cubic 

units. 12. 70 cubic units. 13. They are 

equal. 19. 576 yd’. DD. W= = Bh. 

23. 55.125 square units. 25. 385.875 cubic 

1 unite 28 ae 30. Sx. 33. 231,000 fe 

34. 612 ft. 35. 231,000 ft?. 37. 92,000,000 

ft?, 38. n+ 1. 43. It is a pyramid. 

45. Isosceles right triangles. 46. oe 

l | 1 
= 48. —a2(x + h). i =— A7. Go 8 32 (xe lA 5 IONE me 

and PN = ah 52. Corresponding sides of 

similar triangles are proportional. 

NG hea 
oS. 3 i 

Chapter 15, Lesson 6 (pages 656-661) 
6. Product. 10. Its axis. 11. The altitude. 
12. The lateral surface. 13. The bases. 
15. 45a in?. 19:7 in®. | 225 4,800 
25. They have equal volumes. 
26. Cavalieri’s Principle. 27. 357 cm’. 
28. 110 cm®. 31. 65%. 34. That they have 
the same length. ee The diameter of its 
base. 41. 352 in®.., 42: ah?) | 44.0itGs 
multiplied by four. 48. 285 in®. 522mm 
54. A sector of a circle. 55. 2ar. 57. ar. 



Chapter 15, Lesson 7 (pages 665-669) 
1. They are equal. 2. It is four times as 
large. 3. About 12.6 km?. 4. About 4.2 

kine ....7; ee 11. All radii of a sphere 

are equal. 12. Ifa line is perpendicular to a 

plane, it is perpendicular to every line in the 

plane that passes through the point of 

intersection. 18. It decreases. 19. 212 cm°. 

21. 0.7 gram/cm?. 28. Sars, 30. Sar. 

33. Either leg of a right triangle is the geometric 
mean between the hypotenuse and its 

projection on the hypotenuse. 35. 3,895 mi. 

38. About 15 hours. 39. About 13 hours. 

44, 325,000,000 mi®. 47. The second 
expression. 

Chapter 15, Lesson 8 (pages 672-676) 
2. Two cubes are always similar. 6. It is 

multiplied by 9. 7. It is multiplied by 27. 

10. It is multiplied by n?. 11. Itis 

multiplied by n°. 13. 10.24. 14. 32.768. 
17. That Gulliver’s body was similar to their 

bodies. 20. About 3.6 times. 23. About 

22mm. 25. About 1.8 times. 30. 24x2. 

32. 8x°. 35. The square. 38. x = V2; 

y= V4. 39. PA, 1; PB, 2; PC, 4; PD, 8. 
40. It is twice as large. 45. Eight. 
51. About 47 pounds. 52. About 93 pounds. 

Chapter 15, Lesson 9 (pages 678-682) 
1. Eight. 3. Quadrilateral. 6. Yes. 

9. The area of the larger triangle is four times 
the area of the smaller one. 10. The surface 

area of the larger tetrahedron is 3? = 9 times 
the surface area of the smaller one. 

ile los Three. 18. 20. 20. An 

icosahedron. 26. 12. 29. That they are 

congruent. 30. 180°. 34. 270°. 

38. VG Ae e ELAR ho and 
ZBAP = 36°. 45. 1.618. 46. About 1.8. 
52. 0.714 unit. 53. 10.5 square units. 
58. 2.8 cubic units. 

Chapter 15, Review (pages 684-688) 
1. 4and 8. 3. They appear to be 
perpendicular. 10. 16 ft. 13. A prism and 

a pyramid. 15. 80,000 ft?. 18. It is four 
times as large. 21. 250,000. 

23. 1,250,000,000. 25. ¢V2. 27. A regular 

tetrahedron. 29. A 30. ae 

36. Qarx?. 37. = eee emcee) 
square units. 50. The area of the horizontal 

cross section halfway up the barrel. 

51. wr2h. 58. Four. 59. Six. 

Chapter 16, Lesson 1 (pages 692-695) 
1. At the center of the sphere. 2. A radius of 

the sphere. 3. Two hemispheres. 
7. Euclidean geometry. 10. Both 
geometries. 16..186°s 18. 2A = 72°, 
Va FEC 100747 CBee C211 92%: 

22D eso 25 vATCS Of gréat Circles: 

30. Both curves cannot correspond to lines. 

31. One. 32. No. 40. No. The sum of the 
angles of AABC is greater than 180°. 45. It 
has three right angles rather than one. 46. It 
is four times as long. 

Chapter 16, Lesson 2 (pages 698-700) 
by ltsdegss) 24ethe-base angles: 3. The 
summit. 5. WY and MO. 6. ZY and ZO. 
7. Two points determine a line. 9. All right 
angles are equal. 14. The Ruler Postulate. 

16. It is a birectangular quadrilateral whose 

legs are equal. 17. The summit angles of a 
Saccheri quadrilateral are equal. 20. An 

exterior angle of a triangle is greater than 
either remote interior angle. 23. A Saccheri 

quadrilateral. 25. The fact that 2D > ZC. 

26. If the legs of a birectangular quadrilateral 

are unequal, the summit angles opposite them 

are unequal in the same order. 29. CD. 

31. DM = CM because AADM = ABCM (SAS). 

33. In a plane, two points each equidistant 

from the endpoints of a line segment 
determine the perpendicular bisector of the 

line segment. 38. DA. 40. The line 

segment connecting the midpoints of the base 
and summit of a Saccheri quadrilateral is 

perpendicular to both of them. 
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42. In a plane, two lines perpendicular to a 

third line are parallel. 44. The opposite 

angles of a parallelogram are equal. 

Chapter 16, Lesson 3. (pages 704-706) 
1. The summit angles of a Saccheri 

quadrilateral are acute in Lobachevskian 

geometry. 3. Substitution. 4. A line 

segment has exactly one midpoint. 6. The 

line segment connecting the midpoints of the 

base and summit of a Saccheri quadrilateral is 

perpendicular to both of them. 7. A 

quadrilateral that has two sides perpendicular 

to a third side is birectangular. 9. The 
Addition Theorem of Inequality. 14. A 

birectangular quadrilateral whose legs are equal 

is a Saccheri quadrilateral. 15. The summit 

of a Saccheri quadrilateral is longer than its 
base in Lobachevskian geometry. 20. Through 
a point not on a line, there is more than one 

line parallel to the line. 28. Birectangular. 

34. In Riemannian geometry, the summit of a 

Saccheri quadrilateral is shorter than its base. 

37. They are all half as ae: 42. They are 
congruent squares. 

Chapter 16, Lesson 4 (pages 709-712) 
2. ZDand ZE. 4. A Saccheri quadrilateral. 

766 Answers to Selected Exercises 

5. The summit angles of a Saccheri 
quadrilateral are acute in Lobachevskian 
geometry. 8. Substitution. 10. The sum of 
the angles of a triangle is less than 180° in 
Lobachevskian geometry. 14. Corresponding 
angles of similar triangles are equal. 17. The 
angles in a linear pair are supplementary. 
21. No. The sums of the angles of the two 
triangles may not be equal. 26. ZA + ZB + 

ZC > 180°. 27. Riemannian geometry. 
31. Z1=ZA+ZB. 35. AADE ~ AABC (AA). 
41. ZF is aright angle. 42. CFDE isa 
birectangular quadrilateral (in two different 
ways). 43. ZFDE is acute. 46. DE > 2BC. 

Chapter 16, Review (pages 714-717) 
I Av great circle. 2. False, 9459) are 
(because antipodal points are considered to be 
identical). 777ADi 1273607 
16. ZABC = 90°; ZBCD = 120°; ZCDA = 90°; 
ZDAB = 120°. 17. The quadrilateral is a 
parallelogram. 19. It is a rhombus. 
23. No. 26. Saccheri quadrilaterals. 
27. Acute. 32. Substitution. 34. A 
midsegment of a triangle is less than half as 
long as the third side. 37. Two points 
determine a line. 40. The sum of the angles 
of a triangle is less than 180°. 
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Index 

AA Similarity Theorem, 399-400 

AAS Congruence Theorem, 243 

Acute Alice and Obtuse Ollie problems, 108, 

125, 155, 178-179, 215,239, 251-2525 2505 
317-318, 356, 368, 384, 503, 535, 558, 611, 
616, 624, 631, 635, 644, 676, 694 

Acute angle, 92 

Acute triangle, 158 
Addition properties 

of equality, 79 

of inequality, 185, 188 

Alternate interior angles, 220 

Altitude (as a segment or length) 
of a cone, 655 

of an equilateral triangle, 443 
of a prism, 640 

of a pyramid, 648 

of a quadrilateral, 359 

of a triangle, 352 
Ambigrams, 321 
Angle, 13 

bisector of, 99 

construction of, 170-171 

inscribed, 504-505 

measure of, 92 

reflex, 498 

trisection of, 33-34, 252, 495 

Angle of inclination, 461 
Angle of repose, 177 
Angles 

formed by a transversal, 220 
in trigonometry, 446 
of an equiangular polygon, measure of, 263 
of a polygon, sum of, 263 
types of, 92 

Anno’s Hat Tricks, 55-56 

Antipodal points, 691, 695 

Apex 

of a cone, 655 

of a pyramid, 647 
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Apothem, 574 

Arc, 497-499 
degree measure of, 498 
length of, 606 

Arc Addition Postulate, 499 

Archimedes and volumes of solids, 666, 686 

Area, 20, 338-339 
of a circle, 66, 598-599 

of an equilateral triangle, 443 
of a parallelogram, 359 

of a prism, 635 

of a rectangle, 345 
of a regular polygon, 585-587 
of a right triangle, 352 
of similar polygons, 416 

of a sector, 606 

of a sphere, 664-665 
of a square, 345 

of a trapezoid, 359 

of a triangle, 351-353 
Area Postulate, 339 

ASA Congruence Postulate, 147 

Aspect ratio, 385 
Associative properties, 39 
Axes, 133 

Axiom of algebra, 78-79 
Axis 

of a cone, 655 

of a cylinder, 655 

of symmetry, 320 

Base angles 
of a birectangular quadrilateral, 697 
of a trapezoid, 281 

Bases of a trapezoid, 281 

Betweenness 

of points, 85-86 
of rays, 93 

Betweenness of Points Theorem, 86 

Betweenness of Rays Theorem, 93 



Binomial cube, 645 

Binomial square, 346 

Birectangular quadrilateral, 697-698 
Bisection 

of an angle, 25, 99-100 
of a line segment, 25, 98 

Brahmagupta’s Theorem, 540 

Camera obscura, 407, 413 

Cavalieri’s Principle, 641 
Center 

of a circle, 484 
of a regular polygon, 574 
of rotation, 299 

of a sphere, 663 
Central angle 

in a circle, 498 

of a regular polygon, 574 
Centroid 

of a quadrilateral, 553 

of a triangle, 548-549 
Ceva’s Theorem, 554-556 

Cevian, 554 

Chessboard paradox, 364, 402 

Chord, 485 

Circle, 24, 484 

area of, 66, 598-599 

central angle in, 498 
circumference of, 66, 592 

diameter of, 66, 485 

radius of, 66, 484-485 

Circumcenter, 531 

Circumcircle, 531 

Circumference, 66-67, 592 

Circumscribed circle, 531 

Circumscribed polygon, 542 
Collinear points, 9 

Commutative properties, 39 

Compass, 24, 169 

Complementary angles, 105 
Concave polygon, 258 
Concentric circles, 484 

Conclusion 

of an argument, 51 
of a conditional statement, 43 

Concurrent lines, 9 

Conditional statement, 42-43 

Cone, 654-656 

altitude of, 655 

apex of, 655 

area of, 660 

axis of, 655 

lateral surface of, 654 

oblique, 655 

right, 655 
volume of, 656 

Congruent figures, 99, 312-313 
Congruent polygons, 140 
Constructions, 2, 24, 169-171 

Converse, 47 

Convex polygon, 258 

Convex polyhedron, 628 
Coordinate(s) 

of a point, 85, 133 

of a ray, 92 
Coordinate systems, 132-133, 627 

Coplanar points, 9 

Corollary, 99 

Corresponding altitudes, 407 
Corresponding angles with a transversal, 220 
Cosine (ratio), 455 
Cosines, Law of, 469-470 
Cross section, 631, 641 

Cube, 629 

doubling of, 674-675 
length of diagonal of, 629 
volume of, 642 

Cyclic polygon, 530 
Cylinder, 655 

area of, 660 

axis of, 655 

bases of, 655 

lateral surface of, 655 

oblique, 655 

right, 655 
volume of, 655 

Decagon, regular, 573 

Deductive reasoning, 6, 60-61 

Definitions, 46-47 

Degree, 91 
Degree measure of an arc, 498 
Density, 384, 667 

Diagonal 
of a cube, length of, 629 

of a polygon, 259 
of a square, length of, 442 
of a rectangular solid, length of, 629 

Index 775 



Diameter (as a segment or length) 
of a circle, 66, 485 

of a sphere, 663 
Dilation, 300, 408 

center of, 386-387 
magnitude of, 387 

Dimensions of a solid, 629 

Direct proof, 50-51 

Distance 

between two parallel lines, 731 

between two points, 85 

from a point to a line, 731 

Distance Formula, 134, 437 

Distributive property, 75, 346 
Division property 

of equality, 79 

of inequality, 185 

Dodecagon, 277 

Dodecahedron, 678 

Egyptian tax assessor formula, 31-32, 360-361 

Einstein, 707 

Elements, The (by Euclid), 1-2 
Equality, 79 
Equations 

solving fractional, 376 
solving linear, 75 
solving quadratic, 425 
solving systems of, 527 

Equiangular polygon, 572 
Equiangular triangle, 158 
Equidistant points, 173 

Equilateral polygon, 572 

Equilateral triangle, 157 

altitude, length of, 443 

area of, 443 

construction of, 2 

Eratosthenes, 13-15 

Euclid, 1-2 

Euler characteristic, 638, 651, 688 

Euler diagram, 43 

Euler Line, 562-563 
Exterior angle of a triangle, 191 

Exterior Angle Theorem, 191, 237 

Fermat’s Last Theorem, 440 

Flatland, 666 

Formulary, 738-740 

Formulas, solving, 426 
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Fractional equations, solving, 376 

Fractions 

operations with, 255-256 

simplifying, 210 
Frustum 

of a cone, 727 

of a pyramid, 652 

Gauss, Karl Friedrich 

and non-Euclidean geometry, 707-708 
and regular 17-gon, 724 

Geometric mean, 380 

Gergonne Point, 560 
Glide reflection, 313 

Golden ratio, 433, 526 

Golden rectangle, 433 
Great circle, 690 

Great icosahedron, 157 

Great Pyramid, 18, 22, 399 

Half-rotation of rays, 91 

Hemisphere, 691 
Heptagon, regular, 573, 578 
Heron’s Theorem, 357 

Hexagon, 19 

HL Congruence Theorem, 244 

Hypercube, 624 
Hypotenuse, 66 
Hypothesis, 43 

Icosahedron, 678 

Identity elements, 39 

If and only if (iff), 47 
If-then, 43 

Incenter, 542 

Incircle, 542 

Inclination, angle of, 461 

Included sides and angles, 147 
Indirect proof, 55-57 

Inductive reasoning, 6 
Inequality, properties of, 184-186 

Inscribed angle, 504-505 
Inscribed circle, 542 

Inscribed polygon, 531 
Interior angles, 220 
Intersecting Chords Theorem, 517 
Inverse elements, 39 

Isometry, 300 
Isosceles right triangle, lengths of sides, 442 



Isosceles trapezoid, 281 
Isosceles triangle, 157 

Kim, Scott, 324 

Kochansky’s construction, 597 

Kiirschak figure, 585, 589 

Language and mathematics 
Chinese problem, 116 
French problem, 148 

German problem, 718 

Greek problem, 471 

Hebrew problem, 590 

Italian problems, 332, 656 

Korean problems, 246, 517 

Portuguese problems, 207, 288 
Spanish problem, 72 
Turkish problems, 177, 394 

Lateral area of a prism, 635 
Lateral surface 

of a cone, 654 

of a cylinder, 655 

Law of Cosines, 469-470 

Law of Sines, 469 

Legs of a trapezoid, 281 

Length 
of an arc, 606 

of a line segment, 85 

Lewis Carroll’s algebra paradox, 83 
Limit, 592 
Line, 8-9 

Line and plane 

parallel, 619 

perpendicular, 620 

Line segment, 9 

construction of, 170 

length of, 85 

midpoint of, 98 
Line symmetry, 212, 320 

Linear combination method, 527 

Linear equation 
graphing a, 481-482 
point-slope form, 481 
slope-intercept form, 481 

solving a, 75 
Linear pair, 111 

Lines 

concurrent, 9 

parallel, 118, 219 

perpendicular, 4, 117 
skew, 619 

Lobachevskian geometry, 703 

Magic playing card, 343 
Magnitude 

of a dilation, 387 

of a rotation, 307 

of a translation, 307 

Major arc, 497 

Map coloring problem, 6 

Mascheroni construction, 404-405 

Means and extremes, 379 

Measure of an angle, 91-92 
Median, 549 

Menelaus, Theorem of, 559 

Midpoint of a line segment, 98 

coordinates of, 289 

Midsegment of a triangle, 286 
Midsegment Theorem, 287 
Minor arc, 497 

Minutes and seconds, 96 
Mirror image, 313 
Mirror of reflection, 299 

Multiplication properties 

of equality, 79 

of inequality, 185 

Napoleon’s Theorem, 561-562, 565 
Net (polyhedral) 

for cube, 36-37, 624, 633 

for hypercube, 624 
for prism, 635, 636, 685 

n-fold rotation symmetry, 320 

n-gon, 139 
Nonagon, regular, 573 

Noncollinear points, 9 

Oblique cone, 655 

Oblique cylinder, 655 

Oblique line and plane, 620 
Oblique prism, 635 

Obtuse angle, 92 
Obtuse triangle, 158 
Octagon, 19 
Octahedron, 678 

Opposite rays, 110 
Opposite sides and angles, 147, 259 

Origin, 132-133 
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Orthocenter, 549 

Orthogonal circles, 716 

Pantograph, 398 
Parallel lines, 118, 219 

and planes, 619 

construction of, 225 

slope of, 463 

Parallel Postulate, 226 

Parallelogram, 265 
area of, 359 

Penrose tiles, 262 

Pentagon, 19 
Pentominoes, 21 

Perimeter 

of a polygon, 20 
of a regular polygon, 579-581 

of similar figures, 414-415 

Perpendicular bisector of a line segment, 212 

Perpendicular lines, 4, 117 

and planes, 620 

construction of, 213 

slope of, 463 
Perspective, 396, 421 

Pi (77) 
as limit, 592, 599 

as number, 67, 593 

Plane, 9 

determining a, 626-627 
Planes 

parallel, 619 

perpendicular, 620 

Platonic solids, 678 

Poincaré model, 716-717 

Point, 8 

Point symmetry, 265-266 

Points 

collinear, 9 

coplanar, 9 
noncollinear, 9 

Point-slope equation of a line, 466, 481 
Polygon(s), 18-19, 139 

concave, 258 

convex, 258 

cyclic, 530 

names of, 19, 573 

regular, 572 
Polygonal region, 339 
Polyhedron, 18-19, 628 
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Polynomials 

factoring, 181-182 

operations with, 129-130 
Postulate, 61 

Postulates, list of, 741-746 

Premises of an argument, 51 

Prism, 634-635 
altitude of, 640 

bases of, 634 

lateral surface (area) of, 635 
volume of, 640-642 

Projection of leg on hypotenuse, 429 
Proof 

direct, 50-51 

indirect, 55-57 

Proportion, 379 

Protractor, 13, 91-92 

Protractor Postulate, 92 

Pseudosphere, 706, 710 

Ptolemy’s Theorem, 541 

Pyramid, 647-648 

altitude of, 648 

apex of, 647 

base of, 647 

frustum of, 652 

lateral faces and edges of, 647 
volume of, 648 

Pythagorean Theorem, 65-66, 365-366, 

434-435 
converse of, 366 

Pythagorean triple, 437 

Quadrants, 133 

Quadratic equations, solving, 425 

Quadratic formula, derivation of, 82 

Quadrilateral, 19 

cyclic, 536 

Radian, 608 

Radius (as a segment or length) 
of a circle, 24, 484-485 

of a regular polygon, 574 
of a sphere, 663 

Ratio, 379 

Ray, 13 

Reasoning, types of, 6 
Rectangle, 259 

area of, 20, 345 

base and altitude of, 345 



Rectangular solid, 628 

dimensions of, 629 

length of diagonal of, 629 
volume of, 642 

Reflection of a point, 305-306 

Reflection symmetry, 320 
Reflection transformation, 299 

Reflex angle, 498 

Reflexive property, 79 

Regular polygon, 572 
apothem of, 574 
area of, 585-587 

center of, 574 

central angle of, 574 
perimeter of, 579-581 

radius of, 574 

Regular polygons, names of, 573 
Regular polyhedra, names of, 680 

Regular polyhedron, 677-678 
Remote interior angles, 191 
Reuleaux Triangle, 608 
Rhombus, 276 

Riemannian geometry, 703 

Right angle, 92 
Right prism, 635 
Right triangle, 158 

proportions of, 428-429 
Rise and run (slope), 461 
Rotation, 299 

as composite of two reflections, 307 
Rotation of rays, 91 

Rotation symmetry, 319-320 

Ruler Postulate, 85 

Rusty compass constructions, 104 

Saccheri, Girolamo, 696-697, 702-703 

Saccheri quadrilateral, 696-698 

SAS Congruence Postulate, 147 
SAS Similarity Theorem, 412 

mpaleproplems, 72, 88, 115, 125, 127, 162, 178, 

137, 203, 209, 235, 254, 261, 336, 342, 364, 
375, 417, 432, 488, 596, 613, 630, 645, 653, 
687, 722 

Scalene triangle, 157 

Scaling 
of areas, 415-416, 671-672 

of lengths, 408, 414-415 
of volumes, 671-672 

Schlegel diagrams, 688 

Secant, 511 

Secant angle, 510-511 
Sector, 605-606 

Semicircle, 497 

Side-Splitter Theorem, 392-394 
Sierpinski polygons, 144-145 
Similar figures, 385-387 

areas of, 414-415 

perimeters of, 414-415 

Similar solids, 670 

ratio of surface areas of, 671-672 

ratio of volumes of, 671-672 

Similar triangles, 386 
Simple radical form, 296 

Sine (ratio), 454-455 
from a circle, 457 

Sines, Law of, 469 

Skew lines, 619 

Slope, 461-463 
and rise and run, 461 

and x-intercept, 465 

Slope-intercept form, 481 

Solid geometry as a deductive system, 626-627 
Solid of revolution, 656-657 

Solids, similar, 670 

Soma puzzles, 633 

Sphere, 662-665 

in different dimensions, 669 
surface area of, 664-665 

volume of, 663-664 

Sphere geometry, 690-691 
Spotter problem, 3-4, 202 
Square, 276 

area of, 345 

length of diagonal of, 442 
Square root, 296 

construction of, 508-509 

SSS Congruence Theorem, 163-164 
SSS Similarity Theorem, 412 
Straight angle, 92 
Straightedge, 24, 169 

Substitution method, 527 
Substitution property, 79 

Subtraction property 

of equality, 79 

of inequality, 185 
Summit of birectangular quadrilateral, 697 
Supplementary angles, 106 
Surfer problem, 4—5, 199, 355 
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Syllogism, 51 
Symmetry 

line, 212 

point, 265-266 

reflection, 320 

rotation, 319-320 

translation, 320 

Systems of equations, solving of, 527-528 

Tangent (ratio), 448-449 
Tangent line, 491 

construction of, 518-519 

Tangent segment, 516-517 
Tangent Segments Theorem, 517 
Tangrams, 372 

Terms of a proportion, 379 

Tetrahedron, 178, 290, 678 

Theorem, 51 

Theorems and corollaries, list of, 741-746 

30°-60° right triangle, lengths of sides of, 442 

Three possibilities property, 185 

Torus (doughnut), 669 
Transformation, 298-300 

dilation, 300, 408 

glide reflection, 313 
isometry, 300 

reflection, 299 
rotation, 299, 307 

translation, 299, 306-307 

Transitive property, 185 

Translation, 299 

as composite of two reflections, 306-307 
Translation symmetry, 320 
Transversal, 219 

Trapezoid, 281 

area of, 359 

Trapezoidal rule, 363, 375 

Triangle, 19 
area of, 351-353, 459 

classification of, 157-158 

construction of, 171 

equilateral, construction of, 2 

side and angle inequalities, 195-196 
Triangle Angle Sum Theorem, 66, 237, 707-708 

Triangle Inequality Theorem, 200-201 

Triangulation, 236, 473 

Trigonometric angles, 446 

Trigonometric functions, 737 

Trisection problems, 32-34 
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Undefined terms, 60-61 

Vectors 

force components, 458 

force triangles, 165 

gliding bird, 68 

parallelogram rule, 268 

skier forces, 107 

tidal current, 136 

Vertical angles, 110-111 
Vertical lines, 110, 188 

Vertices of a polygon, 139 

Volume, 640 

of a cone, 656 

of a cube, 642 

of a cylinder, 655 

of a prism, 642 
of a pyramid, 648 

of a rectangular solid, 642 
of a sphere, 663-664 

“Whole greater than part” theorem, 185, 188 
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JACOBS FOR A NEW GENERATION 

ON THE FIRST EDITION: “This book is fantastic. I am enjoying it to the fullest. The 

students think it is terrific. To quote one of my students, ‘When I get bored with classes, 

I can always read.my geometry book.’ ” 
—Susan Gill, Chairman, Mathematics Department, 

Sandia High School, Albuquerque, New Mexico 

ON THE NEW EDITION: “The number one strength of the Second Edition got even 

better in the Third Edition—this book communicates a love of mathematics to the reader. 

The authentic connections it makes with a wide range of disciplines and the infusion of 

recreational topics and examples make this book the perfect complement to the dynamic 

math teacher. I can’t think of many other math textbooks intended for high school student 
use that are so enjoyable to read.” 

—Kevin DeVizia, Geometry teacher, Delaware Valley High School, Milford, Pennsylvania 

“This is one of the great geometry books of all time. It is the finest example of instructional 

artistry I have encountered. Harold Jacobs loves geometry, and this book shows this. Its 
thousands of photographs, diagrams, and figures draw the reader into the material.... 

For Jacobs, the exercises are the beating heart of the book. You first will notice that 

they are beautifully illustrated with real-world material. As you read, you discover that 
they are engaging, carefully sequenced, and structured so that students discover ideas for 

themselves.” —Donald J. Albers (from the Foreword to the Third Edition) 

In this new edition of Harold Jacobs’s revolutionary text, you will find all the 
features that have kept the text in a class by itself for nearly three decades—plus a 

number of innovations—all in a thoroughly revised, full-color presentation that 
shows today’s students how much fun geometry can be. 

New to this Edition 

e More focus on informal and paragraph proofs reflecting current NCTM 

standards and recommendations. 

e New and diverse examples from around the world, ranging from ancient to 

e 

either new or revised. 

modern times that show students the universal nature of geometry and its uses 

A third more exercises than the previous edition—nearly all the exercises are 

¢ Problems from the SAT are included in the exercise sets. (See entries in the 

Index.) These exercises guide students through the SAT problem-solving process 
and take them beyond to deeper understanding. 

e 

examples and exercises. 

The thoroughly redone art program, now in full color, brings this book to a 

new level. Over 2200 new photographs, drawings, and cartoons illustrate n 
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