


<O%?
S AND E\@\?‘Neo

KEEPING THOSE
EXAMPLES IN MIND.

LET'S HAVE A
LOOK AT THE
DEFINITION...

X

X
If the image of a vector jhrough the linear transformation determined by the matrix

an a12 aln Xn X1
ay 22 a2n_ X, . . . .

. . . is equal to . is said to be an eigenvalue to the matrix,
a a a X

X
and | ? |is said to be an eigenvector corresponding to the eigenvalue

X

n

The zero vector can never be an eigenvector.

R" R"
Xl Xl
X2 X2
XI’\ Xn
20 THE TWO YOU CAN GENERALLY
B oo’ EXACTLY! NEVER FIND MORE THAN n
LIKE THIS? DIFFERENT EIGENVALUES
AND EIGENVECTORS FOR
8 i3 400 ANY nxn MATRIX.
2 , o 5 o OH...
0 01
=72 =4,2, 1
{ 3 ] =4 0
=7 0
=2 0
=2 {2 J 3




CALCULATING EIGENVALUES AND
EIGENVECTORS

THE 2x2 MATRIX

27

WILL DO FINE AS
AN EXAMPLE.

LET'S HAVE A LOOK AT
CALCULATING THESE VECTORS
AND VALUES.

LET'S START
W OFF WITH THE
\ RELATIONSHIP...

BETWEEN THE
DETERMINANT AND
EIGENVALUES OF
\ A MATRIX.

THE RELATIONSHIP BETWEEN THE DETERMINANT AND EIGENVALUES OF A MATRIX

/ is an eigenvalue of the matrix

a, a, a,, a,, - 4 a, a,
a a ..oa a a, — 2 a
21 22 2 . . 21 22 2n
. " | if and only if det . : ; =0
a a ctooa a a a -1

nl n2 nn nl
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Qu —I‘{. a:z am
THIS MEANS THAT
SOLVING THIS det| &2 A=A L
CHARACTERISTIC :

EQUATION GIVES US
ALL EIGENVALUES
CORRESPONDING

TO THE UNDERLYING

MATRIX.

GO AHEAD, 8-A -3
GIVE IT A SHOT. det

):(s-a). (1-2)-(-3) - 2

=(A-8)- (A-1)-(-3)-2

-2

=X -91+8+6
=X -9 +14
=(A-7)(A-2)=0

A% -u

THE VALUES
ARE SEVEN
AND TWO?

N

fﬁ&g

CORRECT!
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/
FINDING EIGENVECTORS 1S ALSO PRETTY EASY.

FOR EXAMPLE, WE CAN USE OUR PREVIOUS VALUES IN
THIS FORMULA:

[8 -3 (x, S| [8—1 -3 |[x [0]
2 1)lx,) “lx, THATIS | 12 x,] o
\_ J
PROBLEM 1
Find an eigenvector corresponding to 4 = 7.
Let’s plug our value into the formula:
8-7 -3 |x 1 -3}=x x, — 3x 1 0
Lo Lo 1 2 = [xl - 3x2] =
2 1-7])x, 2 -6 «x, 2x, — 6x, 2 0
This means that x, = 3x,, which leads us to our eigenvector
X, _ 3¢, _c, 3
x, c, 1
where c, is an arbitrary nonzero real number.
PROBLEM 2
Find an eigenvector corresponding to 4 = 2.
Let’s plug our value into the formula:
8-2 -3 |[x|_[6 -3|[x_ 6x, - 3x, - [2x, - x,] 31_[0
2 1-2](x, 2 -1 x, 2x, - x, 1 0]

This means that x, =2x, which leads us to our eigenvector

1
=C22

where c, is an arbitrary nonzero real number.

X C

1| _ 2
x, 2¢c

2
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CALCULATING THE PTH POWER OF AN
NxN MATRIX

IT'S FINALLY TIME TO
TACKLE TODAY'S REAL
PROBLEM! FINDING THE
pth POWER OF AN nxn

WE'VE ALREADY FOUND THE
EIGENVALUES AND EIGENVECTORS
OF THE MATRIX

Ll
)

Lk
v
)

2 G

MATRIX.
P

ail al2 al'-"l

Rz Qan - Qon

oo 50 LET'S JUST

Oni Qg -+ Amn BUILD ON THAT

EXAMPLE.

-3

FOR SIMPLICITY'S
SAKE, LET'S
CHOOSE
c,=c,=1

)

(l . ]
2 C 2
USING THE TWO

CALCULATIONS ABOVE...

3 |

o)

TO THE RIGHT OF BOTH SIDES
OF THE EQUATION. REFER TO
PAGE a1 TO SEE WHY

-l
3T exisrs,
I 2

LET'S MULTIPLY (

i
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TRY USING
THE FORMULA
TO CALCULATE

TR G
|

R 7 K
)[7’ o)3 1\ >7 " %

LOOKING AT YOUR
CALCULATIONS,
WOULD YOU SAY THIS
RELATIONSHIP MIGHT
BE TRUE?
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I il .‘
IRAYAA
i

/N
IT ACTUALLY 15! 7
THIS FORMULA IS VERY USEFUL
FOR CALCULATING ANY POWER
OF AN nxn MATRIX THAT CAN BE
WRITTEN IN THIS FORM.

an Qn - amp X

Qu Qn " Qnm Xy

Qi anz a:m Ao

GOT IT!

THE EIGENVECTOR CORRESPONDING TO 4,

X2 - XA O - O\ X Xp - Xm-'

Xo  Xafl 0 A7 - 0 Xy Xp - XAy

Xnz " X\ O 0o - l‘lﬁ x'm xm 7(;,,,

THE EIGENVECTOR CORRESPONDING TO 4,

\NWNTTTTTTTTT77777777

OH, AND BY
THE WAV...

WHEN p = 1, WE SAY THAT THE FORMULA
DIAGONALIZES THE nxn MATRIX
a, a, | [
a, a,

W anl an2
Xy Xp - xm ' an Qn -
Xy Xp - Xyl |Qu Qn

i e - X, Qn O

THE RIGHT SIDE OF THE EQUATION IS THE DIAGONALIZED

7, AND

7 /
am zu xm s xm 11 0 e 0 THAT 9 IT.
Q|| Xy Xz - A 0 A, - 0
Con)\ Xy Xz = X 0 0 A

FORM OF THE MIDDLE MATRIX ON THE LEFT SIDE.

>

4




THAT WAS THE
LAST LESSON!

HOW DO YOU
FEEL? DID YOU
GET THE GIST

OF IT?

YEAH, THANKS
TO YOU.

REALLY, THOUGH,
THANKS FOR HELPING
ME OUT.

I KNOW YOU'RE
BUSY, AND YOU'VE
BEEN AWFULLY TIRED
BECAUSE OF YOUR
KARATE PRACTICE.

NOT AT ALL! HOW
COULD 1 POSSIBLY
HAVE BEEN TIRED
AFTER ALL THAT
WONDERFUL FOOD
YOU GAVE ME?

I SHOULD
BE THANKING
you!

T'LL MISS THESE
SESSIONS, YOU KNOW!
MY AFTERNOONS WILL
\ BE SO LONELY FROM
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WELL..WE
COULD GO ouT
SOMETIME...

YEAH..TO LOOK
FOR MATH BOOKS,
OR SOMETHING...
YOU KNOW...

IF YOU DON'T
HAVE ANYTHING
ELSE TO DO...

SURE,
SOUNDS
LIKE FUN!

50 WHEN
WOULD You
LIKE TO GO?




MULTIPLICITY AND DIAGONALIZATION

We said on page 221 that any nxn matrix could be expressed in this form:

The eigenvector corresponding to 4,

11 12 1n

Q
Q
Q
~
~

21 22 2n 21 22

nl n2 nn nl xnz

The eigenvector corresponding to 4,

The eigenvector corresponding to 4,

This isn’t totally true, as the concept of multiplicityl plays a large role in
whether a matrix can be diagonalized or not. For example, if all n solutions of
the following equation

a,, - 7 a, a,
a a, —2A a
21 22 2n
det . . . =0
a., a, a -2

are real and have multiplicity 1, then diagonalization is possible. The situation
becomes more complicated when we have to deal with eigenvalues that have mul-
tiplicity greater than 1. We will therefore look at a few examples involving:

* Matrices with eigenvalues having multiplicity greater than 1 that can be
diagonalized

* Matrices with eigenvalues having multiplicity greater than 1 that cannot be
diagonalized

1. The multiplicity of any polynomial root reveals how many identical copies of that same root exist in
the polynomial. For instance, in the polynomial f(x) = (x — 1)4(x + 2]2x, the factor (x — 1) has multiplicity
4, (x + 2) has 2, and x has 1.
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A DIAGONALIZABLE MATRIX WITH AN EIGENVALUE HAVING MULTIPLICITY 2

@& PROBLEM
Use the following matrix in both problems:
1 0 O
1 1 -1
-2 0 3

1. Find all eigenvalues and eigenvectors of the matrix.

2. Express the matrix in the following form:

-1

11 x12 13 }"1 0 O xll x12 x13
21 22 x23 0 j'2 O x21 x22 x23
x31 x32 x33 0 0 13 x31 x32 xSS
0 soLuTioN

1. The eigenvalues / of the 3x3 matrix

1 0 O
1 1 -1
-2 0 3

-2 0 3-1

=(1-)1-AHB-H+0-(-1)-(-2)+0-1-0
—0-(1-4):(-2)-0-1-8-A)-1-4-(-1)-0
=(1-2%3-4=0

A=3,1

Note that the eigenvalue 1 has multiplicity 2.
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A. The eigenvectors corresponding to /=3

Let’s insert our eigenvalue into the following formula:

1 0 O0]x x, 1-2 0 0 x, 0
1 1 -1||x,|=4|x,|,thatis| 1 1-1 -1 ||x,|=|0
-2 0 3(x, X, -2 0 3-1)(x, 0
This gives us:
1-3 O 0 x, -2 0 Ofx -2x, 0]
1 1-3 -1 |Ix,|=| 1 -2 -1|x,|={x-2x,-x,(=|0
-2 0 3-3])x, -2 0 0 x, -2x, 0]
The solutions are as follows
X, 0
x =0 .
and the eigenvector | x, |=| ¢, |=c¢/| 1
x, = -2x,
x, -2c, -2
where c, is a real nonzero number.
B. The eigenvectors corresponding to /=1
Repeating the steps above, we get
1-1 O 0 x, 0O O 0| x, 0 0
1 1-1 -1 ||x,/=| 1 0 -1|x,|=| x-x, |=|0
-2 0 3-1)x, -2 0 2 ) x, -2x, + 2x, 0

and see that x; = x; and x, can be any real number. The eigenvector conse-
quently becomes

X, c, 1 0
x,|=|¢c, |=¢ 0 +c, 1
x, c, 1 0

where ¢, and c, are arbitrary real numbers that cannot both be zero.
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3. We then apply the formula from page 221:

The eigenvector corresponding to 3

N

0 01 03 0 0ff 01 O
1 -1|={/ 1 0 1|0 1 O 1 01
-2 3 -2 1 0))0 0 1)[-=2 1 O

\V \

The linearly independent eigenvectors corresponding to 1

A NON-DIAGONALIZABLE MATRIX WITH A REAL EIGENVALUE HAVING
MULTIPLICITY Z

@ PROBLEM

Use the following matrix in both problems:

1 0 O
-7 1 -1
4 0 3

1. Find all eigenvalues and eigenvectors of the matrix.

2. Express the matrix in the following form:
-1
xll x12 x13 j‘1 0 0 xll x12 x13
21 22 x23 0 }“2 0 x21 x22 x23
x31 x32 x33 0 0 13 x31 x32 x33
0 soLuTioN

1. The eigenvalues / of the 3x3 matrix

1 0 O
-7 1 -1
4 0 3

1-2 O 0
-7 1-42 -1 |=0.
4 0 3-4

are the roots of the characteristic equation: det
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=1-A1-AB-A+0-(-1)-4+0-(-7)- 0
~0-(1-2):4-0-(-7)-(3-2)-(1-2-(-1)-0
=(1-223-2=0

2=3,1

Again, note that the eigenvalue 1 has multiplicity 2.

A. The eigenvectors corresponding to /=3

Let’s insert our eigenvalue into the following formula:

1 0 O0]x x, 1-2 0 0 x, 0
-7 1 -1||x,|=4|X,| thatis| -7 1-1 -1 || x, 0
4 0 3)lx X, 4 0 3-1)(x, 0
This gives us
1-3 O 0 x, -2 0 0|x -2x
-7 1-3 -1 |x,|=|-7 -2 -1|x,|=|-7x-2x,-x,
4 0 3-3)x 4 0 O0)ix 4x

X, 0
x =0
! and the eigenvector | x, (= | ¢, |=c;
x, = -2x,
X -2c

3 1

where c, is a real nonzero number.
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B. The eigenvectors corresponding to f=1

We get
1-1 O 0 X, 0O O 0| x, 0 0
-7 1-1 -1 X,|=| =7 0 -1|x,|=|-Tx-x,|=|0
4 0 3-1]Jx, 4 0 2 ) x, 4x1+2x3 0
X, = -7x,
and see that
=-2x

But this could only be true if x; = x; = 0. So the eigenvector has to be

X 0 0
x,|=|c,|=¢c,|1
X 0 0
where c, is an arbitrary real nonzero number.

Since there were no eigenvectors in the form

x12 x13
CZ x22 + CS x23
x32 x33

for / =1, there are not enough linearly independent eigenvectors to express

1 O 0 xll x12 x13 21 0 O xll x12 x13
-7 1 -1llintheform | X, X, X, |0 4, O|x, x, x,,
4 O 3 x31 x32 x33 0 0 }'3 x31 x32 x33

It is important to note that all diagonalizable nxn matrices always have n
linearly independent eigenvectors. In other words, there is always a basis in
R"consisting solely of eigenvectors, called an eigenbasis.
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LOOKS LIKE
1 GOT HERE A
BIT EARLY...

HEY THERE,
BEEN WAITING

AWW, DON'T BE
LIKE THAT!

Fh= R
N0

- /2 *» S E:}WE JUST WANT
RS I N\ A w
7 Y "‘ > %\R\\\\\\\\ /%‘%%%

I

MISA!

oy

|

§
\7‘

- e




iy

==
_—

L

U

HAVE TO PO
OMETHING... 3

: ﬁ%%f

WHAT IF IT

HAPPENS ALL

OVER AGAIN?

=
BUT...
@

A

%m»\
I ALREADY

WE JUST WANT
TO HANG OUT... HAVE A DATE.

ON MY FIRST DATE WITH YUK,
MY GIRLFRIEND IN MIDDLE HEY, LET
SCHoOL... ME GO!




= 1 HAVE TO DO [
= sOoMETHNG! (i

N

A_./E




STOP.
CAN'T YOU SEE
SHE DOESN'T
WANT TO GO
WITH YOU?

THE LEGENDARY
LEADER OF
THE HANAMICHI

JEEZ, WHO &
IS IT NOW? KARATE CLUB.

it
e
=~ -j.“\?w.-.“\vﬂ.t S

“THE HANAMICHI
HAMMER!”

MESSING WITH THAT
ey 1S SUICIDE!
DON'T WORRY
ABOUT IT...BUT
I THINK YOUR

BOYFRIEND
. NEEDS MEDICAL

LET'S GET &
OUTTA HERE! §

HANAMICHI
HAMMER?




LISTEN...
I'M GLAD YOU
STOOD UP FOR

ME, BUT...

..DON'T THINK
I CAN SEE YOU
ANYMORE.

WASN'T
ENOUGH.

I'M SO SORRY...
I COULDN'T PO
ANYTHING...

o B

WA/ TINANNNNR
| 7777 AR N\

= I'M SO MUCH

STRONGER
NOW-—

{l

RS

/
=2
=277

RNy o 5
Z PR S W%)M
=

LET HER GO!

THIS TIME WILL BE
DIFFERENT!

2 A
Z o7
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—_—

——

&R
AR5
% s
= s \ 2%
g ~3 S
=3 N\

L

v

oY
Qz
-x
<F
Ty
T
x

HE'S A HERO!

YOU ARE?!

&—]| PO YOU THINK

HEY! S5TOP
RIGHT THERE.

g

S—_
7

COME ON,
LET'S GO

STAY AWAY
FROM HER, ALL
OF You!




LeT me (770 N
clel ii:;‘-‘f 7’

STUBBORN,
HUH?




ATTACKING MY
LITTLE SISTER,

TETSUO!

ATTACKING MISA,
YOU HAVE GIVEN ME |
LITTLE CHOICE...

[
" THE HANAMICHI
HAMMER!

|

S Wx/ﬂ%%u

SENSEI?

COLD.




BUT IDONT
DESERVE YOUR \
THANKS...

UM..NO
PROBLEM.

\M\W R3S w%ﬁ”ﬂi

YURINO..MISA 1A\
TOLD ME WHAT L'(0)R
HAPPENED. £
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=

B Sy
3 2

7
(e 2%

I COULDN'T HELP
MISA...I COULDN'T
EVEN HELP MYSELF...

WELL, YOU MAY
NOT BE A BLACK
BELT YET...

BUT YOU'RE
DEFINITELY NO
WEAKLING.

I HAVEN'T CHANGED
AT ALLITM STILL A
WEAKLING!

‘ .
PUTTING MISA'S

OWN SHOWS GREAT
COURAGE. THAT KIND OF
COURAGE 1S ADMIRABLE,

SAFETY BEFORE YOUR ™

EVEN THOUGH
THE FIGHT
ITSELF WAS

UNNECESSARY.

YOU SHOULD BE
PROUD!

AN
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I DON'T KNOW
WHAT TO SAY...
THANK YOU.




THANK
YOUFOR |
EVERYTHING! |

I THOUGHT I
WAS PRETTY
CLEAR ABOUT
THE RULES...

’ WELL, T GUESS TS

HEH... OKAY...MISA’S NOT
A KID ANYMORE.

1 4| BY THE WAY, WOULD

YOU CONSIDER
DOING ME ANOTHER
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I'D LIKE YOU TO
TEACH ME, TOO.

HE COULD REALLY
USE THE HELP,
BEING IN HIS SIXTH
YEAR AND ALL.

IF HE DOESN'T
GRADUATE SOON...

LET'S START
OFF WITH
PLUS AND

MINUS, THEN!

SURE! OF
COURSE!

UM...
PLUS AND
MINUS?

IT'D MEAN
ALOT TO
ME, TOO.

SOUNDS
LIKE YOU'LL
NEED MORE
LUNCHES!
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ONLINE RESOURCES

THE APPENDIXES

The appendixes for The Manga Guide to Linear Algebra can be found online at
http://www.nostarch.com/linearalgebra. They include:

Appendix A: Workbook
Appendix B: Vector Spaces
Appendix C: Dot Product

Appendix D: Cross Product
Appendix E: Useful Properties of Determinants -

UPDATES

Visit http://www.nostarch.com/linearalgebra for updates,
errata, and other information.




NO NEED TO
GET VIOLENT...




SPECIAL CHARACTERS
AND NUMBERS

3-D projections of linear
transformations, 185
0 (theta), 180

A

addition
with matrices, 70
with vectors, 125
axis, expressing with
vectors, 127

B

basis, 140-148, 156-158
binomial coefficients, 60

c

co-domain, 39, 45
cofactor matrices, 110
cofactors, calculating
inverse matrices
using, 88, 108-111
column vectors, 126
combinations, 55-60
complex numbers, 25
computer graphics
systems, linear
transformations
used by, 184
conventional linear
transformations, 184
coordinates, 161-162
Cramer’s rule, 111-112

INDEX

D

dependence, linear, 135,
138-139, 143
determinants
calculating, 96-105,
111-112
overview, 95

diagonalization, multiplicity

and, 224-229
diagonalizing matrices,
221, 225
diagonal matrices, 80-81
dimensions, 149-162
dimension theorem
for linear
transformations,
189-192
domain, 39, 44-45

£

eigenbasis, 229
eigenvalues
calculating, 216-218
finding pth power of nxn
matrix, 219-221,
224-229
overview, 210-215
relation of linear
algebra to, 24
eigenvectors
calculating, 216-218
finding pth power of nxn
matrix, 219-221,
224-229
overview, 210-215
relation of linear
algebra to, 24

elementary matrices, 196
elements
in matrices, 67
in sets, 30, 32
equations, writing as
matrices, 69
equivalence, 29

functions

defined, 39

domain and range, 44-45

and images, 40-43

inverse, 48-49

linear transformations,
50-61

onto and one-to-one,
46-47

overview, 35-39

f(x), 40-43

G

Gaussian elimination,
88-89, 91, 108

geometric interpretation,
of vectors, 127-130

graphs, of vectors, 144

I
i (imaginary unit), 25-26
identity matrices, 82-84, 92
images
and functions, 40-44
overview, 174, 189-192
imaginary numbers, 25
imaginary unit (i), 25-26



implication, 27-28
independence, linear,
132-139, 143,
146-147
integers, 25
inverse functions, 48-49
inverse matrices
calculating using
Gaussian
elimination, 88-94
calculating using
cofactors, 108-111
overview, 86-87
invertible matrices, 94
irrational numbers, 25

K
kernel, 189-192

L

linear algebra, overview,
9-20
linear dependence, 135,
138-139, 143
linear independence,
132-139, 143,
146-147
linear map, 167
linear operation, 167
linear spans, 154-155
linear systems, solving
with Cramer’s rule,
111-112
linear transformations
3-D projections of, 185
applications of, 173-177
dimension theorem for,
189-192
functions and, 50-61
overview, 166-173
rank, 193-203
relation of linear
algebra to, 24
relationship with
matrices, 168, 203
rotation, 180-181

246 INDEX

scaling, 179
translation, 182-184
lower triangular
matrices, 79

M

main diagonal
diagonal matrices
and, 80
identity matrices and, 82
overview, 67
symmetric matrices
and, 79
triangular matrices
and, 79
matrices
calculations with, 70-76
determinants, 95-105,
111-112
diagonal, 80-81
diagonalizable, 225-227
eigenvalues and
eigenvectors, 215
identity, 82-84
inverse
calculating using
Gaussian
elimination, 88-94
calculating using
cofactors, 108-111
overview, 86-87
lower triangular, 79
multiplication with,
72-76, 125
overview, 62-69
rank of, 196-203
relation of linear
algebra to, 24
relationship with linear
transformations,
203
symmetric, 79
transpose, 78
upper triangular, 79
writing systems of
equations as, 69
zero, 77

multiplicity, and
diagonalization,
224-229
multiplication
with diagonal matrices,
80-81
with identity matrices,
82-83
with matrices, 72-76
with vectors, 125

N

natural order, 103

non-diagonalizable
matrices, 227-229

number systems, 25-26

)

objects, in sets, 30

one-dimensional
dependence, 135,
138-139, 143

one-dimensional
independence,
132-139, 143,
146-147

one-to-one functions, 46-47

onto functions, 46-47

P

permutations, 55-60
perspective projection, 185
planes, 128

points, 127

polynomial roots, 224
propositions, 27

R
range, 44-45
rank
of matrices, calculating,
196-203
overview, 193-195
rational numbers, 25
real numbers, 25
R", 126



rotating linear
transformations,
180-181, 184
row vectors, 126
rules
of determinants, 101
functions as, 39

S

Sarrus’ rule, 98
scalar multiplication
with matrices, 72
with vectors, 125
scaling linear
transformations,
179, 184
set theory
sets, 30-31
set symbols, 32
subsets, 33-34
square matrices
multiplying, 75
overview, 67
straight lines, 127
subscripts, 66
subsets, 33-34
subspaces, 150-155
subtraction
with matrices, 71
with vectors, 125
symbols
for equivalence, 29
for functions, 39
f(x), 40-43
for imaginary units,
25-26
for inverse functions, 49
for propositions, 28
of sets, 32
for subsets, 33
for transpose
matrices, 78
symmetric matrices, 79
systems of equations,
writing as matrices, 69

T

target set, 39

term indexes, 101

theta (0), 180

3-D projections of linear
transformations, 185

transformations, linear. See
linear transformations

translating linear
transformations,
182-184

transpose matrices, 78

triangular matrices, 79

U

upper triangular
matrices, 79

v

vectors
basis, 140-148
calculating, 125-126
dimensions of, 149-162
geometric interpretation
of, 127-130
linear independence,
132-139
overview, 116-124
relation of linear algebra
to, 24
vector space, 129

A

zero matrices, 77
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