


keeping those 
examples in mind.

����������������������������

a 11

a 21

a n1

a 12

a 22

a n2

a 1n

a 2n

a nn

x1

x2

xn x1

x2

xn

x1

x2

xn

If the image of a vector          through the linear transformation determined by the matrix

                                    is equal to ��        , �� is said to be an eigenvalue  to the matrix,

and          is said to be an eigenvector corresponding to the eigenvalue ��. 

The zero vector can never be an eigenvector.

Rn Rn

x1

x2

xn

��

x1

x2

xn

So the two 
examples could 
be summarized 

like this?

Exactly!
You can generally 

never find more than n 
different eigenvalues 
and eigenvectors for 

any n×n matrix.
Oh...

g s and Eigenvect
ors

Let's have a 
look at the 
definition...
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Calculating Eigenvalues and 
Eigenvectors The 2×2 matrix 

will do fine as 
an example.

8

2

−3

1

Okay.

Let's start 
off with the 
relationship...

Between the 
determinant and 
eigenvalues of 

a matrix.

λ is an eigenvalue of the matrix

The relationship between the determinant and eigenvalues of a matrix

a11

a21

an1

a12

a22

an2

a1n

a2n

ann

if and only if det = 0

a11 − λ
a21

an1

a12

a22 − λ

an2

a1n

a2n

ann − λ

Let's have a look at 
calculating these vectors 

and values.
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This means that 
solving this 

characteristic 
equation gives us 
all eigenvalues 
corresponding 

to the underlying 
matrix.

It's pretty cool.

Go ahead,  
give it a shot.

Okay...

So...

The values 
are seven 
and two?

Correct!
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Finding eigenvectors is also pretty easy.

For example, we can use our previous values in 
this formula:

                          , that is = λ
8

2

−3

1

x1

x2

x1

x2

0

0

8 − λ
2

−3

1 − λ
=

x1

x2

Find an eigenvector corresponding to λ = 7.

Let’s plug our value into the formula:

This means that x1 = 3x2, which leads us to our eigenvector

where c1 is an arbitrary nonzero real number.

1

2

−3

−6

1

2

0

0

8 − 7

2

−3

1 − 7

x1

x2

x1

x2

x1 − 3x2

2x1 − 6x2

= = == [x1 − 3x2]

3

1

x1

x2

3c1

c1

= = c1

Find an eigenvector corresponding to λ = 2.

Let’s plug our value into the formula:  

This means that x2 = 2x1, which leads us to our eigenvector 
 

where c2 is an arbitrary nonzero real number.

6

2

−3

−1

3

1

0

0

8 − 2

2

−3

1 − 2

x1

x2

x1

x2

6x1 − 3x2

2x1 − x2

= = == [2x1 − x2]

1

2

x1

x2

c2

2c2

= = c2

Problem 1

Problem 2

Done!
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Calculating the pth Power of an 
nxn Matrix

 It's finally time to 
tackle today's real 
problem! Finding the 
pth power of an n×n 

matrix.

We've already found the 
eigenvalues and eigenvectors 

of the matrix

8

2

−3

1

So let's just 
build on that 

example.

Makes 
sense.

for simplicity’s 
sake, Let's 

choose 
c1 = c2 = 1.

Using the two 
calculations above...

Let’s multiply

to the right of both sides 
of the equation. Refer to 

page 91 to see why

exists.
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Try using 
the formula 
to calculate

2
8

2

−3

1

Hmm...
okay.

Is...this it?

Yep!

Yay!

Looking at your 
calculations, 

would you say this 
relationship might 

be true?

Uhhh...



It actually is!  
This formula is very useful 
for calculating any power 
of an n×n matrix that can be 

written in this form.

Got it!

Oh, and by 
the way...

When p = 1, we say that the formula 
diagonalizes the n×n matrix 

a11

a21

an1

a12

a22

an2

a1n

a2n

ann

Nice!

And  
that's it!

 The eigenvector corresponding to λ1

The eigenvector corresponding to λ2

The eigenvector corresponding to λn

The right side of the equation is the diagonalized 
form of the middle matrix on the left side.
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That was the 
last lesson!

How do you 
feel? Did you 
get the gist 

of it?

Yeah, thanks 
to you.

 Awesome!

Really, though, 
thanks for helping 

me out.

I know you're 
busy, and you've 

been awfully tired 
because of your 
karate practice.

 Not at all! How 
could I possibly 
have been tired 
after all that 

wonderful food 
you gave me?

 I should 
be thanking 

you!

I'll miss these 
sessions, you know! 
My afternoons will 
be so lonely from 

now on...



Well...we 
could go out 

sometime...

Hmm?

Yeah...to look 
for math books, 
or something... 

you know...

If you don't 
have anything 
else to do...

Sure, 
sounds 
like fun!

So when 
would you 
like to go?
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Multiplicity and Diagonalization

We said on page 221 that any n×n matrix could be expressed in this form:

The eigenvector corresponding to λ1

The eigenvector corresponding to λ2

x11

x21

xn1

x12

x22

xn2

x1n

x2n

xnn

x11

x21

xn1

x12

x22

xn2

x1n

x2n

xnn

λ1

0

0

0

λ2

0

0

0

λn

=

−1
a11

a21

an1

a12

a22

an2

a1n

a2n

ann

The eigenvector corresponding to λn

This isn’t totally true, as the concept of multiplicity1 plays a large role in 
whether a matrix can be diagonalized or not. For example, if all n solutions of 
the following equation

det = 0

a11 − λ
a21

an1

a12

a22 − λ

an2

a1n

a2n

ann − λ

are real and have multiplicity 1, then diagonalization is possible. The situation 
becomes more complicated when we have to deal with eigenvalues that have mul-
tiplicity greater than 1. We will therefore look at a few examples involving:

•	 Matrices with eigenvalues having multiplicity greater than 1 that can be 
diagonalized

•	 Matrices with eigenvalues having multiplicity greater than 1 that cannot be 
diagonalized

1. The multiplicity of any polynomial root reveals how many identical copies of that same root exist in 
the polynomial. For instance, in the polynomial f(x) = (x − 1)4(x + 2)2x, the factor (x − 1) has multiplicity 
4, (x + 2) has 2, and x has 1.
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A Diagonalizable Matrix with an Eigenvalue Having Multiplicity 2

?  Problem 

Use the following matrix in both problems:

1

1

−2

0

1

0

0

−1

3

1.	 Find all eigenvalues and eigenvectors of the matrix.

2.	 Express the matrix in the following form:

x11

x21

x31

x12

x22

x32

x13

x23

x33

x11

x21

x31

x12

x22

x32

x13

x23

x33

λ1

0

0

0

λ2

0

0

0

λ3

−1

!  Solution 

1.	 The eigenvalues λ of the 3×3 matrix

1

1

−2

0

1

0

0

−1

3

are the roots of the characteristic equation:

 

1 − λ
1

−2

0

1 − λ
0

0

−1

3 − λ
det = 0.

λ = 3, 1

= (1 − λ)(1 − λ)(3 − λ) + 0 · (−1) · (−2) + 0 · 1 · 0 

   − 0 · (1 − λ) · (−2) − 0 · 1 · (3 − λ) − (1 − λ) · (−1) · 0

= (1 − λ)2(3 − λ) = 0

1 − λ
1

−2

0

1 − λ
0

0

−1

3 − λ
det

Note that the eigenvalue 1 has multiplicity 2.
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a.	 The eigenvectors corresponding to λ = 3

Let’s insert our eigenvalue into the following formula:

= λ =

0

0

0

1 − λ
1

−2

0

1 − λ
0

0

−1

3 − λ

x1

x2

x3

x1

x2

x3

x1

x2

x3

1

1

−2

0

1

0

0

−1

3

, that is

This gives us:

1 − 3

1

−2

0

1 − 3

0

0

−1

3 − 3

−2

1

−2

0

−2

0

0

−1

0

−2x1

x1 − 2x2 − x3

−2x1

= = = 

x1

x2

x3

x1

x2

x3

0

0

0

The solutions are as follows:

x1 = 0

x3 = −2x2

= = c1

0

c1

−2c1

0

1

−2

x1

x2

x3

and the eigenvector

where c1 is a real nonzero number.

b.	 The eigenvectors corresponding to λ = 1

Repeating the steps above, we get

1 − 1

1

−2

0

1 − 1

0

0

−1

3 − 1

0

1

−2

0

0

0

0

−1

2

0

x1 − x3

−2x1 + 2x3

= = = 

x1

x2

x3

x1

x2

x3

0

0

0

and see that x3 = x1 and x2 can be any real number. The eigenvector conse-
quently becomes

= = c1 + c2

x1

x2

x3

c1

c2

c1

1

0

1

0

1

0

where c1 and c2 are arbitrary real numbers that cannot both be zero.
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3.	 We then apply the formula from page 221:

The eigenvector corresponding to 3

−1
1

1

−2

0

1

0

0

−1

3

0

1

−2

1

0

1

0

1

0

0

1

−2

1

0

1

0

1

0

3

0

0

0

1

0

0

0

1

=

The linearly independent eigenvectors corresponding to 1

A Non-Diagonalizable Matrix with a Real Eigenvalue Having 

Multiplicity 2

?  Problem 

Use the following matrix in both problems:

1

−7

4

0

1

0

0

−1

3

1.	 Find all eigenvalues and eigenvectors of the matrix.

2.	 Express the matrix in the following form:

x11

x21

x31

x12

x22

x32

x13

x23

x33

x11

x21

x31

x12

x22

x32

x13

x23

x33

λ1

0

0

0

λ2

0

0

0

λ3

−1

!  Solution 

1.	 The eigenvalues λ of the 3×3 matrix

1

−7

4

0

1

0

0

−1

3

are the roots of the characteristic equation: 

1 − λ
−7

4

0

1 − λ
0

0

−1

3 − λ
det = 0.
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λ = 3, 1

= (1 − λ)(1 − λ)(3 − λ) + 0 · (−1) · 4 + 0 · (−7) · 0

   − 0 · (1 − λ) · 4 − 0 · (−7) · (3 − λ) − (1 − λ) · (−1) · 0

= (1 − λ)2(3 − λ) = 0

1 − λ
−7

4

0

1 − λ
0

0

−1

3 − λ
det

Again, note that the eigenvalue 1 has multiplicity 2.

a.	 The eigenvectors corresponding to λ = 3

Let’s insert our eigenvalue into the following formula:

= λ =

0

0

0

1 − λ
−7

4

0

1 − λ
0

0

−1

3 − λ

x1

x2

x3

x1

x2

x3

x1

x2

x3

1

−7

4

0

1

0

0

−1

3

, that is

This gives us

1 − 3

−7

4

0

1 − 3

0

0

−1

3 − 3

−2

−7

4

0

−2

0

0

−1

0

−2x1

−7x1 − 2x2 − x3

4x1

= = = 

x1

x2

x3

x1

x2

x3

0

0

0

The solutions are as follows:

x1 = 0

x3 = −2x2

= = c1

0

c1

−2c1

0

1

−2

x1

x2

x3

and the eigenvector

where c1 is a real nonzero number.
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b.	 The eigenvectors corresponding to λ = 1

We get

1 − 1

−7

4

0

1 − 1

0

0

−1

3 − 1

0

−7

4

0

0

0

0

−1

2

0

−7x1 − x3

4x1 + 2x3

= = = 

x1

x2

x3

x1

x2

x3

0

0

0

and see that 
 

x3 = −7x1

x3 = −2x1

But this could only be true if x1 = x3 = 0. So the eigenvector has to be 

= = c2

x1

x2

x3

0

c2

0

0

1

0

where c2 is an arbitrary real nonzero number.

3.	 Since there were no eigenvectors in the form

c2 + c3

x12

x22

x32

x13

x23

x33

for λ =1, there are not enough linearly independent eigenvectors to express 

 

1

−7

4

0

1

0

0

−1

3

 in the form 

x11

x21

x31

x12

x22

x32

x13

x23

x33

x11

x21

x31

x12

x22

x32

x13

x23

x33

λ1

0

0

0

λ2

0

0

0

λ3

−1

It is important to note that all diagonalizable n×n matrices always have n 
linearly independent eigenvectors. In other words, there is always a basis in 
Rn consisting solely of eigenvectors, called an eigenbasis.





Hey there, 
been waiting 

long?

Reij—

Kyaa!

That 
voice!

Aww, don't be 
like that!

Stop it! 
Let me go!

We just want 
to get to 
know you 
better.

Misa!

Looks like 
I got here a 
bit early...



 I have to do 
something...

But... What if it 
happens all 
over again?

And 
fast! Those jerks...

On my first date with Yuki, 
my girlfriend in middle 

school...
Hey, let 
me go!

 I already 
have a date.

We just want 
to hang out...

Yuki!

tremble

!



Those 
jerks...

 I have to do 
something!

You... 
stop it!

Uh...who 
are you?

Guh?

Time to 
go.

Lemme 
go!

You 
there!

Kick

Crash

Seriously? 
One kick? 

What a 
wuss...

 Haha



Stop.  
Can't you see 
she doesn't 
want to go 
with you?

 Jeez, who 
is it now?

Oh no!

Y-you're...

The legendary 
leader of 

the Hanamichi 
karate club.

“The Hanamichi 
Hammer!”

In the 
flesh.

 Messing with that 
guy is suicide!

Let’s get 
outta here!

 T-thank you!

Don't worry 
about it...but 
I think your 
boyfriend 

needs medical 
attention...

Unng...

Hanamichi 
Hammer?

Moan...
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Listen... 
I'm glad you 
stood up for 

me, but...

It just 
wasn’t 

enough.

 I...
...don't think 
I can see you 

anymore.

...

I'm so sorry... 
I couldn't do 

anything...
Not this time.

I’ll show 
them—

I’m so much 
stronger 

now—

Come on, 
sweetie...

Help!

This time will be 
different!

LET HER GO!

Yank



Wha—?

 come on, 
let's go.

Reiji!
Hey! Stop 

right there.

Just who 
do you think 

you are?!

Stay away 
from her, all 

of you!

Haha, look! 
He thinks 

he's a hero!

Let’s get 
him!

Baff

!

Smack



Run!

Be careful, 
Reiji!

Ooph

You little...

Stop it!

Please!

Let me 
go!

Stubborn, 
huh?

Enough!

Thump

Grab

Smack



Attacking my 
little sister, 

are we?

Tetsuo!

Sensei?

I don't like 
excessive 

violence...but in 
attacking Misa, 

you have given me 
little choice...

It's 
Ichinose!

The Hanamichi 
Hammer!

 Mommy!

 Run!

He’s out 
cold.

Crack
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Reiji?

Reiji, 
wake up.

Reiji!

You’re okay!

Whoa!

Yurino...Misa 
told me what 

happened. 

 Thank you.

Um...no 
problem.

but I don't 
deserve your 

thanks...
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I couldn't help 
Misa...I couldn't 

even help myself...

I haven't changed 
at all! I'm still a 

weakling!

Well, you may 
not be a black 

belt yet...

But you're 
definitely no 

weakling.

Putting Misa's 
safety before your 
own shows great 

courage. That kind of 
courage is admirable, 

You should be 
proud!

Reiji!

He’s right.

I don't know 
what to say... 

Thank you.
Misa...

But—
even though 

the fight 
itself was 

unnecessary.
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Thank 
you for 

everything!

Ah...

What the—!

I thought I 
was pretty 
clear about 
the rules...

Huh?! 
I, Uh...

Heh...

Well, I guess it's 
okay...Misa's not 
a kid anymore.

Thanks, 
Sensei...

By the way, would 
you consider 

doing me another 
favor?

 S-sure.
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Math, 
I mean.

I'd like you to 
teach me, too.

What?

He could really 
use the help, 

being in his sixth 
year and all. 

If he doesn't 
graduate soon...

So. What 
do you 
say?

It'd mean 
a lot to 
me, too.

Sure! Of 
course!

Great! 
Let's start 
off with 
plus and 

minus, then!

Um... 
plus and 
minus?

Sounds 
like you’ll 
need more 
lunches!
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The Appendixes

The appendixes for The Manga Guide to Linear Algebra can be found online at  
http://www.nostarch.com/linearalgebra. They include:

Appendix A: Workbook
Appendix B: Vector Spaces
Appendix C: Dot Product
Appendix D: Cross Product
Appendix E: Useful Properties of Determinants

Updates

Visit http://www.nostarch.com/linearalgebra for updates,  
errata, and other information.

There's 
more!



No need to 
get violent...

I still don't 
get it!

You can 
do it, 
bro!

Snap!



Index

Special Characters 
and Numbers

3-D projections of linear 
transformations, 185

θ (theta), 180

A

addition
with matrices, 70
with vectors, 125

axis, expressing with 
vectors, 127

B

basis, 140–148, 156–158
binomial coefficients, 60

C

co-domain, 39, 45
cofactor matrices, 110
cofactors, calculating 

inverse matrices 
using, 88, 108–111

column vectors, 126
combinations, 55–60
complex numbers, 25
computer graphics 

systems, linear 
transformations 
used by, 184

conventional linear 
transformations, 184

coordinates, 161–162
Cramer’s rule, 111–112

D

dependence, linear, 135, 
138–139, 143

determinants
calculating, 96–105, 

111–112
overview, 95

diagonalization, multiplicity 
and, 224–229

diagonalizing matrices, 
221, 225

diagonal matrices, 80–81
dimensions, 149–162
dimension theorem 

for linear 
transformations, 
189–192

domain, 39, 44–45

E

eigenbasis, 229
eigenvalues

calculating, 216–218
finding pth power of n×n 

matrix, 219–221, 
224–229

overview, 210–215
relation of linear 

algebra to, 24
eigenvectors

calculating, 216–218
finding pth power of n×n 

matrix, 219–221, 
224–229

overview, 210–215
relation of linear 

algebra to, 24

elementary matrices, 196
elements

in matrices, 67
in sets, 30, 32

equations, writing as 
matrices, 69

equivalence, 29

F

functions
defined, 39
domain and range, 44–45
and images, 40–43
inverse, 48–49
linear transformations, 

50–61
onto and one-to-one, 

46–47
overview, 35–39

f(x), 40–43

G

Gaussian elimination, 
88–89, 91, 108

geometric interpretation, 
of vectors, 127–130

graphs, of vectors, 144

I

i (imaginary unit), 25–26
identity matrices, 82–84, 92
images

and functions, 40–44
overview, 174, 189–192

imaginary numbers, 25
imaginary unit (i), 25–26



246 I ndex

implication, 27–28
independence, linear,  

132–139, 143, 
146–147

integers, 25
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inverse matrices

calculating using 
Gaussian 
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overview, 86–87
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kernel, 189–192

L

linear algebra, overview, 
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linear independence,  
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146–147
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linear transformations
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overview, 86–87
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203
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transpose, 78
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writing systems of 
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zero, 77
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224–229
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with diagonal matrices, 

80–81
with identity matrices, 

82–83
with matrices, 72–76
with vectors, 125

N

natural order, 103
non-diagonalizable 

matrices, 227–229
number systems, 25–26

O

objects, in sets, 30
one-dimensional 

dependence, 135, 
138–139, 143

one-dimensional 
independence,  
132–139, 143, 
146–147

one-to-one functions, 46–47
onto functions, 46–47

P

permutations, 55–60
perspective projection, 185
planes, 128
points, 127
polynomial roots, 224
propositions, 27

R

range, 44–45
rank

of matrices, calculating, 
196–203

overview, 193–195
rational numbers, 25
real numbers, 25
Rn, 126
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rotating linear 
transformations, 
180–181, 184

row vectors, 126
rules

of determinants, 101
functions as, 39

S

Sarrus’ rule, 98
scalar multiplication

with matrices, 72
with vectors, 125

scaling linear 
transformations, 
179, 184
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target set, 39
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linear transformations
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triangular matrices, 79

U

upper triangular 
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vectors
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calculating, 125–126
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zero matrices, 77
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