THINK OF A NUMBER
FROM ONE To TEN!
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INTRODUCTION
A Number Trick

Think of a number from one to ten. Add seven to it. Multiply the result by two.
Subtract four. Divide by two. Subtract the number that you first thought of. Is
your answer five?

Number tricks such as this have long been popular. That the final result can
be known by someone who doesn’t know which number was originally chosen is
surprising.

How does the trick work? If we make a table (like the one at the top of the
next page) showing what happens when it is done with each number from one to
ten, some patterns appear.

Would these patterns continue if the table were extended to include other
numbers? If we began by thinking of eleven, would the answer at the end still be
five? What if we began with one hundred? Would we get five at the end if we
began with zero? Do you think it is correct to assume that the trick will work for
any number you might think of?

Even though you may feel that the answer to every one of these questions is
yes, how the trick works is still not clear. Merely doing arithmetic with a series
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of different numbers cannot reveal the secret of why they all lead to the same
result.

The number thought of: 1 2 3 4 5 6 7 8 9 10
Add seven: 8 9 10 I1 12 13 14 15 16 17
Multiply by two: 16 18 20 22 24 26 28 30 32 34
Subtract four: 12 14 16 18 20 22 24 26 28 30
Divide by two: 6 7 8 9 10 11 12 13 14 15
Subtract the number first

thought of: 5.5 5 5 5 5 5 5 5 5

There is a simple way, however, to discover the secret. Instead of writing
down a specific number at the start, we will use a symbol to represent whatever
number might be chosen. We will begin with a box.

Throughout the trick this box will represent the number originally chosen.
The next step in the trick is to add seven. We will represent numbers we know
with sets of circles, and so seven will look like this:

To show the result of adding seven to the number, we draw seven circles beside
the box.

If we illustrate the entire trick in this way, it looks like this:
The number thought of: [
Add seven: O

Multiply by two: =

Subtract four: -

Divide by two:

Subtract the number first
thought of:

Introduction: A NUMBER TRICK




The pictures make it easy to see why, no matter what number we start with,
the answer at the end of the trick is always five. The box representing the
original number disappears in the last step, leaving five circles.

Doing arithmetic with symbols rather than specific numbers is the basis of
algebra. The explanation with the boxes and circles of what is happening
throughout the number trick is an example of this. One of our goals in learning
algebra will be to learn how to set up and solve problems using symbols such as

these.

Exercises

. Here are directions for another number trick
and part of a table to show what happens
when the trick is done with each number
from one to five.

Think of a number: 1 2 3 4 5
Double it: 24 [0 mwo
Add six: 8 LW W
Divide by two: 4 [0 T

Subtract the number that
you first thought of: 30

a) Copy and complete the table.

b) Does your table prove that the trick will
work for any number?

¢) Show how the trick works by illustrating
the steps with boxes and circles. The first
two steps are shown below.

Think of a number:
Double it:

d) Do your drawings prove that the trick will
work for any number?

2. The pictures below illustrate the steps of
another number trick. Tell what is happening
in each step in words.

Step 1.
Step 2.
Step 3.
Step 4.
Step 5.
Step 6.

3. In the next number trick, we will study the
effect of changing some of the directions.

Step 1. Think of a number.
Step 2. Add four.

Step 3. Multiply by two.

Step 4. Subtract four.

Step 5. Divide by two.

Step 6. Subtract the number that

you first thought of.

a) What is the result at the end of this trick?

Introduction: A NUMBER TRICK
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“Can you do Addition?” the White Queen asked.

“What’s one and one and one and one and

one and one and one and one and one and one?”
“I don’t know,” said Alice. “I lost count.”

LEWIS CARROLL, Through The Looking Glass

LESSON 1
Addition

Soon after a child is able to count, he learns how to add. The two operations are
closely connected, as anyone who has ever added by counting on his fingers
knows. Consider the problem of adding the numbers represented by these two
sets of circles:

coooo0 oo

At first a child finds the answer by counting all of the circles. Then he learns the
factthat 5 + 2 = 7.

Another way to picture addition is by lengths along a line. This figure also
illustrates the fact that 5 + 2 = 7.

The result of adding two or more numbers, called their sum, does not depend
on either the order of the numbers or the order in which they are added. To find




the number of circles in the pattern above, for example, we could add the
numbers of circles in the four rows from top to bottom:

1+2+3+4
or from bottom to top:
4+3+2+1

Either way, we get the same number: 10.

In algebra, it is often necessary to indicate the sum of two or more numbers
without actually being able to add them. For example, in illustrating the number
trick that appears in the introduction to this book, we used a box to represent the
original number and a set of circles to represent the number seven:

M

0000000

Original number Seven

To represent their sum, we drew the seven circles beside the box:

The sum of the original
number and seven

Instead of bothering to draw pictures like this, it is easier to represent the
original number with a letter, such as x, and simply write

x+7

The expression x + 7 means “the sum of x and 7.” If we replace x with 1,
X+ 7=1+7=8.If wereplace x with 2,x + 7 = 2 + 7 = 9, and so forth.
Because x can be replaced by various numbers, it is called a variable.

If we know both numbers being added, such as 4 and 5, we can write their
sum as a number, 9. If we know only one number or neither one, the best that we
can do is to write an expression such as x + 2 or x + y. The length of the line

Lesson 1: Addition



segment below, for example, is the sum of the lengths of the three marked

segments.
3cm xcm icm
= ==—=——q

To indicate this sum, we can write 3 + x + 1 or, more briefly, x + 4. Without
knowing the length labeled x, we cannot simplify this answer any further.

Exercises
TEACHER: Haven’t you finished adding up those
numbers yet?
STUDENT: Oh, yes. I've added them up ten times
already.
TEACHER: Excellent! I like a student who is
thorough.
STUDENT: Thank you. Here are the ten answers.*
Set |

Find each of the following sums.

. 1000 + 700 + 70 + 6 . 1111 + 222 + 33 + 4

1 6.
2.999 +99 +9 7.1+ 1.2+ 123 +1.234
3.1+ 09 + 0.08 + 0.004 8 LII1 +222 433 +4
4. 20 + 0.2 + 0.002 9. 0.7 + 0.70 + 0.700 + 0.7000
5.1+ 12 + 123 + 1234 10. 0.5 + 0.55 + 0.555
Set Il
11. Write a number or expression for each of the following.
a) The sum of 10 and 7. ) Four added to 2.
b) The sum of x and 7. g) The sum of 2, 5, and 1.
¢) The sum of 10 and y. h) The sum of x, 5, and 1.
d) The sum of x and y. i) The sum of 2, y, and 1.
¢) Four added to 8. j) The sum of x, y, and I.
* Alan Wayne, in Mathematical Circles Revisited by Howard W. Eves. © Copyright Prindle,

Weber & Schmidt, Inc. 1971.
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12. In the figures below, the box represents any
number and the sets of circles represent
specific numbers.

000

000 0o

000 00 [J ecococoo
Figure 1 Figure 2

a) What addition problem is illustrated by
Figure 1?
b) What is the answer to the problem?

¢) Write an to

the addition problem illustrated by
Figure 2.

d) What is the answer to the problem if the
box represents 2?

€) What is the answer to the problem if the
box represents 4?

13. What is the length marked with a question
mark in each of these figures?
%) ——1——t+-4—=}—5—]
P—
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. The figure below can be used to show that

3 + 7and 7 + 3 are the same number,

depending on whether the figure is read

from left to right or from right to left.

00O 0000000

Draw boxes and circles to show that

a) x + 6 and 6 + x mean the same thing.

b) 2 + x + 5 and x + 7 mean the same
thing.

¢) x+ 4+ xand 4 + x + x mean the
same thing.

. The expression x + y + 2 represents the

sum of x, y, and 2. If x is 1, it can be
written as 1 + y + 2 or y + 3. How can
X + y + 2 be written if

a) xis 8

b) x is 97

c) yis 3?

d) yis 0?

e) xis 6 and y is 2?

Mr. Benny is 39 years old.

a) How old will he be in 5 years?

b) How old will he be in x years?

c) How old will he be 6 years after that?
Mrs. Benny is x years old.

d) How old will she be in 5 years?

¢) How old will she be in y years?

f) How old will she be z years after that?

Lesson 1: Addition
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Set 11l

17.

Write a number or expression for each of
the following.

a) The sum of 3 and 11.
b) The sum of 3 and x.

c) The sum of y and 11.
d) The sum of y and x.

e) Seven increased by 2.
f) Seven increased by x.
g) The sum of 9, 1, and 4.
h) The sum of x, 1, and 4.
i) The sum of 9, y, and 4.
j) The sum of x, y, and 4.

In the figures below, the box represents any
number and the sets of circles represent
specific numbers.

Figure 1
0000 C
Figure 2

a) What addition problem is illustrated by
Figure 1?

b) What is the answer to the problem?

c) Write an algebraic expression to represent
the addition problem illustrated by
Figure 2.

d) What is the answer to the problem if the
box represents 1?

€) What is the answer to the problem if the
box represents 5?

The perimeter of a figure is the sum of the
lengths of its sides. What is the perimeter of
each of these figures?

20. The figure below can be used to show that

2

22.

e

N

4 + 5and 5 + 4 are the same number,

depending on whether the figure is read

from left to right or from right to left.

Q00O 00000

Draw boxes and circles to show that

a) 2 + x and x + 2 mean the same thing.

b) 8 + x + 1 and x + 9 mean the same
thing.

c) x 4+ x + 3 and x + 3 + x mean the same
thing.

The exp X+ 1+ yrep the
sum of x, 1, and y. If x is 4, it can be
written as 4 + 1 + y or 5 + y. How can
x + 1 + y be written if

a) x is 2?

b) x is 0?

c) yis 62

d) yis 9?

e) xis3and yis 72

Each week, Dashing Dan jogs one mile

farther than he did the week before.

a) If he jogs 18 miles this week, how far
will he jog next week?

b) If he jogs x miles this week, how far will
he jog next week?

c) If he jogged y miles three weeks ago,
how far will he jog this week?

d) If he jogged y miles z weeks ago, how
far will he jog this week?

a) b) X
TG
7 8

Chapter 1: FUNDAMENTAL OPERATIONS
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SEPTEMBER 1752
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LEsSON 2 3 14 15 16

Subtraction 17 18 19 20 21 22 23
24 25 26 27 28 29 30

The month of September 1752 was one of the strangest months in history. The
day following September 1 was September 13!

This was done to bring the calendar back into line with the seasons. The
calendar established by Julius Caesar in 45 B.c. had as its basis a standard year of
365 days with every fourth year, “leap year,” having 366. This resulted in the
average length of a year being 365.25 days, whereas the earth in fact travels once
around the sun in about 365.24 days. For a short period, this error didn’t amount
to much, but after many centuries it became so great that it had to be corrected.

The number of days left in the month of September 1752 can be found by
subtraction: 30 — 11 = 19. Subtraction is the opposite of addition because we
are “taking away” rather than “adding to.” The two operations are closely
related, however, because to every subtraction problem there corresponds an
addition problem: 30 — 11 = 19 because 19 + 11 = 30.

To represent a subtraction problem such as 7 — 2 by means of circles, we
might draw seven circles from which two have been “taken away” by being
crossed out.

©o00000



Subtraction can also be pictured by lengths along a line. The figure below is
another way of showing that 7 — 2 = 5.

Although addition and subtraction are closely related, there is an important
difference between the two operations. The sum of two numbers does not
depend on the order of the numbers. The length marked with a question mark in
the figure at the left below can be written either as 4 + 1 or 1 4 4.

4 1 4
/_—'_Wﬁ (——Jﬁ
—+ t 1 + } —
e )\l
? 7 2

The result of subtracting one number from another, called their difference,
does depend on the order of the numbers. The length marked with a question
mark in the figure at the right is 4 — 1, not 1 — 4. When we refer to the
difference between two numbers, we mean the number that results from sub-
tracting the second number from the first.

Exercises

Set |

Find each of the following differences.
1. 22222 — 2000 5. 4.321 — 0.1 9. 1812 — 18.12
2. 666 — 77 6. 3.1416 — 3.1416 10. 181.2 — 1.812
3. 1000 — 123 7. 1-09
4. 4321 -1 8. 1-099

Lesson 2: Subtraction
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Set 1l

11. Write a number or expression for each of
the following.
a) The difference between 10 and 7.
b) Six decreased by x.
c) Six taken away from x.
d) Three less than 11.
¢) One less than x.
f) The difference between x and y.
g) The result of subtracting x from 4.
h) Four subtracted from x.

~

What is the length marked with a question
mark in each of these figures?

12—
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Find the value of each of the following

expressions for the numbers given.

a) x — 4 if x is 6.

by x —4if xis 7.

c) x —4if xis 14.

d) What happens to the value of x — 4 as x
gets larger?

14 Chapter 1: FUNDAMENTAL OPERATIONS
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e) 15— xif xis 3.

f) 15 —xif x is 4.

g) 15 — x if x is 10.

h) What happens to the value of 15 — x as
x gets larger?

. Find the value of each of the following for

the numbers given.
The sum of x and y — 3

a) if xis 7 and y is 4.

b) if x is 2 and y is 11.
The difference between x + y 3

c)if xis 7and yis 4.

d)if xis 2and yis 11.

e) Can you explain why the answers to parts
c and d are the same as those to parts a
and b?

. The sum of the numbers on any two

opposite faces of a die is 7. Suppose that a

die is thrown.

a) If the number showing on the top of it is
3, what is the number on the bottom?

b) If the number showing on the top of it is
X, what is the number on the bottom?

Suppose that two dice are thrown.

¢) If the sum of the two numbers showing
on top is 8, what is the sum of the two
numbers on the bottom?

d) If the sum of the two numbers showing
on top is y, what is the sum of the two
numbers on the bottom?

. Babar weighs 7,000 pounds.

a) If he loses x pounds, how much will he
weigh?

b) If he gains y pounds, how much will he
weigh?

‘The amount of profit that Shirley Feeney

makes selling sandwiches depends on how

much they cost her and how much she sells

them for.



a) If peanut butter sandwiches cost her 21
cents cach and she sells them for 45

cents, how much profit does she make on

each one?
b) If jelly sandwiches cost her x cents each

and she sells them for y cents, how much

profit does she make on each one?

Set Ill

18. Write a number or expression for each of
the following.
a) The difference between 9 and 3.
b) Five taken away from x.
¢) Five decreased by x.
d) Eight less than 20.
e) Two less than x.
f) The difference between y and x.
g) The result of subtracting x from 7.
h) Seven subtracted from x.

19. The perimeter of a figure is the sum of the
lengths of its sides.

X

a) How long is the side marked x in this
triangle if the triangle’s perimeter is 122

b) How long is it if the triangle’s perimeter
is y?

Use the perimeters given below each of the

following figures to tell the length of the

side marked x.

Perimeter is 15

Perimeter is 20

c) If egg sandwiches cost her x cents each
and she wants to make a profit of 30
cents, how much should she sell
them for?

d) If she sells ham sandwiches for 95 cents
each and makes a profit of y cents on
each one, how much do they cost her?

20. Find the value of each of the following
expressions for the numbers given.
a) x —2if xis 9.
b) x — 2if x is 10.
c) x — 2 if x is 20.
d) What happens to the value of x — 2 as x
gets larger?
e) 8 —xifxis L.
f) 8 —xif xis 2.
g) 8 —xifxis 8.
h) What happens to the value of 8 — x as x
gets larger?
21. Find the value of each of the following for
the numbers given.
The sum of x and 7 — ¥
a) if xis 5 and y is 1.
b) if x is 13 and y is 6.
The difference between x + 7 and y
c)if xis 5and yis L.
d) if x is 13 and y is 6.
e) Can you explain why the answers to parts
c and d are the same as those to parts a
and b?
5]
o 3 f) ¢
X
7 9
X 72

Perimeter is y Perimeter is z

Lesson 2: Subtraction
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22. A log is cut into two pieces.

a) If the log was 12 feet long and one piece
is x feet long, how long is the other
piece?

b) If the two pieces are x feet and y feet
long, how long was the log?

c) If the log was x feet long and one piece
is y feet long, how long is the other
piece?

23. Laverne DeFazio has 2 dollars in her
checking account.

a) If she writes a check for x dollars, how
much money will remain in her account?

24.

b) If she makes a deposit of y dollars, how
much money will she have in her
account?

c) If her account increases to z dollars, how
much money has she added to it?

The Swinging Singles Tennis Club has 100

members.

a) If x of them are men, how many are
women?

b) If y people join the club, how many
members will it have?

c) If y people join the club and 2z people
resign, how many members will it have?

Set IV

“Forty-eight, forty-nine, fifty, seventy-five, nine, ten, twenty.”

This seems like a strange way to count and yet clerks in stores do it all the time.
What is going on? Can you tell what problem is being solved? Is the problem being

solved by addition or subtraction?

Chapter 1: FUNDAMENTAL OPERATIONS
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7 LESSON 3
[

L Multiplication
i d .

“Six times six is 54! Don't they teach you anything
at that school?”

N—
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Learning the multiplication table is not an easy task. When you first learned how
to multiply, you did it by adding. For example, the problem 3 X 5 can be
illustrated by three sets of circles with five circles in each set.

oo0oo0O0 ocoo0O

The circles can also be arranged in three rows to form a rectangle.

Both patterns show that 3 X 5 = 5 + 5 + 5 = 15. In learning the multiplica-
tion table, you memorized the answers to problems such as this so that pictures
and adding became unnecessary.

The result of multiplying two or more numbers is called their >
t the right,

Another way to picture a product is by means of area. The rectangle ai
for example, is divided into 4 rows of squares with 7 squares in each row: it

contains 4
4x7

squares in all. The area of the rectangle, 28, is the product of its dimensions, 4
and 7.



Something that helps in learning the multiplication table is the fact that if

4x7=28
then it is also true that
7x4=28

"he product of o or more numbers, likesheiz s, docs not depend on cither
their order of the order 1T which they are multiplied.

" Eath of the Humber wicks that we considered in the introductory lesson

included a step consisting of multiplication. For example, if we are told to think

of a number and multiply it by four, the result might be illustrated by a set of

four boxes:

mimimiml

oy
If we use a letter, such as x, to represent the number thought of, we might write:
4Xx

Because the symbol for multiplication used in arithmetic looks so much like the
letter x, however, it is not ordinarily used in algebra. Instead, we simply write 4x
with the understanding that this means “4 times x.” We can’t indicate the
product of two numbers such as 3 and 5 this way because 35 means “thirty-
five,” not “three times five.” To indicate that the 3 and 5 are two separate
numbers, we can either enclose them in parentheses, (3)(5), or insert a raised dot
between them, 3-5.

In this lesson we have observed that the product of two numbers, such as 4x,
can be interpreted either as repeated addition,

X+ x+x+x

or as the area of a rectangle whose dimensions are 4 and x.

X
(A

4‘1 4x

In the next lesson, we will see how these ideas can be applied to division.

18  Chapter 1: FUNDAMENTAL OPERATIONS




Exercises

Set |

Find each of the following products.

1. 100 - 360 5. (1.5)(8.23)

2. (5)(142857) 6. (8.23)(1.5)

3, 271287 7. (0.7)(1. 1)(1.3)

4. (0.05)(20) 8. (7)(1.1(1.3)
Set Il

11. Draw figures as indicated.
a) A figure with circles to show that 4 -3
and 3 - 4 are the same number.
b) A figure with boxes to illustrate 5x if
each box represents x.
¢) A rectangle divided into squares to
illustrate 2 - 7.

12. Write a number or expression for each of
the following.
a) The product of 5 and 6.
b) The sum of 5 and 6.
¢) The product of 5 and x.
d) The sum of 5 and x.
e) The product of x and y.
f) The sum of x and y.
g) The product of x and x.
h) Eight multiplied by x.
i) Eight subtracted from x.
j) The sum of 2, 7, and x.
k) The product of 2, 7, and x.
1) The sum of 10, y, and 3.
m) The product of 10, y, and 3.
n) The sum of 4, x, and y.
0) The product of 4, x, and y.

e

(7)(11)(1.3)
2521217215835 SRS

The multiplication problem 4 - 3 and the
addition problem 3 + 3 + 3 + 3 are
equivalent. Write a multiplication problem
equivalent to each of the following addition
problems.

a)24+242+2+4+242
b) 6 +6
)x+x+x+x+x
H74+7+ ... 47
e an g
11 of them
T+T+ - +17
x of them
)y +y+---+y
< =<
x of them
Write an addition problem equivalent to

each of the following multiplication
problems.

g) 3-17

Lesson 3: Multiplication
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14. The area of a rectangle is the product of its length and width.

What is the area of each of these rectangles?

a) b)

7 10

8

X

15. Although their name suggests that they have
100 legs, some centipedes have only 28 legs
whereas others have as many as 354.

a) How many legs do 5 centipedes have
altogether if each one has 28 legs?

b) How many legs do x centipedes have
altogether if each one has 354 legs?

16. Because there are 60 minutes in an hour,
there are 60x minutes in x hours.
a) How many days are there in x weeks?
b) How many hours are there in x days?
¢) How many minutes are there in one day?

Set 111

18. Draw figures as indicated.
a) A figure with circles to show that 2+ 6
and 6 - 2 are the same number.
b) A figure with boxes to illustrate 3x if
each box represents x.
¢) A rectangle divided into squares to
illustrate 4 - 5.

Write a number or expression for each of
the following.

a) The product of 7 and 3.

b) The sum of 7 and 3.

¢) The product of 7 and x.

d) The sum of 7 and x.

¢) The product of y and x.

f) The sum of y and x.

g) The product of y and y.

Chapter 1: FUNDAMENTAL OPERATIONS
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d) How many minutes are there in x days?
¢) How many minutes are there in x weeks?
f) How many years are there in x centuries? |
g) How many months are there in x
centuries? |

. Miss Haversham’s Hupmobile gets about 11

miles per gallon.
a) Approximately how many miles should
she be able to travel on a full tank of 15
gallons? |
b) Approximately how many miles can she
travel on x gallons of gas? |

h) Five multiplied by x.

i) Five subtracted from x.

j) The sum of 4, 6, and x.

k) The product of 4, 6, and x. |
1) The sum of 5, y, and 12.
m) The product of 5, y, and 12.
n) The sum of x, y, and 2.

o) The product of x, y, and 2.

The multiplication problem 5 - 8 and the
addition problem 8 + 8 + 8 + 8 + 8 are
equivalent. Write a multipli problem
equivalent to each of the following addition
problems.

a) 10 + 10 + 10
b)3+3+34+3+3+3+3+3+3+3
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€) X+ Xt x
d4+4+ ... +4
15 of them
e)4+4+ ... +4
Sl U

x of them
f)x+x+ - +x

y of them
Write an addition problem equivalent to
each of the following multiplication
problems.
g) 2+ 19
h) 5x
i y-3
i) x-x
The volume of a rectangular box is the
product of its length, width, and height. The
volume of the box shown here, for example,
is 5+ 3+ 2 = 30 because it contains 30 cubes.

9
What is the volume of each of these boxes?

a)

22. At Mr. Kitzel’s Bakery, one donut costs

2

2

38

=

9 cents and there is no discount for
buying donuts in quantity.

a) How much would a dozen donuts cost?
b) How much would x donuts cost?
¢) How much would y dozen donuts cost?

The trees in an orchard are arranged in rows
with an equal number of trees in each row.

a) If there are x rows and each row contains
20 trees, how many trees are there in all?

b) If there are x rows and each row contains
x trees, how many trees are there in all?

Because there are 100 centimeters in one
meter, there are 100x centimeters in x
meters.

a) How many millimeters are there in one
meter?

b) How many millimeters are there in x
meters?

¢) How many meters are there in three
kilometers?

d) How many meters are there in y
kilometers?

¢) How many centimeters are there in one
kilometer?

f) How many centimeters are there in y
kilometers?

g) How many millimeters are there in y
kilometers?

d

X

X

Lesson 3: Multiplication
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Lesson 4
Division

If two people share a dozen clams so that each one gets the same number, how
many will each one get? This is such an easy division problem that we know the
answer immediately. One way to illustrate it is shown below.

O00000OOOOOOOO

Twelve circles have been separated into groups of two (“one clam for you and
one for me, one for you and one for me,” and so forth); the answer, six, can be
found by counting the number of groups.

The method that some mechanical calculators use to divide is illustrated at
the right. The calculator subtracts 2 from 12, 2 from the result, 2 from that result,
and so on until it arrives at 0. The number of times 2 has been subtracted is the
answer.

Although this may seem like a peculiar way to divide, it is related to the way
that we have been picturing multiplication as repeated addition. The calculator
is doing division by repeated subtraction.

Division can also be interpreted in terms of multiplication. The answer to the
problem of dividing 12 by 2 is the number that must be multiplied by 2 to give
12. This interpretation can also be pictured by means of the relationship of the
area of a rectangle to its dimensions, as the figure at the right illustrates.

The result of dividing one number by another is called their quotient. By the

Problem:
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quotient of the numbers x and y, we mean the result of dividing x by y and write

itas~. The quotient of two numbers, like their difference, depends on the order
y
of the numbers. The quotient of 3 and 6, %, for example, is not the same

number as the quotient of 6 and 3, % When we refer to the quotient of two

numbers, we mean the number that results from dividing the first number by the
second.
Although quotients are found by division, they can be checked by multiplica-

tion. To check that 8—50 = 16, for example, we multiply 5 by 16 to see if the

result is 80. In general, the quotient = is the number that must be multiplied by
y

¥ to give x.
Exercises
Set |
Find each of the following quotients.
500 7404 s 4 25
L S0 3. 5 5. 55 78 5
10 111111 40 25
2. — 4. . o 8. ==
500 37 6 25 40
Set Il
9. Write a number or expression for each of i) The quotient of x and y.
the following. j) The product of x and y.

a) The quotient of 12 and 3.

b) The difference between 12 and 3.
¢) Seven divided by x. problems: % =3 and % =
d) Seven divided into x.

¢) The quotient of x and 2.

10. The figure below illustrates two division

f) The product of x and 2. oo
g) The result of dividing 10 by x. oo
h) The result of subtracting x from 10. oo
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What division problems are illustrated by the following figures?

a) b)
000000000000

. A common way in which to check a division

is to multiply the answer by the dividing
number to see if the result is equal to the

number divided. For example, if 16_2 =2,
then 6 - 2 = 12. Write the multiplication

problem that “checks” each of these division
problems.

a)l—55=3 Q=1
b)%=4 f){ﬁ:lz
c)%:O g)24—0=x
d)%:l mi=2

Find the value of each of the following

expressions for the numbers given.

a) 9x if x is 5.

b) 9x if x is 7.

c) 9x if x is 12.

d) What happens to the value of 9x as x
gets larger?

e)%ifxis4. g)%i.fxislo(l

f) % if x is 20.
h) What happens to the value of% as x gets

larger?

i) 3irxis2 i) Difxiss.
x x

0000
0000
0000

ooloo

)
QO0Oo0o0oo0o0o0o0O0
000000000

K) 22 if x is 60.
x

1) What happens to the value of % as x
gets larger?

A band of pirates has 300 bottles of beer,

which the pirates plan to share equally.

a) If there are 15 pirates in the band, how
many bottles will each one get?

b) If there are x pirates in the band, how
many bottles will each one get?

. Mr. Vanderbilt bought some gold at $170

per ounce.

a) How much did he pay if he bought x
ounces?

b) How many ounces did he get if he paid
$102,000?

c) How many ounces would he get for x
dollars?

. The common flea is capable of covering 12

inches in one jump.

a) How far can a flea travel if it makes x
jumps?

b) How many jumps would a flea have to
make in order to cover 600 inches?

c) How many jumps would it have to make
in order to cover x inches?

. Miss Haversham drove her Hupmobile 159

miles.

a) If it used 15 gallons of gas, how many
miles per gallon did she get?

b) If it used x gallons of gas, how many
miles per gallon did she get?

Lesson 4: Division
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Set 111

17. Write a number or expression for each of
the following.

a) The quotient of 8 and 2.

b) The difference between 8 and 2.

¢) Five divided into x.

d) Five divided by x.

€) The quotient of 3 and x.

f) The product of 3 and x.

g) The result of dividing x by 12.

h) The result of subtracting 12 from x.
i) The quotient of y and x.

j) The product of y and x.

18. Find the value of each of the following
expressions for the numbers given.

a) 7x if x is 3.

b) 7x if x is 6.

¢) 7xif xis 11

d) What happens to the value of 7x as x
gets larger?

e)% if x is 0.
D%ifxisll

g)%ifxisil.

h) What happens to the value of% as x gets
larger?
) Birriso
X
i) i is 10.
x
K) 18 i x is 45.
x
1

1) What happens to the vaiue of 18| as x
x

gets larger?

Chapter 1: FUNDAMENTAL OPERATIONS

19. Find the missing dimension for each of
these rectangles. (The numbers inside
represent their areas.)

=)
a) - b) x 9 2
9| 63 7l 8x , x| 15
?
d) 4 €)
21 x y| x

20. Most people learn how to do long division
without knowing why it works. The method
by which it is done is based on repeated
subtraction. For example, compare the two
methods below:

Long Repeated
division subtraction
15)180 180
—150 —150 10 fifteens
30 30
-30 —30 _2 more fifteens
0 0 12 fifteens subtracted

a) Write this long division problem as a
repeated subtraction problem.

46
21)966
=
126
—126
0




b) Divide 875 by 7 using both long division
and repeated subtraction.

21

Suppose that a dogcart were to travel at a

steady rate for 2,000 meters.

a) How long would it take if the dogcart
traveled 100 meters each minute?

b) How long would it take if the dogcart
traveled x meters each minute?

22. The members of the River City School band
are marching in a rectangular array of rows
and columns.

a) If there are x rows and y columns, how
many people are in the band?

b) If there are 80 people in the band and x
rows, how many columns are there?

c) If there are x people in the band and 8
columns, how many rows are there?

23. A cube has six faces.
a) If each face of a cube has a surface area
of 25 square inches, what is its total
surface area?

b) If each face of a cube has a surface area
of x square inches, what is its total
surface area?

c) If the total surface area of a cube is 96
square inches, what is the surface area of
one face?

d) If the total surface area of a cube is y
square inches, what is the surface area of
one face?

On Monday, Mr. Kitzel made 10 dozen

donuts.

a) If it cost him $10.80, what was his cost
per dozen donuts?

b) If it cost him $10.80, what was his cost
per donut?

¢) If it cost him x dollars, what was his cost
per dozen donuts?

d) If it cost him x dollars, what was his cost
per donut?

24

-

Set IV The Pilgrims and the Loaves of Bread

Two pilgrims stopped by the side of the road to
eat. One had seven loaves of bread and the other
had five loaves. A third traveler arrived before
they had begun their meal and asked them to
share their food with him. They agreed and the
three shared the bread equally.

After they had finished, the third traveler got
up, thanked the two pilgrims for the bread, and
left twelve silver pieces in payment for his meal.
The pilgrim who originally had seven loaves of
bread thought that he should receive seven of
the coins and his fellow pilgrim should receive

five, in the same numbers as their original loaves
of bread. The other pilgrim, however, thought
that the coins should be split six and six,
because the bread had been shared equally.

They could not agree, and so they asked a
local wise man what to do. The wise man
decided that the pilgrim who originally had
seven loaves of bread should receive nine silver
pieces and the one who originally had five loaves
should receive only three.*

Can you explain why this is fair?

* Puzzles of this sort date from Roman times. An example similar to the one given here
can be found in Mathematical Recreations, second edition, by Maurice Kraitchik (Dover,

1953).

Lesson 4: Division
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LESSON D
Raising to a Power

It is an amusing Speculation to look back, and compute what Numbers of Men and
Women among the Ancients, clubb’d their Endeavours to the Production of a Single
Modern.

BENJAMIN FRANKLIN, Poor Richard’s Almanack, 1751

If you traced your family tree through ten generations, how many ancestors
would there be in the tenth generation back? Because you are descended from
two parents, each of whom had two parents, each of whom had two parents, and
so on, the numbers in each generation back are:

2 parents,
2 - 2 grandparents,
2-2- 2 great grandparents,
2-2-2-2 great great grandparents,
+2+2-2-2 great great great grandparents,
and so on.

2

It can be seen from this pattern that a person has 2+2+2+2+2+2+2-2-2-2
ancestors in the tenth generation preceding his or her own.

A simpler way to write this number is 2!°. The 10, called an exponent,
indicates that 10 twos are to be multiplied:

210=2.2.2.2:2-2:2:2-2-2 = 1,024



In the tenth generation back, you may have more than a thousand ancestors!
The solution of this problem requires repeated multiplication by the same
number. Such an operation is called raising to a power. The number of grand-
parents that a person has is 22, or “2 raised to the second power.” The number
of a person’s great grandparents is 2, or “2 raised to the third power.” In each
of these cases, we can represent the number by a geometric pattern of circles.
Because 22 can be pictured as a square, it is also referred to as “2 squared.”
Because 2* can be pictured as a cube, it is also referred to as “2 cubed.”

Space as we know it is limited to three dimensions, and so powers higher than
the third do not have special names.

Itis important to understand the difference in meaning between multiplication
and raising to a power and in the symbols used to represent each of these
operations. The following examples should make this difference clear.

3-4 means “3 times 4” or 4+ 4+ 4

43 means “4 to the third power” or 4-4-4

3x means “3 times x” or X+ X + X

x* means “x to the third power” or x-x-x

nx means “n times x” or the sum of # x’s

x™ means “x to the nth power” or the product of 7 x’s

Exercises

Set |

Find each of the following powers.

1. 52 5. 18 9. (0.4
2.2 6. 17 10. (0.4)°
3. 10° 7. (132

4,107 8. (3.1

Lesson 5: Raising to a Power
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Set 1l

11

=

The expression x* can be named in more
than one way.

a) Write two different names for it.

b) What is the 2 called?

What numbers or expressions do these
figures represent? Express each as a power.

a) b)r_'ﬁﬁ—] T c)‘
ocoo [T T] ‘
ocoo | | | x| |
ooo L—v—,‘—,__{ lT

1 | _-_—X
d === o
immdP%d b [

Oy !
mEEE S -
S S U N e

. Write each of the following in symbols.

a) Seven squared.

b) Two raised to the sixth power.
¢) The number x cubed.

d) The eighth power of x.

¢) Three raised to the xth power.
f) The yth power of x.

The raising-to-a-power problem 3° and

the multiplication problem 3+3-3-3-3 are
equivalent. Write a power problem
equivalent to each of the following.

12 of them

Chapter 1: FUNDAMENTAL OPERATIONS

€) 2:2+...:2

x of them
£) xexeooeox

—

 of them
Write a multiplication problem equivalent to
each of the following.
g) 8° i) 3
h) & i) ¥

. The figure below contains 7* dots.

a) How many dots is that?

b) Because the dots are arranged in a square
pattern, their number can also be written
as a certain number squared. What is it?

. The number 243 can be written as a power

of 3. To find out what power it is, we can
make a list of powers of 3 until we come
to 243:

32 =9,3 =27,3 =8I, 35 =243
Express each of the following numbers as a
power of the number given.

a) 729 as a power of 3.
b) 64 as a power of 2.
c) 64 as a power of 4.




d) 64 as a power of 8.

€) 10,000 as a power of 10.

) 1,000,000,000 as a power of 10.

g) It is impossible to express 5 as a power
of 1. Explain why.

17. If we know that 45 is 1,024, we can find 4°
by observing that

4 =4-4-4-4-4-4 so 4°=4-1,024 = 4,096
—_—
4

Set 11l

18. The expression x* can be named in more
than one way.
a) Write two different names for it.
b) What is the 3 called?

Use a similar method to find each of the

following.

a) 2° if 28 = 256.

b) 11 if 11° = 1,331.

c) 37 if 3° = 243.

d) 5% if 5° = 3,125.

¢) What would you have to multiply x° by
in order to get x7?

f) What would you have to multiply x'° by
in order to get x'2?

19. What numbers or expressions do these figures represent?

Express each as a power.

a) b)

00000
00000
00000
00o0o0O0
oo0o0O0
0oco0o00

000000

20. Write each of the following in symbols.
a) Two cubed.
b) Five raised to the tenth power.
¢) The number x squared.
d) The fourth power of x.
) Nine raised to the yth power.
f) The xth power of y.

21.

The raising-to-a-power problem x* and
the multiplication problem x - x - x - x are
equivalent. Write a power problem

equivalent to each of the following.
) 6:6:6:6:6
b) 11-11-11
Yy y Yy yyy
d)3-3.....3

10 of them
€) 3-3:...:3

x of them
f) xex:...0x

v of them

Lesson 5: Raising to a Power 31



Write a multiplication problem equivalent to

each of the following.
g L
h) x°
i) 5°
i) *
22. The number 625 can be written as a power
of 5. To find out what power it is, we can

make a list of powers of 5 until we come to

625:
52 = 25, 5% = 125, 5* = 625

Express each of the following numbers as a
power of the number given.

a) 343 as a power of 7.

b) 6,561 as a power of 81.

c) 6,561 as a power of 9.

d) 6,561 as a power of 3.

e) 1,000 as a power of 10.

f) 10,000,000 as a power of 10.

g) It is impossible to express 10 as a power

of 1. Explain why.

Set IV

After fooling around all summer, Obtuse Ollie
didn’t want to work very hard in the first few
weeks of school. He decided to study algebra
one minute the first week, two minutes the
second week, four minutes the third week, and

Chapter 1: FUNDAMENTAL OPERATIONS

23. This table shows the values of the second
through sixth powers of 6.

62= 36
6= 216
6= 1,296
65 = 7,776
66 = 46,656

a) Can you guess what one of the digits of
6'%° might be?

b) Make a table showing the values of the
second through sixth powers of 5.

c) Can you guess what any of the digits of
5190 might be?

This table shows the values of the second

through sixth powers of 9.

92 = 81
SE = 729
94 = 6,561
95 = 59,049
96 = 531,441

d) Can you guess what any of the digits of
919 might be?

50 on, doubling the amount of time each
succeeding week.

If he sticks to this plan and the semester
contains twenty weeks, how many minutes will
Ollie study algebra in the last week?



Zero is the first of ten symbols—the
digits—with which we are able to represent
any of an infinitude of numbers. Zero is also
the first of the numbers which we must
represent. Yet zero, first of the digits, was
the last to be invented; and zero, first of the
numbers, was the last to be discovered.

CONSTANCE REID, From Zero to Infinity

LessoN O

A visual paradox: How many objects
is the hand holding?

Although the Alexandrian astronomer Ptolemy used the symbol o, an abbrevia-
tion of a word meaning “nothing,” as a digit in his work, it was not until many
centuries later that the idea of zero as a number was accepted. Because numbers
originated with counting and it doesn’t seem natural to count with zero, it was
not considered to be a number. The counting numbers, also called the
natural numbers, begin with one. Although zero is never used in counting, it
is sometimes used to answer the same question that the counting numbers
answer, the question of how many.

The behavior of the number zero in calculations differs from that of all other
numbers in several basic ways. It is the only number that can be added to or
subtracted from another number without changing that number.

For every number x, x + 0 = x(also,0 + x =x) and x —0 = x.

It is the only number that, regardless of what number it is multiplied by,
always gives the same result: zero.

For every number x, x:0 = 0.

Lesson 6: Zero and One

Zero and One
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If x is a counting number, such as 5, it is easy to see why: 5:0 =
0+ 0+ 0+ 0+ 0= 0. Assuming that the product of two numbers does not
depend on the order in which they are multiplied, it is also true that

0x=0
Strange as it may seem, it is easy to divide zero by another number, yer

dividing a number by zero makes no sense at all! Remember that the quotient of

two numbers x and y, =, is the number that must be multiplied by y to give x.
¥
For e.\'ample,-g- = 3 because 32 = 6. Now dividing zero by another number

is okay: % = 0, because, as we have observed above, x+0 = 0.

On thc- other hand, dividing a number by zero leads to trouble. If we tried
dividing 3 by 0, for example, the number % would be the number that must be
multiplied by 0 to give 3. But there is o such number; every number multiplied
by 0 gives zero as the result.

Dividing zero by itself leads to trouble of a different sort. Suppose that% is

equal to some number x: if % = x, then it must be true that x - 0 = 0. But this is

true for every number x. Hence% = 0,% = 1,% = 2, and so forth. Because%
can mean anything, it is meaningless.

The number one plays the same role in multiplication and division that the
number zero plays in addition and subtraction: it does not change the number

that it is multiplying or dividing.

»- For every number x, x:1 = x (also, 1x = x) and % =52

Chapter 1: FUNDAMENTAL OPERATIONS




Exercises

Beginning with this lesson, the exercises in Set I will review ideas from earlier lessons.

Set |

L.

Show how the following number trick works

by drawing boxes and circles to illustrate the

steps.

a) Think of a number.

b) Add four.

¢) Multiply by three.

d) Subtract nine.

¢) Divide by three.

) Subtract the number that you first
thought of.

The result is one.

. Write a number for each of the following:

a) The product of 3 and x.
b) The sum of 3 and x.
c) The difference between 3 and x.

Set Il

4. What do you know about the following?

w

a) The sum of any number and zero.

b) The difference between any number and
zero.

¢) The product of any number and zero.

d) The product of any number and one.

€) The quotient of zero and any number.

f) The quotient of any number and zero.

g) The quotient of any number and one.

. Sometimes it is easier to multiply than to

add. Figure out each of the following:
a)0+14+2+3+4+5+6+7+8+9
b)0-1:2:3:4:5:6:7:8-9
Ql+14+1+1+1+1+1+141
+141

»

o

Sy

d) The quotient of 3 and x.
¢) The third power of x.
f) The xth power of 3.

. Write another expression equivalent to each

of the following.
a)a+a

b) 5b

@) GFBOE

d) a4

e ete+ - +e

x of them

v of them

. The following questions are about powers of

one.

a) What is the value of 122 Why?

b) What is the value of 172

¢) What is the value of 17, in which x is a
counting number larger than one?

. The following remark appeared in a French

arithmetic book published in 1485:

“The digits are no more than ten different
figures, of which nine have value and the
tenth is worth nothing in itself but gives a
higher value to the others.”

a) What digit “is worth nothing in itself”?
b) Give an example of how it “gives a
higher value” to another digit.

Lesson 6: Zero and One
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13. The following questions are about powers of

=

O

zero.

a) What is the value of 022 Why?

b) What is the value of 0°?

¢) What is the value of 07, in which x is a
counting number larger than one?

. Each of the following expressions contains

two unknown numbers, x and y. Simplify
each expression as much as you can. You
may assume that neither x nor y is zero.

a) lx + Oy
b) ly — Ix
c) ly — Ox
d) 0x — Oy
y x
9T
no_0
ed )
0
93-—
x

0, x
e &
)y+1

. In the ninth century, an Arab mathematician

wrote:

“When nothing remains in subtraction,
put down a small circle so that the place be
not empty, but the circle must occupy it, so
that the number of places will not be
diminished when the place is empty and the
second be mistaken for the first.”

a) Use the problem below to show what he
meant.

w5

b) What does the zero in the answer to this
problem mean?

16.

The following questions are about the

counting numbers.

a) If x represents a counting number, what
is the next larger counting number?

b) If x represents a counting number larger
than one, what is the next smaller
counting number?

c) What is the smallest counting number?

. Obtuse Ollie says that, if you divide a

number by zero, the answer is zero.

a) Explain why % is not equal to 0.

b) Does it make sense to say that % is equal

to 7?

Acute Alice says that, if you divide zero by
a number, the answer is zero.

¢) Explain why % is equal to 0.
d) Does it make sense to say that —g- is equal

to 0?2

. Some automatic calculators do division by

repeated subtraction, subtracting the dividing

number over and over until the result is

Zero.

a) If you tried to divide 12 by 0 on such a
calculator, would it eventually arrive at
zero? Explain.

b) What do you suppose would happen if
you tried dividing 0 by 0 on such a
calculator?

Lesson 6: Zero and One
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DRAWING BY KOREN; © 1973
THE NEW YORKER MAGAZINE, INC.

What do you think is the correct value for the following expression?
2x12+3x10

It all depends on what you are trying to find. For example, suppose that Mrs.
Naugatuck wants to buy 2 pounds of porcupine at 12 cents a pound and 3
pounds of iguana at 10 cents a pound. How much will the order cost?

To answer this question, we have to find

2x12+3x10

It is obvious from the situation that both multiplications should be done before
the addition:
2X12+3x10=
24+ 30 =
54
The order will cost 54 cents.

39



Now consider this problem. Mrs. Naugatuck wants to buy 2 dozen duck eggs
and 3 buffalo sausages. If they cost 10 cents each, how much will she have to
spend?

The answer to this question is also

2x12+3x10

In this case, however, the operations are done in a different order. Multiplying
12 by 2, adding 3, and multiplying the result by 10, we get

2xX12+3x10=

24 +3x10=
27 x10=
270

She will have to spend $2.70.

The fact that the answer to a problem that requires several operations can
depend on the order in which they are done has led mathematicians to make
rules for dealing with such problems. The rules are:

First, figure out the powers if there are any.
Then do the multiplications and divisions in order from left to right.
Finally, do the additions and subtractions in order from left to right.

According to these rules, the answer to the problem written as
2x12+3x%x10

is 54. If we want to change the order of operations, as in the second problem, we
use parentheses. It would be written as

2x12+3)x 10

We will learn in the next lesson how to use parentheses to change the order of
operations.

Examples of how the rules for order of operations are used are given on the
next page.

Chapter 1: FUNDAMENTAL OPERATIONS







42

Exercises

Set |
1. If possible, express each of the following 3. Mr. Webster is trying to improve his
numbers as a power of the number given. vocabulary.
a) 125 as a power of 5. a) If he learns x new words each day, how
b) 10 as a power of 0. many words will he learn in a week?
c) 64 as a power of 2. b) If he learns x new words each day, how
2. A parking meter will take nickels or dimes. fgrgdsvgm 3 o LT 9 M (WO s
9) Ry &3 T ?nd O e Paar c) If he knows 15,000 words now and learns
a dime, how many coins does it contain 1 N
inall> 0 new words each day, how many words

b) If it contains 17 coins of which x are will he know in x days?
nickels, how many dimes does it contain?

c) If it contains x nickels and 24 dimes and
someone puts in 2 more nickels, how
many coins does it contain in all?

Set 11

4. The figure shown here illustrates the expression 2* + 22. | |

Which figure below illustrates each of the expressions in parts a through g?
(The crossed-out circles indicate subtraction.)

00
[e}Ne]
0o
0o

00

Figure 1 Figure 2 Figure 3

Figure 4 Figure 5 Figure 6

Chapter 1: FUNDAMENTAL OPERATIONS
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a) 42 + 42

b) 43 + 32
¢)4-3+3-2
d) 62 —3-2
€ 6:2—3-2
f) 2-42

g 4-22

Find the value of each of the following
expressions.
a) 2-5+4-10
b) 2+5-4+10
c) 3.2¢
d) 3+ 2¢
e) 52— 42
f) 52-42
g 6-7-12+3
h) 6:7+3 — 12
i) 6:7-3+12
) 6:7+12-3
42 82
b gty
42 82
DTt
8 4
4 y 8
n 11 —-2:347:2
0) 11 —23472

m)

p) 11:25 _72

Q) 1172 -2

Write an expression for each of the
following.

a) The sum of the squares of x and y.

b) Ten decreased by the product of x and 5.
¢) The quotient of x and 5, decreased by 10.

d) The product of 8 and the cube of x.

) The difference between the fourth power

of y and y.

f) Two more than the quotient of 12 and x.

g) The sum of x and the product of x
and y.

£y

©

7. The value of the expression x? + 3x — 2
depends on the number with which we
replace x. For example, if x is 5,

x4 3x —2=

52 4 3.5-2=

254 15 -2 =

40 -2=

38

Find the value of x? + 3x — 2 if
a) xis .
b) x is 4.
¢) xis 10.
d) x is 20.

Find the value of each of the following
expressions for the numbers given.

a) 2x + 7 if x is 6.

b) 15 — 3x if x is 2.

¢) I +4x?if xis 5.

d) x* — 22 if x is 10.

e) x* + xif xis 3.

f) 5x2 —x + 6 if x is 4.

At Frankenfurter’s Delicatessen, salami costs
80 cents a pound and liverwurst costs 95
cents a pound.

a) How much would an order of 7 pounds
of salami and 3 pounds of liverwurst
cost?

b) How much would an order of x pounds
of salami and y pounds of liverwurst
cost?

Lesson 7: Several Operations
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Set 111

10. The figure at the right illustrates the g g g g g
expression 52 — 2+ 3. Which figure below 5 500 o
illustrates each of the expressions inpartsa o o0 @ & &
through g? comgR

(e}e)

©0ooo
oo oo OB E B
©co oo [3-8-81
00 ©0O0 O B B
Figure 1 Figure 2 Figure 3
ocoo coo0o oo
coo 00o0O0 BB
coo cooo -84
o000 B
Figure 4 Figure 5 Figure 6
a) 3:2+4-2 € 4:2-3-2
b) 23 + 23 4 23 4 23 f) 22-4
¢ 3+ 4 g) 3%-4
d) 42 — 32
11. Find the value of each of the following 0) 3:3:4-3:2-5
expressions. p) 3-3*-3-2°
a) 20—-6+3 q 3*-3-25-3
5)) 3—66_ g 12. Write an expression for each of the
d) 5:9—4-7 following.
& 5+9-4—7 a) One more than the product of x and 7.
f) 244 b) The difference between the cubes of x
g 2-4 and y.
h) 2¢-3 c) Three times x, decreased by three
) 2643-8—52 times y.
;; 26 i 52 i 3 -38 d) Twelve increased by the quotient of x
k) 26— 3-8 4 52 gncs
) 2645 3-8 ¢) The product of 5 and the square of x.
e 5 f) The sum of x and the fifth power of y.
m) = — {0 g) The quotient of 1 and the product of x
2 3 and y.
e
B TS
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13. The value of the expression x* — 2x + 4
depends on the number with which we
replace x. For example, if x is 3,

3 — 2x +4=
3-2-3+44=
27 —-2-3+4=
27— 6 +4=
21 +4=
25
Find the value of x> — 2x + 4 if
a) x is 0.
b) xis 2.
c) xis 5.
d) xis 7.

14. Find the value of each of the following
expressions for the numbers given.
a) 5x + 4 if xis 8.
b) 17 — 2x if x is 3.
) 1+ 3x2if xis 4.
d) x2 + % if x is 10.
e) x* —xif xis 3.
f) 6x + x — 2if x is L.

Set IV
Because very few people enjoy doing arithmetic,
pocket calculators have become very popular.
Although they are easy to use, getting the
correct answer to a problem that requires more
than one operation is not as simple as it might
seem.

Consider the problem

= 8 , -
12:5-=+17-2
5 4+

for example. If you push the keys for these

numbers and operations in the order shown here,

BIEEE

[

15. Acute Alice put a square snapshot of her
aunt Edna in a square frame.

F A

Find the area of the frame (the green region

in the figure above) if

a) each side of the snapshot is 7 centimeters
long and the outer sides of the frame are
each 10 centimeters long.

b) each side of the snapshot is x centimeters
long and the outer sides of the frame are
each y centimeters long.

a calculator will give the wrong answer.

1. What is the correct answer to the problem?

2. What answer do you think the calculator
might give instead?

3. Why would it give that answer?

4. What would you do if you wanted to use
such a calculator to get the correct answer to
the problem?

Lesson 7: Several Operations
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LESSON 8
Parentheses

w4 hza(s)-gle):

. ¥G) -4
=@
J-2 -

Parentheses are among the most frequently used symbols in algebra. One way in
which parentheses are used is to change the usual order of operations. For
example, suppose that the sum of 3 and 5 is to be subtracted from 10. Because
3 + 5 =8and 10 — 8 = 2, the answer to this problem is 2. If we tried writing
the problem as

10-3+5

however, we would get the wrong answer because, according to our rules of
operation, additions and subtractions are done from left to right:

10-3+5=
5

ax
+5=
In order to show that we want to add 3 and 5 before subtracting the result from
10, we write

10— (3+5)



The parentheses indicate that the operation inside them is to be done first:

10-(+5) =
10 — =

P In an expression containing parentheses, the parentheses indicate that the
operations enclosed within them are to be done before anything else.

Division is usually indicated in algebra by a fraction bar. To show, for
example, that the sum of 9 and 3 is to be divided by the difference of 5 and 1,
we write

9+3
5—1

The fraction bar here means not only to divide, but also to add and subtract
before dividing.

Because the usual procedure is to divide (and multiply) before adding and
subtracting, the fraction bar acts here as a parentheses symbol.

Here are more examples of how the value of an expression containing
parentheses is found.

EXAMPLE 1
Find the value of (7 + 4)(7 — 4).

SOLUTION

7 +90 -9

Lesson 8: Parentheses
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EXAMPLE 2
Find the value of 4 + (11 — 2)2

SOLUTION
44+ (11-27=
+ 2=
44+ 81 =
Exercises
Set |
1. If possible, find the value of each of the
following.
a) 0100 9 -2 o L
100 100
b) 1-100 d) % f) ¥

2. Find the missing dimension for each of
these rectangles. (Some of your answers will
be in terms of the letters.)

a) 5 b) ) b
2| x| 6x x| x2
9 . 9 )
x
2l 20 gl y

Chapter 1: FUNDAMENTAL OPERATIONS

EXAMPLE 3
! 0 65
Fmdthevalueof6_5 + 0
SOLUTION
10, 6:5_
6-517 10
10 . 30 _
T Yo T
0 + 3 =

13

3. This animal, a native of Madagascar called
the tenrec, is capable of giving birth only
ten weeks after it itself is born.

a) How many generations of descendants of
one of these animals could be born in 50
weeks?

b) How many generations of descendants
could be born in x weeks if x is a
multiple of 10?7









11. The figure shown here illustrates the

expression (5 — 1)

a) 32 — 22 e) 32 4+ 22
b) (3 — 22 £) 33 + 2)
c) 33-2) g) 3¥—-3-2
d) (3 + 22 h) 32 +3-2
Which figure below illustrates each of the
expressions in parts a through h?
Figure 1 Figure 2 Figure 3 Figure 4
Figure 5

12. To show that someone is to subtract 2 from

x and then multiply the result by 3, we

write 3(x — 2) or (x — 2)3. Write an

expression for each of the following sets of

operations.

a) Add 11 to x and multiply by y.

b) Multiply 11 by y and then add x.

¢) Divide x by 3 and then subtract 1.

d) Subtract 1 from x and then divide by 3.

¢) Add x and y and square the result.

f) Add the squares of x and y.

g) Multiply the difference between x and y
by x.

h) Cube the product of 2 and x and subtract
the result from 9.

i) Subtract the product of 2 and x from 9
and cube the result.

j) Divide the sum of x and y by 5 times y.

13. Find the values of the following expressions

for the numbers given.

x4+ 4x — 12
a) if xis 2
b) if x is 4
¢) if x is 10
d) if x is 15
(x + 6)(x — 2)
e) if x is 2
f) if x is 4
g) if x is 10
h) if x is 15

Lesson 8: Parentheses

Figure 6
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Set IV

The value of the expression 1 Hlll 2 lilll 3 il 4
depends on the symbols of operation with which
we replace the blanks. Examples are shown in
the picture at the right.

1. Can you figure out which of the following
symbols of operation, +, —, -, and +,
should be used to replace the blanks in the
expression

18 2 3 W04 R 5 D 6 7 AW O 9 AR 10

in order to make it as large a number as
possible?

What is the value of the number?

. Suppose that, in addition to replacing the
blanks with symbols of operation, you may
add parentheses wherever you wish. What
would you do to make the expression as
large a number as possible?

What is the value of the number?

o

w

L
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Distributive
Rule

The oldest game in the world may be the game of Go. It originated in China
and is thought to have been played as long ago as the twenty-fourth century B.C.

Go is played with black and white stones on a square board. The object is to
capture more territory than the other player while losing as few stones as
possible in doing so. The photograph above shows how the board might look at
the end of a game.

Although the way in which the stones are arranged on the board makes them
difficult to count, the stones in the pattern below are easy to count. Two ways to
count them illustrate a simple but very useful pattern called the distributive rule.
One way is to multiply the sum of the numbers of black and white stones in one
row, 6 + 4, by the number of rows, 8:

8(6 + 4) = 8(10) = 80 P )

. . X 44 _{_

The other way is to multiply each of these numbers, 6 >4 I
and 4, by 8 and add the results: 2 R0e |
-4

8(6) + 8(4) = 48 + 32 = 80 aoesl

BBE +
Comparing the first way with the second, we see that v -

|
= o

8(6 + 4) = 8(6) + 8(4)

This pattern is true for any set of three numbers.



» The Distributive Rule (Addition)
For any three numbers a, b, and ¢, a(b + ¢) = ab + ac.

Notice that this rule is about a relationship between multiplication and
addition. Sometimes it is stated by simply saying that “multiplication distributes

over addition.”
There is a similar rule relating multiplication and subtraction.

P> The Distributive Rule (Subtraction)
For any three numbers a, b, and ¢, a(b — ¢) = ab — ac.

Because the product of two numbers does not depend on the order of the
numbers, the two distributive rules can also be written with the numbers in each
product interchanged; that is, because

ab+c)=ab+ac and a(b—c)=ab— ac
it is also true that
(b+cJa=ba+ca and (b— ca=ba—ca

The distributive rules are among the most fundamental patterns of algebra.
Here are examples of how they are used.

EXAMPLE 1
Use the distributive rule to write the product 10(x + 2) as a sum.

SOLUTION
10(x + 2) = 10(x) + 10(2) = 10x + 20

EXAMPLE 2

Use the distributive rule to write the product (5 + x)y as a sum.
SOLUTION

G+ x)y=5+xy

EXAMPLE 3

Use the distributive rule to write the product x(x — 1) as a difference.
SOLUTION

xx— 1) =x(x) —x(1) =2 —x
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Exercises

Set |

1. Simplify each of the following expressions.
a)a+a+a+a+a
b) bbb
a_ b
) T aF T

d) 0(a + b)
. Mr. Hunt can type 20 words per minute and
Miss Peck can type x words per minute.
a) If they type at the same time, how many
words can they type in a minute?

S}

w

b) How many words can Miss Peck type in

5 minutes?

¢) How long would it take Mr. Hunt to

type y words?

pounds.

. The largest pizza ever baked weighed 1,000

a) If it contained x pounds of cheese, how
much did the other ingredients weigh?

b) If the pizza were cut into y equal pieces,
how much would each piece weigh?

¢) If 10 people ate z pounds each, how

much would be left?

Set Il

4. The figure below illustrates the pattern
24 + 3) = 2(4) + 203).

0000 oo
o000 ooo

Wrrite a pattern illustrated by each of the
following figures.

b)
a) cocoommE
000000 00 cooommm
000000 [oXe) cooocoEggR
000000 0O ooocoma®

w

. The multiplication problem 5x? and the
addition problem x? + x? + x2 + x% + x2
are equivalent. Write a multiplication
problem equivalent to each of the following
addition problems.

a) P + x4+ 23+ 2P
b) 2x + 2x + 2x + 2x + 2x + 2x + 2x
QEx+D)+Ex+D)+(x+1)

<)
O 00000000
© 00000000
O 00000000
O 00000000
O 00000000

coooa
co0o@
coooom
coooo0o®
cooooe®
cooocwm

DE+N+E+N+-+(x+

9 of them

Write an addition problem equivalent to
each of the following multiplication

problems.
€) 2x*

f) 5(3x)

g) Hx +7)

Lesson 9: The Distributive Rule
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6.

4x +

®

According 1o the distributive rule,

4(x + 2) = 4x + 8. One way to prove this
is by writing 4(x + 2) as a repeated addition
problem and rearranging the numbers being
added:

D=+ +F+)+(Ex+2) +(x+2)
=x+x+x+x+2+2+2+2
=4x+8

Use the same method to prove that

a) (x+3)=3x+15

b) 2(x +3) = 2x + 2y

) Hx2+1)=4x2 +4

Use the distributive rule to write each of the
following as a sum or difference.

a) 8(x + 3) ) (@ +x)y
b) 5(y —2) g) (v —x7
Q) x(x + 1) h) (x — 6)x
d) ¥(x — ) i) 10(x? + 4)
e) (x +9)2 i) xx®—1)

. The way in which you learned to multiply

numbers in arithmetic has as its basis the
distributive rule. For example, to multiply
51 by 32 we write
51
x_32
102
+15%
1632

To see how the distributive rule applies, con-
sider the fact that 32 = 2 + 30 so that

32-51 = (2 + 30)51
2-51 +30-51
102 + 1530
1632

([ I T
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a) Do the following multiplication problem.
72
x43

b) Show, by using the distributive rule, why
what you have done is correct.
¢) Now do this mutiplication problem.

43
x12

d) Explain your method by using the
distributive rule.

Write the total area of each of these
rectangles in two different ways.

a) x 5 b) 10 x

. Buster Brown owns x pairs of tennis shoes

and y pairs of loafers.

a) If he has no shoes other than these, how
many pairs of shoes does he own in all?

b) Write the number of shoes that he owns
altogether as a product.

¢) How many individual tennis shoes does
he own?

d) How many individual loafers does
he own?

¢) Write the number of shoes that he owns
altogether as a sum.




Set 11l

1L

IS}

The figure below illustrates the pattern
36 — 2) = 3(6) — 3(2).

0 0O ¢

Write a pattern illustrated by each of the following figures.

b) 4
a) ocoo o © ocooxm
000 e ooco o coopEgRE coow
ggoo; :)-,(i(jﬁ ocoo o oooBEE R B ocoog
ooo o COOEBERE B cooxm
coo o cooBEBY R coog
ooo o
ocoo <]
. The multiplication problem 3x* and the Use the same method to prove that
addition problem x* + x* + x* are a) 2(x 4+ 6) =2x + 12
equivalent. Write a multiplication problem b) 4x +y) = 4x + 4y
equivalent to each of the following addition Q) 3(x2+2)=3x2+6
s, 14. Use the distributive rule to write each of the

a) x2 4+ x2 + x2 4+ x2 + %2 + x? + 2

1) B4t Bt following as a sum or difference.

2 5 f
Beipn o R o (e s
DE+)+E+N)+ -+ (x+
) (x +3) + (x + ) (x+) 9 x6 + 9 e =9
10 of them d) yy — 1) i) 3 +9)
Write an addition problem equivalent to e) (x + 8)10 j) x%(x — 2)
each of the following multiplication
problems. 15. The way in which you learned to multiply
e) 4x* numbers in arithmetic has as its basis the
f) 2(7x) distributive rule. For example, to multiply
g) 3(x + 8) 62 by 14 we write
. According to the distributive rule, 62
5(x + 1) = 5x + 5. One way to prove this x 14
is by writing 5(x + 1) as a repeated addition 248
problem and rearranging the numbers being 4620
added: 363
S+ D=@C+D+@Ex+D+@Ex+D+E+D)+(+1)

=x+x+x+x+x+1+1+1+1+1
=5x+5

Lesson 9: The Distributive Rule
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To see how the distributive rule applies,
consider the fact that 14 = 4 + 10 so that

14-62 = (4 + 10)62 = 4-62 + 10- 62
= 248 + 620 = 868

a) Do the following multiplication problem.
84
x21

b) Show, by using the distributive rule, why
what you have done is correct.
¢) Now do this multiplication problem.
21
x84

d) Explain your method by using the
distributive rule.

17. Alice’s Restaurant sells espresso coffee for 40
cents a cup. Suppose that one week it sells x
cups of the coffee and the next week it sells
¥ cups.

a) How many cups does the restaurant sell
in all?

b) Write the total amount charged for the
coffee during the two weeks as a product.

¢) How much did the restaurant charge for
the coffee during the first week?

d) How much did the restaurant charge
during the second week?

e) Write the total amount charged for the
coffee during the two weeks as a sum.

16. Write the total area of each of these rectangles in two different ways.

d

a) b; <)
) x 7 b 2y X ¥y 6 y:y 1
3 L) 10 LIT1 ]
Set IV
You know from the distributive rule of (x +y)

multiplication over addition that, for all values
of x and y,

2Ax+y)=2x+2
Is it also true that
(x +3)? =x2 + 3%

1. To find out, find the values of the following
expressions for the numbers given.

a) if xis 2and y is 0.
b) if x is 0 and y is 6.
c)if xis3and yis 4.
d)if xis 9 and yis 1.

x2+y?
e) if xis2and y is 0.
f) if xis 0 and y is 6.
g)ifxis3and yis 4.
h)if xis 9 and y is 1.

. What do you conclude about (x + y)* and
x2? + y? on the basis of your results?

[S)
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Summary and Review

In this chapter, we have reviewed the fundamental operations and their rela-
tionships.

Addition (Lesson 1) The result of adding two numbers, say a and b, is called
their sum and is written as a + b. It does not depend on the order of the
numbers, and soa + b = b + a.

Subtraction (Lesson 2) The result of subtracting one number from another,
say b from a, is called their difference and is written as a — b. It may be
understood to mean either “b taken away from a” or “the number that must be
added to & to give a.”

Multiplication (Lesson 3) The result of multiplying two numbers, say a and b,
is called their product and is written as ab. As in addition, it does not depend on
the order of the numbers, and so ab = ba. Multiplication can be understood as
repeated addition; for example, 3a means a + a + a.

Division (Lesson 4) The result of dividing one number by another, say a by b,
is called their quotient and is written as % It is the number that must be

multiplied by & to give a.
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Raising to a Power (Lesson 5) To raise a number to a power means to
multiply the number by itself one or more times; for example, a* is read as “a
to the fourth power” and means a+a-a-a. The 4 is called an exponent. The
second and third powers of a number such as a are called “a squared” and “a
cubed.”

Zero and One (Lesson 6) Zero is the only number that can be added to or
subtracted from another number without changing it. For every number a,
a+0=aanda—0=a.

Whenever any number is multiplied by zero, the result is zero. For every
number a, a+0 = 0.

Although zero may be divided by another number, giving zero as the result,

we never divide a number by zero. For every number a (except 0), Q- 0;. %
a

and % are meaningless.
One is the only number that can be multiplied by or divided into another

number without changing it. For every number a, a1 = a and % = @

Several Operations (Lesson 7) In performing a series of operations, we work
from left to right, first raising to powers, then multiplying and dividing, and
finally adding and subtracting.

Parentheses (Lesson 8) Parentheses are often used to change the usual order of
operations by indicating that the operation inside them is to be done first. The

fraction bar used to indicate division acts as a parentheses symbol.

The Distributive Rule (Lesson 9) The distributive rule relates multiplication
and addition. It says that for any three numbers a, b, and ¢,

ab+c)=ab+ac and (b+ c)a=ba+ ca

A similar rule relates multiplication and subtraction. For any three numbers a,
b, and ¢,

alb—c)=ab—ac and (b— c)a=ba— ca
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Exercises
Set |

1. Write another expression equivalent to each
of the following.

) T+T+7+7
b)7-7:7-17

c) 2x

d y°

2. Write a number for each of the following:

a) The number @ squared.

b) The product of 3 and x.

c) The number y taken away from 17.
d) The fifth power of z.

3. Here are directions for a number trick.
Step 1. Think of a number.
Step 2. Multiply by five.
Step 3.  Add eight.
Step 4. Subtract three.
Step 5. Divide by five.
Step 6. Subtract the number that

b

you first thought of.

a) Show how the trick works by drawing
boxes and circles to illustrate the steps.

b) What is the result at the end of the trick?

¢) Two steps in the trick could be combined
into one without changing the end result.
Which are they?

d) What would the step replacing them be?

Which figure below and at the right
illustrates each of the following expressions?
ad4+3 b 4-33 o @+3)

Figure 1

v

. This problem is about the powers of 4.
a) Make a table showing the values of the
second through sixth powers of 4.
b) Can you guess what any of the digits of
4190 might be?

o

. A chessboard contains 2° small squares.
a) How many squares is that?
b) Can you write 2° as a number squared?

\.

. The perimeter of a rectangle is the sum of
the lengths of its sides. The area of a
rectangle is the product of its length and
width. What are the perimeter and area of
each of these rectangles?

IS
\.D
£
>
>
=5
~<

8. Find the value of each of these expressions.
2)30-9-7
b)30—-(©9-7)
o l+4
d) (1 + 4y

Figure 2

Figure 3

Summary and Review
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)

. A can of Goober’s Mixed Nuts contains
almonds, cashews, and peanuts.

a) If one can contains 9 almonds, x cashews,
and 142 peanuts, how many nuts does it
contain in all?

b) If another can contains 160 nuts of which
x are almonds and y are cashews, how
many peanuts does it contain?

10. Division by zero makes no sense.

0,

b) Is there any number equal to o

11. Mr. Bunyan is a lumberjack.

a) If he can cut down 600 trees in an hour,
how many trees can he cut down in x
hours?

b) If he can saw up x logs in a day, how
many days would it take him to saw up
10,000 logs?

12. Write an expression for each of the

following sets of operations.
a) Multiply x by 5 and then add 1.
b) Add 3 to x and then square the result.

Set 11

1. Write another problem equivalent to each of
the following.
a) 11 +11+11 c) 5x
b)2:2:2:2:2-2:2 d) 3*

"~

The pictures below illustrate the steps of a
number trick. Tell what is happening in each
step.

Step 1.

Step 2.

Step 3.

Step 4.

Step 5.

Step 6.

Chapter 1: FUNDAMENTAL OPERATIONS

a) Explain why there is no number equal to %

13.

14.

e

G

w

¢) Raise x to the sixth power and then
subtract 7.

Write each of these products as a sum or
difference.

a) 7(a + 2) b) K1 — &)

A molecule of propane gas consists of three
carbon atoms and eight hydrogen atoms, as
shown in the model below.

%

9 (c+95

a) How many of each atom do x molecules
of propane contain?

b) Write the total number of atoms in x
propane molecules as a sum.

¢) How many atoms does one propane
molecule contain?

d) Write the total number of atoms in x
propane molecules as a product.

Write a number for each of the following:
a) The difference between a and 5.

b) The number & cubed.

¢) The sum of 2 and c.

d) The quotient of 1 and d.

If possible, express each of the following as
a power of the number given.

a) 32 as a power of 2.

b) 3 as a power of 1.

¢) 1,000,000 as a power of 10.

During the month of July, there were x

shark attacks off the shore of Amity Beach.

a) If 3 of the attacks were within 50 feet of
the shore, how many were farther away?




b) If 5 attacks occurred in August, how
many were there in all?

6. Find the missing dimension for each of
these rectangles.

b 2
a) <) y

x| 20
2l 72 4

7. Par on the Shady Acres Golf Course is 72.

a) If Colonel Bogey’s score is x strokes
above par, what is his score?

b) If Miss Birdie’s score is y strokes below
par, what is her score?

¢) Mr. Bunker’s score on the first nine holes
is 75 (he has a terrible time with sand
traps) and his score on the second nine is
x. How many strokes above par is his
total score?

8. Find the value of each of these expressions.

a) 6102
b) (6 - 10)?
Q) (2 +7)8—3)
d)2+7-8-3

9. The cube numbers are related to the
differences of square numbers in an
interesting way.

a) Copy and complete the following table.

32—
62 —
102 —
152 — 102 = [l = [P

b) Can you guess what the next line of this
table is?

2

. Write an expression for each of the

following sets of operations.

a) Subtract 6 from x and then multiply
by 2.

b) Divide x by 8 and then add 4.

¢) Cube x and then subtract the result
from 150.

. Write each of these products as a sum or

difference.
a) 8(v + 11)
b) (@ — 6)3

<) x(y + 2)

. Show how each of these figures illustrates

the distributive rule by writing its area as
both a product and a sum.

b) X

. Since going on a diet, Mrs. Uppington has

lost 3 kilograms each week.

a) At this rate, how many kilograms would
she lose in x weeks?

b) If she weighed 200 kilograms before
beginning the diet, how much would she
weigh after x weeks of it?

) If she wants to lose x kilograms, how
many weeks will it take her?

. Find the values of the following expressions

for the numbers given.

X2 4+ 5¢ — 14 (x + T)(x — 2)
a) if x is 2 d) if x is 2
b) if x is 3 e) if xis 3
¢) if x is 10 f) if x is 10

Summary and Review
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we might let p represent physical age and m represent mental age and simply
write

m=2p

The two letters in this formula are called variables: as p varies in value, so
does m. For example, if p = 15, then m = 2(15) = 30 and if p = 25, then
m = 2(25) = 50.

As the character in the last panel of the cartoon has pointed out, it is also
possible to conclude from the claim of having the mind of an eight-year-old at
the age of four that the person is merely four years ahead in intelligence. The
table below illustrates this possibility.

Physical age 4 5 6 7 8
Mental age 8 9 10 11 12

A formula stating that someone’s mental age is always four years more than his
physical age is

m=p+4

Although it is unlikely that either of these functions is correct, it is certainly
true that a person’s intelligence does change in the course of a lifetime. The
method by which a person’s I.Q. is determined takes this change with age into
account.

Exercises
Set |
1. Find the value of each of these expressions: b) The number that must be multiplied by x
a) 12 - 32 ¢ 1P+ 23 to give x.
b) (12 — 3)? d) (1 +2)° ¢) The number that must be multiplied by x
2. Write a number for each of the following: WAL,
a) The number that must be added to x to 3. Contrary to popular opinion, ghosts do not
give x. last forever. According to the Gazetteer of

Lesson 1: An Introduction to Funclions
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British Ghosts, they fade away after 400

years.

a) If a ghost has existed for x centuries,
how many years has it been around?

b) If a ghost has been haunting a castle for
X years, how many years has it to go?

Set Il

4. One way to represent a function is with a
table. For example, if a function has the
formula y = 3x, then a partial table for it
might look like this:

Copy and complete the tables shown for the
functions having these formulas.
a) Formula: y =x + 5

Table:

x 0 1 2 3 4
y 5 0 AW W AW

b) Formula: y = 4x
Table:

0 2 4 6 8
[ e

X

y

c) Formula: y = 2x + 3
Table:

x 0 1 2 3 4
yo 3 W W m fw

d) Formula: y = x?
Table:

x

1 2 3 4 5
yo M e

e) Formula: y = 172

Table:

x 2 4 6 8 10
yo 6 W W W

Chapter 2: FUNCTIONS AND GRAPHS
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To find the value of a complicated
expression that includes x, it is helpful to
replace each x with parentheses first and
then write the number for x in each. For
example, suppose a function has the formula

y=22—-x+3

To find the value of y if x = 5, we first
write y =2( )> —( ) + 3 and then
¥ =2(5)* - (5) + 3. Simplifying,
y=2-25-5+3=48

Copy the tables for the following
functions and use this method to complete
them.

a) Formula: y = 1 + 3?
Table:

x 2 3 4 5
y 13 0 T W
b) Formula: y = 2x* — x?

Table:

e W) 3 4 5
y 12 DM DM W

. Guess a formula for the function represented

by each of these tables. Begin each formula
with y =.

a)x 1 2 3 4 5
y 6 12 18 24 30
bx 0 1 2 3
y 7 8 9 10 11
cx 5 6 7 8 9
y 1 2 3 4 5




dx 2 3 4 5 6
y 4 9 16 25 36
gx 2 3 4 5 6

y 5 10 17 26 37
(Hint: Compare table ¢ with table d.)

flx 1 2 3 4 5
¥ 5 11 17 23 29
(Hint: Compare table f with table a.)

g x 4 5 6 7 8
y 43 53 63 73 83
h) x 4 5 6 7 8
y 4 55 66 77 8
i x 3 4 5 6 7
¥y 9 8 7 6 5
B x 1 2 4 5 10
y 2 10 5 4 2

The perimeter and area of a square are
functions of the length of one of its sides.

10
S

10 10 SD B
10 5

a) What is the perimeter of a square whose
sides are 10 units long?

b) Write a formula for the perimeter, p, of a
square whose sides are s units long.

¢) What is the area of a square whose sides
are 10 units long?

d) Write a formula for the area, a, of a
square whose sides are s units long.

The distance that Miss Winfield travels on
her bicycle (she goes at a constant speed) is
a function of the time she has been riding.
Here is a table for this function.

&

Number of seconds, s 15 30 45 60
Number of meters 165 330 495 660
traveled, m

a) What is Miss Winfield’s speed in meters
per second?

b) Write a formula for this function.

¢) How far would Miss Winfield go in 70
seconds?

9. The population of a city is a function of
time. This table shows the population of
Grover’s Corners every twenty years,
starting at 1900.

Year 1900 1920 1940 1960
Population 205 372 620 8145

a) What can you conclude from this table?
b) Do you think there is a formula for this
function?

Set 1lI

10. One way to represent a function is with a
table. For example, if a function has the
formula y = x + 2, then a partial table for
it might look like this:

=
[
w
'S
< w

Copy and complete the tables shown for the

functions having the following formulas.

a) Formula: y = 5x

Table:
X0 2 3 4
y 0 [N | |
b) Formula: y = x — 3
Table:
x 3 4 5 6 7
y 0 ) |

Lesson 1: An Introduction to Functions
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c) Formula: y = 10x + 1
Table:

x 1 2 3 4 5
y 1 WO

d) Formula: y = x*
Table:

E5 1 2 3 4 5
y WO M W

¢) Formula: y = 22 + x
Table:

x 0 1 2 3 4
y W N e

11. To find the value of a complicated
expression that includes x, it is helpful to
replace each x with parentheses first and
then write the number for x in each. For
example, suppose a function has the formula

y=x4+4&-5

To find the value of y when x = 3, we first
V\ritey—( )? +4( )—5 and then

= (3)> + 43) — 5. Simplifying,
y =9+12-5=16

Copy the tables for the following
functions and use this method to complete
them.

a) Formula: y = 4x3 + 2
Table:

Chapter 2: FUNCTIONS AND GRAPHS

12. Guess a formula for the function represented
by each of these tables. Begin each formula
with y =.

a) x 0
¥ 3
b) x 4
y 20
c) x 2
y 1
dx 7
1

0

0

4

9

(%)
[~
-

= D0 N Ut U
S S ® N

w
S o UiN oW
_

B/
€) x
Y
f) x
y 24 34 39
(Hint: Compare table f with table b.)

2 3
SO B WO WO o un
~ —
EORRN WIS
o
A

g) x 0 1 2 3 4
y 2 3 10 29 66
(Hint: Compare table g with table e.)

hx 3 4 5 6 T
y 34 44 54 61 T4
hxr 3 4 5 6 1
y 33 4 55 66 77
Dx 2 3 4 5 6
y 8 7 6 5 4

13. The number of people listening to Senator
Claghorn give a speech is a function of the
time he has been speaking. This table shows
what happened at a speech he gave last
week.

Number of minutes
the senator had 0 10 20 30
been speaking

Number of people

AR, 500 384 245 109
who were listening



a) What can you conclude from this table? 15. The number of times that the hour hand of

b) Do you think there is a formula for this a clock goes around the clock is a function
function? of the time.
14. The amount of money that Mr. Babbitt

makes is a function of the number of hours
that he works. Here is a table for this

function.
Number of hours
el 7 8 16 24 32 40
Number of dollars
earned, d 60 120 180 240 300 a) How many times does the hour hand go
around the clock in one day (24 hours)?
a) How much money does Mr. Babbitt b) How many times does it go around the
make per hour? clock in seven days?
b) Write a formula for this function. ¢) Write a formula for the number of times,
¢) How much money would Mr. Babbitt n, that the hour hand goes around the
make in 50 hours? clock in d days.

Set IV

Thousands of meteors enter the earth’s
atmosphere each year. This shows a piece of one
that was found in Saskatchewan, Canada.

As a meteor enters the earth’s atmosphere, it
rapidly becomes white hot so that it looks like a
“falling star.” The degree to which it is heated
depends on how fast it is traveling. More
specifically, the highest temperature reached by
the meteor is a function of the speed at which it
enters the atmosphere.

The table below shows some approximate
! : . NININGER,
values for this function. AMERICAN, METEORITE MUSEUM

Speed of meteor, s,
in kilometers per 5 6 7 8 9
second

Highest temperature
reached by meteor, 11,250 16,200 22,050 28,800 36.450
t,in °C
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PRESS SYNDICATE,

The

“1 really look forward to your cheery little visits.” Graph

According to the chart on the wall, this fellow’s progress in the hospital
doesn’t look very encouraging. What the doctor has been drawing each
day is called a coordinate graph. The patient’s health is a function of
time, and this is evidently what is being pictured on the graph.

The coordinate graph is one of the simplest, yet most useful, ideas in
all of mathematics. Invented in the seventeenth century by a French
mathematician and philosopher, René Descartes, it has been used in a
wide variety of applications ever since.

To construct a coordinate graph, we begin by drawing two perpen-
dicular lines as shown in the figure at the right. The two lines are labeled
with letters, usually x and y as shown, and are called the axes of the
graph. The horizontal line is ordinarily called the x-axis and the vertical
line is called the y-axis. The point in which they intersect is labeled with
a capital O and is called the origin. The axes continue indefinitely in
each direction from the origin.

LESSON 2

Coordinate
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4
3
> P
7
012345
y

3

.

5 .

Each axis is numbered like a ruler, beginning with zero at the origin.
To locate a point, such as the one named P at the left, we move along the
x-axis until we are directly below the point, counting the units as we go.
Then we move directly up to the point itself, again counting the units
along the way. The location of the point is given by these two numbers,
which are called its coordinates. They are written in parentheses and
separated by a comma like this: (3, 2). The x-coordinate is always given
first, because we always move in the direction of the x-axis first.

Because a function can be represented by pairs of numbers in a table,
these pairs of numbers can be used as coordinates of points to make a
picture called the graph of the function. For example, to graph the
function represented by this table,

we plot the points (1, 3), (2, 4), (3, 5), (4, 6). and (5, 7). (Writing the table
in columns rather than rows, as has been done at the left, makes the
paired numbers easier to read.) The numbers in the table follow a
simple pattern, which means that the points in the graph also form a

g simple pattern.
Exercises
Set |
1. Write another expression equivalent to each these rectangles. The expression inside each

of the following.

A n+n+n+n+n

b) nnnnn
o 7
d)7-4

2. Find the missing dimension for each of

rectangle represents its area.

9 = b x

x| x ol x2 Lz

Chapter 2: FUNCTIONS AND GRAPHS



3. Write an expression for each of the
following sets of operations.
a) Multiply x by 4 and then subtract 9.
b) Subtract 9 from x and then multiply by 4.

Set Il

4. Write the coordinates of each of the seven
points in this graph (including the origin)
that is named with a letter.

y
101 oA
oC
B
S5e¢F
D
1 E 1
© 5 0~

5. On graph paper, draw a separate pair of axes
extending 8 units in each direction from the
origin for each part of this exercise. Connect
the points with straight line segments in the
order given to form each geometric figure.

a) Right triangle: (2, 1), (2, 7), (6, 1), and
@ 1).

b) Trapezoid: (3, 6), (7 6). (8, 3), (1, 3), and
(3, 6).

o

. A certain function is represented by this
table of numbers.

a) What is a formula for this function?
Begin your formula with y =.

¢) Add the squares of a and b.
d) Add a and b and then square the result.

b) How many points are included in the
table?

¢) Graph the function by drawing a pair of
axes and plotting these points.

d) What do you notice about the points?

Y
101
i Y
.

. .

5 5 .
.
.
1 L

o 5 X o 32

Figure 1 Figure 2

7. A certain function has the graph shown in
Figure 1, above.
a) Copy and complete the following table
for this function.

x 0 1 2 3 4
y o4 W T W
b) What is a formula for this function?

8. A certain function has the graph shown in
Figure 2, above.
a) Copy and complete the following table
for this function.

x 0 1 2 3 4
yo MWW W

Lesson 2: The Coordinate Graph
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9.

Set 11l

11.

b) What is a formula for this function?

A function has the formula y = 8 — x.
a) Copy and complete the following table
for this function.
x 0 2 4 6 8
y 8 Im i

b) Graph the function.

10.

A function has the formula y = 3x — 2.
a) Copy and complete the following table
for this function.

x 1 2 3 4
y I H H R

b) Graph the function.

The coordinate graph makes it possible to
study a geometric figure by means of
numbers because each point of the figure can
be located by a pair of numbers.

Y
10

o

This graph shows a circle whose center is
the point (5, 5). What are the coordinates of
each point on the circle that is identified by
a letter?

. On graph paper, draw a separate pair of axes

extending 8 units in each direction from the
origin for each part of this exercise. Connect
the points with straight line segments in the
order given to form each geometric figure.

a) Kite: (3, 5) (5, 7)s (7 5)s (5, 1), and (3, 5).

b) Rectangle: (2, 1), (8, 3), (7, 6), (1, 4), and
2 1).

Chapter 2: FUNCTIONS AND GRAPHS

A certain function is represented by this
table of numbers.

a) What is a formula for this function?
Begin your formula with y =.

b) How many points are included in the
table?

c) Graph the function by drawing a pair of
axes and plotting these points.

. A certain function has the graph shown in

the figure below.

v
5!

(o] X

a) Copy and complete the following table
for this function.

b) What is a formula for this function?

S —




15. A certain function has the graph shown in
the figure below.

a) Copy and complete the following table
for this function.

x 0 1 2 3 4t
2

b) What is a formula for this function?

Set IV

This exercise requires care and patience but
gives an interesting result. Draw a pair of axes
extending 15 units in each direction. Connect the
points in each set in order with straight line
segments. After you have connected the points in
one set, start all over again with the next. In
other words, do not connect the last point in each
set to the first point in the next one.

Set 1: (9, 8), (95, 10), (8, 11, (9, 12), (9, 13),
(7, 13), (8.5,14.5), (10, 14), (11, 14.5),
(10, 12), (11, 12), (12, 13), (13, 12), and
(12, 10).

16. A function has the formula y = 2x — 3.
a) Copy and complete the following table
for this function.

A B 4 5 6
yoo U 0w
b) Graph the function.

17. A function has the formula y = % +5.

a) Copy and complete the following table
for this function.

EEN O 2 4 6 8
E2N

b) Graph the function.

Set 2: (11, 2.5), (11, 1), (10, 1), (9, 0.5), (9, 0),
(12, 0), (12, 255), (13, 1), (14, 1), (13, 2),
and (13, 2.5).

Set 3: (45, 4), (3, 6), (2, 6), (1, 5.5), (0, 4), and
(4, 3).

Set 4: (10, 8), (10, 10), (11.5, 11), and (12, 12).

Set 5: (7, 23), (7, 1), (5, 1), (4, 0.5), (4, 0),
(8, 0), and (8, 2.5).

Set 6: (4, 3), (6, ), (8, 8), (11, 8), (12, 7),
(14, 3), (13, 2.5), (7, 2.5), and (4, 3).

To finish the figure, draw a large dot at (2, 5)
and another large dot at (9, 14).

Lesson 2: The Coordinate Graph 77



Year
1870
1880
1890
1900
1910
1920
1930
1940
1950
1960
1970

LESSON 3
More on
Functions

Record

time

Roger Bannister was the first person to run the mile in less than four minutes.
He did it in 1954 with a time of 3:59.

The table at the left shows how the record for the mile has changed in the past
century. To picture the change, we can plot points corresponding to the pairs of
numbers in the table on a graph. A graph in which the years and record times
are the respective x- and y-coordinates of the points is shown at the top of the
next page.

In Lesson 1, we defined the word function in the following way.

P A function is a pairing of two sets of numbers so that to each number in the first

set there corresponds exactly one number in the second set.

In our example, the first set of numbers is a set of years from 1870 to 1970 and
the second set of numbers is the set of record times for those vears. The record
time for the mile is a function of the year because to each year there corresponds
exactly one record time.

If the two columns of numbers in the table at the left were interchanged as
shown in the table at the top of the next page, the new pairing of the numbers
would 7ot be a function because to the record time of 4:16 there corresponds two
vears, 1900 and 1910.

A convenient way to represent a function is with a formula. Not all functions
have formulas, however. The relationship between the vear and the record time




Record

time Year Y
429 1870 £330
v 4:25 B
423 1880 £420 L
4:18 1890 ‘: 4:15 2 s
4:16 -1900 s 4:10 L
416~ 1910 $ 4:05 i
413 1920 T 4:00 e
4:10 1930 SHES) $ i
406 1940 3:50
§ S S I Y Y N S B | X
4:01 1950 00000200000 Q
. NOOAOSNMIH ON
3:55 1960 VHNVADTNAAN DD
I222222222
3:51 1970
Year

for the mile, for example, is too complicated to have a simple formula. And,
even if we were able to write a formula for it, there would be no reason to expect
it to work in the future.

For a function that does have a formula, it is often useful to be able to graph
that function. The most obvious way to do this is to

1. use the formula to make a table and
2. use the table to graph the function.

Here is an example.

EXAMPLE
Graph the function y = 9 — x2

SOLUTION 10
First, we make a table of some numbers.

x 0 1 2 3
y 9 8 5 0

Next, we plot the points whose coordinates 5 [
are the numbers in the table: (0, 9), (1, 8),
(2, 5), and (3, 0), as shown in the figure at the
right. The points do not lie on a straight line.
Whenever this is the case, we will assume that
they lie on a smooth curve.* We finish the
graph by sketching in the curve.

* All of the formulas that we study in this course will have graphs that are either straight lines
or smooth curves.
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Exercises
Set |

1. Tell whether or not the expressions in each
of the following pairs are equal.
a)(9+4) +3 and 9+ (4+3)
b)©@—4)+3 and 9— (4 +3)
) 9+4 -3 and 9+(4-3)
d)(9-4—3 and 9-(4-3)

~

Use the distributive rule to write an
expression equivalent to each of the
following.

a) 3(x +3)
b) (x — 75

c) x(2 —x)
d) (y + Dy?

3. One of the world’s largest roller coasters,

called “The Great American Scream

Machine,” is in Atlanta, Georgia.

a) If it has x cars, each of which can hold
six people, how many people can ride on
it at one time?

b) If 24 people went for a ride on it and x
of them fell off, how many people would
be left at the end of the trip?

Set Il

4. A certain function has the graph shown at
the right.
a) Make a table for this function.
b) Write a formula for it. Begin your
formula with y =.

Chapter 2: FUNCTIONS AND GRAPHS




5. The graph shown at the right is not the

graph of a function because to each value of

x there does not correspond exactly one

value of y.

a) For which value of x are there two values

of y?
b) What are they?

6. Which of the following graphs represent functions?

a) b) ) d) e)
y y y
O s O |——7 o o 7 © o
f) ] h) i) i)
y 14 y
-
fo] 5 oL 57 o X X

7. Make a table of numbers for each of the

following functions and graph each function.

In each case, connect the points with a
smooth line or curve.
a) y=x, letting x =0, 1, 2, 3, and 4.

£

3

, letting x = 0, 3, 6, and 9.

x 4 2, letting x = 0, 1, 2, 3, and 4.
2x, letting x = 0, 1, 2, 3, and 4.
2x — 1, letting x = 1, 2, 3, and 4.
e) y = x? letting x =0, 1, 2, and 3.

g y= % + 4, letting x = 0, 3, 6, and 9.

h) y = 2, letting x = 1, 2, 3, 4, and 5.

x

Lesson 3: More on Functions
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8. A certain function has the graph shown in

©

Figure 1.

a) Make a table for this function.
b) Write a formula for it.

. The graph shown in Figure 2 is not the

graph of a function because to each val

x there does not correspond exactly one

value of y.

a) For which value of x are there two
of y?

b) What are they?

lue of

values

10. Which of the following graphs represent functions?

a) b) <) d) €
y ¥/ y %
o 0 0 ;0 ~ o
f) g h) i) i)
y y y . y
© 53 OQX o 7. (O 5 .C

Figure 1

11. Make a table of numbers for each of the d) y = 2%, letting x = 0, 0.5, 1, 1.5, and 2.
following functions and graph each function. e) y=2x+ I, letting x =0, 1, 2, and 3.
In each case, connect the points with a f) y =x% + 1, letting x = 0, 1, 2, and 3.
smooth line or curve.

g) v ==, letting x = 0, 2, 4, 6, and 8.
a) y=x + 3, letting x =0, 1, 2, 3, and 4. 4
b) ¥ letting x = 0, 1, 2, 3, and 4.
) y=3x—2letting x = 1, 2, 3, and 4.

hyy= % letting x = 1, 2, 3, 4, and 5.

Chapter 2: FUNCTIONS AND GRAPHS




Set IV
A musician once drew a picture of part of the New York skyline on a sheet of
graph paper and translated the result into music!

A e EAL AT eE T s o
FROM SILHOUETTE TO MUSIC NOTES

THE SCHILLINGER SYSTEM OF MUSIBM CIJMPI]SITII]N
by JOSEPH SCHILLINGER

A scientifc approach fo writing music _+ Now avsilable in Two Volumes
ez rom T st

CARL FISGHER Inc

Chicago o NewYort

REPRINTED WITH THE PERMISSION OF MRS. JOSEFH SCHILLINGER.

If just the outline of the buildings were considered, as illustrated in the sketch
below, it would not be the graph of a function.

o X
1. Why not?
2. Can you figure out what to remove from the graph so that it does represent a
function? If you can, do it.

Lesson 3: More on Functions
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LESSON 4
Direct Variation — e

AND FIELD ENTERPRISES. INC.

At any given time during the day, the length of an object’s shadow depends on
its height. Here is a table showing the heights of some different objects and the
lengths of their shadows at a certain time in the afternoon.

Height of object in feet 1 2 3 4 5 6
Length of shadow infeet 15 3 45 6 75 9

Because to each height there corresponds exactly one shadow length, this is
the table of a function. It is easy to see that the two variables in this function,
height and shadow length, vary in the same way. If the height is doubled, for
example, then the shadow length is also doubled. If the height is tripled, then
the shadow length is tripled, and so on.

Because of this, the two variables are said to zary directly and the function
relating them is called a direct variation. The numbers in the table for this
“shadow™ function have a simple pattern, and so the function can also be
represented by a formula. In each case, the length of the shadow is 1.5 times the
height of the object. Letting x represent the height and y represent the shadow
length, we can write

y=15x




If the six points in our table are located on a graph (as shown at the left
below), they seem to lie along a straight line. It is possible to prove that ezery
point whose coordinates fit the formula y = 1.5x lies on this line. Moreover,
every point on the line has coordinates that fit the formula. Because of this, we
can draw the line through the points and refer to it as the graph of the function.

y y
10+ 10
.
.
.
Hs 5+
e
.
L]
o——s‘—x (o] X

S
The graph of y = 1.5x.

The formula and line give a much more complete picture of the function than
do the original table and six points. For example, from the formula we see that,
if x = 0, then y = 1.5(0) = 0. This means that the point (0, 0) is part of the
graph; the line intersects the axes at the origin.

P> In general, a direct variation is a function that has an equation of the form
y=ax

in which a is a fixed number other than zero.

The number a is called the constant of variation. In the example of the
“shadow” function, the constant of variation is 1.5. The graph of every direct
variation is a straight line that intersects the origin.
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Exercises

Set |

1. Which figure below illustrates each of the expressions in parts a through d?

Q2.4 Figure 1 Figure 2
b) 22-4 ord gggg oo 0o 00 00
0 2+ 42 e lo oo ©0o 0o OO0
d) 22 + 42 ocooo
oo oooo0
oo c0ooo0
0000 ©0O0OOCO
' 0000 ©O0OO ) ©o 0000
figure3 5000 0000 Figured 0 G000
0000 ©0OOO 0o 0000
oo 0000
2. Guess a formula for the function represented
by each of these tables. Begin each formula
with y =. 3. Miss Brooks, an English teacher at Madison
High, has 120 papers to grade.
ax 2 3 4 5 6 a) If it takes her x minutes to read each
y 4 3 2 1 0 one, how long will it take her to read the
b) x 1 2 3 4 5 entire set?
y 11 21 31 41 51 b) If she has finished grading y papers, how
9gx 0 1 2 3 4 many does she still have to read?
y 0 1 8 27 64
Set 11 2
4. The graph of a certain function is shown here.
a) Copy and complete the following table
for this function.
x 0 1 2 3 LS
yo T U T o
b) What happens to y if x is tripled?
¢) What kind of function is this?
d) Write a formula for the function. Sk
¢) Use your formula to find the value of y
when x = 7.
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The following table represents a direct
variation.

x 4 8 12 [l i
y 3 W wm 15 75

a) Copy and complete the table.

b) By what number do the x-numbers have
1o be multiplied in order to get the
corresponding y-numbers?

¢) Write a formula for the function.

A direct variation is a function that has an

equation of the form y = ax.

a) If x = 0 in this equation, what can we
conclude about y?

b) Why?

¢) What are the coordinates of the point for
which x = 0?

d) What does this indicate about the line
that is the graph of a direct variation?

Tell whether the function represented by
each of the following tables is a direct
variation.

ayx 1 2 3 4 5
y 1 2 3 4 5
bpx 0 1 2 3 4
y 3 4 5 6 17
gx 2 4 6 8 10
y 1 2 3 4 5
dx 0 1 2 3 4
y 4 4 4 4 4
@) &o_mm |y Seas
y 6 3 2 1

The graph of every direct variation is a
straight line. The position of the line is
determined by the constant of variation.
Make a table for each of the following direct
variations. Let x = 0, 1, 2, and 3 in each
table.

a) y=2x

©

=4

b) y = 3x

) y=4x

d) Graph all three functions on one pair of
axes. Write each equation along its line.

¢) What are the constants of variation for
these functions?

f) Which line is the steepest?

g) How are the constants of variation related
to the steepness of the lines?

. The height that a ball bounces varies

directly with the height from which it is
dropped. A formula for this function for a
certain rubber ball is

¥y =05x

in which x represents the height from which

the ball is dropped in centimeters and y

represents the height of the bounce in

centimeters.

a) If the rubber ball is dropped from a
height of 150 centimeters, how high does
it bounce?

b) If the ball bounces 120 centimeters, from
what height was it dropped?

c) How is the constant of variation in this
formula related to the “bounciness” of
the ball?

d) Do you think the constant of variation in
the formula for a bouncing ball could be
larger than 1? Explain.

The number of revolutions that a 45 rpm
record makes as it is being played varies
directly with the time that it is on the
turntable.

a) Write a formula for this function, letting
x represent the number of minutes and y
represent the number of revolutions.

b) Describe, without drawing it, what the
graph of this function would look like.

Lesson 4: Direct Variation
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Set 1

11. The graph of a certain function is shown
here.

(o] X
5
a) Copy and complete the following table
for this function.

¢ m_() 1 2 3 4
o WU T

b) What happens to y if x is doubled?

¢) What kind of function is this?

d) Write a formula for the function.

¢) Use your formula to find the value of y
when x = 10.

12. The following table represents a direct
variation.

x 2 4 6 [l W
y 7 WM 42 63

a) Copy and complete the table.

b) By what number do the x-numbers have
to be multiplied in order to get the
corresponding y-numbers?

¢) Write a formula for the function.

bod

of the following relationships vary directly

Chapter 2: FUNCTIONS AND GRAPHS

Tell whether you think the quantities in each

and explain why you believe as you do.

a) The distance of a star and the time it
takes its light to reach us.

b) The weight of a cat and its age.

¢) The number of cooks and the time
needed to make the soup.

d) The number of empty Coke bottles
returned to the market and the amount of
the refund.

. Tell whether the function represented by

each of the following tables is a direct
variation.

a) x
y
b) x
y
c) x
y
d) x

BN N W UN W

—n S0 ue a0 o

N OB N— W W e

e) x
y

V= W N0 N~ 00
WW OO NN Y ®N

4 2

. Each of the lines shown at the top of the

next page is the graph of a direct variation.

Write a formula for

a) line 1.

b) line 2.

c) line 3.

d) line 4.

¢) What are the constants of variation for
these functions?

) What line is the steepest?

g) How are the constants of variation related
to the steepness of the lines?




Y Y

10+ 10~

sk st

[} X [0} 5~
Line 1 Line 2

16. The volume of a balloon varies directly with
the temperature in degrees Kelvin of the air
inside 1t. A formula for this function for a
certain balloon is

y=2x

in which x represents the temperature in

degrees Kelvin and y represents the volume

of the balloon in cubic centimeters.

a) If the temperature is 300 degrees Kelvin,
what is the volume of the balloon?

b) If the volume of the balloon is 500 cubic

Set IV

Pacific Stereo sells Maxell UD-90 cassette tape

according to the price scale shown in this graph.

1. If it were not for the last three points, this
would be the graph of a direct variation. Why
do you suppose they are not along the same
line as the other points?

. Explain why it would not be a good idea to
buy eleven cassettes.

N

Line 3 Line 4

centimeters, what is the temperature?
c) How is the constant of variation in this
formula related to the size of the balloon?

7. The price of Mrs. See’s chocolates varies
directly with the weight. One pound costs
$3.50.

a) Write a formula for this function, letting
x represent the number of pounds bought
and y represent the price in dollars.

b) Describe, without drawing it, what the
graph of this function would look like.

5 10
Number of cassettes

Lesson 4: Direct Variation
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LESSON D
Linear
Functions

UNITED PRESS INTERNATIONAL PHOTO.

The deepest mine in the world, located in Carltonville, South Africa, extends
more than two miles below the earth’s surface. The walls of the mine are so hot
at the bottom that refrigerated air has to be pumped into it to make it possible
for the miners to work.

The temperature inside the earth is a function of the depth below the surface.
Geophysicists have found that, within the earth’s crust, it increases steadily as
the depth increases. Near the surface, the temperature is about 20°C; it increases
at the rate of 10 degrees for each kilometer of depth. A table for this function,
along with a graph, are shown below.

Depth in 0 1 2 3 4
kilometers

Temperature 5 35 40 50 60
in °C
Because the graph of the function is a straight line, the function is called
linear. Although direct variations are linear functions, this one is not a direct
variation. As the depth is doubled, the temperature is not doubled: the temper-



ature at a depth of 2 kilometers, 40°C, for
example, is not twice the temperature at a
depth of 1 kilometer, 30°C. Furthermore,
the graph does not intersect the origin
because the temperature at a depth of 0
kilometers is not 0°C.

If we let x represent the depth and y
represent the temperature, the formula for
this function is

y=10x + 20

The fact that its graph is a straight line
does not depend on the specific numbers
in its equation, but rather on the pattern of
the equation. The pattern is: “y is equal to
the sum of some number times x and some
number.”

Another function whose equation has
the same pattern is

1 L
== 5
y 2x+

Its graph, shown at the right, is also a
straight line.

> In general, a linear function is a function
that has an equation of the form

y=ax+b
in which a and b are constant numbers.

The graph of every linear function is a
straight line.

N 0w o
(=) o o

Temperature in °C
~N w
S o

S
T

o

12 3 4
Depthin kilometers

y

\

5

o L+~x
The graph of y = %x +5.

Lesson 5: Linear Functions
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Exercises

Set |
1. What is the length marked with a question
mark in each of these figures?

3

f—————x

=i SR

2. There are two pints in a quart and four
quarts in a gallon.

a) How many pints are there in x quarts?
b) How many quarts are there in x gallons? '
¢) How many pints are there in x gallons? l

Tell, by evaluating both sides of each
equation, whether it is true or false.
a) 32+ 42 =35

b) 3 +4+5 =6

0 3F+4+5+6i=T4

2

Set I

4. If a function is linear, it has an equation of
the form y = ax + b, in which a and b are
constant numbers. These numbers determine
the position of the line that is the graph of
the function.

Make a table for each of the following
linear functions, letting x =0, 1, 2, and 3
in each table.

d) Graph the three functions on one pair of
axes. Write each equation along its line.

¢) What do you notice about the lines?

f) Where does each line meet the y-axis?

g) Where do you think the graph of the
equation y = x + 10 would meet the y-
axis?

92 Chapter 2: FUNCTIONS AND GRAPHS
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By doing exercise 4, vou found out how the
position of the line that is the graph of

y=ax+b

changes as b changes. By doing this exercise,
you will see the effect of changing a.

Make a table for each of the following
linear functions. Let x =0, 1, 2, and 3 in
each table.

a)y=2x+1
b)y=3x+1
g y=4x+1

d) Graph the three functions on one pair of
axes. Write each equation along its line.

e) What do you notice about the lines?

f) Where does each line meet the y-axis?

g) Where do you think the graph of the
equation y = 10x + 1 would meet the y-
axis?



6. A function has the formula y = Ox + 5.
a) Make a table for this function, letting
x=0,1,2 3 and 4.
b) Graph the function.
¢) What do you notice about the graph?
d) What is a simpler formula for the
function?

=

There is a connection between the equation
for a linear function, y = ax + b, and its
table if we let x = 0, 1, 2, 3, and so forth.
For example, compare the equation

¥ = 3x + 5 and the table

x 0 1 2 3
y 5 8 11 14

a) In what way does the number 3 (a in the
equation) appear in the table?

b) Where does the number 5 (b in the
equation) appear in the table?

Use your answers to parts a and b to

discover equations for the linear functions

having the following tables.

gx 0 1 2 3

y 8 10 12 14
dx 0 1 2 3
y 1 8 15 22
ex 0 1 2 3
y 6 10 14 18
fyx 0 1 2 3

y 4 10 16 22

g

The perimeter of a rectangle whose width is
3 is a function of its length.

X

E3
a) Write a formula for this function, letting
2y represent the perimeter of the rectangle
and x represent its length.

©

b) What kind of function is this?

¢) Does the perimeter of a rectangle whose
width is 3 vary directly with its length?

Spring scales work on the principle that, if a

weight is hung from one end of a spring, the

Ocm

10

' C(CCC(KKC(M#

20

30

total length of the spring is a function of the
amount of the weight. The equation for a
certain spring is

»=05x + 20

in which x is the weight in grams and y is

the length of the spring in centimeters.

a) Copy and complete the following table
for this function.

x 0 1 2 3 4
o T

b) How long is the spring if no weight is
attached to it?

¢) How much is the spring stretched if a
weight of one gram is hung from it?

d) How long would the spring be if a
weight of 20 grams were hung from it?

Lesson 5: Linear Functions
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Set 111

10.

If a function is linear, it has an equation of
the form y = ax + b, in which a and b are
constant numbers. These numbers determine
the position of the line that is the graph of
the function.

Make a table for each of the following
linear functions, letting x = 0, 1, 2, and 3 in
each table.

d) Graph the three functions on one pair of
axes. Write each equation along its line.

¢) What do you notice about the lines?

f) Where does each line meet the y-axis?

g) Where do you think that the graph of the
equation y = 2x + 8 would meet the y-
axis?

. By doing exercise 10, vou found out how

the position of the line that is the graph of
y=ax+b

changes as b changes. By doing this exercise,
vou will see the effect of changing a.

Make a table for each of the following
linear functions, letting x = 0, 1, 2, and 3 in
each table.

) y=1x+3
b)y=2x+3
c)y=3x+3

d) Graph the three functions on one pair of
axes. Write each equation along its line.

¢) What do you notice about the lines?

) Where does each line meet the y-axis?

g) Where do you think that the graph of the
equation y = 7x + 3 would meet the y-
axis?

Chapter 2: FUNCTIONS AND GRAPHS

12.

A function has the formula y = Ox + 2.

a) Make a table for this function, letting
x=0,1,2 3 and 4.

b) Graph the function.

¢) What do you notice about the graph?

d) What is a simpler formula for the
function?

. There is a connection between the equation

for a linear function, y = ax + b, and its
table if we let x = 0, 1, 2, 3, and so forth.
For example, compare the equation

¥ =4x + 7 and the table

xat O figin ® Ol 3
y 7 11 15 19

a) In what way does the number 4, a in the
equation, appear in the table?

b) Where does the number 7, b in the
equation, appear in the table?

Use your answers to parts a and b to

discover equations for the linear functions

having the following tables.

ogx 0 1 2 3
y 2 8 14 20
dx 0 1 2 3
y 1 4 7 10
egx 0 1 2 3
y 9 14 19 24
fyx 0 28 § 3
y 5 14 23 32

. The perimeter of an isosceles triangle whose

base is 5 is a function of the length of one
of its equal sides.



a) Write a formula for this function, letting
v represent the perimeter of the triangle
and x represent the length of one of its
equal sides.

b) What kind of function is this?

¢) Does the perimeter of an isosceles
triangle whose base is 5 vary directly
with the length of one of its equal sides?

o

. Mr. Scrooge pays his employees a starting
salary of $80 per week with weekly raises of
50 cents. As a result, the number of dollars
one of his employees earns in a week, y, is a
function of the number of weeks he has
been working, x.

Set IV

The speed at which a certain ant travels is a
function of the temperature. This table shows
how the two variables are related.

Speed of ant in

centimeters 2 3 4 5
per second
ere 16 22 28 34

1. Can you figure out a formula for this
function? (Let x represent the speed of the
ant and y represent the temperature.)

2. How cold must it be for the ant to stay
home?

e

a) Copy and complete the following table
for this function.

o0 1 2

3 4 5
y 80 805 Ml MW W

b) Write a formula for this function.

¢) Do an employee’s weekly earnings vary
directly with the number of weeks he has
been working?

d) How much money would someone earn
during the 50th week that he works for
Mr. Scrooge?

Lesson 5: Linear Functions
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LEssoN O
Inverse Variation

“But I couldn’t have been going 70 miles an hour!
1 only left home 20 minutes ago!”

The time that it takes someone to drive a certain distance is a function of the
speed at which he or she drives. The faster the speed, the shorter the time.
Suppose, for example, that the young man in this cartoon wants to travel 120
miles. The times that the trip would take at several different speeds are shown in
this table.

Average speed in mph 20 30 40 30 60 70 80
Time the trip takes in hours 6 4 3 24 2 7 b

As one of the variables in this function increases, the other decreases. More
specifically, if the average speed is doubled, the time the trip takes is halved. For
example, if the average speed changes from 30 to 60 miles per hour, then the
time the trip takes changes from 4 hours to 2 hours. If the speed were tripled,
the time would be divided by three, and so on.

Two variables that change in this way are said to vary inversely and the
function relating them is called an inverse variation. The time of the trip in this
“driving speed” function is found by dividing the distance, 120 miles, by the

e

WAL HORST ENTHRPRISYS,



average speed. If we let x represent the average speed and y represent the time,
we can write

_ 10

T ox

What would a graph of this function look like? The graph shown in Figure 1
(below) includes the seven points represented in the table. It is evident that they
do not lie on a straight line. If we use the equation to figure out additional
points, such as (25, 4.8), (35, 3.4), (90, 1.3), and (100, 1.2), and join them with
the others to make a smooth curve, we get the graph shown in Figure 2. As they
do for the other functions that we have studied, the equation and curve give a
much more complete picture than do the original table and seven points.

P> In general, an inverse variation is a function that has an equation of the form

in which a is a constant number other than zero.

The number a is called the constant of variation. The graph of every inverse
variation is a curve.

Figure 1 Figure 2
y Y
6 . 6
w 5F 5F
2
3 4+ . 4+
~
.S 3 . 3r
g .
IS 72| T . 5 2F
1+ 1+
A ] 1 A P3| I S 1 . 18 1 I I I A
0 50 100 ¢ 50 100
Speed in mph The graph of y:%
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Exercises

Set |

1. Write an expression for each of the
following.
a) The number that is four less than x.
b) Twice the sum of x and five.
c) The difference between the cube of x
and one.

N

A convenient way to picture a function is

with a graph.

a) What are the two lines labeled x and y
called?

b) What is the point at which these lines
intersect called?

bod

¢) What are the pairs of numbers used to
locate points on a graph called?

Sir Isaac Newton, who was once Master of

the Mint in England, assumed that, if the

amount of money in circulation is doubled,

then prices will also double.

a) If this is true, how do these two
quantities vary with respect to each other?

b) What would a graph of such a function
look like?

Set Il

4. The graph of a certain function is shown
below.

y

10

ol————~1—x
5

a) Copy and complete the following table
for this function.

L | 2 3 4 5 6
y I I 24 W
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b) What happens to y if x is tripled?

¢) What kind of function is this?

d) Write a formula for the function.

e) Use your formula to find the value of y
when x = 10.

. The following table represents an inverse

variation.

6 I
m s 3

2 4
y 30 [

a) Copy and complete the table.

b) Into what number do the x-numbers have
to be divided in order to get the
corresponding y-numbers?

¢) Write a formula for the function.

An inverse variation is a function that has an

equation of the form y = %.

a) Write the equation that you would have if



~

&

x were replaced by 1 and the result were
simplified.
b) What number cannot replace x in the
equation y = 5
i

¢) Why not?
d) Can the curve that is the graph of an
inverse variation touch the y-axis?

. Tell whether the function represented by

each of the following tables is an inverse
variation.

a) x 1 2 3 4
y 24 12 8 6
b) x 0 1 2 3 4
y 10 9 8 7 6
Q) x 1 2 3 4 5
y 32 16 8 4 7)
d) x 2 3 5 6
y 15 10 6 5
e) x 0 1 2 3
y 25 16 9 4 1

The graph of every inverse variation is a
curve. The shape and position of the curve
are determined by the constant of variation.

Make a table for each of the following
inverse variations, letting x = 1, 2, 3, 4, and
5 in each table.

4
3)y=-
6
b)y=2=2
NI=
_10
9 S

d) Graph all three functions on one pair of
axes. Write each equation along its curve.

¢) What are the constants of variation for
these functions?

f) How are the constants of variation related
to the distances of the curves from the
origin?

hd

oo

o0

o

0000

Each of these drawings contains the same
number of circles.

00000000000
00000000000

0000 00O oocoo0

©coo0o0o00o0 o000

0000000 coo0o0
ocooo0
0000

Q0000 coo0O0

00000

00000

00000

a) The number of rows is a function of the
number of circles in each row. Write a
formula for this function, letting x
represent the number of circles in each
row and y represent the number of rows.

b) What is the constant of variation for this
function?

¢) How do x and y vary with respect to
each other?

The time that it takes to run the 100-meter

dash varies inversely with the speed of the

runner.

a) Copy and complete the following table
for this “100-meter dash” function.

Average speed in ’
meters per second 2 4 (i Wn
Time in seconds i W 20 10

b) Write a formula for this function, letting
1 represent the time and s represent the
average speed.

¢) In 1977, the women’s world record time
for the 100-meter dash, held by Marlies
Oelsner of East Germany, was 10.88
seconds. What can you conclude about
her average speed?

Lesson 6: Inverse Variation
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11. The graph of a certain function is shown
here.

a) Copy and complete the following table
for this function.

b) What happens to y if x is doubled?

¢) What kind of function is this?

d) Write a formula for the function.

e) Use vour formula to find the value of y
when x = 20.

12. The following table represents an inverse vari-
ation.

g 2 i

y 24 4 3

a) Copy and complete the table.

b) Into what number do the x-numbers have
to be divided in order to get the
corresponding y-numbers?

¢) Write a formula for the function.

Chapter 2: FUNCTIONS AND GRAPHS
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13. Tell whether you think that the quantities in
each of the following relationships vary
inversely and explain why you believe as
you do.

a) A person’s age and the length of his or
her attention span.

b) The time required to swim across a lake
and the rate at which you swim.

¢) The number of kilograms of sugar you
can buy for $10 and the price of one
kilogram.

d) The number of dogs pulling a sled and
the speed at which it goes.

14. Tell whether the function represented by
each of the following tables is an inverse
variation.

a) x 1

¥y 60

bx 0

y 8
1

6

2

9

()

W W kW O OWw

<) x
y
d) x
y
e) x 1
y 81

—_ e

W = B N U W Ot e

5
1

Svowoaenw au— 380

. The graph of every inverse variation is a
curve. The shape and position of the curve
are determined by the constant of variation.
Make a table for each of the following
inverse variations, letting x = 1, 2, 3, 4, and
5 in each table.

=
Yy==

=8
D=2

=12
OWEES




d) Graph all three functions on one pair of
axes. Write each equation along its curve.

¢) What are the constants of variation for
these functions?

f) How are the constants of variation related
to the distances of the curves from the
origin?

16. Each of these rectangles has the same area.

B

a) The width of each rectangle is a function
of its length. Write a formula for this
function, letting x represent the length
and y represent the width.

b) What is the constant of variation for this
function?

¢) How do x and y vary with respect to
each other?

. The number of times that a wheel revolves

in rolling one kilometer varies inversely with

its diameter. If the wheel’s diameter is

measured in meters, the constant of variation

for this function is approximately 318.

a) Write a formula for this function, letting
d represent the diameter of the wheel in
meters and 7 represent the number of
revolutions it makes in rolling one
kilometer.

b) If a wheel has a diameter of 0.5 meter,
how many times does it revolve in rolling
one kilometer?

Lesson 6: Inverse Variation
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Set IV

A lever can be used to move a heavy object with
a small force. Suppose that a rock having a mass
of 600 kilograms is located one centimeter from
the pivot point of a lever. The rock can be

HOW WoULD You LKE &
BE MY BUSINESS PARTNER|

4

Pi\%of
point

SCOUNDs GREAT
WHERELL WE SET UP
SHoP ?

i
f 7l

THIS LCOKS LIKE A NicE
PLACE, .IF WE CAN FIGURE,|
OUT A WAY T MOVE THiS
Reocx

moved by a force of only 6 kilograms if the
force is applied 100 centimeters from the other
side of the pivot.

1. Given that the force required to move the
rock varies inversely with the distance it is
applied from the other side of the pivot, can
you write a formula for this function? Let d
represent the distance in centimeters from
the pivot and f represent the force in
kilograms. co i"’gf‘

2. If B.C. wants to move the rock described / g }
above by pushing at a point 80 centimeters
from the pivot, how much force would he |
have to exert?

I Y PERMISSION OF JOINNY HART AND FIELD INTERPRISIS, ING
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Summary and Review

In this chapter, we have become acquainted with the idea of a function and have
learned how several types of functions can be pictured with coordinate graphs.

Functions (Lessons 1 and 3) A function is a pairing of two sets of numbers so
that to each number in the first set there corresponds exactly one number in the
second set. A function can be represented by a table, by a formula, or by a
coordinate graph.

The Coordinate Graph (Lesson 2) A coordinate graph contains two perpen-
dicular lines called axes that intersect in a point called the origin. Points are
located on such a graph by means of pairs of numbers called coordinates. To
graph a function when given its formula, first use the formula to make a table
and then use the table to graph it.

Direct Variation (Lesson 4) A direct variation is a function that has an
equation of the form y = ax, in which a is a constant number other than zero.
The number a is called the constant of variation. The graph of every direct
variation is a straight line that intersects the origin.

Linear Functions (Lesson 5) A linear function is a function that has an
equation of the form y = ax + &, in which a and 4 are constant numbers. The
graph of every linear function is a straight line.

Inverse Variation (Lesson 6) An inverse variation is a function that has an

equation of the form y = 2 in which a, the constant of variation, is a number
x

other than zero. The graph of every inverse variation is a curve.
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Exercises

Set |

18

o

w

Draw a pair of axes extending 8 units in
each direction from the origin. Connect the
points in the following list with straight line
segments in the order given to form a
square.

2n 63 @7 05 &)
Copy and complete the tables for the
following functions.
a) Formula: y =7 — x
Table:
x 1 3 4 5
y B C
x 0 1 3 4
y . .
c) Formula: y = x(x — 4)
Table:
x 4 5 6 7 8
w

y 1 _

Read the following statements carefully and
tell whether each is true or false.

a) In an inverse variation, if one variable is
doubled, then the other is halved.

b) If one of the coordinates of a point is
zero, the point lies on one of the axes.

c) All linear functions are direct variations.

d) The graph of every direct variation
intersects the origin.

¢€) The constant of variation for the function
y=xis0.

Chapter 2: FUNCTIONS AND GRAPHS

4. Guess a formula for the function represented

w

&

by each of these tables. Begin each formula
with y =.

a) x 6 7 8 9 10

y 1 2 3 4 5
bpx 2 3 4 5 6

y 3 5 7 9 11
<) x 0 3 6 9 12

y 0 1 2 3 4
dx 2 4 6 8 10

y 5 17 371 65 101
. The graph of a certain function is shown
here.

Y

5

1 " S
e 5 0 %

a) Copy and complete the following table
for this function.

x 0 2 4 6 8 10
y H E H W W W

b) What happens to y if x is tripled?

¢) What kind of function is this?

d) Write a formula for the function.

e) Use your formula to find the value of y
when x = 30.

Make a table of numbers for each of these
functions, letting x equal 1, 2, 3, and 4, and
graph each one.

ay=x-—1 _8

D)ot Ao R
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7. When lightning strikes, the time interval
between the flash that you see and the
thunder that you hear depends on the
distance that you are from where the
lightning struck.

A formula for this function is y = 3x, in
which x is the distance in kilometers and y
is the time interval in seconds.

a) Copy and complete the following table
for this function.

b) Graph it.

¢) What type of function is it?

d) How long is the time interval between
the flash and the thunder if lightning
strikes 2.5 kilometers away?

®

. A person’s height is a function of his or her
age. A formula by which to find the height
of the fellow in this cartoon from age 4 to
age 16 might be

1
)= deoar 2
= T

in which x represents his age and y

represents his height in feet.

a) Copy and complete the following table
for this function.

Age in years, x 4 8 12 16
Height in feet,y [l Wl 0 O

b) Graph it.

¢) For the ages graphed, this height function
seems to be linear. Do you think it would
be linear for ages less than 4 and more
than 162

d) Does the fellow’s height vary directly
with his age for the ages graphed?

GAHAN WILSON

And what arc you going to do when you grow up:”

Summary and Review
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9. The amount of heat lost through a
windowpane depends on how thick the glass
is. A formula for this function for a certain
window is

=12
)—X

in which x represents the thickness of the

pane in millimeters and y represents the

number of units of heat lost.

a) Copy and complete the following table
for this function.

Thickness =

in millimeters, x g 4 > i
Units of heat lost, y I W
b) Graph it.

c) How do the thickness and units of heat
lost vary with respect to each other?

d) As one of the two variables in this
function becomes very large, what
happens to the other?

Set 1l

1. Draw a pair of axes extending 8 units in
each direction from the origin. Connect the
points in the following list with straight line
segments in the order given to form a
parallelogram.

%5 (2 01

Copy and complete the tables for the
following functions.
a) Formula: y = 4x — 1

Table:

24 (@53

b

¥ I i !

b) Formula: y = x2 + 3x
Table:

v

¢) Formula: y = 2(x + 5)
Table:

x
y

Chapter 2: FUNCTIONS AND GRAPHS

w

Lo

Read the following statements carefully and

tell whether each is true or false.

a) All direct variations are linear functions.

b) The graph of every linear function
intersects the origin.

¢) Every point on a coordinate graph is
located by a pair of numbers.

d) If one variable in a direct variation is
tripled, then so is the other.

¢) If the graph of a function is a curved
line, it is an inverse variation.

Guess a formula for the functions
represented by each of these tables. Begin
each formula with y =.

ax 3 4 5 6 7
5 4 3 2 1

bx 0 2 4 6 8
0 4 16 36 64

9x 1 2 3 4 5
¥y 9 19 290 39 49
dx 4 6 8 10 12
y 6 9 12 15 18
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The graph of a certain function is shown
below.

o 5 x

a) Copy and complete the following table
for this function.

x 0 1 2 3 4
E2

b) Is y doubled if x is doubled?

¢) What kind of function is this?

d) Write a formula for the function.

€) Use your formula to find the value of y
when x = 25.

Make a table of numbers for each of these
functions, letting x equal 1, 2, 3, and 4, and
graph each one.

a) y = 1.5x
b) y —2x
gy=x*+1

As a prank, Davy Jones’s friends decided to
fill his gym locker with water, using a hose.
The table at the top of the next column
shows the height of water in the locker as a
function of time.

®

©

10 20 30 40
0 5 10 15 20

Time in seconds 0
Height of water
in inches

a) Write a formula for this function, letting
x represent the time in seconds and y
represent the height of the water in
inches.

b) How does the water height vary with
respect to the time?

¢) What would a graph of this function look
like?

. The relative amount of gold in a ring is

measured in karats. A formula for this
function is

_ o

Y=7%

in which x represents the number of karats

and y represents the percentage of gold in

the ring.

a) Copy and complete the following table
for this function.

x 0 6 12 18 24
yo W W m

b) How many karats is a ring made of pure
gold?

¢) Graph this function. (Let each unit on
the y-axis represent a 10 percent change
in the amount of gold.)

d) What type of function is it?

. The time that it takes a horse to run a race

depends on how fast it runs. A typical
formula for this function is

y= 180

z
in which x represents the horse’s average
speed in meters per second and y represents
its time in seconds.

Summary and Review
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LESSON 1
The Integers

eratures

on the Celsius scale

100

-100

110

—~=-Water boils

=~ Body temperature
—~— Room temperature

—=— Water freezes

= Dry ice evaporates

Liquid nitrogen
boils

PHOTOGRAPH BY GERHARD 0T

The substance boiling in the kettle shown in this photograph is
being heated by a block of dry ice! Dry ice is much colder than
ordinary ice and usually has a temperature of 78 degrees below
zero on the Celsius scale. This is very hot, however, in com-
parison with the liquid in the kettle: it is liquid nitrogen and its
temperature is 196 degrees below zero!

These temperatures are shown on the scale at the left. The
Swedish astronomer who invented the Celsius scale assigned
the number 0 to the temperature at which water freezes. Tem-
peratures warmer than 0°C are positive and temperatures
colder than 0°C are negative. For example, a person’s normal
body temperature is +37°C and the temperature at which dry
ice evaporates is ~78°C. Although the symbols for plus and
minus are used here, they do not mean to add or subtract. In-
stead, they indicate whether the temperature is above or below
zero on the Celsius scale and are read as positive and negative.

If we forget about the temperatures and turn such a scale
sidew
scale called a number line (shown at the top of the next page).

s so that the positive numbers are on the right, we get a




Larger
B/ 050 ST b OS2 T R0 1 #2031 40 596147128 2374 O
Smaller

The numbers shown above the line in this figure are called integers. As we read
from left to right along the line, the integers get larger. The integer +4, for
example, is larger than +3 because +4 is to the right of +3 on the line. The
number -4, on the other hand, is smaller than -3 because -4 is to the left of -3
on the line. The symbol for ““is larger (or more) than™ is >, and so “+4 is larger
than +3” can be written as “+4 > +3.” Turn the symbol around and it means “is
smaller (or less) than.” To show that —4 is smaller than -3, we write “~4 < -3.”

The integers consist of three sets of numbers: the positive integers, which are
larger than zero; the negative integers, which are less than zero; and zero itself,
which is neither positive nor negative. Because the positive integers are the same
as the counting numbers with which everyone becomes familiar as a child, they
are usually written without the “positive” symbol: “+3” and “3,” for example,
mean the same number.

Although we can’t count with negative numbers, they are numbers nonethe-
less. Many measurements with respect to a reference point, such as distance
below sea level or time before a certain event, lend themselves to the use of
negative numbers. A good understanding of what negative numbers are and how
their presence affects calculations will be essential to our work in algebra; so we
will study their properties in several lessons.

Exercises

Set |

1. The number 2%+ 9?2 is quite unusual.
a) Find its value.
b) What do you notice?

o

Mehitabel catches three mice each day.

a) At this rate, how many days would it
take her to catch x mice?

2. Find the value of b) How many mice would she catch in y
(1 +x)2 + x)3 + x)(4 — x) if weeks?
="l ¢) What is the name for the variation of the
b)x=2 total number of mice caught with the
) = G total number of days?
dx=4

Lesson 1: The Integers 111
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4. What do the positive and negative numbers
mean in each of the following statements?
a) The melting point of mercury is -39°C.
b) The elevation of the Caspian Sea is -29
meters.
¢) The Roman emperor Nero was born
in +37.
d) The class starts in —10 minutes.

10-0-8-7-6-5-4-3-2-1701 23456788910

ez

than +25°C can be expressed in symbols as
+37 > +20. Use symbols to express the
number relationships in the following
statements.

a) An elevation of +12 meters is higher than

an elevation of 15 meters.

b) A temperature of -196°C is lower than a

temperature of -78°C.
¢) The number -3 is to the left of the
number +3 on a number line.

d) The apparent weight of a helium balloon,

~22 grams, is more than the apparent

weight of a hydrogen balloon, —24 grams.

6. Copy each of the following, replacing each
Illll with either > or <.
a) 4 [illl 1 ) 5l -11
b) o [lill 9 £) -1 Il -6
c) 7 I -7 g) -12 [l 8
d) -3 1l o h) -10 il -2
7. The following questions are about these

numbers:

+1 -2 43 4 45 -6 +7 -8

a) Which number is the largest?

b) Which is the smallest?

¢) Arrange the numbers in order from
smallest to largest.

112 Chapter 3: THE INTEGERS

The fact that +37°C is a higher temperature

8. The number of the point midway between 2
and 8 is 5, as the figure below shows.

IR RS

I A A A S

2 345678

Use the number line below to find the
number of the point midway between each
of the pairs of points in parts a through h.

e s s s s -

a) 0 and 6

b) 0 and -6
c) land 9

d) -1 and -9
e) -2 and 2
f) 7 and -7
g) -5 and 3
h) -3 and 5

9. The distance between -3 and 1 is 4, as the
figure below shows.

T T T
P
=3-2-1 01

Use the number line in exercise 8 to find the
distance between each of the following pairs

of points.

a) 2and 7 e) -3 and 3
b) -2 and -7 f) -10 and 10
c) 0 and 8 g) -6 and 1
d) 0 and -8 h) -1 and 6

10. Write each of the following statements in

symbols, letting x represent the number.

a) A certain number is less than zero.

b) The square of a certain number is more
than five.

c) The sum of a certain number and one is
less than ten.

d) The quotient of a certain number and
two is more than eight.
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11. What do the positive and negative numbers

mean in each of the following statements? 15.

a) The elevation of Mexico City is +2300
meters.

b) The Greek scientist Archimedes died in
-212.

c) On September 3, 1929, the Dow Jones
industrial average changed -48 points.

d) Mr. Micawber’s net worth is -800
dollars.

12. The fact that an elevation of +48 meters is
less than an elevation of +50 meters can be
expressed in symbols as +48 < +50. Use
symbols to express the number relationships

in the following statements. 16.

a) A temperature of +15°C is higher than a
temperature of -40°C.

b) The number -8 is to the left of the
number 2 on a number line.

c) An elevation of 12 meters is more than
an elevation of -12 meters.

d) In counting toward blast-off, the time -60
seconds comes before the time -50

seconds.
13. Copy each of the following, replacing each
W with either > or <.
)28 d 44 g-1001
b)IIM5 o 7M-9 h-2M-8 17
QoM -6 f)-11m-3

14. The following questions are about these
numbers:
0 -1 +2 -3 4 5
a) Which number is the smallest?
b) Which is the largest?
c) Arrange the numbers in order from
smallest to largest.

+6 -7

The distance between -2 and 4 is 6, as the
figure below shows.

. e TN

-2-7 017 2

o e
34
Use the number line below to find the

distance between each of the following pairs
of points.

a) land 5 ¢) -2 and 2
b) -1 and -5 f) -6 and 6
¢) 7 and O g) -3 and 8
d) -7 and 0 h) -8 and 3

The number of the point midway between 3
and 11 is 7, as the figure below shows.

- e e e e e >

3456 7 8 910171

Use the number line in exercise 15 to find
the number of the point midway between
each of the following pairs of points.

a) 0 and 8 e) 5and -5
b) 0 and -8 f) -9 and 9
¢) 3and 7 g) ~4 and 6
d) -3 and -7 h) -6 and 4

. Write each of the following statements in

symbols, letting x represent the number.

a) A certain number is more than
negative two.

b) The cube of a certain number is less than
twenty.

¢) The product of four and a certain
number is more than one.

d) The difference between a certain number
and two is less than zero.

Lesson 1: The Integers
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Set IV

While hidden behind a billboard, Officer Krupke
sees three cars pass by in the following order: a

Mustang, a Cougar, and a Rabbit. He estimates

their respective speeds going east to be 55, 70,
and -75 miles per hour.

If the cars pass by Officer Krupke within a
minute of each other and they continue traveling
on the same street at these speeds,

1. will the Cougar overtake the Mustang?
2. will the Rabbit overtake the Cougar?
Explain your answers.

Chapter 3: THE INTEGERS



LESSON 2

More on the
Coordinate Graph

IRAWING BY DAVE HARWAUGH

“He’s lost the scent. Let him smell your keys again, lady.”

To help people find their cars in a vast parking lot, some kind of coordinate
system is usually used. We have already become acquainted with a coordinate
system for finding points on a graph. This system, which uses the positive
numbers and zero, is limited to two directions: to the right and up.

In a parking lot, these directions might correspond to east and north. The
location of a car on the lot could be given by saying, for example, that it is four
rows east of your starting point and in the sixth space toward the north. The
coordinates of its location, then, would be (4, 6).

Yi
10+
*(4,6)
6
R L

What if the parking lot also extends to the west and south? Suppose that a car
is in the fifth row west of the starting point and in the third space toward the
south. What would the coordinates of s location be? If we extend the x- and
y-axes of a coordinate graph beyond the origin and think of them as number
lines, then we get the figure shown at the top of the next page. The system we
have been using to locate points still works, but now one or both of the
coordinates may be negative. The coordinates of the car five rows west and three
spaces toward the south, for example, would be (-5, -3).



4
znd“ jst

3;d 4th

The quadrants

————x
10

Notice that the origin of this graph is at the center rather than the lower left
corner. The graph now has four regions instead of one. The regions are called
quadrants and are numbered counterclockwise, starting with the upper right, as
shown in the figure at the left.

With four directions in which to move from the origin, it is important to
remember that the x-coordinate of a point is always given first. This means that,
to locate the point, we begin by moving either left or right. The y-coordinate,
depending on its sign, then tells us how far to move up or down.

Here is another example of how points are plotted on a graph that contains all
four quadrants.

Y|
EXAMPLE B(;26)

Plot the following five points on L
a coordinate graph: A (6, -2),
B (-2,6), C (4, ~4), D (-3,0),
and E (0,-3).

SOLUTION L I |
The graph is shown at the right. _5 D(-3,0) O 5
Notice that the x-coordinate of
each point tells how many units A(é:-z)
to the right or left of the y-axis |

it is and the y-coordinate tells =S

how many units above or below C(-4-4) =57
the x-axis it is.

116 Chapter 3: THE INTEGERS



Exercises

Set |

1. The figure shown here is a rectangle.

3

3

a) How is the perimeter of a rectangle
found?

b) What is the perimeter of this rectangle?

¢) How is the area of a rectangle found?

d) What is the area of this rectangle?

Tell, by evaluating both sides of each
equation, whether it is true or false.
a) B4+ 25=(1 42

b) 1>+ 25 +33=(1+2+3)?

~

Set 11

4. This graph shows a curve
called an ellipse. Write the
coordinates of the points on
the ellipse that are named
with letters.

bl

¢) What do you think is the next equation
in this series?
d) Is it true?

A snail is crawling along at a steady speed.
The distance that it travels is a function of
time, as shown in this table.

Number of minutes, ¢ 2
1

6 8
Number of meters traveled, d 3 4

a) How does the distance traveled vary with
respect to the time?

b) What is the snail’s speed in meters per
minute?

¢) Write a formula for this function.

Lesson 2: More on the Coordinate Graph
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. On graph paper, draw a pair of axes
extending 6 units in each direction from the
origin. Then connect the following points in
order with straight line segments: (4, 4),
(=6, 1), (5, =3), (=3, 5); (-1, -6), and (4, 4).

. A certain function is represented by this
table of numbers.

o

x 0 1 2 3 4 5
hl0in L1000 s s

a) Graph this function by drawing a pair of
axes and plotting these points.

b) Write a formula for the function.

¢) Draw a line through the points and
extend it into the second quadrant.

d) Copy and complete this table by referring
to your graph.

x 5 4 -3 2 -1
E20 ]

7. Imagine a point that moves across a
coordinate graph so that its y-coordinate is
always 3 more than its x-coordinate.

a) Copy and complete this table of some of
the point’s positions.

x 0 1 2 3 4
yo 3 MW M e

b) Write a formula for y in terms of x.

¢) Plot the points, join them with a line, and
extend it into the second and third
quadrants.

d) Copy and complete this table of some
other positions of the point by referring
to your graph.

x -4 -3 -2 -l

y -1 | 1]

118 Chapter 3: THE INTEGERS
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A function has the formula y = 5 — x.

a) Copy and complete the following table
for this function.

x 0 1 2 3 4 5
yo O T W W D

b) Plot the six points in this table on a
graph.

c) Draw a line through the points and
extend it into the second and fourth
quadrants.

d) Copy and complete these tables by
referring to your graph.

x 4 -3 -2 -1
y I W MW

and
x 6 7 8 9
y o W e W e

This exercise is about the functions
y=2x+landy=x—-1

a) Make a table for each of these functions.
In each table, let x = 1, 2, 3, and 4.

b) Graph both functions on the same pair of
axes by plotting the points in the tables
and joining them with lines.

¢) What are the coordinates of the point in
which the two lines intersect?
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10. This graph shows a curve called a parabola.

Y

Write the coordinates of the points on the
parabola that are named with letters.

is in the first quadrant. Where is a point if

a) both of its coordinates are negative?

b) its x-coordinate is positive and its
y-coordinate is negative?

¢) its x-coordinate is negative and its
y-coordinate is zero?

d) its x-coordinate is zero and its
y-coordinate is negative?

. If both coordinates of a point are positive, it

12.

A certain function is represented by this
table of numbers.

x 01 2 3 4 5
y 4 5 6 7 8 9

a) Graph this function by drawing a pair of
axes and plotting these points.

b) Write a formula for the function.

¢) Draw a line through the points and
extend it into the second and third
quadrants.

d) Copy and complete this table by referring
to your graph.

-5 -4

x -3 -2 -l
yoo=1 W T

Imagine a point that moves across a

coordinate graph so that its y-coordinate is

always twice its x-coordinate.

a) Copy and complete this table of some of
the point’s positions.

x 0 1 z 3 4
yo W2 W

b) Write a formula for y in terms of x.

c) Plot the points, join them with a line, and
extend it into the third quadrant.

d) Copy and complete this table of some
other positions of the point by referring
to your graph.

x -4 -3 -2 -]
K o

Lesson 2: More on the Coordinate Graph
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\URTESY OF HALE OBSERVATORIES.

In 1054, a very bright “star” appeared in the sky. The remnants of this “star”
are known as the Crab Nebula, which is one of the strongest sources of radiation
in our galaxy. Astronomers have speculated that its energy may result from the
destruction of antimatter.

Antimatter has been produced in the laboratory. When an antiparticle collides
with an ordinary particle, the two annihilate each other.*

The figure below shows what happens when two protons come in contact with
two antiprotons.

oo @ e — no particles

The result is not four particles , but none. Thinking of the number of protons as
positive and the number of antiprotons as negative, the figure shows that

The numbers +2 and -2 are called opposites of each other. If we represent a
number by the letter x, then its opposite is —x and

x+-x=0

If a positive number and a negative number are opposites of each other, their
sum is zero. What about the sum of two numbers that are not opposites?

“Anti-Matter” by Geoffrey Burbidge and Fred Hoyle, Scientific American, April 1958,

LESSON 3
Addition

121






Exercises
Set |

1. Copy each of the following, replacing each
[l with either > or <.

a) 0 [l -10

b) -25 lllli -2

) 34 [l -43

2. Find the value of each of the following

expressions.

a) 5-42

b) 452

c) 52— 42

d) 25 — 2¢

Set Il

4. Make some drawings like those on page 122
to illustrate the following addition problems.
Use open circles for positive numbers and
solid circles for negative numbers.
a)2+3
b) -7 + -1
c)-4+4
d) 6 +-2
e)3+-5

. Two numbers are opposites of each other if

their sum is zero. What are the opposites of
the following numbers?

W

a) 8
b) -3
1
d) -15
e) x
f) -y

6. Find each of the following sums.
a) 6 + -6 g) 0+ -10
b) -2 +2 h) 27 + 6
¢) -5+ 12 i) -4 +-15
d) -11 + -9 )9+ -1
e 3+-8 k) =32+ 0
f) 7 4+ -7 1) -13 + 21

3.

=~

@

The most frequently used pay phone in the
United States is in the Greyhound bus
terminal in Chicago. It averages 270 calls a
day.

a) The number of calls made on this phone
is a function of the time. Write a formula
for it, letting x represent the time in
weeks and y represent the number of
calls.

b) To what does the constant of variation in
your formula refer?

What number should replace [llil in each of
the following equations to make it true?
a) 5+ il =0

b) -2 + [lll = 0

Q) -2 + il = -4
d -7+ 1=l

e) 4+l =15

f) -4 + lllll = -15
g) 12 + [llil = 2

h) -12 + [l = -2
i il +-3=7

i) i+ -3

k) Il + 5
M+ -5=-3

Find each of the following sums.
a) -3+ -3+ -4
b)-3+3+-4

) -3+-3+4
d)5+-5+-7+7
e)5+-5+-7T+-7
fy-54+4-5+-7+7
g9+-2+2+-8+-9

h) -1 4+ -6 +-10 + 6 + -1

i) 14+-6+-10+-6+-1

) -14-34+-54+-7+-9+-11
K)1+-34+5+-7+9+-11
D -143+-5+7+-9+11

3

Lesson 3: Addition
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Set 111

9. Make some drawings like those on page 122 12. What number should replace ©¥ in each of

to illustrate the following addition problems. the following equations to make it true?
Use open circles for positive numbers and a)7+@=0 g 10+0i=4
solid circles for negative numbers. b3+l =0 h) -10 + Ml = -4
a) 4+ 1

b) -3 + -2

0 5+-5 2
d)-4+7 D M+-7=-2
€) 2+ -8

13. Find each of the following sums.
a) 5+ -5+-2
b)-5+5+-2
) -5+-5+2

10. Two numbers are opposites of each other if
their sum is zero. What are the opposites of
the following numbers?

23 Q=1 d)8+-8+-3+3
b) -7 e)a
90 f) -b e)8+-8+-3+-3
fy 8+-8+-3+3

11. Find each of the following sums. 21+-9+9+-10+-1
a) 4 + -4 g) -6 + -6 h)y-4+-7+-6+7+-4
b) -9 +9 h)-21 +3 ) 44 -T+26+-7+-4
¢ -7+17 i) -1+-39 H-l+2+-3+-4+-5+-6
d) -5 +-8 ) 0+-4 K1+-2+3+-4+5+-6
€)2+-11 k) 16 + -7 ) -1+2+-3+4+-5+6
£) -15 + 0 ) 8+25

Set IV

The sum of the six integers from -2 to 3
inclusive is

2+-140+1+2+3=3

Can you figure out each of the following sums?
If you can, explain how you got vour answers.

. The sum of the two hundred and one
integers from -100 to 100 inclusive.

. The sum of the two hundred and one
integers from -95 to 105 inclusive.

o

Chapter 3: THE INTEGERS




SIX FROM FOUR?!YOU CAN'T

SUBTRACT SIX FROM FOUR..

LUCY, HOW
MUCH 15 SIX
FROM FOUR?

YOU CAN'T SUBTRACT A BIGGER
NUMBER FROM A SMALLER NUMBER

tesson 4
Subtraction

© 1957 UNITED FEATURE SYNDICATE, INC

In arithmetic, most subtraction problems are limited either to subtracting 2
smaller number from a larger one or to subtracting a number from itself. In the
first case, the answer is positive and, in the second case, it is zero. By having
negative numbers to work with, it becomes possible to subtract any number
from another. Consider, for example, the problem in this cartoon. Thinking in
terms of particles, the problem is to take six particles away from four.

0000
Although this seems to be impossible, there is a way to do it. We simply add two
pairs of particles and antiparticles to the picture:

000000
L)

This doesn’t change things because each particle-antiparticle pair adds up to
nothing and adding zero to a number does not change it. Now we can take six
particles away, leaving the two antiparticles.

The answer is -2.

12



In general, whenever a larger number is subtracted from a smaller one, the
answer is negative.

Here are two more examples.

EXAMPLE 1
Subtract -1 from -7.

00000
SOLUTION

To take one antiparticle from seven antiparticles is easy. We are left with six
antiparticles. So -7 — -1 = -6.

EXAMPLE 2
Subtract 2 from -5.
eesoee
SOLUTION
To take two particles from five antiparticles, we first add two particles and two
antiparticles. ee0 00 00

Taking away the two particles leaves seven antiparticles. So -5 — 2 = -7.

Although every subtraction problem can be solved by drawing an appropriate
picture and taking away particles or antiparticles, there is another way to deal
with subtraction that is generally easier to use. To every subtraction problem there
corresponds an addition problem that has the same answer. This means that to get
the answer to a subtraction problem we don’t have to subtract. We can change
the problem to an addition problem and add instead.

The method is based on the principle that subtracting a number gives the same
result as adding its opposite. Here are some examples to illustrate this principle.

Subtraction problem Corresponding addition problem
4 6=-2 — 4 -
8§ -3=11 — 8
“1=1= —_— -7

Because of this connection between subtraction and addition, mathematicians
prefer to think of subtracting as “adding the opposite” rather than as “taking
away.”
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Exercises

Set |

1. Draw a number line extending from -8 to
+8 and use it to find the number of the
point midway between each of the following
pairs of points.

a) -8 and 0.
b) -5 and 5.
c) -4 and 2.

o

. The position of a point is determined by its
coordinates. For example, if a point is in the
second quadrant, its x-coordinate is negative
and its y-coordinate is positive. What can
you say about the coordinates of the
following points?

a) A point in the third quadrant.

b) A point in the fourth quadrant.

¢) A point to the right of the origin on the
x-axis.

d) A point below the origin on the y-axis.

Set 11

4. Make some drawings like those on page 126
to illustrate the following subtraction
problems. Use open circles for positive
numbers and solid circles for negative
numbers.

Q) 7-2 d)-5— -8
b) -8 — -5 ) 6— -1
9 3—4 f)-2-3

v

Because subtracting a number gives the same
result as adding its opposite, the subtraction
problem 4 — 6 has the same answer as the
addition problem 4 + -6. Write the addition
problem that corresponds to each of the
following subtraction problems and then
solve each problem.

a) 7-2

b) -8 — -5

Y
10+
3. The graph of a
certain function
is shown here.
5+
(o) X

5

a) Copy and complete the following table

for this function.

o 1 2
y I

3 4 5
/BN

b) What kind of function is it?
¢) Write a formula for it.

d) Use your formula
when x = 25.

to find the value of y

) 3—4 e 6—-1
d) -5 — -8 f)y-2-3

6. Find each of the following differences.
a) 12-5 g 3--8
b) 5 — 12 ) PRA e
0 12--5 iy 0-2
d) -5 — 12 ) o—-2
e) -11 -9 k) 4 — -4
f) -11 — -9 1) -4-4

7. Find the value of each of the following
expressions.
a) 12— (5 +3) e) 7—(4+8)
by 12-5-3 f) 7—4-8
¢ 12-(5-3) g) 7—(4—8)
d) 12-5+3 h) 7—4+8

Lesson 4: Subtraction
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i 2—(6+10) k) 2 —(6— 10)
) 2—6-10 ) 2-6+10

Look again at parts a through 1 of this
exercise and at your answers. What you see
there should help you to find an expression
without parentheses that is equal to the

expression
m) x — (¥ +2)
n) x—(y—2)

*

The high and low temperatures in Mudville
for four successive months are given in the
table below.

Oct. Nov. Dec. Jan.
High 19 14 5 -2
Low 4 -3 -16 -20

a) The difference between the high and low
temperatures in October was 15°. Write
the differences between the high and low

Set 111

10. Make some drawings like those on page 126
to illustrate the following subtraction
problems. Use open circles for positive
numbers and solid circles for negative

numbers.

a) 8 —1 d)-4— 6
b) -6 — -4 Q7—-2
92-3 f)y-1-5

. Because subtracting a number gives the same
result as adding its opposite, the subtraction
problem 3 — 7 has the same answer as the
addition problem 3 + -7. Write the addition
problem that corresponds to each of the
following subtraction problems and then
solve each problem.

a)8—1 d) -4 — -6
b) -6 — -4 Q) 7—-2
2-3 f)-1-5

Chapter 3: THE INTEGERS
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temperatures for each of the other three
months.

b) In which month was the difference
between the high and low temperatures
the greatest?

The amount of money that Freddie the
Freeloader bet and the amount that he won
at the racetrack on four successive weekends
are given in the table below.

Number of dollars bet 20 32 12 18
Number of dollars won 4 15 55 0

a) Freddie’s net loss the first week was $16,
which can be represented as -16. Write
his net winnings or losses for each of the
other three weekends as a positive or
negative number.

b) Write his net winnings or losses for the
four weekends as a sum.

¢) How much money did he come out ahead
or behind in the four weekends?

. Find each of the following differences.
a) 20 — 9 g 13- -3
b) 9 — 20 ) =18 = =3
) 20 — -9 iy 0—8
d) -9 — 20 ) 0—-8
Q) —4—7 k) -5—-5
f) -4 — -7 ) 5-5

. Find the value of each of the following
expressions.
a) 15— (4+1) 2 3-(2-10)
b) 15-4-1 h) 3—2+10
Q 15-(@4-1) i) 6—(11+5)
d) 15-4+1 j) 6—-11-5
e) 3—(2+ 10) k) 6—(11 —5)
f) 3—2-10 ) 6-11+5

Look again at parts a through 1 of this
exercise and at your answers. What you see
there should help you to find an expression



without parentheses that is equal to the

expression
m) x —(y + 2)
n x—(y—2)

14. The elevations in meters of several very low
and very high places on the earth are listed
below.

The Dead Sea, Israel-Jordan -397
Death Valley, California -86
Mount McKinley, Alaska 6,194
Mount Everest, Nepal-Tibet 8,848

a) How much higher is Mount Everest than
Mount McKinley?

b) How much higher is Mount McKinley
than Death Valley?

¢) How much lower is the Dead Sea than
Death Valley?

Set IV

There is an old Chinese legend about the
Emperor Yu, who lived in about 2200 B.c. He
was standing by the Yellow River one day when
a turtle appeared on the bank with a pattern of
numbers on its back.

This drawing shows how we would write
these numbers. The pattern is called a “magic
square” because the sum of the three numbers in
any row, column, or diagonal is the same: 15.

1. Copy the magic square and then make
another pattern by subtracting 10 from each
number in it.

2. Is the resulting pattern also a magic square?

3. What do you notice about it?

15. The number of births and deaths in Gopher
Prairie for four successive months are given
in the table below.

Number of births 7 2
Number of deaths 3 5 8 1

a) The town’s net change in population in
the first month is +4. Write the net
change in Gopher Prairie’s population in
each of the other three months as a
positive or negative number.

b) Write the net change in the town’s
population for the four months as a sum.

c) What is the net population change in the
four months?

Lesson 4: Subtraction
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LESSON D

AND SPACE ADMINISTRATION

Multiplication

away

Moon farther

Moon closer

Graph of the moon
moving away
from the earth.
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This photograph, taken during the flight of Apollo 11, shows the earth from a
distance of approximately 240,000 miles. The surface of the moon is in the
foreground.

The earth and moon are moving apart at the rate of about 4 feet each year.
This means that one year from now the moon will be 4 feet farther away from
the earth, two years from now it will be 8 feet farther away, and so on.

The increase in distance between the earth and the moon is a function of time.
We can represent this function with a table

Time in years 0o 1 2
Increase in distance in feet 0 4 8

oW

or by means of a formula. Letting x represent the time and y represent the
increase in distance, the formula is
v =4dx
Because this function is a direct variation, its graph is a straight line that
intersects the origin. If we draw the line and extend it into the third quadrant,
we get the graph shown at the left.




A more complete table for the function is

x -3 -2 -1 0 1 2 3
y -12 -8 -4 0 4 8 12

Notice that negative x-numbers represent times in the past and negative
y-numbers represent decreases in distance. Three years ago the moon was 12
feet closer to the earth, two years ago it was 8 feet closer, and so on.

Our formula says that each y-number is always 4 times the corresponding
x-number, which means that

-12 = 4-3)
-8 = 4(-2)
and so forth. In these examples, the product of a positive number and a negative
number is a negative number. This is always true.

P> The product of a positive number and a negative number is always negative.

What happens when bot/ of the numbers being multiplied are negative? To
find out, let’s imagine that the moon is moving foward the earth instead of away
from it. Look again at the formula for the moon moving away from the earth:

y = 4x

The 4 in this formula is the rate at which the moon is moving away: 4 feet per
year. If the moon were moving at the same rate but in the opposite direction, the
4 would become -4 and the formula would become

y=-4
Because the earth and moon would have been farther apart in the past and
would be closer in the future, the second row of numbers in our original table

would be reversed, as shown here.

x -3 -2 -l 0 1 2 3
y 12 8 4 0 -4 -8 -12

The graph for this formula and table is shown at the right.
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The formula says that each y-number is always —4 times the corresponding

x-number, which means that

12 = -4-3)
8 = 4(-2)

and so forth. In these examples, the product of two negative numbers is positive.
Although this may seem like a strange result, there are many other patterns that

lead to the same conclusion.

P The product of two negative numbers is always positive.

Exercises

Set |

1. Find the following sums.
a) 2+ -2+-2+-2+-2

b) =333 + -22 + -1 + 1 + 22 + 333

) -1000 + 100 + -10 + 1

Write an expression for each of the
following.

N

a) Multiply the integer x by the next larger

integer.
b) Divide the sum of 1 and y by 4.

bed

¢) Divide 1 by the sum of y and 4.
d) Cube z and subtract the result from 5.
e) Subtract = from 5 and cube the result.

A bottle of Coca-Cola originally cost 5

cents.

a) At this price, how many dollars would x
bottles cost?

b) How many borttles could be bought for y
dollars?

Set 11

4. Use repeated addition to show that each of

the following equations is true.

a) 3(4) = 12
b) 3(-4) = -12
Q) 4-3) = -12
5. Find each of the following products.
a) 3(-7) f) -11(~12)
b) -49) 8 2-18)
o) -5(-3) h) -1(-1)
d) 7(-8) i) -13(3)
¢) -10(0) i) -15(-20)

132 Chapter 3: THE INTEGERS
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. The result of multiplying any number by 1

is the same number.
a) Copy and complete this table showing the
result of multiplying numbers by -1.

b) In general, what is the result of
multiplying a number by -1?

¢) What is the result of multiplying x by
-1?




d) From your table find a number x for
which —x is negative.

¢) From your table find a number x for
which —x is positive.

f) Does —x always represent a negative
number?

=

. What number should replace lilll in each of
the following equations to make it true?

a) -9(12) = il

b) 9(-12) = il
<) 4(lllly = 40
d) 4(llllly = -40
) -4(llllly = 40
£) =7(llll) = 0
g) -7l = 7
h) -32 = 2((llll)
i) 32 = -2(Ilill

i) (Hy-6) = -54

. Find each of the following products.
a) 3(5)(7)
b) =3(5)7)
) 3(-5)(-7)
d) -3(-5)(-7)
) (-2)(-2(-2)-2)
£) (-2)(-2)(-2)(-2)(-2)
8) (-2)(-2)(-2)(-2)(-2)(-2)

o

Set 11l

12. Use repeated addition to show that each of
the following is true.

a) 4(5) = 20
b) 4(-5) = -20
<) 5(-4) = -20
13. Find each of the following products.
a) -2(10) £) ~12(~7)
b) 7(-6) ) -5(15)
<) -8(9) h) —4(-4)
d) -6(-1) i) 9(-11)
€) 0(-3) j) (-10)(-35)

©

h) (=1)(-1)(10)(10)

1) (=1)(-1)(=1)(10)(10)(10)
i) (5)A3)-2)D)

K) (S5)A(-3))(-1)

) (5HE3)RN-1)0)

. Which of these symbols, >, =, or <,

should replace lllll in each of the following?
a) -1(10) il -1(9)

b) -2(-3) llll 4(-5)

©) =7(4)0) Ml -5(-5)(-3)

d) -4(-8)(3) Ml -3(4)(-8)

€) -9(-8)(-7) lllll -6(-5)(-4)-3)

. Find the values of the following expressions,

given that x = -5 and y = -6.

a) 3x d)x+y
b) -2y e) x—y
c) x2 f) xy

. This exercise is about raising a negative

integer to different powers.

a) Find the values of (-3)% (-3)%, (-3)%
(-3)%, and (-3)°.

b) Which powers of -3 are positive?

¢) Is the 13th power of -3 positive or
negative?

. Simplify each of the following expressions.

Assume that x and y represent positive
numbers.

a) 0(x) €) x(-y)
b) 0(-) ) ()
) -1(x) 8) —x(-=y)
d) -1(=y)

. What number should replace [llll in each of

the following equations to make it true?
a) -11(11) = Hill

b) ~11(-11) = [l

o) 3(lily = 27

Lesson 5: Multiplication
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d) 3(lllhy = -27
e) -3(lilly = 27
£) -5(llll) = -35
g) -8(lli) = 0

hy -8y = 8

i) -18 = 9(llil
j) 18 = -9(Illl)

16. Find each of the following products.
a) 4(5)6)
b) -4(5)(6)
€) 4(-5)(-6)
d) -4(-5)(-6)
) (-D(-1)-1)-1)
£) (~D(I)(-1)-1)-1)
) (-D(=D(-1)-D(-1)-1)
h) (-3)(-3)(10)(10)
i) (-3)(-3)(-3)(10)(10)(10)
1) (=4)(-2)(-2)(-4)
k) (-4)(-2)(2)(4)
) (=4)(-2)(0)2)(4)

17. Which of these symbols, >, =, or <,
should replace [l in each of the following?
a) 3(-4) lll 3(-5)

Set IV A Number Puzzle

This number puzzle is similar to one that you
may have seen before.

Put a penny in one of the squares in this
diagram. Put another penny on a square that is
not in the same row or column as the first
penny. Put a third penny on a square that is not
in the same row or column as either of the first
WO pennies.

Now look at the numbers under the three
pennies and find their product. If you followed
the directions correctly, it should be 720,
regardless of where you put the pennies. Can
you explain why?

Chapter 3: THE INTEGERS
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b) 7(-12) Wil -6(-8)

©) -209)(-4) Ml -9(4)(-2)

d) -4(-7)(-8) Ml -5(0)(-11)

e) —1(=3)(-5)(=7) Ml -2(-4)(-6)

. Find the values of the following expressions,

given that x = -7 and y = -3.

a) 2x d)x+y
b) -5y e x—y
<) x? f) xy

. This exercise is about raising negative

integers to powers.
a) Copy and complete this table of squares.

E |

A
LU I ]

b) Do you think that the square of an
integer can ever be negative?
¢) Copy and complete this table of cubes.

x =1 =2 AR5
< DWW W W W

d) What can you conclude about the cube of
a negative integer?




LESSON 6
Division
Itisn’t any trick to divide a number in half, even if the number is negative. The
figure below illustrates the number -10 divided in half. (The solid circles

represent antiparticles.)
00000000

If a group of -10 circles is divided in half, each half contains -5 circles.
Dividing a number in half is equivalent to dividing it by 2, and so

Because division has a meaning in terms of multiplication, it is possible to
find the answer to the problem % without thinking of circles at all. We simply

ask what number must be multiplied by 2 to give -10? The number is -5.

Here is another division problem that includes a negative number. What is 12
divided by ~3? We can’t answer this by drawing a figure because there is no way
to divide 12 circles into -3 groups. Thinking in terms of multiplication, how-

ever, the answer is obvious. The answer to the problem % is the number that

must be multiplied by -3 to give 12. The number is -4.

Each of the two division problems that we have considered includes one
negative number. What happens when both numbers are negative? For example,
what is ~20 divided by —4? It is the number that must be multiplied by -4 to
give ~20; because 5(-4) = ~20, % =5



You may have noticed from these examples that, because every division
problem has a corresponding multiplication problem, the signs of quotients of
positive and negative numbers are like those of products:

P> The quotient of a positive and a negative number is always negative; the
quotient of two negative numbers is always positive.

Exercises

Set |

1. Use this number line to find the distance between each of the pairs of points
given in parts a through c.

-8-7-6-5-4-3-2-1 01 23456 738

a) 2 and -2
b) -1 and -6 3. On the basis of your answers to exercises 1
c) -7 and 8 and 2, what do you think is the distance
2. Find each of the following differences. BT fwo points ISR G e
number line
a2 — 2 Fa 5
b) -1 6 a) if xis larger than y?
Q) 8—-7 b) if x is smaller than y?

Set |1

4. Find each of the following quotients.

v

The result of dividing any number by 1 is
the same number.

) =k o) = a) Copy and complete this table showing the
3 7 result of dividing numbers by -1.
18 -12

b= N5 Al e ) —— el

X " 4.

c)_% g)% o5 3 . = = = .

39 -30 ny =8 b) In general, what is the result of dividing
) ) 8 a number by -1?

¢) What is the result of dividing x by -1?
d) Does -x always represent a negative
number?
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6. The expression — _—36 means “the opposite of
-'32.” Because ? = -2 and the opposite of

-21is 2, -% = 2. Use the same reasoning

to simplify each of the following

expressions.
a) - 673 €) - 1—3(:)
b -2 n-
9 -2 -4
d) - f—g h) - f—g
7. Which of these symbols, >, =, or <,
should replace [l in each of the followmg>
) Dm=2 9 Lm3
DEE o Zm-L
9 Sm3 £) =101 2
Set 111
10. Find each of the fcllowing quotients.
2) % f) Tz
b2 )=
) ‘732 b 2
d) %
e) %—Z

8. What number should replace llilf in each of
the following equations to make it true?

) Z-m
b) =2 =
c)@:‘)
m _
&5 =9

nll_,

©

20 _
g) mi="

20
h) =
=35 _
[T

=35
=2 )
]

Find the values of the following expressions,

given that x = -8 and y = —4.

a) x+2
b X
)2

gy-—1

@2
e) xy

T
)J’

11. The expression ~ 8 neans “the opposite of

%A” Because % =

-4 and the opposite of

4. Use the same reasoning

to simplify each of the following

“4is 4, - %
expressions.
a) - 342

b) - %

c) - f—g

d)

-10 2
i 2-3
=72 42
_z12 h) - 42
) 8 ) -6
-16
) ————

-1

Lesson 6: Division
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LESSON 7

The first official world record in the shot put, set in 1876, was slightly less than
31 feet. Since then the record has increased to more than 71 feet.

It is possible, using mathematics, to predict how high and how far the shot
will go if the speed and direction in which it is thrown are known. A typical
formula, for example, for the upward speed of a shot is

v=25—32

in which o represents the speed in feet per second and # represents the time in

seconds since the shot was released. By substituting different numbers for # in

this formula, we can find the upward speed of the shot at different times.*
When ¢ = 0, for example,

v

5 — 32(0)
50
5

1l
SN

At the instant the shot is released, it is traveling upward at a speed of 25 feet per
second.

*This formula, like others that we have considered in this course, is from a subject other than
mathematics. You are not expected to be able to derive these formulas or see immediately why
they are true. You should be able, however, 10 understand how they are being used in the lessons.

JT5 0 Several Operations
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Half a second later, 7 = 0.5, and

v =25 — 3205)
=25-16
-9

The shot is then moving upward at a speed of 9 feet per second.
One second after the shot is released, = 1, and

v =25 — 3()
=25-32
=7

According to the formula, the upward speed is now -7 feet per second. What
does this mean? That one second after it is released, the shot is moving down-
ward at a speed of 7 feet per second.

Many practical applications of algebra, like the example we have just con-
sidered, require performing several operations that include one or more negative
numbers. Because it is important to be able to do such problems accurately, we
will practice making calculations with positive and negative numbers in this

lesson.
Exercises
Set |
1. Draw a figure to illustrate each of these bx 2 3 4 5 6
expressions. Use open circles to represent y 1 o -1 -2 -3
positive numbers and solid circles to Jgx -1 0 1 2 3
represent negative numbers. ¥ 6 10 14 18 22
a) 2.3 47
b) 3(4 + -1) 3. When asked to name the smallest number he
c) 5(-2) +1 could think of, Obtuse Ollie said “negative
. one million.”
2. Guess a formula for the function represented a) What is the largest integer smaller than

by each of these tables. Begin each formula
with y =.
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b) What is the smallest integer larger than
-1,000,000?




Set 1l

4. Here are directions for a number trick and part of a table to show
what happens if the trick is done with several different numbers.

Think of a number: 7 2 0 -4 -10
Subtract three: 4 W W MW W
Multiply by two: 8 W W W W
Add eight: L B ]

Divide by two: [
Subtract the number that

you first thought of: OO

a) Copy and complete the table.

b) Show how the trick works by illustrating the steps with boxes and
circles. The first two steps are shown below.
Think of a number: [
Subtract three: O eee

(Because subtracting 3 is the same thing as adding -3, 3 solid circles
have been drawn to represent adding -3.)

5. Find the value of each of the following
expressions. Remember that powers are
figured out before multiplications.
) 537 QAP o (1O
b) -3(5) d) -4-2° ) DGy
6. Find the value of each of these expressions.
a) 2 —34) ) (D2 — (=97
b) 2+ -3(4) k) (-1)*(-9)*
Q) 2 -3(-4) ) 2425
5 3
S)) :2_-*”(2_3_'(__‘11)2) nrn)) ()2__25()_(22))3 8. If an arrow is shot .upward ata speed o'f 50
f) 7-(2-12) i meters per §cc0nd, its velocity at any given
g (9—1p 0) = instant is given by the formula
B) (1—9y - v= 50 — 10z, in which 7 represents the time
) (17— O ) (M in seconds and v represents its upward
P 4 velocity in meters per second. Find the
velocity of the arrow after
7. Find the values of the following expressions, a) 2 seconds.
given that x = -7 and y = -3. b) 5 seconds.
a) x + 6y d) xy — 1 ¢) 7 seconds.
b) 4x — y e) x2 —y? d) What does your answer to part b mean?
C) 2Ax +y) f) (x + y)Yx —y) ¢) What does your answer to part ¢ mean?
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9. The formula for converting temperatures in temperature and C represents the Celsius

degrees Fahrenheit into degrees Celsius is temperature. Use this formula to find the
_ Celsius temperature corresponding to
Cc— 5(F — 32) a) 32 degrees Fahrenheit.
9 b) 5 degrees Fahrenheit.

. . ) c) -40 degrees Fahrenheit.
in which F represents the Fahrenheit

Set 11

10. Here are directions for a number trick and part of a table to show
what happens if the trick is done with several different numbers.

Think of a number: 4 1 0 -5 -12
Multiply by three: 12 W DR W
Subtract six: 6 M W WW W
Divide by three: [/ .
Add seven: [/
Subtract the number that

you first thought of: [ i T |

a) Copy and complete the table.

b) Show how the trick works by illustrating the steps with boxes and
circles. (Because subtracting 6 is the same thing as adding -6, 6
solid circles can be drawn in the third step to represent adding -6.)

11. Find the value of each of the following
expressions. Remember that powers are
figured out before multiplications.
a) 3(-4)? d) -2(-5)
b) —4(3) e) (-1)¥(6)
<) 5(-2) f) (-1%6)°
12. Find the value of each of these expressions.
a) 7-25) ) (37 = (-10¢
'CD)) ; i’ ;(2_(2; i‘)) g_?ZiE_lg))j 13. Find the values of the following expressions,
given that x = -4 and y = -6.

d) -7 +-2(-5) m) (4 + 4)(-2)

&) 4—(3+9) n) 4 — 2(-4) ;)) ’;f_?:
s 18 -2 9 Xx +3)

9 -1y O S P

b (1 -5 18 30 o) 22—y

9 (OGO £) (x = 3)x +3)
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14. If a ball is dropped from the roof of a

building 200 meters high, its distance above
the roof of a neighboring building 75 meters
high is given by the formula d = 125 — 5¢%,
in which ¢ represents the time in seconds
and d represents the distance in meters. Find
the distance of the ball above the roof of the
second building after

a) 3 seconds.

b) 5 seconds.

¢) 6 seconds.

d) What does your answer to part b mean?
€) What does your answer to part ¢ mean?

Set IV

A man carrying eight identical balloons filled with helium stepped on a scale and
found that it read 170 pounds. He let go of the balloons and the scale then read
172 pounds.

w

. How could this have happened?
2.

15. The formula for converting temperatures in

degrees Celsius into degrees Fahrenheit is

NGy

5
in which C represents the Celsius
temperature and F represents the Fahrenheit
temperature. Use this formula to find the
Fahrenheit temperature corresponding to
a) 100 degrees Celsius.
b) -5 degrees Celsius.
¢) -40 degrees Celsius.

On the basis of this information, how much does each balloon seem to have

weighed?

nothing?

. Do you think that it is possible for something to actually weigh less than

0 R

Orom (Wdh

Lesson 7: Several Operations
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Summary and Review

In this chapter, we have become acquainted with the properties of positive and
negative numbers.

The Integers (Lesson 1) The integers can be represented by points evenly
spaced along a number line. The integers consist of three sets of numbers: the
positive integers (also known as the counting numbers), zero, and the negative
integers.

More on the Coordinate Graph (Lesson 2) A complete coordinate graph
includes four regions, called quadrants, that are numbered counterclockwise,
starting with the upper right. Points for which both coordinates are positive are
located in the first quadrant. Points having either a positive and a negative
coordinate or two negative coordinates lie in one of the other three quadrants.
Points for which one coordinate is zero lie on one of the axes.

Addition (Lesson 3) The numbers x and —x are called opposites of each other.
The sum of a number and its opposite is zero. The addition of positive and
negative integers can be pictured in terms of combining groups of particles and
antiparticles.

Subtraction (Lesson 4) Although subtraction can be pictured in terms of
“taking away,” it is more convenient to subtract a number by adding its
opposite: @ — b = a + -b.



Multiplication and Division (Lessons 5 and 6) The product or quotient of a
positive number and a negative number is always negative. The product or
quotient of two negative numbers is always positive.

Several Operations (Lesson 7) In performing a series of operations, we work
from left to right, first raising to powers, then multiplying and dividing, and
finally adding and subtracting. Parentheses usually indicate operations that are

to be done first.

Exercises

Set |

1. Read each of the following statements
carefully and tell whether it is true or false.
If you think a statement is false, give an
example to explain why.

a) The opposite of every number is
negative.

b) If the y-coordinate of a point is positive,
the point is above the x-axis.

¢) The product of two negative numbers is
always positive.

d) The sum of two numbers is always more
than their difference.

e) The cubes of some integers are negative.

8]

. Find each of the following.

a) The sum of -15 and 3.

b) The difference between -15 and 3.
¢) The product of -15 and 3.

d) The quotient of -15 and 3.

¢) The sum of -15 and -3.

f) The difference between -15 and -3.
g) The product of -15 and -3.

h) The quotient of -15 and -3.

bd

b

w

Write the addition problem that corresponds
to each of these subtraction problems.

a) 3—-7

b) -8 —4

) x—y

Wrrite each of the following statements in

symbols, letting x represent the number.

a) A certain number is more than zero.

b) The cube of a certain number is equal to
the product of the number and nine.

¢) The difference of a certain number and
three is less than two.

Here are directions for a number trick and
part of a table to show what happens if the
trick is done with several different numbers.
Think of a number: 2 0 -6 -12
Add six: i N
Multiply by two: I i
Subtract eighteen: G N
Divide by two: N
Add five: | : 4
Subtract the number that

you first thought of: JiLk

Summary and Review
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a) Copy and complete the table.

b) Show how the trick works by illustrating
the steps with boxes and circles. (Draw
solid circles to represent negative
numbers.)

What number should replace [llll in each of
the following equations to make it true?
a) -9 + [l = 2

b) (il = -3 eIl —7=-1
ol +8=0 f) ﬁ _3

I _ [
D=0

Which of these symbols, >, =, or <,
should replace Il in each of the following?
a) 2+-30ll2--3

b) -4 + 15l -4(15)

c) o-8)lillio — 8

d) ~45(39) Il 45(-39)

e) (<708)* [l (-78)

A point moves across a coordinate graph so

that its y-coordinate is always 2 less than its

x-coordinate.

a) Copy and complete this table of some of
the point’s positions.

x 2 3 4 5

y O W W

b) Write a formula for y in terms of x.

c) Plot the points, join them with a line, and
extend it across your graph.

d) Copy and complete this table of some
other positions of the point by referring
to your graph.

x -2 -l 0 1
y o 0 T

. Use a number line to find each of the

following.

a) The number of the point midway
between -3 and 7.

b) The distance between -3 and 7.
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¢) The number of the point midway
between -1 and -9.
d) The distance between 11 and -11.

. Simplify each of the following expressions.

2 =
9-3 =5

35 =
b)-= 9-=

. Find the value of each of these expressions.

a) (1 — 61)
b) -4 + 5(-3)

0 72 — 11) + 27 — 11)
d) ~7(11)(13) — 13(11)(7)
€) (-4 + (-3

Acute Alice and Obtuse Ollie took a test on
which the score was found by subtracting
the number of wrong answers from the
number of correct ones.

a) Ollie’s score was -5. What does that
mean?

b) Alice’s score was 3. If she answered 14
questions correctly, how many did she get
wrong?

¢) How many points higher was Alice’s
score than Ollie’s?

Find the values of the following expressions,
given that x = 2 and y = -5.

a) x — 3y

b) llx+y

) -2(x +3)

d) 4 + xy

e) x —y?

. According to the distributive rule for

addition, for any three numbers, a, b, and ¢,
a(b + ¢) = ab + ac

Show that this equation is true if
a) a=2,b=-4,and c = -6.
b)a=-5b=8andc=-I.
ca=-7,b=-3,andc=9.




Set 1l

(%

e

£

W

. Read each of the following statements

carefully and tell whether it is true or false.

If you think a statement is false, give an

example to explain why.

a) Zero is an integer.

b) The sum of two negative numbers is
always negative.

c) If the x-coordinate of a point is negative,
the point is below the x-axis.

d) The squares of some integers are
negative.

€) The sum of a number and its opposite is
zero.

Use a number line to find each of the

following.

a) The distance between 2 and -10.

b) The number of the point midway
between 2 and -10.

¢) The distance between -7 and -3.

d) The number of the point midway
between -5 and -1.

Write each of the following statements in

symbols, letting x represent the number.

a) A certain number is less than negative
four.

b) Twice a certain number is equal to its
square.

¢) The quotient of a certain number and
two is more than five.

The average of a set of numbers is found by
adding them and dividing the sum by the
number of numbers. Find the average of
each of the following sets of numbers.

a) -7, 16, 21

b) -1, 3, -5, 7, -9

c) 12, 34, -56, -78

Use repeated addition to show that each of
the following equations is true.

a) 5(-3) = -15

b) 4(-x) = -4x

6.

<

®

Here are directions for a number trick and
part of a table to show what happens if the
trick is done with several different numbers.

Think of a number:

Multiply by four:

Subtract ten:

Add the number that you
first thought of:

Divide by five:

Add seven:

Subtract the number that yor
first thought of:

-1 -8
OO AR
M O

U O
T N
T A 0

u
O O O

a) Copy and complete the table.

b) Show how the trick works by illustrating
the steps with boxes and circles. (Draw
solid circles to represent negative
numbers.)

. What number should replace lllll in each of

the following equations to make it true?

a) —4(lll) = -12
b) il + 6 = -2
9 w =13

d) 9 + Il = 7
e) il -5=-5

S
f)w_ 4

. Which of these symbols, >, =, or <,

should replace Ml in each of the following?
a) 5 — 1115 + 11

b) -3 — 4 il -3(-4)

o) -2(-2)(-2) -2 + -2 + -2

d) ~67(-28) il 67(-28)

e) (495)% il (-495)

Summary and Review
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LESSON 1
The Rational Numbers

This sign was put up along a road near the Fresno
airport after it was discovered that many drivers
were not slowing down as much as they should. The
fact that the number on the sign is not an integer has
proved very effective in getting people to pay atten-
tion to it. The number 12% is an example of a

rational number.

»- A rational number is any number that can be
written as the quotient of two integers.

The number 12% is rational because it can be

written as 2—2’ Doing the division indicated by this

quotient

125
2)25.0
shows that 12% can also be written as 12.5. Written

this way, it is said to be in decimal form.

Rational numbers written as fractions can always
be changed to decimal form by carrying out the
indicated division. Here is another example.



EXAMPLE 1

0.375

Change the rational number % to decimal form. & ;200
SOLUTION 60
Dividing 8 into 3 as shown at the right, we get 0.375. 56

40

40

0

Every integer is a rational number because every integer can be written as the
quotient of itself and one. For example, 5 is a rational number because 5 = %,

and -2 is a rational number because -2 = _—12

Rational numbers, like integers, can be represented by points on a number
line. The number 12%, for example, is located halfway between 12 and 13 on

the number line.

10 171 12 13 14 15
t
1
127

Several other examples of rational numbers on a number line are shown in the
figure below.

:5»:4 = :27-1/ O)I 2 3 4 -2
T R —.T
'
515 -2 2.1 43

The relative sizes of two rational numbers can be determined by their relative
positions on the line.

EXAMPLE 2

Which number is larger: -3.5 or 2.1?

SOLUTION

Because 2.1 is to the right of -3.5 on the line, 2.1 is larger. (We could have
answered this question without finding the numbers on a line by reasoning that,
because all positive numbers are to the right of zero and all negative numbers are
to the left, every positive number is larger than every negative number.)
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5. The number 0.3 is rational because it can be
written as the quotient of two integers:

USES % Show that each of the following

numbers is rational by writing it as the
quotient of two integers. (Each part has
many correct answers.)

a) 4 f) -29
b) 0 |

) 0.7 8) 3=
d) 0.01 .
o) 65 h) -8

&

Use a ruler to draw an accurate number line
extending from -8 to +8. A convenient
distance to use between each pair of
consecutive integers is 1 centimeter.

a) Mark the following points on the line.
Write the number of each point beside it.
1 1
) 3

1
L 6~
5

2

= 09 -71 45 58

b) Which of the seven numbers that you
have located is the largest?
¢) Which number is the smallest?

7. Copy each of the following, replacing each
llF with either > or <.

a) 4.2/l 4.3

b) -4.21llll -4.3

o) -7.6 1l 6.7

d) -7.6lill -6.7

€) 0.05 Wil 0.5

f) 0.05 llill —0.5

g) 2.1/l 2.09

h) -2.1 /il -2.09

8. Do the indicated operations.*

a) 123 + 0.75

b) 123 — 0.75

¢) 12.3(0.75)
123

9 575

€) 0.22 4 0.022

f) 0.22 — 0.022

g) 0.22(0.022)
0.22

b 5022

*Some decimal calculations are done easily by using an electronic calculator, whereas others

are simple enough to do without it. Beginning with this lesson.
calculator would be helpful will be marked with an asterisk.

Set 111

9. Change each of the following rational
numbers to decimal form by carrying out
the indicated divisions.

| in U7t
35 915 8 g
11 10 240
by 1L 10 240

) 30 9 125 s

S w2

100 125 60

, exercises for which an electronic

10. The number 1.7 is rational because it can be

written as the quotient of two integers:
Hotl = % Show that each of the following

numbers is rational by writing it as the
quotient of two integers. (Each part has
many correct answers.)

1
a) 6 d) 0.09 875
b) 1 o) 45 .
0 0.2 f) -3.1 h) 53
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11. Use a ruler to draw an accurate number line 13. Do the indicated operations.*

extending from -8 to +8. A convenient a) 5.1 +0.24
distance to use between each pair of b) 5.1 — 0.24
consecutive integers is 1 centimeter. c) 5.1(0.24)
a) Mark the following points on the line. 5.1

Write the number of each point beside it. d) 021

1 . _ 1 e) 0.99 + 0.099

1.6 —25 -0.5 4? -5.4 1 31 £) 0.99 — 0.099

g) 0.99(0.099)

b) Which of the seven numbers that you
have located is the largest?

¢) Which number is the smallest? — =

*See footnote on page 153.

12. Copy each of the following, replacing each
[ with either > or <.

a) 2.7 2.6 €) 0.8 1 0.08
b) -2.7 1Ml -2.6 ) -0.8 1l 0.08
) 45 -5.4 g) 3.11 [l 3.1

d) 450154 h) -3.11 1 -3.1

Set IV
Most rational numbers do not come out “even” if changed to decimal form, but

“keep on going,” For example, % =0.33333.. ., in which the three dots indicate

that the threes continue without end. It is obvious from this pattern that the 100th
digit after the decimal point will also be a 3.

1. Can you figure out what the 100th digit after the decimal point of ﬁ is?

2. How about the 100th digit after the decimal point of %?
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LESSON 2

Absolute Value
and Addition

“But they don’t say plus or minus, you'll notice.
You can’t get more fiendish than that.”

According to the sign in this cartoon, the change in the Dow Jones industrial
average was 24.04 points. If it had said +24.04, the market would have gone up;
-24.04 would indicate that the market had gone down. The sign in the cartoon,
however, merely gives the amount of the change. This amount is also called the
absolute value of the change.

A good way to picture the absolute value of a number is with a number line. It
is simply the distance between the number and zero. The figure below shows that
the absolute values of -24.04 and +24.04 are the same: 24.04.

-24.04 +24.04
] o ¥
. ST

—
24.04 24.04

The symbol for absolute value looks like this: |  |. The figure above shows that
|-24.04| = 24.04 and |+24.04| = 24.04.

Whenever we are dealing with a number in decimal form, we can always
write its absolute value by dropping the + or - sign as we have done above.
However, we cannot write the absolute value of a variable, such as x, by



dropping the + or — sign, because x itself has no sign. In this case, we must use
the following algebraic definition of absolute value.

> If x is positive or zero, then |x| = x. If x is negative, then |x| = —x (or the
opposite of x).

The idea of absolute value is helpful in extending our knowledge of how to
compute with the positive and negative numbers that are integers to other
numbers as well. In this lesson, we will learn how it applies to the addition of
rational numbers.

To add positive and negative integers, we used a particle-antiparticle model.
To extend this idea to adding rational numbers, we can think in terms of
“lengths” and “antilengths” instead. Here are some examples. (Color is used in
the diagrams to represent antilengths.)

EXAMPLE 1
What is the sum of 1.2 and 5.3?
SOLUTION
e e
12 + 5.3 = 6.5
EXAMPLE 2
What is the sum of -3 and -2.4?
SOLUTION
—
= + -2.4 = -54
EXAMPLE 3
What is the sum of 4.5 and -6
SOLUTION S e
— Tt
f
iR e R
4.5+ -6 = -1.5

(The dashed line surrounds the lengths that “annihilate” each other.)
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EXAMPLE 4
What is the sum of -1.8 and 4.8?

SOLUTION

From examples 1 and 2, we see that the sum of two positive numbers is the
positive number given by the sum of their lengths, and the sum of two negative
numbers is the negative number given by the sum of their antilengths. In terms
of absolute value, this means that the sum of two numbers having the same sign can
be found by adding their absolute values, the answer having the same sign as the
numbers.

Examples 3 and 4 show that, when a positive and a negative number are
added, the one that has the shorter length or antilength is “annihilated,” leaving
as the answer the rest of the number that has the longer length or antilength.
This means that the sum of two numbers having opposite signs can be found by
subtracting their absolute values, the answer having the same sign as the number
having the larger absolute value.

Here is another example illustrating this second principle.

EXAMPLE 5
Add 1.5 and -7.6.

SOLUTION

Because one number is positive and the other is negative, we find the difference
of their absolute values: 7.6 — 1.5 = 6.1. Because the absolute value of -7.6 is
larger than the absolute value of 1.5, the answer is negative: -6.1.

Lesson 2: Absolute Value and Addition
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Exercises

Set

1

)

Set

'S

w

&

&

|
Find the value of (x — I)(x — 3)(x — 5) if
a)x=1 _
P T
©) = 9
Use the distributive rule to write an

expression equivalent to each of the

3. On January 22, 1943, a strange thing

happened in Spearfish, South Dakota. The

temperature rose from -4°F to 45°F in

only two minutes!

a) How many degrees was the temperature
increase?

b) Show how this problem can be written

Which of these symbols, >, =, or <,
should replace i in each of the following?

a) |+4| Wl 4 e) [-0.5| [l o

b) |-1.7) M -1.7 f) -10 1

c) -2.2 2.2 -10| I |-1
d) [-2.2( I [+22 h) -|3.8] I |-3.8

Tell whether you think each of the
following statements is true for all values
of the variables that it contains. If you
think that a statement is false for some
values of x, give an example of a value of
x for which it is false.

a) |x} =x

b) x| + [y =|x+y

Chapter 4: THE RATIONAL NUMBERS

following. as a subtraction problem.
a) 5(x —y) o) (x—1y ¢) Show how it can be written as an
b) -5(x + ) d) (1 —x) addition problem.
1l

. What is the absolute value of each of the o) x| |yl = |xy|
following? AN R=rE
Z)) f e) 0 8. Find each of the following sums.
C):M f) xif x>0 a) -2+ -82 e) 3.1+ -1L1
d) 3.4 g xif x<0 b) -2 + 82 f) -5 + 1.05

e ©) 7T+-47 g) 0.6 + -6.6

Perform the operations indicated. d) -7 + 47 h) 8.19 + -9
:)) ‘:; I }1;} ?) _;“ ]z‘” *9. In adding signed numbers with a calculator,
) :_9 = ‘:4‘ g ,g ) it is convenient to use the following
d) [-4| — |-9] B) [=2] = (8 principle: subtracting a number is

equivalent to adding its opposite, and
adding the opposite of a number is
equivalent to subtracting it. In symbols, the
fact that

X—y=x+-y
means that
X+-y=x-—y

For example, to find the answer to the
problem

1.3 +-38




on a calculator, we can do the problem

13- 38
instead. Subtracting 3.8 from 1.3, we get
=258
Do each of the following problems on a
calculator.
a) 354 + -0.6
b) 1.9 + -7.21

c) 0.875 + -4.6 + -2.38
d) 5.02 + -0.7 + 3.572 + -11

*10. (Exercise 9 continued.) If the first number
being added is negative, we can begin by
subtracting it from zero because

0—x=0+-x=-x

Set 111

11. What is the absolute value of each of the
following?
e ¢ -03

f) xif x >-x
) +7.1 ;
40 g) xif x < -x
12. Perform the operations indicated.

a) |+11] + |-4 e) [8]-]-6|
b) |-11] + |-4| ) [-8]-|-6|
o) |-7] = |-2| g |-15] + [3]
d) |2 = |-7] h) [3] = |-15]

13. Which of these symbols, >, =, or <,
should replace Il in each of the following?
a) |-5| W 5
b) |-8.2| il -8.2
o) +4.3M-4.3
d) |+4.3| W |-4.3|
e) Ol |-6.1]
9

IS

3

*16.

For example, to find the answer to the
problem

-6.2 + 0.7
on a calculator, we can do the problem
0-62+07

The answer is -5.5.
Do each of the following problems on a
calculator.
a) -7.9 + 4.03
b) -0.611 + 2.5
c) -8.32 + -10.7 + 0.56
d) 8.32 + 10.7 + -0.56
e) -4.18 + 092 + 3 + -74
f) 4.18 + -092 + -3 + 74

. Tell whether you think each of the

following statements is true for all values
of the variables that it contains. If you
think that a statement is false for some
values of x, give an example of a value of
x for which it is false.

a) |x| >0

b) Ix| — 3] = |x =]

@) 7] = 2

x| | x|
) == ||
Iyl
. Find each of the following sums.
a) 6.3 + -3 e) 8 +-18
b) 6.3 + -3 f) 4.4 + -0.4
) 25+ -95 g) -7 + 1.02
d) -25+95 h) 5.26 + -6
In adding signed numbers with a calculator,

it is convenient to use the following
principle: subtracting a number is
equivalent to adding its opposite, and
adding the opposite of a number is

Lesson 2: Absolute Value and Addition
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equivalent to subtracting it. In symbols, the
fact that

X—y=x+-y
means that
Xx+-y=x-—y

For example, to find the answer to the
problem

4.6 +-53
on a calculator, we can do the problem

46 —53

instead. Subtracting 5.3 from 4.6, we get
-0.7.

Do each of the following problems on a
calculator.

¢) 35 + -0.645 + -1.97
d) 0.92 + -85 + 12 + -4.023

Set IV

. (Exercise 16 continued.) If the first number

being added is negative, we can begin by
subtracting it from zero because

0—x=0+-x=-x

For example, to find the answer to the
problem

-29+173
on a calculator, we can do the problem
0-29+73

The answer is 4.4.
Do each of the following problems on a
calculator.
a) -1.37 + 5.8
b) -6.2 + 495
c) -9.14 + -023 + 7.6
d) 9.14 + 023 + -7.6
€) -5.72 + 8 + -0.61 + 9.3
f) 5.72 + —8 + 0.61 + -9.3

A spider walks +3 units along a number line and then -4 units more. If we

assume that the positive and negative numbers mean that it went first in one
direction and then in the opposite d<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>