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Data Structure Operations Cheat Sheet 
 

Data Structure 
Name 

Average Case Time Complexity Worst Case Time Complexity 
Space 

Complexity 
Accessing 

݊௧௛element 
Search Insertion Deletion 

Accessing 
݊௧௛element 

Search Insertion Deletion Worst Case 

Arrays O(1) O(݊) O(݊) O(݊) O(1) O(݊) O(݊) O(݊) O(݊) 
Stacks O(݊) O(݊) O(1) O(1) O(݊) O(݊) O(1) O(1) O(݊) 

Queues O(݊) O(݊) O(1) O(1) O(݊) O(݊) O(1) O(1) O(݊) 

Binary Trees O(݊) O(݊) O(݊) O(݊) O(݊) O(݊) O(݊) O(݊) O(݊) 

Binary Search 
Trees 

O(݈݊݃݋) O(݈݊݃݋) O(݈݊݃݋) O(݈݊݃݋) O(݊) O(݊) O(݊) O(݊) O(݊) 

Balanced 
Binary Search 

Trees 
O(݈݊݃݋) O(݈݊݃݋) O(݈݊݃݋) O(݈݊݃݋) O(݈݊݃݋) O(݈݊݃݋) O(݈݊݃݋) O(݈݊݃݋) O(݈݊݃݋) 

Hash Tables N/A O(1) O(1) O(1) N/A O(݊) O(݊) O(݊) O(݊) 

 
Note: For best case operations, the time complexities are O(1). 
 

 

Sorting Algorithms Cheat Sheet 
 

Sorting 
Algorithm 

Name 

Time Complexity 
Space 

Complexity Is 
Stable? 

Sorting Class 
Type 

Remarks 
Best 
Case 

Average 
Case 

Worst 
Case 

Worst Case 

Bubble Sort O(݊) O(݊ଶ) O(݊ଶ) O(1) Yes Comparison Not a preferred sorting algorithm. 

Insertion Sort O(݊) O(݊ଶ) O(݊ଶ) O(1) Yes Comparison 
In the best case (already sorted), every 
insert requires constant time 

Selection Sort O(݊ଶ) O(݊ଶ) O(݊ଶ) O(1) Yes Comparison 
Even a perfectly sorted array requires 
scanning the entire array 

Merge Sort O(݈݊݊݃݋) O(݈݊݊݃݋) O(݈݊݊݃݋) O(݊) Yes Comparison 
On arrays, it requires O(݊) space; and on 
linked lists, it requires constant space 

Heap Sort O(݈݊݊݃݋) O(݈݊݊݃݋) O(݈݊݊݃݋) O(1) No Comparison 
By using input array as storage for the 
heap, it is possible to achieve constant 
space 

Quick Sort O(݈݊݊݃݋) O(݈݊݊݃݋) O(݊ଶ) O(݈݊݃݋) No Comparison 
Randomly picking a pivot value can help 
avoid worst case scenarios such as a 
perfectly sorted array. 

Tree Sort O(݈݊݊݃݋) O(݈݊݊݃݋) O(݊ଶ) O(݊) Yes Comparison 
Performing inorder traversal on the 
balanced binary search tree. 

Counting Sort O(݊ + ݇) O(݊ + ݇) O(݊ + ݇) O(݇) Yes Linear 
Where ݇ is the range of the non-negative 
key values. 

Bucket Sort O(݊ + ݇) O(݊ + ݇) O(݊ଶ) O(݊) Yes Linear 
Bucket sort is stable, if the underlying 
sorting algorithm is stable. 

Radix Sort O(݀݊) O(݀݊) O(݀݊) O(݀ + ݊) Yes Linear 
Radix sort is stable, if the underlying 
sorting algorithm is stable. 
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INTRODUCTION 
 

Chapter 

1 
 

 
 
 
 
 

 
The objective of this chapter is to explain the importance of the analysis of algorithms, their notations, relationships and solving as many 
problems as possible. Let us first focus on understanding the basic elements of algorithms, the importance of algorithm analysis, and then 
slowly move toward the other topics as mentioned above. After completing this chapter, you should be able to find the complexity of any 
given algorithm (especially recursive functions).  

1.1 Variables 
 

Before getting in to the definition of variables, let us relate them to an old mathematical equation. Many of us would have solved many 
mathematical equations since childhood. As an example, consider the equation below: 
 

ଶݔ + ݕ2 − 2 = 1 
 

We don’t have to worry about the use of this equation. The important thing that we need to understand is that the equation has names (ݔ and 
 are placeholders for representing data. Similarly, in computer science (ݕ and ݔ) ݏ݁݉ܽ݊ which hold values (data). That means the ,(ݕ
programming we need something for holding data, and ݏ݈ܾ݁ܽ݅ݎܽݒ is the way to do that.  

1.2 Data Types 
 

In the above-mentioned equation, the variables ݔ and ݕ can take any values such as integral numbers (10, 20), real numbers (0.23, 5.5), or 
just 0 and 1. To solve the equation, we need to relate them to the kind of values they can take, and ݀ܽ݁݌ݕݐ ܽݐ is the name used in computer 
science programming for this purpose. A ݀ܽ݁݌ݕݐ ܽݐ in a programming language is a set of data with predefined values. Examples of data 
types are: integer, floating point, unit number, character, string, etc.  
 

Computer memory is all filled with zeros and ones. If we have a problem and we want to code it, it’s very difficult to provide the solution in 
terms of zeros and ones. To help users, programming languages and compilers provide us with data types. For example, ݅݊ݎ݁݃݁ݐ takes 2 
bytes (actual value depends on compiler), ݂݈ݐܽ݋ takes 4 bytes, etc. This says that in memory we are combining 2 bytes (16 bits) and calling it 
an ݅ ݂ Similarly, combining 4 bytes (32 bits) and calling it a .ݎ݁݃݁ݐ݊  A data type reduces the coding effort. At the top level, there are two .ݐܽ݋݈
types of data types: 
 

 System-defined data types (also called ܲ݁ݒ݅ݐ݅݉݅ݎ data types) 
 User-defined data types. 

System-defined data types (Primitive data types) 
 

Data types that are defined by system are called ݁ݒ݅ݐ݅݉݅ݎ݌ data types. The primitive data types provided by many programming languages 
are: int, float, char, double, bool, etc. The number of bits allocated for each primitive data type depends on the programming languages, the 
compiler and the operating system. For the same primitive data type, different languages may use different sizes. Depending on the size of the 
data types, the total available values (domain) will also change. For example, “݅݊ݐ” may take 2 bytes or 4 bytes. If it takes 2 bytes (16 bits), 
then the total possible values are minus 32,768 to plus 32,767 (-2ଵହ 2 ݋ݐଵହ-1). If it takes 4 bytes (32 bits), then the possible values are between 
−2,147,483,648 and +2,147,483,647 (-2ଷଵ 2 ݋ݐଷଵ-1). The same is the case with other data types. 

User-defined data types 
 

If the system-defined data types are not enough, then most programming languages allow the users to define their own data types, called 
ݎ݁ݏݑ − ܥ/ܥ Good examples of user defined data types are: structures in .ݏ݁݌ݕݐ ܽݐܽ݀ ݂݀݁݊݅݁݀ + + and classes in ܽݒܽܬ. For example, in 
the snippet below, we are combining many system-defined data types and calling the user defined data type by the name “݊݁݁݌ݕܶݓ”. This 
gives more flexibility and comfort in dealing with computer memory. 
 

         public class newType { 
 public int data1; 
 public int data 2; 
 private float data3; 
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 … 
 private char data; 
 //Operations 
         } 

1.3 Data Structure 
 

Based on the discussion above, once we have data in variables, we need some mechanism for manipulating that data to solve problems. 
 is a ݁ݎݑݐܿݑݎݐݏ ܽݐܽ݀ is a particular way of storing and organizing data in a computer so that it can be used efficiently. A ݁ݎݑݐܿݑݎݐݏ ܽݐܽܦ
special format for organizing and storing data. General data structure types include arrays, files, linked lists, stacks, queues, trees, graphs and 
so on.  
 

Depending on the organization of the elements, data structures are classified into two types: 
 

 Elements are accessed in a sequential order but it is not compulsory to store all elements sequentially :ݏ݁ݎݑݐܿݑݎݐݏ ܽݐܽ݀ ݎܽ݁݊݅ܮ (1
(say, Linked Lists).   ݏ݈݁݌݉ܽݔܧ: Linked Lists, Stacks and Queues. 

݊݋ܰ (2 −  Trees and :ݏ݈݁݌݉ܽݔܧ .Elements of this data structure are stored/accessed in a non-linear order :ݏ݁ݎݑݐܿݑݎݐݏ ܽݐܽ݀ ݎ݈ܽ݁݊݅
graphs. 

1.4 Abstract Data Types (ADTs) 
 

Before defining abstract data types, let us consider the different view of system-defined data types. We all know that, by default, all primitive 
data types (int, float, etc.) support basic operations such as addition and subtraction. The system provides the implementations for the primitive 
data types. For user-defined data types we also need to define operations. The implementation for these operations can be done when we 
want to actually use them. That means, in general, user defined data types are defined along with their operations.  
 

To simplify the process of solving problems, we combine the data structures with their operations and we call this ݏ݁݌ݕܶ ܽݐܽܦ ݐܿܽݎݐݏܾܣ 
(ADTs). An ADT consists of ݋ݓݐ parts: 
 

1. Declaration of data 
2. Declaration of operations                      

 

Commonly used ADTs include: Linked Lists, Stacks, Queues, Priority Queues, Binary Trees, Dictionaries, Disjoint Sets (Union and Find), 
Hash Tables, Graphs, and many others. For example, stack uses a LIFO (Last-In-First-Out) mechanism while storing the data in data 
structures. The last element inserted into the stack is the first element that gets deleted. Common operations are: creating the stack, push an 
element onto the stack, pop an element from the stack, finding the current top of the stack, finding the number of elements in the stack, etc.  
 

While defining the ADTs do not worry about the implementation details. They come into the picture only when we want to use them. 
Different kinds of ADTs are suited to different kinds of applications, and some are highly specialized to specific tasks. By the end of this 
book, we will go through many of them and you will be in a position to relate the data structures to the kind of problems they solve. 

1.5 What is an Algorithm? 
 

Let us consider the problem of preparing an ݁ݐݐ݈݁݁݉݋. To prepare an omelette, we follow the steps given below: 
 

1) Get the frying pan. 
2) Get the oil.  

a. Do we have oil? 
i. If yes, put it in the pan. 
ii. If no, do we want to buy oil? 

1. If yes, then go out and buy. 
2. If no, we can terminate.  

3) Turn on the stove, etc... 
 

What we are doing is, for a given problem (preparing an omelette), we are providing a step-by-step procedure for solving it. The formal 
definition of an algorithm can be stated as: 
 

An algorithm is the step-by-step unambiguous instructions to solve a given problem. 
 

In the traditional study of algorithms, there are two main criteria for judging the merits of algorithms: correctness (does the algorithm give 
solution to the problem in a finite number of steps?) and efficiency (how much resources (in terms of memory and time) does it take to 
execute the). 
 

Note: We do not have to prove each step of the algorithm.  

1.6 Why the Analysis of Algorithms? 
 

To go from city “ܣ” to city “ܤ”, there can be many ways of accomplishing this: by flight, by bus, by train and also by bicycle. Depending on 
the availability and convenience, we choose the one that suits us. Similarly, in computer science, multiple algorithms are available for solving 
the same problem (for example, a sorting problem has many algorithms, like insertion sort, selection sort, quick sort and many more). 
Algorithm analysis helps us to determine which algorithm is most efficient in terms of time and space consumed.  
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1.7 Goal of the Analysis of Algorithms 
 

The analysis of an algorithm can help us understand it better and can suggest informed improvements. The main and important role of 
analysis of algorithm is to predict the performance of different algorithms in order to guide design decisions. The goal of the 
 ,.is to compare algorithms (or solutions) mainly in terms of running time but also in terms of other factors (e.g ݏℎ݉ݐ݅ݎ݋݈݃ܽ ݂݋ ݏ݅ݏݕ݈ܽ݊ܽ
memory, developer effort, etc.). 
 

In theoretical analysis of algorithms, it is common to estimate their complexity in the asymptotic sense, i.e., to estimate the complexity function 
for arbitrarily large input. The term "analysis of algorithms" was coined by Donald Knuth. 
 

Algorithm analysis is an important part of computational complexity theory, which provides theoretical estimation for the required resources 
of an algorithm to solve a specific computational problem. Most algorithms are designed to work with inputs of arbitrary length. Analysis of 
algorithms is the determination of the amount of time and space resources required to execute it. 
 

Usually, the efficiency or running time of an algorithm is stated as a function relating the input length to the number of steps, known as time 
complexity, or volume of memory, known as space complexity.  

1.8 What is Running Time Analysis? 
 

It is the process of determining how processing time increases as the size of the problem (input size) increases. Input size is the number of 
elements in the input, and depending on the problem type, the input may be of different types. The following are the common types of inputs. 
 

 Size of an array 
 Polynomial degree  
 Number of elements in a matrix 
 Number of bits in the  binary representation of the input 
 Vertices and edges in a graph. 

 

1.9 How to Compare Algorithms 
 

To compare algorithms, let us define a few ݏ݁ݎݑݏܽ݁݉ ݁ݒ݅ݐ݆ܾܿ݁݋: 
 

Execution times?  ܰ݁ݎݑݏܽ݁݉ ݀݋݋݃ ܽ ݐ݋ as execution times are specific to a particular computer.  
 

Number of statements executed? ܰ  since the number of statements varies with the programming language as well as the ,݁ݎݑݏܽ݁݉ ݀݋݋݃ ܽ ݐ݋
style of the individual programmer.  
 

Ideal solution? Let us assume that we express the running time of a given algorithm as a function of the input size ݊ (i.e., ݂(݊)) and compare 
these different functions corresponding to running times. This kind of comparison is independent of machine time, programming style, etc. 

1.10 What is Rate of Growth? 
 

The rate at which the running time increases as a function of input is called ݐݓ݋ݎ݃ ݂݋ ݁ݐܽݎℎ. Let us assume that you go to a shop to buy a 
car and a bicycle. If your friend sees you there and asks what you are buying, then in general you say ܾݎܽܿ ܽ ݃݊݅ݕݑ. This is because the cost 
of the car is high compared to the cost of the bicycle (approximating the cost of the bicycle to the cost of the car). 
 

= ݐݏ݋ܥ ݈ܽݐ݋ܶ + ݎܽܿ_݂݋_ݐݏ݋ܿ   ݈݁ܿݕܾܿ݅_݂݋_ݐݏ݋ܿ 
≈ ݐݏ݋ܥ ݈ܽݐ݋ܶ  (݊݋݅ݐܽ݉݅ݔ݋ݎ݌݌ܽ) ݎܽܿ_݂݋_ݐݏ݋ܿ 

 

For the above-mentioned example, we can represent the cost of the car and the cost of the bicycle in terms of function, and for a given function 
ignore the low order terms that are relatively insignificant (for large value of input size, ݊). As an example, in the case below, ݊ସ, 2݊ଶ, 100݊ 
and 500 are the individual costs of some function and approximate to ݊ସ since ݊ସ is the highest rate of growth. 
 

݊ସ  +  2݊ଶ  +  100݊ +  500 ≈ ݊ସ 

1.11 Commonly Used Rates of Growth 
 

Below is the list of growth rates you will come across in the following chapters. 
 

Time Complexity Name Description 

1 Constant Whatever is the input size ݊, these functions take a constant amount of time. 

 .Logarithmic These are slower growing than even linear functions ݊݃݋݈

݊ Linear These functions grow linearly with the input size ݊. 
 .Linear Logarithmic Faster growing than linear but slower than quadratic ݊݃݋݈݊

݊ଶ Quadratic These functions grow faster than the linear logarithmic functions.  

݊ଷ Cubic Faster growing than quadratic but slower than exponential. 

2௡ Exponential Faster than all of the functions mentioned here except the factorial functions. 

݊! Factorial Fastest growing than all these functions mentioned here. 
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This notation decides whether the upper and lower bounds of a given function (algorithm) are the same. The average running time of an 
algorithm is always between the lower bound and the upper bound. If the upper bound (O) and lower bound () give the same result, then 
the  notation will also have the same rate of growth. As an example, let us assume that ݂(݊) = 10݊ + ݊ is the expression. Then, its tight 
upper bound ݃(݊) is O(݊). The rate of growth in the best case is ݃(݊) = O(݊).  
 

In this case, the rates of growth in the best case and worst case are the same. As a result, the average case will also be the same. For a given 
function (algorithm), if the rates of growth (bounds) for O and  are not the same, then the rate of growth for the  case may not be the same. 
In this case, we need to consider all possible time complexities and take the average of those (for example, for a quick sort average case, refer 
to the ܵ݃݊݅ݐݎ݋ chapter). 
 

Now consider the definition of  notation. It is defined as (݃(݊))  =  {݂(݊): there exist positive constants ଵܿ , ܿଶ and ݊଴ such that 0 ≤
 ଵܿ݃(݊)   ≤   ݂(݊)  ≤  ܿଶ݃(݊) for all  ݊ ≥  ݊଴}. ݃(݊) is an asymptotic tight bound for ݂(݊).  (݃(݊)) is the set of functions with the same 
order of growth as ݃(݊). 

 Examples 
 

Example 1 Find  bound for ݂(݊) = ௡మ

ଶ
− ௡

ଶ
 

Solution:  ௡
మ

ହ
≤ ௡మ

ଶ
− ௡

ଶ
≤ ݊ଶ, for all, ݊ ≥  2 

∴ 
௡మ

ଶ
− ௡

ଶ
= (݊ଶ) with  ଵܿ  =  1/5, ܿଶ = 1 and  ݊଴ = 2 

 

Example 2 Prove ݊ ≠  (݊ଶ)  
 

Solution: cଵ ݊2  ≤  ݊ ≤  cଶ݊2 only holds for: ݊ ≤  1/c1 
 ∴ ݊ ≠ (݊ଶ) 
 

Example 3 Prove 6݊ଷ ≠  (݊ଶ) 
 

Solution: ଵܿ ݊ଶ≤ 6݊ଷ ≤ cଶ ݊ଶ only holds for: ݊ ≤  c2 /6 
∴ 6݊ଷ  ≠  (݊ଶ) 

 

Example 4 Prove ݊ ≠ (݈݊݃݋) 
 

Solution: cଵ݈݊݃݋ ≤  ݊ ≤ cଶ ݃݋݈ ݊    cଶ  ≥   ݊
log ݊ , ݊ ≥  ݊0 – Impossible 

 

Important Notes 
 

For analysis (best case, worst case and average), we try to give the upper bound (O) and lower bound () and average running time (). From 
the above examples, it should also be clear that, for a given function (algorithm), getting the upper bound (O) and lower bound () and 
average running time () may not always be possible. For example, if we are discussing the best case of an algorithm, we try to give the upper 
bound (O) and lower bound () and average running time ().  
 

In the remaining chapters, we generally focus on the upper bound (O) because knowing the lower bound () of an algorithm is of no practical 
importance, and we use the  notation if the upper bound (O) and lower bound () are the same. 

1.17 Why is it called Asymptotic Analysis? 
 

From the discussion above (for all three notations: worst case, best case, and average case), we can easily understand that, in every case for a 
given function ݂(݊) we are trying to find another function ݃(݊) which approximates ݂(݊) at higher values of ݊. That means ݃(݊) is also a 
curve which approximates ݂(݊) at higher values of ݊.  
 

In mathematics we call such a curve an ܽ݁ݒݎݑܿ ܿ݅ݐ݋ݐ݌݉ݕݏ. In other terms, ݃(݊) is the asymptotic curve for ݂(݊). For this reason, we call 
algorithm analysis ܽݏ݅ݏݕ݈ܽ݊ܽ ܿ݅ݐ݋ݐ݌݉ݕݏ. 

1.18 Guidelines for Asymptotic Analysis 
 

There are some general rules to help us determine the running time of an algorithm.  
 

1) Loops:  The running time of a loop is, at most, the running time of the statements inside the loop (including tests) multiplied by the 
number of iterations. 
 

     // executes ݊ times 
     for (i=1; i<=n; i++) 
          m = m + 2; // constant time, c 

Total time = a constant  ܿ ×  ݊ =  ܿ ݊ = O(݊).  
2) Nested loops:  Analyze from the inside out. Total running time is the product of the sizes of all the loops. 

 

     //outer loop executed n times 
     for (i=1; i<=n; i++) { 
      // inner loop executed n times 
      for (j=1; j<=n; j++)  
       k = k+1; //constant time 
     } 
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Total time =  ܿ ×  ݊ ×  ݊ =  ܿ݊ଶ  = O(݊ଶ). 
 

3) Consecutive statements: Add the time complexities of each statement. 
 

     x = x +1; //constant time 
     // executed n times 
     for (i=1; i<=n; i++)  
 m = m + 2; //constant time 
     //outer loop executed n times 
     for (i=1; i<=n; i++) { 
 //inner loop executed n times 
 for (j=1; j<=n; j++)  
  k = k+1; //constant time 
     } 

Total time =  ܿ଴  + ଵܿ݊ + ܿଶ݊ଶ  = O(݊ଶ).  
 

4) If-then-else statements: Worst-case running time: the test, plus ݁݅ݐℎ݁ݎ the ݐℎ݁݊ part or the ݈݁݁ݏ part (whichever is the larger).  
     //test: constant 
     if(length( ) == 0 ) { 
 return false; //then part: constant 
     } 
     else {  // else part: (constant + constant) * n 
    for (int n = 0; n < length( ); n++) { 
  // another if : constant + constant (no else part) 
  if(!list[n].equals(otherList.list[n])) 
   //constant  

                               return false; 
    } 
     } 

Total time =  ܿ଴  + ( ଵܿ  + ܿଶ) ∗  ݊ = O(݊). 
 

5) Logarithmic complexity: An algorithm is O(݈݊݃݋) if it takes a constant time to cut the problem size by a fraction (usually by ½). As 
an example let us consider the following program: 

 

     for (i=1; i<=n;)   
 i = i*2; 
 

If we observe carefully, the value of ݅ is doubling every time. Initially ݅ = 1, in next step ݅ = 2, and in subsequent steps ݅ =  4, 8 and 
so on. Let us assume that the loop is executing some ݇ times. At  ݇௧௛ step 2௞ = ݊, and at (݇ + 1)௧௛ step we come out of the ݈݌݋݋. 
Taking logarithm on both sides, gives 

 

൫2୩൯݃݋݈ =  ݊݃݋݈
2݃݋݈݇ =  ݊݃݋݈

 ݇ =  if we assume base-2//  ݊݃݋݈
Total time = O(݈݊݃݋).     

Note: Similarly, for the case below, the worst case rate of growth is O(݈݊݃݋). The same discussion holds good for the decreasing sequence as 
well. 
 

     for (i=n; i>=1;)   
 i = i/2; 
 

Another example: binary search (finding a word in a dictionary of ݊ pages) 
 

 Look at the center point in the dictionary 
 Is the word towards the left or right of center? 
 Repeat the process with the left or right part of the dictionary until the word is found. 

1.20 Simplifying properties of asymptotic notations 
 

 Transitivity: ݂(݊) = (݃(݊))  and ݃(݊) = (ℎ(݊))  ݂(݊) = (ℎ(݊)). Valid for O and  as well.  
 Reflexivity: ݂(݊) = (݂(݊)). Valid for O and . 
 Symmetry: ݂(݊) = (݃(݊)) if and only if ݃(݊) =  (݂(݊)). 
 Transpose symmetry: ݂(݊) = O(݃(݊)) if and only if ݃(݊) = (݂(݊)). 
 If ݂(݊) is in O(݇݃(݊)) for any constant ݇ >  0, then ݂(݊) is in O(݃(݊)).  
 If ଵ݂(݊) is in O(݃ଵ(݊)) and ଶ݂(݊) is in O(݃ଶ(݊)), then ( ଵ݂ + ଶ݂)( ݊) is in O(max(݃ଵ(݊), ݃ଵ(݊))).  
 If ଵ݂(݊) is in O(݃ଵ(݊)) and ଶ݂(݊) is in O(݃ଶ(݊)) then ଵ݂(݊) ଶ݂(݊) is in O(݃ଵ(݊) ݃ଵ(݊)). 

1.21 Commonly used Logarithms and Summations 
 

Logarithms 
 

௬ݔ ݃݋݈              = ݕ  ݃݋݈ = ݊݃݋݈                             ݔ ଵ଴݃݋݈ 
௡     
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= ݕݔ ݃݋݈              + ݔ݃݋݈  = ௞݊݃݋݈                       ݕ݃݋݈     ݇(݊݃݋݈) 
= ݊݃݋݈ ݃݋݈              ݃݋݈                    (݊݃݋݈)݃݋݈ 

ݔ
ݕ = – ݔ݃݋݈   ݕ݃݋݈ 

             ܽ௟௢௚್
ೣ

= ௟௢௚್ݔ 
ೌ

ܾ݃݋݈                          
௫ =  ௟௢௚ೌ

ೣ

௟௢௚ೌ
್  

 

Arithmetic series 
 

              ෍ ݇ = 1 + 2 + ⋯ + ݊ =
݊(݊ + 1)

2

௡

௄ୀଵ

 
 
 

Geometric series 

෍ ௞ݔ = 1 + ݔ + ଶݔ … + ௡ݔ =
௡ାଵݔ − 1

ݔ − 1 ≠ ݔ)  1)
௡

௞ୀ଴

 

 

Harmonic series 

෍
1
݇

௡

௞ୀଵ

= 1 +
1
2 + … + 

1
݊ ≈  ݊݃݋݈

 

Other important formulae 
   

෍ ݃݋݈ ݇
௡

௞ୀଵ

≈  ݊݃݋݈݊

෍ ݇௣
௡

௞ୀଵ

=  1௣ +  2௣ + ⋯ + ݊௣  ≈  
1

݌ + 1 ݊௣ାଵ 

1.22 Master Theorem for Divide and Conquer Recurrences 
 

All divide and conquer algorithms (also discussed in detail in the ݎ݁ݑݍ݊݋ܥ ݀݊ܽ ݁݀݅ݒ݅ܦ chapter) divide the problem into sub-problems, each of which 
is part of the original problem, and then perform some additional work to compute the final answer. As an example, a merge sort algorithm [for 
details, refer to ܵ݃݊݅ݐݎ݋ chapter] operates on two sub-problems, each of which is half the size of the original, and then performs O(݊) additional 
work for merging. This gives the running time equation: 
 

T(݊) =  2ܶ ቀ௡
ଶ

ቁ + O(݊) 
 

The following theorem can be used to determine the running time of divide and conquer algorithms. For a given program (algorithm), first 
we try to find the recurrence relation for the problem. If the recurrence is of the below form then we can directly give the answer without fully 
solving it. If the recurrence is of the form T(݊) = ܽܶ(௡

௕
) + (݊௞݈݃݋௣݊), where ܽ ≥ 1, ܾ >  1, ݇ ≥ 0 and ݌ is a real number, then: 

1) If ܽ >  ܾ௞, then ܶ(݊) = Θ൫݊௟௢௚್
ೌ൯ 

2) If ܽ =  ܾ௞ 

a. If ݌ > −1, then ܶ(݊) = Θ൫݊௟௢௚್
 ௣ାଵ݊൯݃݋݈ೌ

b. If ݌ =  −1, then ܶ(݊) = Θ൫݊௟௢௚್
 ൯݊݃݋݈݃݋݈ೌ

c. If ݌ < −1, then ܶ(݊) = Θ൫݊௟௢௚್
ೌ൯ 

3) If ܽ <  ܾ௞ 
a. If ݌ ≥ 0, then ܶ(݊) = Θ(݊௞݈݃݋௣݊) 
b. If ݌ < 0, then ܶ(݊) = O(݊௞) 

1.23 Divide and Conquer Master Theorem: Problems & Solutions 
 

For each of the following recurrences, give an expression for the runtime ܶ(݊) if the recurrence can be solved with the Master Theorem. 
Otherwise, indicate that the Master Theorem does not apply. 
 

Problem-1 ܶ(݊) = 3ܶ (݊/2) + ݊ଶ 
Solution:   ܶ(݊) = 3ܶ (݊/2) + ݊ଶ  =>  ܶ (݊) =Θ(݊ଶ) (Master Theorem Case 3.a) 
 

Problem-2 ܶ(݊) = 4ܶ (݊/2) + ݊ଶ 
Solution:   ܶ(݊)  =  4ܶ (݊/2) + ݊ଶ  =>  ܶ (݊)  = Θ(݊ଶ݈݊݃݋) (Master Theorem Case 2.a) 
 

Problem-3 ܶ(݊) = ܶ(݊/2) +  ݊ଶ 
Solution:   ܶ(݊)  =  ܶ(݊/2) + ݊ଶ  => Θ(݊ଶ) (Master Theorem Case 3.a) 
 

Problem-4 ܶ(݊)  =  2௡ܶ(݊/2) +  ݊௡ 
Solution:   ܶ(݊)  =  2௡ܶ(݊/2) +  ݊௡ => Does not apply (ܽ is not constant) 
 

Problem-5 ܶ(݊)  =  16ܶ(݊/4) +  ݊ 
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Solution:   ܶ(݊)  =  16ܶ (݊/4) +  ݊ =>  ܶ(݊)  = Θ(݊ଶ) (Master Theorem Case 1) 
 

Problem-6 ܶ(݊)  =  2ܶ(݊/2) +  ݊݃݋݈݊ 
Solution:   ܶ(݊)  =  2ܶ(݊/2) + <= ݊݃݋݈݊   ܶ(݊)  = Θ(݈݊݃݋ଶ݊) (Master Theorem Case 2.a) 
 

Problem-7 ܶ(݊)  =  2ܶ(݊/2) +  ݊݃݋݈/݊ 
Solution:   ܶ(݊)  =  2ܶ(݊/2) + (݊)ܶ <= ݊݃݋݈/݊   = Θ(݈݊݊݃݋݈݃݋) (Master Theorem Case 2.b) 
 

Problem-8 ܶ(݊)  =  2ܶ (݊/4) + ݊଴.ହଵ 
Solution:   ܶ(݊)  =  2ܶ(݊/4) +  ݊଴.ହଵ =>  ܶ (݊)  = Θ(݊଴.ହଵ) (Master Theorem Case 3.b) 
 

Problem-9 ܶ(݊)  =  0.5ܶ(݊/2) +  1/݊ 
Solution:   ܶ(݊)  =  0.5ܶ(݊/2) +  1/݊ => Does not apply (ܽ <  1) 
 

Problem-10 ܶ (݊)  =  6ܶ(݊/3) +  ݊ଶ ݈݊݃݋ 
Solution:   ܶ(݊)  =  6ܶ(݊/3) +  ݊ଶ݈݊݃݋ =>  ܶ(݊)  = Θ(݊ଶ݈݊݃݋) (Master Theorem Case 3.a) 
 

Problem-11 ܶ(݊)  =  64ܶ(݊/8) − ݊ଶ݈݊݃݋ 
Solution:   ܶ(݊)  =  64ܶ(݊/8) − ݊ଶ݈݊݃݋ => Does not apply (function is not positive) 
 

Problem-12 ܶ (݊)  =  7ܶ(݊/3) + ݊ଶ 
Solution:   ܶ(݊)  =  7ܶ(݊/3) +  ݊ଶ  =>  ܶ(݊)  = Θ(݊ଶ) (Master Theorem Case 3.as) 
 

Problem-13   ܶ(݊)  =  4ܶ(݊/2) +  ݊݃݋݈ 
Solution:   ܶ(݊)  =  4ܶ(݊/2) + <= ݊݃݋݈   ܶ(݊)  = Θ(݊ଶ) (Master Theorem Case 1) 
 

Problem-14  ܶ(݊)  =  16ܶ (݊/4) +  ݊! 
Solution:  ܶ(݊)  =  16ܶ (݊/4) +  ݊!  =>  ܶ(݊)  = Θ(݊!) (Master Theorem Case 3.a) 
 

Problem-15   ܶ(݊)  =  √2ܶ(݊/2) +  ݊݃݋݈ 
Solution:   ܶ(݊)  =  √2ܶ(݊/2) + <= ݊݃݋݈   ܶ(݊)  = Θ(√݊) (Master Theorem Case 1) 
 

Problem-16   ܶ(݊)  =  3ܶ (݊/2) +  ݊ 
Solution:   ܶ(݊)  =  3ܶ(݊/2) +  ݊ => ܶ(݊)  =  (݊௟௢௚ଷ) (Master Theorem Case 1) 
 

Problem-17   ܶ(݊)  =  3ܶ(݊/3) + √݊ 
Solution:   ܶ(݊)  =  3ܶ(݊/3) +  √݊  =>  ܶ(݊)  = Θ(݊) (Master Theorem Case 1) 
 

Problem-18   ܶ(݊)  =  4ܶ(݊/2) +  ܿ݊ 
Solution:   ܶ(݊)  =  4ܶ(݊/2) +  ܿ݊ =>  ܶ(݊)  =  (݊ଶ) (Master Theorem Case 1) 
 

Problem-19   ܶ(݊)  =  3ܶ(݊/4) +  ݊݃݋݈݊ 
Solution:   ܶ(݊)  =  3ܶ(݊/4) + <= ݊݃݋݈݊   ܶ(݊)  = Θ(݈݊݊݃݋) (Master Theorem Case 3.a) 
 

Problem-20   ܶ (݊)  =  3ܶ(݊/3) +  ݊/2 
Solution:   ܶ(݊)  =  3ܶ(݊/3) +  ݊/2 =>  ܶ (݊)  = Θ(݈݊݊݃݋) (Master Theorem Case 2.a) 

1.24 Master Theorem for Subtract and Conquer Recurrences 
 

Let ܶ(݊) be a function defined on positive ݊, and having the property 

ܶ(݊) = ൜ ܿ,                                       if ݊ ≤ 1
ܽܶ(݊ − ܾ) + ݂(݊), if ݊ > 1 

 

for some constants ܿ, ܽ >  0, ܾ >  0, ݇ ≥  0, and function ݂(݊). If ݂(݊) is in O(݊௞), then 
 

                                                                 ܶ(݊) = ൞
O(݊௞),                if a < 1
O(݊௞ାଵ),            if a = 1

O ቀ݊௞ܽ
௡
௕ ቁ ,          if a > 1

 

1.25 Variant of Subtraction and Conquer Master Theorem 
 

The solution to the equation ܶ(݊)  = + (݊ ߙ)ܶ   ܶ((1 − (݊(ߙ  + where 0 ,݊ߚ  < > ߙ   1 and ߚ > 0 are constants, is O(݈݊݊݃݋). 

1.26 Method of Guessing and Confirming 
 

Now, let us discuss a method which can be used to solve any recurrence. The basic idea behind this method is:  
  

 .it correct by induction ݁ݒ݋ݎ݌ the answer; and then ݏݏ݁ݑ݃
 

In other words, it addresses the question: What if the given recurrence doesn’t seem to match with any of these (master theorem) methods? 
If we guess a solution and then try to verify our guess inductively, usually either the proof will succeed (in which case we are done), or the 
proof will fail (in which case the failure will help us refine our guess). 
 

As an example, consider the recurrence T(݊) = √݊ T(√݊) + ݊. This doesn’t fit into the form required by the Master Theorems. Carefully 
observing the recurrence gives us the impression that it is similar to the divide and conquer method (dividing the problem into √݊ subproblems 
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each with size √݊). As we can see, the size of the subproblems at the first level of recursion is ݊. So, let us guess that T(݊) = O(݈݊݊݃݋), and 
then try to prove that our guess is correct. 
 

Let’s start by trying to prove an ݎ݁݌݌ݑ bound T(݊) ≤   :݊݃݋݈݊ܿ
  

T(݊) =  √݊ T(√݊) + ݊ 
 ݊ + ݊√݃݋݈ ݊√ܿ .݊√ ≥ 
 ݊ + ݊√݃݋݈ ܿ .݊ = 
 = ݊.c.

ଵ
ଶ

.  ݊ +݊݃݋݈
 ݊݃݋݈݊ܿ ≥ 

 

The last inequality assumes only that 1 ≤ c.
ଵ
ଶ

.  This is correct if ݊ is sufficiently large and for any constant ܿ, no matter how small. From .݊݃݋݈

the above proof, we can see that our guess is correct for the upper bound. Now, let us prove the ݈ݎ݁ݓ݋ bound for this recurrence. 
 

T(݊) =  √݊ T(√݊) + ݊ 
 ݊ + ݊√݃݋݈ ݊√ ݇ .݊√ ≤ 
 ݊ + ݊√݃݋݈ ݇ .݊ = 
 = ݊.݇.

ଵ
ଶ

.  ݊ +݊݃݋݈
 ݊݃݋݈݊݇ ≤ 

 

The last inequality assumes only that 1 ≥ ݇.
ଵ
ଶ

.  ,This is incorrect if ݊ is sufficiently large and for any constant ݇. From the above proof .݊݃݋݈
we can see that our guess is incorrect for the lower bound. 
 

From the above discussion, we understood that Θ(݈݊݊݃݋) is too big. How about Θ(݊)? The lower bound is easy to prove directly:  
 

T(݊) =  √݊ T(√݊) + ݊ ≥ ݊  
 

Now, let us prove the upper bound for this Θ(݊). 
 

T(݊) =  √݊ T(√݊) + ݊ 
 ≤ √݊.ܿ. √݊ + ݊ 
 = ݊. ܿ+ ݊ 
 = ݊ (ܿ + 1) 
 ≰ ܿ݊ 

 

From the above induction, we understood that Θ(݊) is too small and Θ(݈݊݊݃݋) is too big. So, we need something bigger than ݊ and smaller 
than ݈݊݊݃݋. How about ݊ඥ݈݊݃݋? 
 

Proving the upper bound for ݊ඥ݈݊݃݋: 
T(݊) =  √݊ T(√݊) + ݊ 
 

≤ √݊.ܿ. √݊ට݈݃݋√݊ + ݊ 

 = ݊. ܿ. ଵ
√ଶ

 ݊ +݊√݃݋݈ 

 ݊√݃݋݈݊ܿ ≥ 
Proving the lower bound for ݊ඥ݈݊݃݋: 

T(݊) =  √݊ T(√݊) + ݊ 
 

≥ √݊.݇. √݊ට݈݃݋√݊ + ݊ 

 = ݊. ݇. ଵ
√ଶ

 ݊ +݊√݃݋݈ 

 ݊√݃݋݈݊݇ ≰ 
 

The last step doesn’t work. So, Θ(݊ඥ݈݊݃݋) doesn’t work. What else is between ݊ and ݈݊݊݃݋? How about ݈݊݊݃݋݈݃݋? 
 

Proving upper bound for ݈݊݊݃݋݈݃݋: 
 

T(݊) =  √݊ T(√݊) + ݊ 
 ≤ √݊.ܿ.  ݊ + ݊√݃݋݈݃݋݈݊√
 = ݊. ܿ. .ܿ-݊݃݋݈݃݋݈ ݊ + ݊ 
ܿ if ,݊݃݋݈݃݋݈݊ܿ ≥  ≥ 1 

 

Proving lower bound for ݈݊݊݃݋݈݃݋: 
T(݊) =  √݊ T(√݊) + ݊ 
 ≥ √݊.݇.  ݊ + ݊√݃݋݈݃݋݈݊√
 = ݊. ݇. .݇-݊݃݋݈݃݋݈ ݊ + ݊ 
݇ if ,݊݃݋݈݃݋݈݊݇ ≤  ≤ 1 

 

From the above proofs, we can see that T(݊) ≤ ݈ܿ݊݊݃݋݈݃݋, if ܿ ≥ 1 and T(݊) ≥ ݈݇݊݊݃݋݈݃݋, if ݇ ≤ 1. Technically, we’re still missing the 
base cases in both proofs, but we can be fairly confident at this point that T(݊) = Θ(݈݊݊݃݋݈݃݋). 
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1.27 Amortized Analysis 
 

Amortized analysis refers to determining the time-averaged running time for a sequence of operations. It is different from average case analysis, 
because amortized analysis does not make any assumption about the distribution of the data values, whereas average case analysis assumes 
the data are not "bad" (e.g., some sorting algorithms do well on ܽ݁݃ܽݎ݁ݒ over all input orderings but very badly on certain input orderings). 
That is, amortized analysis is a worst-case analysis, but for a sequence of operations rather than for individual operations.   
 

The motivation for amortized analysis is to better understand the running time of certain techniques, where standard worst case analysis 
provides an overly pessimistic bound. Amortized analysis generally applies to a method that consists of a sequence of operations, where the 
vast majority of the operations are cheap, but some of the operations are expensive. If we can show that the expensive operations are 
particularly rare we can ܿℎܽ݊݃݁ ݐℎ݁݉ to the cheap operations, and only bound the cheap operations.  
 

The general approach is to assign an artificial cost to each operation in the sequence, such that the total of the artificial costs for the sequence 
of operations bounds the total of the real costs for the sequence. This artificial cost is called the amortized cost of an operation. To analyze 
the running time, the amortized cost thus is a correct way of understanding the overall running time — but note that particular operations can 
still take longer so it is not a way of bounding the running time of any individual operation in the sequence. 
 

When one event in a sequence affects the cost of later events: 
 

 One particular task may be expensive. 
 But it may leave data structure in a state that the next few operations become easier. 

 

Example: Let us consider an array of elements from which we want to find the ݇ ௧௛ smallest element. We can solve this problem using sorting. 
After sorting the given array, we just need to return the ݇௧௛ element from it. The cost of performing the sort (assuming comparison based 
sorting algorithm) is O(݈݊݊݃݋). If we perform ݊ such selections then the average cost of each selection is O(݈݊݊݃݋/݊) = O(݈݊݃݋). This 
clearly indicates that sorting once is reducing the complexity of subsequent operations. 

1.28 Algorithms Analysis: Problems & Solutions 
 

Note: From the following problems, try to understand the cases which have different complexities (O(݊), O(݈݊݃݋), O(݈݊݃݋݈݃݋) etc.). 
 

Problem-21 Find the complexity of the below recurrence: 

ܶ(݊) = ൜3ܶ(݊ − 1), ݂݅ ݊ > 0,
 ݁ݏ݅ݓݎℎ݁ݐ݋              ,1

Solution:  Let us try solving this function with substitution. 
ܶ(݊) = 3ܶ(݊ − 1) 
ܶ(݊) = 3൫3ܶ(݊ − 2)൯ = 3ଶܶ(݊ − 2) 
ܶ(݊) = 3ଶ(3ܶ(݊ − 3)) 
. 
. 
ܶ(݊) = 3௡ܶ(݊ − ݊) = 3௡ܶ(0) = 3௡ 

This clearly shows that the complexity of this function is O(3௡). 
 

Note: We can use the ܵݎ݁ݑݍ݊݋ܥ ݀݊ܽ ݊݋݅ݐܿܽݎݐܾݑ master theorem for this problem. 
 

Problem-22 Find the complexity of the below recurrence: 

ܶ(݊) = ൜2ܶ(݊ − 1) − 1, ݂݅ ݊ > 0,
 ݁ݏ݅ݓݎℎ݁ݐ݋                      ,1

Solution: Let us try solving this function with substitution. 
ܶ(݊) = 2ܶ(݊ − 1) − 1 
ܶ(݊) = 2(2ܶ(݊ − 2) − 1) − 1 = 2ଶܶ(݊ − 2) − 2 − 1 
ܶ(݊) = 2ଶ(2ܶ(݊ − 3) − 2 − 1) − 1 = 2ଷܶ(݊ − 4) − 2ଶ − 2ଵ − 2଴ 
ܶ(݊) = 2௡ܶ(݊ − ݊) − 2௡ିଵ − 2௡ିଶ − 2௡ିଷ … . 2ଶ − 2ଵ − 2଴ 
ܶ(݊) = 2௡ − 2௡ିଵ − 2௡ିଶ − 2௡ିଷ … . 2ଶ − 2ଵ − 2଴ 
ܶ(݊) = 2௡ − (2௡ − 2௡ିଵ :݁ݐ݋݊] (1 + 2௡ିଶ + ⋯ + 2଴ = 2௡] 
ܶ(݊) = 1 

∴Complexity is O(1). Note that while the recurrence relation looks exponential, the solution to the recurrence relation here gives a different 
result. 
 

Problem-23  What is the running time of the following function?  
public void Function(int n) { 

int i=1, s=1; 
while( s <= n) { 

i++; 
s= s+i; 
System.out.println(“*"); 

} 
} 

Solution:  Consider the comments in the below function: 
 

     public void function (int n) { 
          int i=1, s=1; 
          // s is increasing not at rate 1 but i 
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          while( s <= n) { 
               i++; 
               s= s+i; 
               System.out.println(“*"); 
          } 
     } 
We can define the ‘ݏ’ terms according to the relation ݏ௜= ݏ௜ିଵ + ݅. The value of ‘݅’ increases by 1 for each iteration. The value contained in 
 ℎ݈݅݁ݓ at the ݅௧௛ iteration is the sum of the first  ‘݅’ positive integers. If ݇ is the total number of iterations taken by the program, then the ’ݏ‘
loop terminates if: 
 

                                                                  1 +  2 + . . . + ݇ =  ௞(௞ାଵ)
ଶ

> ݊ ⟹  ݇ = O(√݊). 
  

Problem-24 Find the complexity of the function given below. 
public void function(int n) { 
 int i, count =0; 
 for(i=1; i*i<=n; i++) 
  count++; 
} 

Solution:  
     void function(int n) { 
 int i, count =0; 
 for(i=1; i*i<=n; i++) 
  count++; 
     } 
In the above-mentioned function the loop will end, if ݅ଶ > ݊ ⟹ ܶ(݊) =O(√݊). The reasoning is same as that of Problem-23. 
 

Problem-25  What is the complexity of the program given below? 
public void function(int n) { 
 int i, j, k , count =0; 
 for(i=n/2; i<=n; i++) 
  for(j=1; j + n/2<=n; j++) 
   for(k=1; k<=n; k= k * 2) 
    count++; 
} 

Solution: Consider the comments in the following function. 
     public void function(int n) { 
 int i, j, k , count =0; 

//Outer loop execute n/2 times 
 for(i=n/2; i<=n; i++) 
  //Middle loop executes n/2 times 
  for(j=1; j + n/2<=n; j++) 
   //Inner loop execute logn times 
   for(k=1; k<=n; k= k * 2) 
    count++; 
     } 
The complexity of the above function is O(݊ଶ݈݊݃݋).  
 

Problem-26 What is the complexity of the program given below? 
public void function(int n) { 
 int i, j, k , count =0; 
 for(i=n/2; i<=n; i++) 
  for(j=1; j<=n; j= 2 * j) 
   for(k=1; k<=n; k= k * 2) 
    count++; 
} 

Solution: Consider the comments in the following function. 
 

     public void function(int n) { 
 int i, j, k , count =0; 

//Outer loop execute n/2 times 
 for(i=n/2; i<=n; i++) 
  //Middle loop executes logn times 
  for(j=1; j<=n; j= 2 * j) 
   //Inner loop execute logn times 
   for(k=1; k<=n; k= k*2) 
    count++; 
     } 
 

The complexity of the above function is O(݈݊݃݋ଶ݊).  
 

Problem-27 Find the complexity of the program given below. 
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public  void function( int n ) { 
 if(n == 1) return; 
 for(int i = 1 ; i <= n ; i + + ) { 
  for(int j= 1 ; j <= n ; j + + ) { 
   System.out.println(“*" ); 
   break; 
  } 
 } 
} 

Solution:  Consider the comments in the following function. 
     public  void function( int n ) { 
            //constant time 
 if( n == 1 ) return; 

//Outer loop execute ݊ times 
 for(int i = 1 ; i <= n ; i + + ) { 
  // Inner loop executes only time due to ܾ݇ܽ݁ݎ  statement. 
  for(int j= 1 ; j <= n ; j + + )  { 
   System.out.println(“*" ); 
   break; 
  } 
 } 
     } 
The complexity of the above function is O(݊). Even though the inner loop is bounded by ݊, due to the break statement it is executing only 
once. 
 

Problem-28 Write a recursive function for the running time ܶ(݊) of the function given below. Prove using the iterative method that 
ܶ(݊) = (݊ଷ). 

public  void function( int n ) { 
if( n == 1 ) return; 
for(int i = 1 ; i <= n ; i + + ) 

for(int j = 1 ; j <= n ; j + + ) 
System.out.println(“*" ) ; 

function( n-3 ); 
} 

Solution:  Consider the comments in the function below: 
     public void function (int n) { 
          //constant time 
          if( n == 1 ) return; 
          //Outer loop execute ݊ times 
          for(int i = 1 ; i <= n ; i + + ) 
   //Inner loop executes n times 
               for(int j = 1 ; j <= n ; j + + ) 
      //constant time 
                  System.out.println(“*" ) ; 
          function( n-3 ); 
     } 
The recurrence for this code is clearly T(݊) = ܶ(݊ −  3) + ܿ݊ଶ for some constant ܿ >  0 since each call prints out ݊ଶ asterisks and calls 
itself recursively on n - 3. Using the iterative method we get: ܶ(݊)  =  ܶ(݊ −  3) +  ܿ݊ଶ. Using the ܵݎ݁ݑݍ݊݋ܥ ݀݊ܽ ݊݋݅ݐܿܽݎݐܾݑ master 
theorem, we get: ܶ(݊) =Θ(݊ଷ). 
 

Problem-29 Determine  bounds for the recurrence relation: ܶ(݊) = 2ܶ ቀ௡
ଶ

ቁ +  .݊݃݋݈݊
 

Solution:  Using Divide and Conquer master theorem, we get: O(݈݊݃݋ଶ݊). 
 

Problem-30  Determine  bounds for the recurrence: ܶ(݊) =  ܶ ቀ௡
ଶ

ቁ +  ܶ ቀ௡
ସ

ቁ +  ܶ ቀ௡
଼

ቁ +  ݊. 
 

Solution:  Substituting in the recurrence equation, we get: 
                                 ܶ(݊) ≤  ܿ1 ∗ ௡

ଶ
+  ܿ2 ∗ ௡

ସ
+  ܿ3 ∗ ௡

଼
+  ܿ݊ ≤  ݇ ∗  ݊  , where ݇ is a constant. 

 

Problem-31 Determine  bounds for the recurrence relation: ܶ(݊)  =  ܶ(݊/2)  +  7. 
 

Solution: Using Master Theorem we get: (݈݊݃݋).  
 

Problem-32 Prove that the running time of the code below is Ω(݈݊݃݋). 
public void Read(int n) { 

int k = 1; 
while( k < n )  

k = 3k; 
} 

Solution: The ݓℎ݈݅݁ loop will terminate once the value of  ‘݇’ is greater than or equal to the value of ‘݊’. In each iteration the value of ‘݇’ is 
multiplied by 3. If ݅  is the number of iterations, then ‘݇’ has the value of 3௜ after ݅  iterations. The loop is terminated upon reaching ݅  iterations 
when 3௜≥ n ↔ ݅ ≥ logଷ ݊, which shows that ݅ =  Ω (݈݊݃݋). 
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Problem-33 Solve the following recurrence. 

 ܶ(݊)  = ൜
1,                                      ݂݅ ݊ = 1
ܶ(݊ − 1) + ݊(݊ − 1), ݂݅ ݊ ≥ 2 

Solution: By iteration: 
ܶ(݊) = ܶ(݊ − 2) + (݊ − 1)(݊ − 2) + ݊(݊ − 1) 
          … 

ܶ(݊) = ܶ(1) + ෍ ݅(݅ − 1)
௡

௜ୀଵ

 

ܶ(݊) = ܶ(1) + ෍ ݅ଶ
௡

௜ୀଵ

− ෍ ݅
௡

௜ୀଵ

 

ܶ(݊) = 1 +
݊((݊ + 1)(2݊ + 1)

6 −
݊(݊ + 1)

2  

ܶ(݊) =(݊ଷ)  
Note: We can use the ܵݎ݁ݑݍ݊݋ܥ ݀݊ܽ ݊݋݅ݐܿܽݎݐܾݑ master theorem for this problem. 
 

Problem-34 Consider the following program: 
Fib[n] 
if(n==0) then return 0 
else if(n==1) then return 1  
else return Fib[n-1]+Fib[n-2] 

 

Solution: The recurrence relation for the running time of this program is  
 

ܶ(݊)  =  ܶ(݊ −  1) +  ܶ(݊ −  2)  +  ܿ. 
 

Note T(n) has two recurrence calls indicating a binary tree. Each step recursively calls the program for ݊ reduced by 1 and 2, so the depth of 
the recurrence tree is O(݊). The number of leaves at depth ݊  is 2௡ since this is a full binary tree, and each leaf takes at least O(1) computations 
for the constant factor. Running time is clearly exponential in ݊. 
 

Problem-35 Running time of following program? 
public  void function(n) { 

for(int i = 1 ; i <= n ; i + + ) 
for(int j = 1 ; j <= n ; j+ = i ) 

System.out.println(“*”) ; 
} 

Solution: Consider the comments in the function below: 
 

     public void function (n) { 
          //this loop executes n times 
          for(int i = 1 ; i <= n ; i + + ) 
               //this loop executes j times with j increase by the rate of i 
               for(int j = 1 ; j <= n ; j+ = i ) 
                    System.out.println(“*”) ; 
     } 
In the above program, the inner loop executes n/i times for each value of ݅. Its running time is  ݊ × (∑ n/in

i=1 ) = O(݈݊݊݃݋ ). 
 

Problem-36 What is the complexity of  ∑ ݃݋݈ ݅௡
௜ୀଵ  ? 

 

Solution: Using the logarithmic property, ݈ݕݔ݃݋ = ݔ݃݋݈ +  we can see that this problem is equivalent to ,ݕ݃݋݈

                           ෍ ݅݃݋݈
௡

௜ୀଵ

= 1 ݃݋݈ + 2 ݃݋݈ + ⋯ + ݊ ݃݋݈ = 1) ݃݋݈ × 2 × … × ݊) = (!݊) ݃݋݈   ≤ ௡݊) ݃݋݈  ) ≤  ݊݃݋݈݊

This shows that the time complexity = O(݈݊݊݃݋). 
Problem-37  What is the running time of the following recursive function (specified as a function of the input value ݊)? First write the 

recurrence formula and then find its complexity. 
public void function(int n) { 

if(n <= 1) return ; 
for (int i=1 ; i <= 3; i++ )  

 f(୬
ଷ
); 

} 
Solution: Consider the comments in the function below: 
 

     public void function (int n) { 
          //constant time 
          if(n <= 1) return; 
          //this loop executes with recursive loop of 

௡
ଷ

 value 
          for (int i=1 ; i <= 3; i++ )  
                f(୬

ଷ
); 
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     } 
We can assume that for asymptotical analysis ݇ =  ݇  for every integer ݇ ≥ 1. The recurrence for this code is ܶ(݊) =  3ܶ(௡

ଷ
) + Θ(1). 

Using master theorem, we get ܶ(݊)  = Θ(݊). 
 

Problem-38 What is the running time of the following recursive function (specified as a function of the input value ݊)? First write a 
recurrence formula, and show its solution using induction. 

public void function(int n) { 
if(n <= 1) return; 
for (int i=1 ; i <= 3 ; i++ )  

function (n − 1). 
} 

Solution: Consider the comments in the below function: 
     public void function (int n) { 
          //constant time 
          if(n <= 1) return; 
          //this loop executes 3 times with recursive call of n-1 value 
          for (int i=1 ; i <= 3 ; i++ )  
               function (n − 1). 
     } 
The ݅ ݂ statement requires constant time (O(1)). With the ݂ݎ݋ loop, we neglect the loop overhead and only count three times that the function 
is called recursively. This implies a time complexity recurrence: 
                                                              ܶ(݊)  =  ܿ, ݂݅ ݊ ≤  1; 
                                                                          =  ܿ +  3ܶ(݊ −  1), ݂݅ ݊ >  1. 
Using the ܵݎ݁ݑݍ݊݋ܥ ݀݊ܽ ݊݋݅ݐܿܽݎݐܾݑ master theorem, we get ܶ(݊)  = Θ(3௡). 
 

Problem-39 Write a recursion formula for the running time ܶ(݊) of the function ݂, whose code is given below. What is the running 
time of ݂݊݋݅ݐܿ݊ݑ, as a function of ݊? 

public void function (int n) { 
if(n <= 1)  return; 
for(int i = 1; i < n; i + +)  

System.out.println(“*”); 
function ( 0.8n ) ; 

} 
Solution: Consider the comments in the below function: 
     public  void function (int n) { 
          //constant time 
          if(n <= 1)  return; 
          // this loop executes ݊ times with constant time loop  
          for(int i = 1; i < n; i + +)  
               System.out.println(“*”); 
          //recursive call with 0.8n 
          function ( 0.8n ) ; 
     } 

The recurrence for this piece of code is ܶ(݊) =  ܶ(. 8݊) + O(݊) = T ቀ 4
5nቁ + O(݊) = ସ

ହ
ܶ(݊) + O(݊). Applying master theorem, we get 

ܶ(݊) = O(݊). 
 

Problem-40  Find the complexity of the recurrence:  ܶ(݊) = 2ܶ(√݊) +  ݊݃݋݈
 

Solution: The given recurrence is not in the master theorem format. Let us try to convert this to the master theorem format by assuming ݊ =
2௠. Applying the logarithm on both sides gives, ݈݊݃݋ = 2݃݋݈݉ ⟹ ݉ =   :Now, the given function becomes .݊݃݋݈

                              ܶ(݊) = ܶ(2௠) = 2ܶ൫√2௠൯ + ݉ = 2ܶ ቀ2
೘
మ ቁ + ݉. 

To make it simple we assume ܵ(݉) = ܶ(2௠) ⟹ ܵ(௠
ଶ

) = ܶ(2
೘
మ ) ⟹ ܵ(݉) = 2ܵ ቀ௠

ଶ
ቁ + ݉. Applying the master theorem would result  

ܵ(݉) =O(݈݉݉݃݋). If we substitute ݉ = (݊)ܶ ,back ݊݃݋݈  = (݊݃݋݈)ܵ  =O((݈݊݃݋) ݈݊݃݋݈݃݋).  
 

Problem-41  Find the complexity of the recurrence: ܶ(݊) = ܶ(√݊) + 1 
 

Solution: Applying the logic of Problem-40 gives ܵ(݉) = ܵ ቀ௠
ଶ

ቁ + 1. Applying the master theorem would result in ܵ(݉) =O(݈݉݃݋). 

Substituting ݉ = (݊)ܶ gives ,݊݃݋݈  = (݊݃݋݈)ܵ  =O(݈݊݃݋݈݃݋).  
 

Problem-42 Find the complexity of the recurrence: ܶ(݊) = 2ܶ(√݊) + 1 
 

Solution: Applying the logic of Problem-40 gives: ܵ(݉) = 2ܵ ቀ௠
ଶ

ቁ + 1. Using the master theorem results ܵ(݉) =O൫݉௟௢௚మ
మ൯ =O(݉). 

Substituting ݉ = (݊)ܶ gives ݊݃݋݈  = O(݈݊݃݋).  
 

Problem-43 Find the complexity of the function given below. 
public int function (int n) { 

if(n <= 2) return 1; 
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else 
return (Function (floor(sqrt(n))) + 1); 

} 
Solution: Consider the comments in the below function: 
     public int function (int n) { 
          if(n <= 2) return 1;  //constant time 
          else 
   // executes √݊ + 1 times 
               return (Function (floor(sqrt(n))) + 1); 
     } 
For the above function, recurrence function can be given as: ܶ(݊) = ܶ(√݊) + 1. This is same as that of Problem-41. 
 

Problem-44 Analyze the running time of the following recursive psuedocode as a function of ݊.  
       public void function(int n) { 

 if( n < 2 ) return; 
 else counter = 0; 
 for i = 1 to 8 do 
  function (

௡
ଶ
); 

 for i =1 to ݊ଷ do 
  counter = counter + 1; 
} 

Solution: Consider the comments in below psuedocode and call running time of function(n) as ܶ(݊).  
     public void function(int n) { 
 if( n < 2 ) return;     //constant time 
 else  counter = 0; 
 // this loop executes 8 times with n value half in every call 
 for i = 1 to 8 do 
  function (

௡
ଶ
); 

  // this loop executes ݊ଷ times with constant time loop 
 for i =1 to ݊ଷ do 
  counter = counter + 1; 
     } 
ܶ(݊) can be defined as follows: 

ܶ(݊)  =  1 ݂݅ ݊ <  2, 
= 8ܶ(

݊
2) + ݊3  +  .݁ݏ݅ݓݎℎ݁ݐ݋ 1 

Using the master theorem gives: ܶ(݊)   =Θ(݊௟௢௚మ
ఴ݈݊݃݋) = Θ(݊ଷ݈݊݃݋). 

 

Problem-45 Find the complexity of the pseudocode given below: 
temp  = 1 
repeat 

for i = 1 to n 
temp =  temp + 1; 

n  = 
௡
ଶ

; 
until n <= 1 

 

Solution:  Consider the comments in the pseudocode given below: 
     temp  = 1         // constant time 
     repeat 
          // this loops executes n times 
          for i = 1 to n 
               temp =  temp + 1; 
          //recursive call with 

௡
ଶ

 value 

          n  = 
୬
ଶ

; 
     until n <= 1 
The recurrence for this function is ܶ(݊) =  ܶ(݊/2) +  ݊. Using master theorem we get: ܶ(݊)  = O(݊). 
 

Problem-46  Running time of the following program? 
      publicvoid  function(int n) { 

for(int i = 1 ; i <= n ; i + + ) 
for(int j = 1 ; j <= n ; j * = 2 ) 

System.out.println(“*”); 
       } 

Solution:  Consider the comments in the function given below: 
     public void function(int n) { 
 // this loops executes n times 
 for(int i = 1 ; i <= n ; i + + ) 
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  // this loops executes logn times from our logarithms  
  //guideline 
  for(int j = 1 ; j <= n ; j * = 2 ) 
   System.out.println(“*”); 
     } 
Complexity of above program is O(݈݊݊݃݋). 
 

Problem-47 Running time of the following program? 
public void function(int n) { 

for(int i = 1 ; i <= n/3 ; i + + ) 
for(int j = 1 ; j <= n ; j += 4 ) 

System.out.println(“ ∗ ”); 
} 

Solution: Consider the comments in the function given below: 
     public void function(int n) { 
 // this loops executes n/3 times 
 for(int i = 1 ; i <= n/3 ; i + + ) 
  // this loops executes n/4 times  
  for(int j = 1 ; j <= n ; j += 4) 
   System.out.println(“ ∗ ”); 
     } 
The time complexity of this program is: O(݊ଶ). 
 

Problem-48 Find the complexity of the below function: 
public void function(int n) { 
 if(n <=  1) return; 
 if(n > 1) { 
  System.out.println(“ ∗ ”); 
  function( 

୬
ଶ
 ); 

  function( 
୬
ଶ
 ); 

} 
} 

Solution: Consider the comments in the function given below: 
     public void function(int n) { 
 if(n <= 1) return;                               //constant time 
 if(n > 1) { 
  System.out.println(“ ∗ ”);           //constant time 
  //recursion with n/2 value 
  function( n/2 ); 
  //recursion with n/2 value 
  function( n/2 ); 
 } 
     } 

The recurrence for this function is:  ܶ(݊) = 2ܶ ቀ௡
ଶ

ቁ + 1. Using master theorem, we get ܶ(݊) = O(݊).  
 

Problem-49 Find the complexity of the below function: 
public void function(int n) { 
 int i=1; 
 while (i < n) { 
  int j=n; 
  while(j > 0)  
   j = j/2; 
  i=2*i; 
 } // i 
} 

 

Solution: 
     public void function(int n) { 
 int i=1; 
 while (i < n) { 
  int j=n; 
  while(j > 0)  
   j = j/2;   //logn code 
  i=2*i; //logn times 
 } // i 
     } 
 

Time Complexity: O(݈݊݃݋ ∗ (݊݃݋݈ =O(݈݃݋ଶ݊). 
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Problem-50 ∑ O(݊)ଵஸ௞ஸ௡ , where O(݊) stands for order ݊ is:                                                                    
(a) O(݊)             (b) O(݊ଶ)              (c) O(݊ଷ)              (d)  O(3݊ଶ)              (e) O(1.5݊ଶ) 

 

Solution: (b). ∑ O(݊)ଵஸ௞ஸ௡ = O(݊) ∑ 1ଵஸ௞ஸ௡ =O(݊ଶ). 
 

Problem-51 Which of the following three claims are correct                                                                   
I   (݊ +  ݇)௠ = (݊௠), where ݇ and ݉ are constants        II 2௡ାଵ = O(2௡)       III  2ଶ௡ାଵ  = O(2௡) 
(a) I and II                 (b) I and III                 (c) II and III                    (d) I, II and III 

 

Solution: (a).    (I)  (݊ +  ݇)௠ = ݊௞  + c1*݊௞ିଵ + ... ݇௠ = (݊௞) and (II)  2௡ାଵ = 2*2௡ = O(2௡) 
 

Problem-52 Consider the following functions:                                                                                            
  f(݊)   = 2௡              g(݊)   = ݊!                    h(݊)   = ݊௟௢௚௡ 
Which of the following statements about the asymptotic behavior of f(݊), g(݊), and h(݊) is true? 
 (A) f(݊) = O(g(݊)); g(݊) = O(h(݊))                  (B) f(݊) =  (g(݊)); g(݊) = O(h(݊)) 
 (C) g(݊) = O(f(݊)); h(݊) = O(f(݊))                   (D) h(݊) = O(f(݊)); g(݊) =  (f(݊)) 

 

Solution: (D). According to the rate of growth: h(݊) < f(݊) < g(݊) (g(݊) is asymptotically greater than f(݊), and f(݊) is asymptotically greater than 
h(݊)). We can easily see the above order by taking logarithms of the given 3 functions:    ݈݃݋݈ > ݊ > ݊݃݋݈݊݃݋(݊!). Note that, ݈݃݋(݊!) = 
O(݈݊݊݃݋). 
 

Problem-53 Consider the following segment of C-code:                                                              
int j=1, n; 
while (j <=n) 

j = j*2; 
The number of comparisons made in the execution of the loop for any ݊ >  0 is: 
(A) ceil(݈݃݋ଶ

௡)+ 1                 (B) ݊                  (C) ceil(݈݃݋ଶ
௡)                  (D) floor(݈݃݋ଶ

௡) + 1 
 

Solution: (a). Let us assume that the loop executes ݇  times. After ݇ ௧௛ step the value of ݆  is 2௞. Taking logarithms on both sides gives ݇ = ଶ݃݋݈
௡. 

Since we are doing one more comparison for exiting from the loop, the answer is ceil(݈݃݋ଶ
௡)+ 1.  

 

Problem-54 Consider the following C code segment. Let T(݊) denote the number of times the for loop is executed by the program 
on input ݊. Which of the following is TRUE?                                                                                

public int IsPrime(int n){ 
  for(int i=2;i<=sqrt(n);i++) 
   if(n%i == 0) 
     {printf(“Not Prime\n”); return 0;} 
  return 1; 
} 

 (A) T(݊) = O(√݊) and T(݊) = (√݊)                    (B) T(݊) = O(√݊) and T(݊) = (1) 
 (C) T(݊) = O(݊) and T(݊) = (√݊)                      (D) None of the above 

 

Solution: (B). Big O notation describes the tight upper bound and Big Omega notation describes the tight lower bound for an algorithm. The 
 .loop in the question is run maximum √݊ times and minimum 1 time. Therefore, T(݊) = O(√݊) and T(݊) = (1) ݎ݋݂
 

Problem-55 In the following C function, let ݊ ≥  ݉. How many recursive calls are made by this function?                                                                                  
public int gcd(n,m){ 

if (n%m ==0) return m; 
n = n%m; 
return gcd(m,n); 

} 
(A) (݈݃݋ଶ

௡)                                 (B) (݊)                                  (C) (݈݃݋ଶ݈݃݋ଶ
௡)                                 (D) (݊) 

 

Solution: No option is correct. Big O notation describes the tight upper bound and Big Omega notation describes the tight lower bound for 
an algorithm. For ݉ = 2 and for all ݊ = 2௜, the running time is O(1) which contradicts every option. 
 

Problem-56 Suppose ܶ(݊)  =  2ܶ(݊/2) +  ݊, T(0)=T(1)=1. Which one of the following is FALSE?       
(A) ܶ(݊) = O(݊ଶ)                     (B) ܶ(݊) = (݈݊݊݃݋)                (C) ܶ(݊) = (݊ଶ)                 (D) ܶ(݊) = O(݈݊݊݃݋) 

 

Solution: (C). Big O notation describes the tight upper bound and Big Omega notation describes the tight lower bound for an algorithm. 
Based on master theorem, we get ܶ(݊) = (݈݊݊݃݋). This indicates that tight lower bound and tight upper bound are the same. That means, 
O(݈݊݊݃݋) and (݈݊݊݃݋) are correct for given recurrence. So option (C) is wrong. 
 

Problem-57 Find the complexity of the below function: 
 

public void function(int n) { 
    for (int i = 0; i<n; i++) 
        for(int j=i; j<i*i; j++) 
     if (j %i == 0){ 
        for (int k = 0; k < j; k++) 
           printf(" * "); 
     } 
 } 
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At level 2 the four subproblems are of size 
ଵ
ଶ

௡
ଶ

,  ଶ
ଷ

௡
ଶ

, ଵ
ଶ

ଶ௡
ଷ

, and 
ଶ
ଷ

ଶ௡
ଷ

 respectively. These two subproblems take time:  
 

൬
1
4 ݊൰

ଶ

+ ൬
1
3 ݊൰

ଶ

+ ൬
1
3൰ ݊ଶ + ൬

4
9൰ ݊ଶ =

625
1296 ݊ଶ = ൬

25
36൰

ଶ

݊ଶ 
 

Similarly the amount of work at level ݇ is at most ቀଶହ
ଷ଺

ቁ
௞

݊ଶ .  

Let ߙ =  ଶହ
ଷ଺

, the total runtime is then: 

T(݊) ≤ ෍ ௞ߙ
ஶ

௞ୀ଴

݊ଶ 

 = 
1

1−∝ ݊ଶ 

 = 
1

1 − 25
36

݊ଶ 

 = 
1

11
36

݊ଶ 

 = 
36
11 ݊ଶ 

 = O(݊ଶ) 
 

That is, the first level provides a constant fraction of the total runtime. 
 

Problem-62 Find the time complexity of recurrence T(n) = T(
௡
ଶ
) + T(

௡
ସ
) + T(

௡
଼
) + ݊. 

 

Solution: Let us solve this problem by method of guessing. The total size on each level of the recurrance tree is less than ݊, so we guess that 
݂(݊)  =  ݊ will dominate. Assume for all ݅ <  ݊ that ଵܿ݊ ≤ T(݅) ≤ ܿଶ݊. Then, 
 

ଵܿ
௡
ଶ
 + ଵܿ

௡
ସ
 + ଵܿ

௡
଼
 + ݇݊ ≤ T(݊)  ≤ ܿଶ

௡
ଶ
 + ܿଶ

௡
ସ
 + ܿଶ

௡
଼
 + ݇ ݊ 

ଵܿ݊(
ଵ
ଶ
 + 

ଵ
ସ
 + 

ଵ
଼
 + 

௞
௖భ

) ≤ T(݊)  ≤ ܿଶ݊(
ଵ
ଶ
 + 

ଵ
ସ
 + 

ଵ
଼
  + 

௞
௖మ

) 

ଵܿ݊(
଻
଼
 + 

௞
௖భ

) ≤ T(݊)  ≤ ܿଶ݊(
଻
଼
 + 

௞
௖మ

) 
 

If ଵܿ ≥ 8k and ܿଶ ≤ 8k, then ଵܿ݊ = T(݊) = ܿଶ݊. So, T(݊) = Θ(݊). In general, if you have multiple recursive calls, the sum of the arguments to 
those calls is less than n (in this case 

௡
ଶ
 + 

௡
ସ
 + 

௡
଼
 < ݊), and ݂(݊) is reasonably large, a good guess is T(݊) = Θ(f(݊)). 

 

Problem-63 Rank the following functions by order of growth: (݊ + 1)!, n!, 4௡, ݊ × 3௡, 3௡ + ݊ଶ + 20݊, (ଷ
ଶ
)௡, 4݊ଶ, 4௟௚௡, ݊ଶ + 200, 

20݊ + 500,  2௟௚௡, ݊ଶ/ଷ, 1. 
 

Solution: 
Function Rate of Growth  

(݊ + 1)! O(݊!) 
݊! O(݊!) 
4௡ O(4௡) 

݊ × 3௡ O(݊3௡) 
3௡ + ݊ଶ + 20݊ O(3௡) 

(
3
2)௡ O((ଷ

ଶ
)௡) 

4݊ଶ O(݊ଶ) 
4௟௚௡ O(݊ଶ) 

݊ଶ + 200 O(݊ଶ) 
20݊ + 500 O(݊) 

2௟௚௡ O(݊) 
݊ଶ/ଷ O(݊ଶ/ଷ) 

1 O(1) 
 

Problem-64 Can we say 3௡బ.ళఱ = O(3௡)? 
 

Solution: Yes: because 3௡బ.ళఱ <  3௡భ
. 

 

Problem-65 Can we say 2ଷ௡ = O(2௡)? 
 

Solution: No: because 2ଷ௡ = (2ଷ)௡ = 8௡ not less than 2௡. 
  

Decreasing rate of growths 
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RECURSION AND 
BACKTRACKING 

 

Chapter 

2 
 

 
 
 
 

2.1 Introduction 
 

In this chapter, we will look at one of the important topics, “݊݋݅ݏݎݑܿ݁ݎ”, which will be used in almost every chapter, and also its relative 
  .”݃݊݅݇ܿܽݎݐܾ݇ܿܽ“

2.2 What is Recursion? 
 

Any function which calls itself is called ݁ݒ݅ݏݎݑܿ݁ݎ. A recursive method solves a problem by calling a copy of itself to work on a smaller 
problem. This is called the recursion step. The recursion step can result in many more such recursive calls. It is important to ensure that the 
recursion terminates. Each time the function calls itself with a slightly simpler version of the original problem. The sequence of smaller 
problems must eventually converge on the base case. 

2.3 Why Recursion? 
 

Recursion is a useful technique borrowed from mathematics. Recursive code is generally shorter and easier to write than iterative code. 
Generally, loops are turned into recursive functions when they are compiled or interpreted. Recursion is most useful for tasks that can be 
defined in terms of similar subtasks. For example, sort, search, and traversal problems often have simple recursive solutions.  

2.4 Format of a Recursive Function  
 

A recursive function performs a task in part by calling itself to perform the subtasks. At some point, the function 
encounters a subtask that it can perform without calling itself. This case, where the function does not recur, is called the ܾܽ݁ݏܽܿ ݁ݏ. The 
former, where the function calls itself to perform a subtask, is referred to as the ݁ݏܽܿ ݁ݒ݅ݏݎݑܿ݁ݎ.  We can write all recursive functions using 
the format: 
 

      if(test for the base case) 
 return some base case value 
      else if(test for another base case) 
 return some other base case value 
      // the recursive case 
      else return (some work and then a recursive call) 
 

As an example consider the factorial function: ݊! is the product of all integers between ݊ and 1. The definition of recursive factorial looks 
like: 

݊!  =  1,   if ݊ =  0 
݊!  =  ݊ ∗  (݊ − 1)!  if ݊ >  0 

 

This definition can easily be converted to recursive implementation. Here the problem is determining the value of ݊!, and the subproblem is 
determining the value of (݊ − ݈)!. In the recursive case, when ݊  is greater than 1, the function calls itself to determine the value of (݊ − ݈)! and 
multiplies that with ݊. In the base case, when ݊ is 0 or 1, the function simply returns 1. This looks like the following:  
 

class Factorial { 
  // recursive definition of method factorial 
  public long factorial(long number) { 
    if (number <= 1) // test for base case 
      return 1; // base cases: 0! = 1 and 1! = 1 
    else 
      // recursion step 
      return number * factorial(number - 1); 
  } 
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2.7 Notes on Recursion 
 

 Recursive algorithms have two types of cases, recursive cases and base cases. 
 Every recursive function case must terminate at a base case.  
 Generally, iterative solutions are more efficient than recursive solutions [due to the overhead of function calls]. 
 A recursive algorithm can be implemented without recursive function calls using a stack, but it’s usually more trouble than its worth. 

That means any problem that can be solved recursively can also be solved iteratively. 
 For some problems, there are no obvious iterative algorithms.  
 Some problems are best suited for recursive solutions while others are not. 

2.8 Example Algorithms of Recursion 
 

• Fibonacci Series, Factorial Finding 
• Merge Sort, Quick Sort 

• Binary Search 

• Tree Traversals and many Tree Problems: InOrder, PreOrder PostOrder 

• Graph Traversals: DFS [Depth First Search] and BFS [Breadth First Search] 

• Dynamic Programming Examples 

• Divide and Conquer Algorithms 

• Towers of Hanoi 

• Backtracking Algorithms [we will discuss in next section] 

2.9 Recursion: Problems & Solutions 
 

In this chapter we cover a few problems with recursion and we will discuss the rest in other chapters. By the time you complete reading the 
entire book, you will encounter many recursion problems. 
 

Problem-1 Discuss Towers of Hanoi puzzle. 
 

Solution: The Towers of Hanoi is a mathematical puzzle. It consists of three rods (or pegs or towers) and a number of disks of different sizes 
which can slide onto any rod. The puzzle starts with the disks on one rod in ascending order of size, the smallest at the top, thus making a 
conical shape. The objective of the puzzle is to move the entire stack to another rod, satisfying the following rules: 
 

 Only one disk may be moved at a time. 
 Each move consists of taking the upper disk from one of the rods and sliding it onto another rod, on top of the other disks that may 

already be present on that rod. 
 No disk may be placed on top of a smaller disk. 

 

Algorithm 
 Move the top ݊ − 1 disks from ܵ݁ܿݎݑ݋ to ݕݎ݈ܽ݅݅ݔݑܣ tower, 
 Move the ݊௧௛ disk from ܵ݁ܿݎݑ݋ to ݊݋݅ݐܽ݊݅ݐݏ݁ܦ tower, 
 Move the ݊ − 1disks from ݕݎ݈ܽ݅݅ݔݑܣ tower to ݊݋݅ݐܽ݊݅ݐݏ݁ܦ tower. 
 Transferring the top ݊ − 1 disks from ܵ݁ܿݎݑ݋ to ݕݎ݈ܽ݅݅ݔݑܣ tower can again be thought of as a fresh problem and can be solved 

in the same manner. Once we solve ܶ݅݋݊ܽܪ ݂݋ ݏݎ݁ݓ݋ with three disks, we can solve it with any number of disks with the above 
algorithm. 

 

      public void TowersOfHanoi(int n, char frompeg, char topeg, char auxpeg) {  
 /* If only 1 disk, make the move and return */ 
 if(n==1) {  
     System.out.println("Move disk 1 from peg “ + frompeg + “ to peg " + topeg); 
         return; 
 } 
 

 /* Move top n-1 disks from A to B, using C as auxiliary */ 
 TowersOfHanoi(n-1,frompeg,auxpeg,topeg); 
 

 /* Move remaining disks from A to C */ 
                System.out.println("Move disk from peg” + frompeg + “ to peg " + topeg); 
 

 /* Move n-1 disks from B to C using A as auxiliary */ 
 TowersOfHanoi(n-1,auxpeg,topeg,frompeg); 
      } 
 

Problem-2 Given an array, check whether the array is in sorted order with recursion. 
 

Solution:  
 

      public int isArrayInSortedOrder(int[] A, int index){ 
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 if(A.length() == 1 || index == 1)  
                    return 1; 
 return (A[index -1] < A[index -2])?0: isArrayInSortedOrder(A, index -1); 
      } 
 

Time Complexity: O(݊). Space Complexity: O(݊) for recursive stack space. 

2.10 What is Backtracking? 
 

Backtracking is an improvement of the brute force approach. It systematically searches for a solution to a problem among all available options. 
In backtracking, we start with one possible option out of many available options and try to solve the problem if we are able to solve the 
problem with the selected move then we will print the solution else we will backtrack and select some other option and try to solve it. If none 
if the options work out we will claim that there is no solution for the problem.  
 

Backtracking is a form of recursion. The usual scenario is that you are faced with a number of options, and you must choose one of these. 
After you make your choice you will get a new set of options; just what set of options you get depends on what choice you made. This 
procedure is repeated over and over until you reach a final state. If you made a good sequence of choices, your final state is a goal state; if you 
didn't, it isn't.  

 

Backtracking can be thought of as a selective tree/graph traversal method. The tree is a way of representing some initial starting position (the 
root node) and a final goal state (one of the leaves). Backtracking allows us to deal with situations in which a raw brute-force approach would 
explode into an impossible number of options to consider. Backtracking is a sort of refined brute force. At each node, we eliminate choices 
that are obviously not possible and proceed to recursively check only those that have potential.  

 

What’s interesting about backtracking is that we back up only as far as needed to reach a previous decision point with an as-yet-unexplored 
alternative. In general, that will be at the most recent decision point. Eventually, more and more of these decision points will have been fully 
explored, and we will have to backtrack further and further. If we backtrack all the way to our initial state and have explored all alternatives 
from there, we can conclude the particular problem is unsolvable. In such a case, we will have done all the work of the exhaustive recursion 
and known that there is no viable solution possible. 
 

 Sometimes the best algorithm for a problem is to try all possibilities. 
 This is always slow, but there are standard tools that can be used to help. 
 Tools: algorithms for generating basic objects, such as binary strings [2௡ possibilities for ݊-bit string], permutations 

[݊!], combinations [݊!/ݎ! (݊ − general strings [k ,[!(ݎ − ary strings of length ݊ has ݇௡ possibilities], etc... 
 Backtracking speeds the exhaustive search by pruning. 

2.11 Example Algorithms of Backtracking 
 

 Binary Strings: generating all binary strings 
 Generating k-ary Strings 
 The Knapsack Problem 
 N-Queens Problem 
 Generalized Strings 
 Hamiltonian Cycles [refer to ݌ܽݎܩℎݏ chapter] 
 Graph Coloring Problem 

2.12 Backtracking: Problems & Solutions 
 

Problem-3 Generate all the strings of ݊ bits. Assume 0]ܣ. . ݊ − 1] is an array of size ݊. 
 

Solution:    
 

import java.util.*; 
public class BinaryStrings { 
    int[] A; 
    public BinaryStrings(int n) { 
        A = new int[n]; 
    } 
 

    public void binary(int n) { 
        if (n <= 0) { 
            System.out.println(Arrays.toString(A)); 
        } else { 
            A[n - 1] = 0; 
            binary(n - 1); 
            A[n - 1] = 1; 
            binary(n - 1); 
        } 
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    } 
 

    public static void main(String[] args) throws java.lang.Exception { 
        int n = 4; 
        BinaryStrings i = new BinaryStrings(n); 
        i.binary(n); 
    } 
} 

 

Let ܶ(݊) be the running time of ܾ݅݊ܽݕݎ(݊). Assume function ܵ݉݁ݐݏݕ. .ݐݑ݋   .takes time O(1) ݈݊ݐ݊݅ݎ݌

ܶ(݊) = ൜ ܿ,                              if ݊ < 0
2ܶ(݊ − 1) + ݀, otherwise 

Using Subtraction and Conquer Master theorem, we get ܶ(݊) =O(2௡). This means the algorithm for generating bit-strings is optimal. 
 

Problem-4 Generate all the strings of length ݊ drawn from 0. . . ݇ −  1. 
 

Solution:  Let us assume we keep current k-ary string in an array 0]ܣ. . ݊ − 1]. Call function ݇-݃݊݅ݎݐݏ(n, k): 
 

import java.util.*; 
 class K_aryStrings { 
    int[] A; 
    public BinaryStrings(int n) { 
        A = new int[n]; 
    } 
    public void base_K_strings(int n, int k) { 
        //process all k-ary strings of length m 
        if(n <= 0)  
            System.out.println(Arrays.toString(A));  //Assume array A is a class variable 
        else {  
            for (int j = 0 ; j < k ; j++) { 
                A[n-1] = j;  
                base_K_strings(n - 1, k); 
            } 
        } 
    } 
 

    public static void main(String[] args) throws java.lang.Exception { 
        int n = 4; 
        K_aryStrings obj = new K_aryStrings (n); 
        obj.base_K_strings(n, 3); 
    } 
} 

 

Let ܶ(݊) be the running time of ݇ −  ,Then .(݊)݃݊݅ݎݐݏ
 

ܶ(݊) = ൜ܿ,                              ݂݅ ݊ < 0
݇ܶ(݊ − 1) + ݀,  ݁ݏ݅ݓݎℎ݁ݐ݋

 

Using Subtraction and Conquer Master theorem, we get: ܶ(݊) =O(݇௡). 
 

Note: For more problems, refer to ܵݐ݅ݎ݋݈݃ܣ ݃݊݅ݎݐℎ݉ݏ chapter. 
 

Problem-5 Solve the recurrence T(݊) = 2T(݊ −  1) + 2௡ . 
 

Solution: At each level of the recurrence tree, the number of problems is double from the previous level, while the amount of work being 
done in each problem is half from the previous level. Formally, the ݅௧௛ level has 2௜ problems, each requiring 2௡ି௜  work. Thus the ݅௧௛ level 
requires exactly 2௡ work. The depth of this tree is ݊, because at the ݅௧௛  level, the originating call will be T(݊ −  ݅). Thus the total complexity 
for T(݊) is T(݊2௡).   
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process takes one multiplication and one addition. Since these two operations take constant time, we can say the array access can be performed 
in constant time. 

Advantages of Arrays 
 

 Simple and easy to use 
 Faster access to the elements (constant access) 

Disadvantages of Arrays 
 

 Preallocates all needed memory up front and wastes memory space for indices in the array that are empty. 
 Fixed size: The size of the array is static (specify the array size before using it). 
 One block allocation: To allocate the array itself at the beginning, sometimes it may not be possible to get the memory for the 

complete array (if the array size is big). 
 Complex position-based insertion: To insert an element at a given position, we may need to shift the existing elements. This will 

create a position for us to insert the new element at the desired position. If the position at which we want to add an element is at 
the beginning, then the shifting operation is more expensive. 

Dynamic Arrays 
 

Dynamic array (also called ݈ܾ݃݁ܽݐ ܿ݅݉ܽ݊ݕ݀ ,ݕܽݎݎܽ ݈ܾ݁ܽݖ݅ݏ݁ݎ ,ݕܽݎݎܽ ݈ܾ݁ܽݓ݋ݎ, or ܽݐݏ݈݅ ݕܽݎݎ) is a random access, variable-size list data 
structure that allows elements to be added or removed.  
 

One simple way of implementing dynamic arrays is to initially start with some fixed size array. As soon as that array becomes full, create the 
new array double the size of the original array. Similarly, reduce the array size to half if the elements in the array are less than half the size. 
 

Note: We will see the implementation for ݀ݏݕܽݎݎܽ ܿ݅݉ܽ݊ݕ in the ܵݏ݁ݑ݁ݑܳ ,ݏ݇ܿܽݐ and ݏܽܪℎ݅݊݃ chapters. 

Advantages of Linked Lists 
 

Linked lists have both advantages and disadvantages. The advantage of linked lists is that they can be ݁݀݁݀݊ܽ݌ݔ in constant time. To create 
an array, we must allocate memory for a certain number of elements. To add more elements to the array when full, we must create a new 
array and copy the old array into the new array. This can take a lot of time.  
 

We can prevent this by allocating lots of space initially but then we might allocate more than we need and waste memory. With a linked list, 
we can start with space for just one allocated element and ܽ݀݀ on new elements easily without the need to do any copying and reallocating. 

Issues with Linked Lists (Disadvantages) 
 

There are a number of issues with linked lists. The main disadvantage of linked lists is ܽܿܿ݁݁݉݅ݐ ݏݏ to individual elements. Array is random-
access, which means it takes O(1) to access any element in the array. Linked lists take O(݊) for access to an element in the list in the worst 
case. Another advantage of arrays in access time is ݕݐ݈݅ܽܿ݋݈ ݈ܽ݅ܿܽ݌ݏ in memory. Arrays are defined as contiguous blocks of memory, and so 
any array element will be physically near its neighbors. This greatly benefits from modern CPU caching methods. 
 

Although the dynamic allocation of storage is a great advantage, the ݎ݁ݒ݋ℎ݁ܽ݀ with storing and retrieving data can make a big difference. 
Sometimes linked lists are ℎܽ݀ݎ to ݉ܽ݊݅݁ݐ݈ܽݑ݌. If the last item is deleted, the last but one must then have its pointer changed to hold a 
NULL reference. This requires that the list is traversed to find the last but one link, and its pointer set to a NULL reference. Finally, linked 
lists waste memory in terms of extra reference points. 

3.5 Comparison of Linked Lists with Arrays & Dynamic Arrays  
 

As with most choices in computer programming and design, no method is well suited to all circumstances. A linked list data structure might 
work well in one case, but cause problems in another. This is a list of some of the common tradeoffs involving linked list structures. In general, 
if you have a dynamic collection, where elements are frequently being added and deleted, and the location of new elements added to the list 
is significant, then benefits of a linked list increase. 
 

Parameter Linked list Array Dynamic array 
Indexing O(݊) O(1) O(1) 
Insertion/deletion at 
beginning O(1) O(݊), if array is not full (for shifting the elements) O(݊) 

Insertion at ending O(݊) O(1), if array is not full 
O(1), if array is not full 
O(݊), if array is full 

Deletion at ending O(݊) O(1) O(݊) 
Insertion in middle O(݊) O(݊), if array is not full (for shifting the elements) O(݊) 
Deletion in middle O(݊) O(݊), if array is not full (for shifting the elements) O(݊) 
Wasted space O(݊) (for pointers) 0 O(݊) 

3.6 Singly Linked Lists  
 

The linked list consists of a series of structures called nodes. We can think of each node as a record. The first part of the record is a field that 
stores the data, and the second part of the record is a field that stores a pointer to a node. So, each node contains two fields: a ݀ܽܽݐ field and 
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Inserting a Node in Singly Linked List at the Beginning 
 

In this case, a new node is inserted before the current head node. ܱ݈݊ݎ݁ݐ݊݅݋݌ ݐݔ݁݊ ݁݊݋ ݕ needs to be modified (new node’s next pointer) 
and it can be done in two steps: 
 

 Update the next pointer of new node, to point to the current head.  
 
 

 
 
 

 Update head pointer to point to the new node. 
 
 

 
 

Inserting a Node in Singly Linked List at the Ending 
 

In this case, we need to modify ݏݎ݁ݐ݊݅݋݌ ݐݔ݁݊ ݋ݓݐ (last nodes next pointer and new nodes next pointer).  
 

 New nodes next pointer points to NULL. 
 
 

 
 
 

 

 Last nodes next pointer points to the new node. 
 

 
 
 

 
 

Inserting a Node in Singly Linked List at the Middle 
 

Let us assume that we are given a position where we want to insert the new node. In this case also, we need to modify two next pointers. 
 

 If we want to add an element at position 3 then we stop at position 2. That means we traverse 2 nodes and insert the new node. 
For simplicity let us assume that the second node is called ݊݋݅ݐ݅ݏ݋݌ node. The new node points to the next node of the position 
where we want to add this node.  
 
 

 
 
 
 
 
 
 

 Position node’s next pointer now points to the new node. 
 
 
 
 
 
 
 
 
Note: We can implement the three variations of the ݅݊ݐݎ݁ݏ operation separately. 
 

Time Complexity: O(݊). since, in the worst case, we may need to insert the node at the end of the list. Space Complexity: O(1). 

Singly Linked List Deletion 
 

Similar to insertion, here we also have three cases. 
 

 Deleting the first node 
 Deleting the last node 
 Deleting an intermediate node. 
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Deleting the First Node in Singly Linked List 
 

First node (current head node) is removed from the list. It can be done in two steps: 
 

 Create a temporary node which will point to the same node as that of head.  
 
 
 
 
 

 Now, move the head nodes pointer to the next node and dispose of the temporary node. 
 
 
 
 
 

Deleting the Last node in Singly Linked List 
 

In this case, the last node is removed from the list. This operation is a bit trickier than removing the first node, because the algorithm should 
find a node, which is previous to the tail. It can be done in three steps:   

 Traverse the list and while traversing maintain the previous node address also. By the time we reach the end of the list, we will have 
two pointers, one pointing to the ݈݅ܽݐ node and the other pointing to the node ܾ݂݁݁ݎ݋ the tail node.  

 
 
 
 
 
 

 Update previous node’s next pointer with NULL.  
 
 

 
 
 
 
 

 Dispose of the tail node. 
 
 
 
 
 
 

Deleting an Intermediate Node in Singly Linked List 
 

In this case, the node to be removed is ܽ  two nodes. Head and tail links are not updated in this case. Such a removal ݊݁݁ݓݐܾ݁ ݀݁ݐܽܿ݋݈ ݏݕܽݓ݈
In this case, the node to be removed is ܽ  two nodes. Head and tail links are not updated in this case. Such a removal ݊݁݁ݓݐܾ݁ ݀݁ݐܽܿ݋݈ ݏݕܽݓ݈
can be done in two steps: 
 

 Similar to the previous case, maintain the previous node while traversing the list. Once we find the node to be deleted, change the 
previous node’s next pointer to the next pointer of the node to be deleted. 

 
 
 
 
 
 

 Dispose of the current node to be deleted. 
 
 
 
 
 
 

Time Complexity: O(݊). In the worst case, we may need to delete the node at the end of the list. Space Complexity: O(1).  

Deleting Singly Linked List 
 

This works by storing the current node in some temporary variable and freeing the current node. After freeing the current node, go to the 
next node with a temporary variable and repeat this process for all nodes. 
 

Time Complexity: O(݊), for scanning the complete list of size ݊. Space Complexity: O(1), for temporary variable. 
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Implementation 
 

public class LinkedList { 
    // This class has a default constructor:  
    public LinkedList() { 
        length = 0; 
    } 
    ListNode head; 
 

    // Length of the linked list 
    private int length = 0; 
 

    // Return the first node/head in the list  
    public synchronized ListNode getHead() {  
        return head;  
    } 
 

    // Insert a node at the beginning of the list  
    public synchronized void insertAtBegin(ListNode node) { 
        node.next = head; 
        head = node; 
        length ++; 
    } 
 

    // Insert a node at the end of the list  
    public synchronized void insertAtEnd(ListNode node) { 
        if (head == null)  
            head = node; 
        else { 
            ListNode p, q; 
            for(p = head; (q = p.next) != null; p = q); 
                p.next = node; 
        } 
        length ++; 
    } 
 

    // Add a new value to the list at a given position. All values at that position to the end move over to make room. 
    public void insert(int data, int position) { 
        // fix the position 
        if (position < 0) { 
            position = 0; 
        } 
        if (position > length) { 
            position = length; 
        } 
        // if the list is empty, make it be the only element 
        if (head == null) { 
            head = new ListNode(data); 
        } 
        // if adding at the front of the list... 
        else if (position == 0) { 
            ListNode temp = new ListNode(data); 
            temp.next = head; 
            head = temp; 
        } 
        // else find the correct position and insert 
        else { 
            ListNode temp = head; 
            for (int i=1; i<position; i+=1) { 
                temp = temp.next; 
            } 
            ListNode newNode = new ListNode(data); 
            newNode.next = temp.next; 
            temp.next = newNode; 
        } 
        // the list is now one value longer 
        length += 1; 
    }  
 

    // Remove and return the node at the head of the list  
    public synchronized ListNode removeFromBegin() { 
        ListNode node = head; 
        if (node != null) { 
            head = node.next; 



 

Data Structures and Algorithms Made Easy in Java Linked Lists                      

 

3.6 Singly Linked Lists    47 

 
 

            node.next = null; 
        } 
        return node; 
    } 
 

    // Remove and return the node at the end of the list  
    public synchronized ListNode removeFromEnd() { 
        if (head == null)  
            return null; 
        ListNode p = head, q = null, next = head.next; 
        if (next == null) { 
            head = null; 
            return p; 
        } 
        while((next = p.next) != null) {  
            q = p;  
            p = next; 
        } 
        q.next = null; 
        return p; 
    } 
 

    // Remove a node matching the specified node from the list.   
    // Use equals() instead of == to test for a matched node. 
    public synchronized void removeMatched(ListNode node) { 
        if (head == null)  
            return; 
        if (node.equals(head)) {  
            head = head.next;  
            return; 
        } 
        ListNode p = head, q = null; 
 

        while((q = p.next) != null) { 
            if (node.equals(q)) { 
                p.next = q.next; 
                return; 
            } 
            p = q; 
        } 
    } 
 

    // Remove the value at a given position. 
    // If the position is less than 0, remove the value at position 0. 
    // If the position is greater than 0, remove the value at the last position. 
    public void remove(int position) { 
        // fix position 
        if (position < 0) { 
            position = 0; 
        } 
 

        if (position >= length) { 
            position = length-1; 
        } 
 

        // if nothing in the list, do nothing 
        if (head == null) 
            return; 
 

        // if removing the head element... 
        if (position == 0) { 
            head = head.next; 
        } 
 

        // else advance to the correct position and remove 
        else { 
            ListNode temp = head; 
 

            for (int i=1; i<position; i+=1) { 
                temp = temp.next; 
            } 
            temp.next = temp.next.next; 
        } 
        // reduce the length of the list 
        length -= 1; 
    } 
 



 

Data Structures and Algorithms Made Easy in Java Linked Lists                      

 

3.7 Doubly Linked Lists    48 

 
 

    // Return a string representation of this collection, in the form ["str1","str2",...]. 
    public String toString() { 
        String result = "["; 
        if (head == null) { 
            return result+"]"; 
        } 
        result = result + head.data; 
        ListNode temp = head.next;; 
 

        while (temp != null) { 
            result = result + "," + temp.data; 
            temp = temp.next; 
        } 
        return result + "]"; 
    } 
    // Return the current length of the list. 
    public int length() { 
        return length; 
    } 
 

    // Find the position of the first value that is equal to a given value. 
    // The equals method is used to determine equality. 
    public int getPosition(int data) { 
        // go looking for the data 
        ListNode temp = head; 
        int pos = 0; 
 

        while (temp != null) { 
            if (temp.data == data) { 
                // return the position if found 
                return pos; 
            } 
            pos += 1; 
            temp = temp.next; 
        } 
        // else return some large value 
        return Integer.MIN_VALUE; 
    } 
 

    // Remove everything from the list. 
    public void clearList(){ 
        head = null; 
        length = 0; 
    } 
} 

3.7 Doubly Linked Lists  
 

The ܽ ݋ݓݐ of a doubly linked list (also called ݁݃ܽݐ݊ܽݒ݀ −  .is that given a node in the list, we can navigate in both directions (ݐݏ݈݅ ݈݀݁݇݊݅ ݕܽݓ
A node in a singly linked list cannot be removed unless we have the pointer to its predecessor. But in a doubly linked list, we can delete a 
node even if we don’t have the previous node’s address (since each node has a left pointer pointing to the previous node and can move 
backward).  
 

The primary ݀݅ݏ݁݃ܽݐ݊ܽݒ݀ܽݏ of doubly linked lists are: 
 

 Each node requires an extra pointer, requiring more space. 
 The insertion or deletion of a node takes a bit longer (more pointer operations).  

 

Similar to a singly linked list, let us implement the operations of a doubly linked list. If you understand the singly linked list operations, then 
doubly linked list operations are obvious. Following is a type declaration for a doubly linked list:  
 

public class DLLNode { 
    private int data; 
    private DLLNode prev; 
    private DLLNode next; 
 

    public DLLNode(int data) { 
        this.data = data; 
        prev = null; 
        next = null; 
    } 
 

    public DLLNode(int data, DLLNode prev, DLLNode next) { 
        this.data = data; 
        this.prev = prev; 
        this.next = next; 
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    }  
 

    public int getData() { 
        return data; 
    } 
 

    public void setData(int data) { 
        this.data = data; 
    } 
 

    public DLLNode getPrev() { 
        return prev; 
    }  
 

    public DLLNode getNext() { 
        return next; 
    }  
 

    public void setPrev(DLLNode where) { 
        prev = where; 
    }  
 

    public void setNext(DLLNode where) { 
        next = where; 
    }  
} 

Doubly Linked List Insertion 
 

Insertion into a doubly-linked list has three cases (same as a singly linked list). 
 

 Inserting a new node before the head. 
 Inserting a new node after the tail (at the end of the list).  
 Inserting a new node at the middle of the list. 

Inserting a Node in Doubly Linked List at the Beginning 
 

In this case, the new node is inserted before the head node. Previous and next pointers need to be updated and it can be done with the 
following steps: 
 

 Create a new node and initialize both previous and next pointers to NULL. 
 

 
 
 
 
 

 

 Update the right pointer of the new node to point to the current head node (dotted link in below figure). 
 

 
 
 
 

 

 

 Update head node’s left pointer to point to the new node and make new node as head. 
 
 
 
 
 
 
 
 
 
 
 

Inserting a Node in Doubly Linked List at the Ending 
 

In this case, traverse the list till the end and insert the new node.  
 

 Create a new node and initialize both previous and next pointers to NULL. 
 

 
 
 
 

 

 Set new node left pointer to the end of the list. 
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 Update right pointer of last node to point to new node. 
 

 
 

 
 

Inserting a Node in Doubly Linked List at the Given Position  
 

As discussed in singly linked lists, traverse the list to the position node and insert the new node. 
 

 ܰ݁݁݀݋݊ ݓ right pointer points to the next node of the ݁݀݋݊ ݊݋݅ݐ݅ݏ݋݌ where we want to insert the new node. Also, ݊݁݁݀݋݊ ݓ left 
pointer points to the ݊݋݅ݐ݅ݏ݋݌ node. 

 

 
 
 
 
 
 
 
 
 

 Position node right pointer points to the new node and the left of position nodes’ ݊݁݁݀݋݊ ݐݔ points to new node. 
 
 
 
 
 
 
 
 
 

 

 
 

Now, let us write the code for all of these three cases. We must update the first element pointer in the calling function, not just in the called 
function. For this reason we need to send a double pointer. The following code inserts a node in the doubly linked list. 
 

Time Complexity: O(݊). In the worst case, we may need to insert the node at the end of the list. Space Complexity: O(1). 

Doubly Linked List Deletion 
 

Similar to singly linked list deletion, here we have three cases: 
 

 Deleting the first node 
 Deleting the last node 
 Deleting an intermediate node 

Deleting the First Node in Doubly Linked List 
 

In this case, the first node (current head node) is removed from the list. It can be done in two steps: 
 

 Create a temporary node which will point to the same node as that of head.  
 
 
 
 
 
 

 

 Now, move the head nodes pointer to the next node and change the heads previous pointer to NULL. Then, dispose of the 
temporary node. 

 
 
 

 
 
 
 

 

Deleting the Last Node in Doubly Linked List 
 

This operation is a bit trickier than removing the first node, because the algorithm should find a node, which is previous to the tail first. This 
can be done in three steps:  
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 Traverse the list, and while traversing maintain the previous node address. By the time we reach the end of the list, we will have two 
pointers, one pointing to the tail and the other pointing to the node before the tail.  

 
 
 
 
 
 
 
 

 Update the next pointer of previous node to the tail node with NULL.  
 
 
 
 
 
 
 

 Dispose the tail node. 
 
 
 
 
 
 
 
 
 
 

Deleting an Intermediate Node in Doubly Linked List 
 

In this case, the node to be removed is ݈ܽ݊݁݁ݓݐܾ݁ ݀݁ݐܽܿ݋݈ ݏݕܽݓ two nodes, and the head and tail links are not updated. The removal can 
be done in two steps: 
 

 Similar to the previous case, maintain the previous node while also traversing the list. Upon locating the node to be deleted, change 
the ݏ’݁݀݋݊ ݏݑ݋݅ݒ݁ݎ݌ next pointer to the ݊݁݁݀݋݊ ݐݔ of the ݊݀݁ݐ݈݁݁݀ ܾ݁ ݋ݐ ݁݀݋. Also, change the ݏݑ݋݅ݒ݁ݎ݌ pointer of the 
 .݀݁ݐ݈݁݁݀ ܾ݁ ݋ݐ ݁݀݋݊ node of the ݏݑ݋݅ݒ݁ݎ݌ to point to the ݀݁ݐ݈݁݁݀ ܾ݁ ݋ݐ ݁݀݋݊ to the ݁݀݋݊ ݐݔ݁݊
 

 
 
 
 
 
 

 Dispose of the current node to be deleted. 
 
 
 
 
 
 
 

Time Complexity: O(݊), for scanning the complete list of size ݊.  Space Complexity: O(1), for creating one temporary variable. 

Implementation 
 

public class DoublyLinkedList{ 
    // properties 
    private DLLNode head; 
    private DLLNode tail; 
    private int length; 
    // Create a new empty list. 
    public DoublyLinkedList() { 
        head = new DLLNode(Integer.MIN_VALUE,null,null); 
        tail = new DLLNode(Integer.MIN_VALUE, head, null); 
        head.next = tail; 
        length = 0; 
    }  
 

    // Get the value at a given position. 
    public int get(int position) { 
        return Integer.MIN_VALUE; 
    } 
 

    // Find the position of the head value that is equal to a given value. 
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    // The equals method us used to determine equality. 
    public int getPosition(int data) { 
        DLLNode temp = head;        
        int pos = 0; 
        while (temp != null) {            // go looking for the data 
            if (temp.data == data) { 
                // return the position if found 
                return pos; 
            } 
            pos += 1; 
            temp = temp.next; 
        } 
        // else return some large value 
        return Integer.MIN_VALUE; 
    }  
 

    // Return the current length of the DLL. 
    public int length() { 
        return length; 
    } 
 

    // Add a new value to the front of the list. 
    public void insert(int newValue) { 
        DLLNode newNode = new DLLNode(newValue, null, head.next); 
        newNode.next.prev = newNode; 
        head = newNode; 
        length += 1; 
    }  
 

    // Add a new value to the list at a given position. 
    // All values at that position to the end move over to make room. 
    public void insert(int data, int position) { 
        // fix the position 
        if (position < 0) { 
            position = 0; 
        } 
        if (position > length) { 
            position = length; 
        } 
 

        // if the list is empty, make it be the only element 
        if (head == null) { 
            head = new DLLNode(data); 
            tail = head; 
        } 
        // if adding at the front of the list... 
        else if (position == 0) { 
            DLLNode temp = new DLLNode(data); 
            temp.next = head; 
            head = temp; 
        } 
        // else find the correct position and insert 
        else { 
            DLLNode temp = head; 
            for (int i=1; i<position; i+=1) { 
              temp = temp.next; 
            } 
 

            DLLNode newNode = new DLLNode(data); 
            newNode.next = temp.next; 
            newNode.prev = temp; 
            newNode.next.prev = newNode; 
            temp.next = newNode; 
        } 
        // the list is now one value longer 
        length += 1; 
    }  
 

    // Add a new value to the rear of the list. 
    public void insertTail(int newValue) { 
        DLLNode newNode = new DLLNode(newValue,tail.prev,tail); 
        newNode.prev.next = newNode; 
        tail.prev = newNode; 
        length += 1; 
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    } 
 

    // Remove the value at a given position. 
    // If the position is less than 0, remove the value at position 0. 
    // If the position is greater than 0, remove the value at the last position. 
    public void remove(int position) { 
        if (position < 0) { // fix position 
            position = 0; 
        } 
 

        if (position >= length) { 
            position = length-1; 
        } 
        // if nothing in the list, do nothing 
        if (head == null) 
            return; 
        // if removing the head element... 
        if (position == 0) { 
            head = head.next; 
            if (head == null) 
                tail = null; 
        } else { // else advance to the correct position and remove 
            DLLNode temp = head; 
            for (int i=1; i<position; i+=1) { 
                temp = temp.next; 
            } 
            temp.next.prev = temp.prev; 
            temp.prev.next = temp.next; 
        } 
        // reduce the length of the list 
        length -= 1; 
    } 
 

    // Remove a node matching the specified node from the list.  Use equals() instead of == to test for a matched node. 
    public synchronized void removeMatched(DLLNode node) { 
        if (head == null) return; 
        if (node.equals(head)) {  
            head = head.next;  
            if (head == null) 
                tail = null; 
            return; 
        } 
 

        DLLNode p = head; 
        while(p != null) { 
            if (node.equals(p)) { 
                p.prev.next = p.next; 
                p.next.prev = p.prev; 
                return; 
            } 
        } 
    } 
 

    // Remove the head value from the list. If the list is empty, do nothing. 
    public int removeHead() { 
        if (length == 0) 
            return Integer.MIN_VALUE; 
        DLLNode save = head.next; 
        head.next = save.next; 
        save.next.prev = head; 
        length -= 1; 
        return save.data; 
    }  
 

    // Remove the tail value from the list. If the list is empty, do nothing. 
    public int removeTail() { 
        if (length == 0) 
            return Integer.MIN_VALUE; 
        DLLNode save = tail.prev; 
        tail.prev = save.prev; 
        save.prev.next = tail; 
        length -= 1; 
        return save.data; 
    }  
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    // Return a string representation of this collection, in the form: ["str1","str2",...]. 
    public String toString() { 
        String result = "[]"; 
        if (length == 0) 
            return result; 
        result = "[" + head.next.data; 
        DLLNode temp = head.next.next; 
        while (temp != tail) { 
            result += "," + temp.data; 
            temp =  temp.next; 
        } 
        return result + "]"; 
    }  
    public void clearList(){   // Remove everything from the DLL 
        head = null; 
        tail = null; 
        length = 0; 
    } 
} 

3.8 Circular Linked Lists  
 

In singly linked lists and doubly linked lists, the end of lists are indicated with NULL value. But circular linked lists do not have ends. While 
traversing the circular linked lists we should be careful; otherwise we will be traversing the list infinitely. In circular linked lists, each node has 
a successor. Note that unlike singly linked lists, there is no node with NULL pointer in a circularly linked list. In some situations, circular 
linked lists are useful.  
 
 

 
 
 
 
For example, when several processes are using the same computer resource (CPU) for the same amount of time, we have to assure that no 
process accesses the resource before all other processes do (round robin algorithm). In a circular linked list, we access the elements using the 
ℎ݁ܽ݀ node (similar to ℎ݁ܽ݀ node in singly linked list and doubly linked lists). For readability let us assume that the class name of circular 
linked list is CLLNode. 
 

Counting nodes in a Circular Linked List 
 

The circular list is accessible through the node marked ℎ݁ܽ݀ (also called ݈݅ܽݐ). To count the nodes, the list has to be traversed from the node 
marked ℎ݁ܽ݀, with the help of a dummy node ܿݐ݊݁ݎݎݑ, and stop the counting when ܿݐ݊݁ݎݎݑ reaches the starting node ℎ݁ܽ݀. If the list is 
empty, ℎ݁ܽ݀ will be NULL, and in that case set ܿݐ݊ݑ݋ =  0. Otherwise, set the current pointer to the first node, and keep on counting till 
the current pointer reaches the starting node. 
 
 
 
 
 
 

    public int CircularListLength(CLLNode tail){ 
        int length = 0; 
        CLLNode currentNode = tail.next; 
        while(currentNode != tail){ 
            length++; 
            currentNode = currentNode.next; 
        } 
        return length; 
    } 
 

Time Complexity: O(݊), for scanning the complete list of size ݊. Space Complexity: O(1), for creating one temporary variable. 

Printing the contents of a circular list 
 

We assume here that the list is being accessed by its ℎ݁ܽ݀ node. Since all the nodes are arranged in a circular fashion, the ݈݅ܽݐ node of the 
list will be the node previous to the ℎ݁ܽ݀ node. Let us assume we want to print the contents of the nodes starting with the ℎ݁ܽ݀ node. Print 
its contents, move to the next node and continue printing till we reach the ℎ݁ܽ݀ node again.  
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        public void PrintCircularListData(CLLNode tail){ 
 CLLNode CLLNode = tail.next;  
 while(CLLNode != tail){ 
     System.out.print(CLLNode.data+"->"); 
     CLLNode = CLLNode.next; 
 } 
 System.out.println("(" + CLLNode.data + ")headNode"); 
        } 
  

Time Complexity: O(݊), for scanning the complete list of size ݊. Space Complexity: O(1), for a temporary variable. 

Inserting a Node at the End of a Circular Linked List 
 

Let us add a node containing ݀ܽܽݐ, at the end of a list (circular list) headed by ℎ݁ܽ݀. The new node will be placed just after the tail node 
(which is the last node of the list), which means it will have to be inserted in between the tail node and the first node. 
 

 Create a new node and initially keep its next pointer pointing to itself. 
 

 
 
 
 
 
 

 Update the next pointer of the new node with the head node and also traverse the list to the tail. That means, in a circular list we 
should stop at the node whose next node is head. 

 
 
 
 
 
 
 

 Update the next pointer of the tail node to point to the new node and we get the list as shown below. 
 
 
 
 
 

 

Time Complexity: O(݊), for scanning the complete list of size ݊. Space Complexity: O(1). 

Inserting a Node at the front of a Circular Linked List 
 

The only difference between inserting a node at the beginning and at the end is that, after inserting the new node, we just need to update the 
pointer. The steps for doing this are given below: 
 

 Create a new node and initially keep its next pointer pointing to itself.  
 
 
 
 
 
 

 Update the next pointer of the new node with the head node and also traverse the list until the tail node (node with data 40).  
 
 
 
 

 
 
 

 Update the tail node in the list to point to the new node. 
 
 
 
 
 
 
 

 Make the new node as the head. 

tail node 
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Time Complexity: O(݊), for scanning the complete list of size ݊. Space Complexity: O(1), for a temporary variable. 

Deleting the last node in a Circular List 
 

The list has to be traversed to reach the last but one node. This has to be named as the tail node, and its next field has to point to the first 
node. Consider the following list.  To delete the last node 40, the list has to be traversed till you reach 7. The next field of 7 has to be changed 
to point to 60, and this node must be renamed ݈݅ܽܶ݌. 
 

 Traverse the list and find the tail node and its previous node. 
 
 
 
 
 
 
 

 Update the next pointer of tail node’s previous node to point to head. 
 

 

 
 
 
 
 
 

 Dispose of the tail node. 
 
 
 
 
 
 
Time Complexity: O(݊), for scanning the complete list of size ݊. Space Complexity: O(1), for a temporary variable. 

Deleting the First Node in a Circular List 
 

The first node can be deleted by simply replacing the next field of the tail node with the next field of the first node.  
 

 Find the tail node of the linked list by traversing the list. Tail node is the previous node to the head node which we want to delete. 
 
 
 
 
 
 
 

 Create a temporary node which will point to the head. Also, update the tail nodes next pointer to point to next node of head (as 
shown below).  

 
 
 
 
 
 
 
 

 Now, move the head pointer to next node and dispose the temporary node (as shown below).  
 
 
 
 
 
 
 

Time Complexity: O(݊), for scanning complete list of size ݊. Space Complexity: O(1), for a temporary variable. 
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Applications of Circular List 
 

Circular linked lists are used in managing the computing resources of a computer. We can use circular lists for implementing stacks and 
queues.  

Implementation 
 

    public class CircularLinkedList{ 
 protected CLLNode tail; 
 protected int length; 
 // Constructs a new circular list 
 public CircularLinkedList(){ 
  tail = null; 
  length = 0; 
 } 
 // Adds data to beginning of list. 
 public void add(int data){ 
  addToHead(data); 
 } 
 // Adds element to head of list 
 public void addToHead(int data){ 
  CLLNode temp = new CLLNode(data); 
  if (tail == null) { // first data added 
      tail = temp; 
      tail.next = tail; 
  } else { // element exists in list 
      temp.next = tail.next; 
      tail.next = temp; 
  } 
  length++; 
 } 
 // Adds element to tail of list 
 public void addToTail(int data){ 
  // new entry: 
  addToHead(data); 
  tail = tail.next; 
 } 
 // Returns data at head of list 
 public int peek(){ 
  return tail.next.data; 
 } 
 // Returns data at tail of list 
 public int tailPeek(){ 
  return tail.data; 
 } 
 // Returns and removes data from head of list 
 public int removeFromHead(){ 
  CLLNode temp = tail.next; // ie. the head of the list 
  if (tail == tail.next) { 
   tail = null; 
  } else { 
   tail.next = temp.next; 
   temp.next = null; // helps clean things up; temp is free 
  } 
  length--; 
  return temp.data; 
 } 
 // Returns and removes data from tail of list 
 public int removeFromTail(){ 
  if (isEmpty()){ 
   return Integer.MIN_VALUE; 
  } 
  CLLNode finger = tail; 
  while (finger.next != tail) { 
   finger = finger.next; 
  } 
  // finger now points to second-to-last data 
  CLLNode temp = tail; 
  if (finger == tail) { 
   tail = null; 
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  } else { 
   finger.next = tail.next; 
   tail = finger; 
  } 
  length--; 
  return temp.data; 
 } 
 // Returns true if list contains data, else false 
 public boolean contains(int data){ 
  if (tail == null)  
                               return false; 
  CLLNode finger; 
  finger = tail.next; 
  while (finger != tail && (!(finger.data == data))){ 
        finger = finger.next; 
  } 
  return finger.data == data; 
 } 
 // Removes and returns element equal to data, or null 
 public int remove(int data){ 
  if (tail == null) return Integer.MIN_VALUE; 
  CLLNode finger = tail.next; 
  CLLNode previous = tail; 
  int compares; 
  for (compares = 0; compares < length && (!(finger.data == data)); compares++) { 
   previous = finger; 
   finger = finger.next; 
  } 
  if (finger.data == data) { 
   // an example of the pigeon-hole principle 
   if (tail == tail.next) {  
    tail = null; } 
   else { 
    if (finger == tail)  
     tail = previous; 
    previous.next = previous.next.next; 
   } 
   // finger data free 
   finger.next = null;  // to keep things disconnected 
   length--;             // fewer elements 
   return finger.data; 
  } 
  else return Integer.MIN_VALUE; 
 } 
     // Return the length of the CLL. 
 public int length() { 
  return length; 
 } 
 // Returns true if no elements in list 
 public boolean isEmpty(){ 
  return tail == null; 
 } 
 // Remove everything from the CLL. 
 public void clear(){ 
  length = 0; 
  tail = null; 
 } 
 // Return a string representation of this collection, in the form: ["str1","str2",...].     
 public String toString(){ 
  String result = "["; 
  if (tail == null) { 
   return result+"]"; 
  } 
  result = result + tail.data; 
  CLLNode temp = tail.next; 
  while (temp != tail) { 
   result = result + "," + temp.data; 
   temp = temp.next; 
  } 
  return result + "]"; 
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An unrolled linked list stores multiple elements in each node (let us call it a block for our convenience). In each block, a circular linked list 
is used to connect all nodes. 
  
 
 
 
 
 
 
 
 

Assume that there will be no more than ݊ elements in the unrolled linked list at any time. To simplify this problem, all blocks, except the last 
one, should contain exactly ඃ√݊ඇ elements. Thus, there will be no more than උ√݊ඏ blocks at any time.  
 

Searching for an element in Unrolled Linked Lists 
 

In unrolled linked lists, we can find the ݇௧௛ element in O(√݊): 

1. Traverse the ݈݅ݏ݇ܿ݋݈ܾ ݂݋ ݐݏ to the one that contains the ݇௧௛ node, i.e., the ඄ ௞
ඃ√௡ඇ

ඈth block. It takes O(√݊) since we may find it by 

going through no more than √݊ blocks. 
2. Find the (݇ mod ඃ√݊ඇ)th node in the circular linked list of this block. It also takes O(√݊) since there are no more than ඃ√݊ඇ nodes 

in a single block. 
 

 
 
 
 
 
 
 
 
 

Inserting an element in Unrolled Linked Lists 
 

 
 
 
 
  
 
 
 

 
 
 
 
 
 
 
 
When inserting a node, we have to re-arrange the nodes in the unrolled linked list to maintain the properties previously mentioned, that each 
block contains ඃ√݊ඇ nodes. Suppose that we insert a node ݔ after the ݅௧௛ node, and ݔ should be placed in the ݆௧௛ block. Nodes in the ݆௧௛ 
block and in the blocks after the ݆௧௛ block have to be shifted toward the tail of the list so that each of them still have ඃ√݊ඇ nodes. In addition, 
a new block needs to be added to the tail if the last block of the list is out of space, i.e., it has more than ඃ√݊ඇ nodes. 
 

Performing Shift Operation 
 

Note that each ݏℎ݂݅ݐ operation, which includes removing a node from the tail of the circular linked list in a block and inserting a node to the 
head of the circular linked list in the block after, takes only O(1). The total time complexity of an insertion operation for unrolled linked lists 
is therefore O(√݊); there are at most O(√݊) blocks and therefore at most O(√݊) shift operations.  
 

1. A temporary pointer is needed to store the tail of ܣ. 
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2. In block ܣ, move the next pointer of the head node to point to the second-to-last node, so that the tail node of ܣ can be removed. 
 
 
 
 
 

 
3. Let the next pointer of the node, which will be shifted (the tail node of ܣ), point to the tail node of ܤ. 
 
 
 
 
 
 
 
 

4. Let the next pointer of the head node of ܤ point to the node temp points to. 
 

 
 
 
 
 
 
 
 

5. Finally, set the head pointer of ܤ to point to the node ݌݉݁ݐ points to. Now the node ݌݉݁ݐ points to becomes the new head node of ܤ. 
 
 
 
 
 
 
 to become the new head ܣ pointer can be thrown away. We have completed the shift operation to move the original tail node of ݌݉݁ݐ .6

node of ܤ. 
 
 
 
 
 
 

Performance 
 

With unrolled linked lists, there are a couple of advantages, one in speed and one in space.  
 

First, if the number of elements in each block is appropriately sized (e.g., at most the size of one cache line), we get noticeably better cache 
performance from the improved memory locality.  
 

Second, since we have O(݊/݉) links, where ݊ is the number of elements in the unrolled linked list and ݉ is the number of elements we can 
store in any block, we can also save an appreciable amount of space, which is particularly noticeable if each element is small.  
 

Comparing Doubly Linked Lists and Unrolled Linked Lists 
 

To compare the overhead for an unrolled list, elements in doubly linked list implementations consist of data, a pointer to the next node, and 
a pointer to the previous node in the list, as shown below. 
 

Assuming we have 4 byte pointers, each node is going to take 8 bytes. But the allocation overhead for the node could be anywhere between 
8 and 16 bytes. Let’s go with the best case and assume it will be 8 bytes. So, if we want to store 1K items in this list, we are going to have 16KB 
of overhead. 
 

Now, let’s think about an unrolled linked list node (let us call it ݇ܿ݋݈ܤ݀݁݇݊݅ܮ). It will look something like this: 
 

Therefore, allocating a single node (12 bytes + 8 bytes of overhead) with an array of 100 elements (400 bytes + 8 bytes of overhead) will now 
cost 428 bytes, or 4.28 bytes per element. Thinking about our 1K items from above, it would take about 4.2KB of overhead, which is close 
to 4x better than our original list. Even if the list becomes severely fragmented and the item arrays are only 1/2 full on average, this is still an 
improvement. Also, note that we can tune the array size to whatever gets us the best overhead for our application. 
 

Implementation 
 

public class UnrolledLinkedList<E> extends AbstractList<E> implements List<E>, Serializable { 
    //The maximum number of elements that can be stored in a single node. 
    private int nodeCapacity; 
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    //The current size of this list. 
    private int size = 0; 
    //The first node of this list. 
    private ListNode firstNode; 
    //The last node of this list. 
    private ListNode lastNode; 
    //Constructs an empty list with the specified capacity 
    public UnrolledLinkedList(int nodeCapacity) throws IllegalArgumentException { 
        if (nodeCapacity < 8) { 
            throw new IllegalArgumentException("nodeCapacity < 8"); 
        } 
        this.nodeCapacity = nodeCapacity; 
        firstNode = new ListNode(); 
        lastNode = firstNode; 
    } 
    public UnrolledLinkedList() { 
        this(16); 
    } 
    public int size() { 
        return size; 
    } 
    public boolean isEmpty() { 
        return (size == 0); 
    } 
    //Returns true if this list contains the specified element. 
    public boolean contains(Object o) { 
        return (indexOf(o) != -1); 
    } 
    public Iterator<E> iterator() { 
        return new ULLIterator(firstNode, 0, 0); 
    } 
    //Appends the specified element to the end of this list. 
    public boolean add(E e) { 
        insertIntoNode(lastNode, lastNode.numElements, e); 
        return true; 
    } 
    //Removes the first occurrence of the specified element from this list, 
    public boolean remove(Object o) { 
        int index = 0; 
        ListNode node = firstNode; 
        if (o == null) { 
            while (node != null) { 
                for (int ptr = 0; ptr < node.numElements; ptr++) { 
                    if (node.elements[ptr] == null) { 
                        removeFromNode(node, ptr); 
                        return true; 
                    } 
                } 
                index += node.numElements; 
                node = node.next; 
            } 
        } else { 
            while (node != null) { 
                for (int ptr = 0; ptr < node.numElements; ptr++) { 
                    if (o.equals(node.elements[ptr])) { 
                        removeFromNode(node, ptr); 
                        return true; 
                    } 
                } 
                index += node.numElements; 
                node = node.next; 
            } 
        } 
        return false; 
    } 
    //Removes all of the elements from this list. 
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    public void clear() { 
        ListNode node = firstNode.next; 
        while (node != null) { 
            ListNode next = node.next; 
            node.next = null; 
            node.previous = null; 
            node.elements = null; 
            node = next; 
        } 
        lastNode = firstNode; 
        for (int ptr = 0; ptr < firstNode.numElements; ptr++) { 
            firstNode.elements[ptr] = null; 
        } 
        firstNode.numElements = 0; 
        firstNode.next = null; 
        size = 0; 
    } 
    //Returns the element at the specified position in this list. 
    public E get(int index) throws IndexOutOfBoundsException { 
        if (index < 0 || index >= size) { 
            throw new IndexOutOfBoundsException(); 
        } 
        ListNode node; 
        int p = 0; 
        if (size - index > index) { 
            node = firstNode; 
            while (p <= index - node.numElements) { 
                p += node.numElements; 
                node = node.next; 
            } 
        } else { 
            node = lastNode; 
            p = size; 
            while ((p -= node.numElements) > index) { 
                node = node.previous; 
            } 
        } 
        return (E) node.elements[index - p]; 
    } 
    //Replaces the element at the specified position in this list with the specified element. 
    public E set(int index, E element) { 
        if (index < 0 || index >= size) { 
            throw new IndexOutOfBoundsException(); 
        } 
        E el = null; 
        ListNode node; 
        int p = 0; 
        if (size - index > index) { 
            node = firstNode; 
            while (p <= index - node.numElements) { 
                p += node.numElements; 
                node = node.next; 
            } 
        } else { 
            node = lastNode; 
            p = size; 
            while ((p -= node.numElements) > index) { 
                node = node.previous; 
            } 
        } 
        el = (E) node.elements[index - p]; 
        node.elements[index - p] = element; 
        return el; 
 
    } 
    //Inserts the specified element at the specified position in this list.  
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    //Shifts the element currently at that position (if any) and any 
    //subsequent elements to the right (adds one to their indices). 
    public void add(int index, E element) throws IndexOutOfBoundsException { 
        if (index < 0 || index > size) { 
            throw new IndexOutOfBoundsException(); 
        } 
        ListNode node; 
        int p = 0; 
        if (size - index > index) { 
            node = firstNode; 
            while (p <= index - node.numElements) { 
                p += node.numElements; 
                node = node.next; 
            } 
        } else { 
            node = lastNode; 
            p = size; 
            while ((p -= node.numElements) > index) { 
                node = node.previous; 
            } 
        } 
        insertIntoNode(node, index - p, element); 
    } 
    //Removes the element at the specified position in this list.   
    //Shifts any subsequent elements to the left (subtracts one from their indices). 
    public E remove(int index) throws IndexOutOfBoundsException { 
        if (index < 0 || index >= size) { 
            throw new IndexOutOfBoundsException(); 
        } 
        E element = null; 
        ListNode node; 
        int p = 0; 
        if (size - index > index) { 
            node = firstNode; 
            while (p <= index - node.numElements) { 
                p += node.numElements; 
                node = node.next; 
            } 
        } else { 
            node = lastNode; 
            p = size; 
            while ((p -= node.numElements) > index) { 
                node = node.previous; 
            } 
        } 
        element = (E) node.elements[index - p]; 
        removeFromNode(node, index - p); 
        return element; 
    } 
    private static final long serialVersionUID = -674052309103045211L; 
    private class ListNode { 
        ListNode next; 
        ListNode previous; 
        int numElements = 0; 
        Object[] elements; 
        ListNode() { 
            elements = new Object[nodeCapacity]; 
        } 
    } 
    private class ULLIterator implements ListIterator<E> { 
        ListNode currentNode; 
        int ptr; 
        int index; 
        private int expectedModCount = modCount; 
        ULLIterator(ListNode node, int ptr, int index) { 
            this.currentNode = node; 
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            this.ptr = ptr; 
            this.index = index; 
        } 
        public boolean hasNext() { 
            return (index < size - 1) 
        } 
        public E next() { 
            ptr++; 
            if (ptr >= currentNode.numElements) { 
                if (currentNode.next != null) { 
                    currentNode = currentNode.next; 
                    ptr = 0; 
                } else { 
                    throw new NoSuchElementException(); 
                } 
            } 
            index++; 
            checkForModification(); 
            return (E) currentNode.elements[ptr]; 
        } 
        public boolean hasPrevious() { 
            return (index > 0); 
        } 
        public E previous() { 
            ptr--; 
            if (ptr < 0) { 
                if (currentNode.previous != null) { 
                    currentNode = currentNode.previous; 
                    ptr = currentNode.numElements - 1; 
                } else { 
                    throw new NoSuchElementException(); 
                } 
            } 
            index--; 
            checkForModification(); 
            return (E) currentNode.elements[ptr]; 
        } 
        public int nextIndex() { 
            return (index + 1); 
        } 
        public int previousIndex() { 
            return (index - 1); 
        } 
        public void remove() { 
            checkForModification(); 
            removeFromNode(currentNode, ptr); 
        } 
        public void set(E e) { 
            checkForModification(); 
            currentNode.elements[ptr] = e; 
        } 
        public void add(E e) { 
            checkForModification(); 
            insertIntoNode(currentNode, ptr + 1, e); 
        } 
        private void checkForModification() { 
            if (modCount != expectedModCount) { 
                throw new ConcurrentModificationException(); 
            } 
        } 
    } 
    private void insertIntoNode(ListNode node, int ptr, E element) { 
        // if the node is full 
        if (node.numElements == nodeCapacity) { 
            // create a new node 
            ListNode newNode = new ListNode(); 
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            // move half of the elements to the new node 
            int elementsToMove = nodeCapacity / 2; 
            int startIndex = nodeCapacity - elementsToMove; 
            for (int i = 0; i < elementsToMove; i++) { 
                newNode.elements[i] = node.elements[startIndex + i]; 
                node.elements[startIndex + i] = null; 
            } 
            node.numElements -= elementsToMove; 
            newNode.numElements = elementsToMove; 
            // insert the new node into the list 
            newNode.next = node.next; 
            newNode.previous = node; 
            if (node.next != null) { 
                node.next.previous = newNode; 
            } 
            node.next = newNode; 
            if (node == lastNode) { 
                lastNode = newNode; 
            } 
            // check whether the element should be inserted into 
            // the original node or into the new node 
            if (ptr > node.numElements) { 
                node = newNode; 
                ptr -= node.numElements; 
            } 
        } 
        for (int i = node.numElements; i > ptr; i--) { 
            node.elements[i] = node.elements[i - 1]; 
        } 
        node.elements[ptr] = element; 
        node.numElements++; 
        size++; 
        modCount++; 
    } 
    private void removeFromNode(ListNode node, int ptr) { 
        node.numElements--; 
        for (int i = ptr; i < node.numElements; i++) { 
            node.elements[i] = node.elements[i + 1]; 
        } 
        node.elements[node.numElements] = null; 
        if (node.next != null && node.next.numElements + node.numElements <= nodeCapacity) { 
            mergeWithNextNode(node); 
        } else if (node.previous != null && node.previous.numElements + node.numElements <= nodeCapacity) { 
            mergeWithNextNode(node.previous); 
        } 
        size--; 
        modCount++; 
    } 
    //This method does merge the specified node with the next node. 
    private void mergeWithNextNode(ListNode node) { 
        ListNode next = node.next; 
        for (int i = 0; i < next.numElements; i++) { 
            node.elements[node.numElements + i] = next.elements[i]; 
            next.elements[i] = null; 
        } 
        node.numElements += next.numElements; 
        if (next.next != null) { 
            next.next.previous = node; 
        } 
        node.next = next.next.next; 
        if (next == lastNode) { 
            lastNode = node; 
        } 
    } 
} 
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3.11 Skip Lists 
 

Binary trees can be used for representing abstract data types such as dictionaries and ordered lists. They work well when the elements are 
inserted in a random order. Some sequences of operations, such as inserting the elements in order, produce degenerate data structures that 
give very poor performance. If it were possible to randomly permute the list of items to be inserted, trees would work well with high probability 
for any input sequence. In most cases queries must be answered on-line, so randomly permuting the input is impractical. Balanced tree 
algorithms re-arrange the tree as operations are performed to maintain certain balance conditions and assure good performance.  
 

Skip list is a data structure that can be used as an alternative to balanced binary trees (refer to ܶݏ݁݁ݎ chapter). As compared to a binary tree, 
skip lists allow quick search, insertion and deletion of elements. This is achieved by using probabilistic balancing rather than strictly enforce 
balancing. It is basically a linked list with additional pointers such that intermediate nodes can be skipped. It uses a random number generator 
to make some decisions.  
 

In an ordinary sorted linked list, search, insert, and delete are in O(݊) because the list must be scanned node-by-node from the head to find 
the relevant node. If somehow we could scan down the list in bigger steps (skip down, as it were), we would reduce the cost of scanning. This 
is the fundamental idea behind Skip Lists. 
 

Skip Lists with One Level 
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Skip Lists with Two Levels 
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Skip Lists with Three Levels 
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This section gives algorithms to search for, insert and delete elements in a dictionary or symbol table. The Search operation returns the 
contents of the value associated with the desired key or failure if the key is not present. The Insert operation associates a specified key with a 
new value (inserting the key if it had not already been present). The Delete operation deletes the specified key. It is easy to support additional 
operations such as “find the minimum key” or “find the next key”.  
 

Each element is represented by a node, the level of which is chosen randomly when the node is inserted without regard for the number of 
elements in the data structure. A level i node has i forward pointers, indexed 1 through i. We do not need to store the level of a node in the 
node. Levels are capped at some appropriate constant MaxLevel. The level of a list is the maximum level currently in the list (or 1 if the list 
is empty). The header of a list has forward pointers at levels one through MaxLevel. The forward pointers of the header at levels higher than 
the current maximum level of the list point to NULL. 

Initialization 
 

An element NIL is allocated and given a key greater than any legal key. All levels of all skip lists are terminated with NIL. A new list is 
initialized so that the the level of the list is equal to 1 and all forward pointers of the list’s header point to NIL.  

Search for an element  
 

We search for an element by traversing forward pointers that do not overshoot the node containing the element being searched for. When 
no more progress can be made at the current level of forward pointers, the search moves down to the next level. When we can make no more 
progress at level 1, we must be immediately in front of the node that contains the desired element (if it is in the list). 

Insertion and Deletion Algorithms 
 

To insert or delete a node, we simply search and splice. A vector update is maintained so that when the search is complete (and we are ready 
to perform the splice), update[i] contains a pointer to the rightmost node of level i or higher that is to the left of the location of the 
insertion/deletion. If an insertion generates a node with a level greater than the previous maximum level of the list, we update the maximum 
level of the list and initialize the appropriate portions of the update vector. After each deletion, we check if we have deleted the maximum 
element of the list and if so, decrease the maximum level of the list. 
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Choosing a Random Level 
 

Initially, we discussed a probability distribution where half of the nodes that have level i pointers also have level i+1 pointers. To get away 
from magic constants, we say that a fraction p of the nodes with level i pointers also have level i+1 pointers. (for our original discussion, p = 
1/2). Levels are generated randomly by an algorithm. Levels are generated without reference to the number of elements in the list 

Performance 
 

In a simple linked list that consists of ݊ elements, to perform a search ݊ comparisons are required in the worst case. If a second pointer 
pointing two nodes ahead is added to every node, the number of comparisons goes down to ݊/2 + 1 in the worst case.  
 

Adding one more pointer to every fourth node and making them point to the fourth node ahead reduces the number of comparisons to ⌈݊/4⌉ 
+ 2. If this strategy is continued so that every node with ݅ pointers points to 2 ∗ ݅ − 1 nodes ahead, O(݈݊݃݋) performance is obtained and the 
number of pointers has only doubled (݊ + ݊/2 + ݊/4 + ݊/8 + ݊/16 + ....  = 2݊). 
 

The find, insert, and remove operations on ordinary binary search trees are efficient, O(݈݊݃݋), when the input data is random; but less 
efficient, O(݊), when the input data is ordered. Skip List performance for these same operations and for any data set is about as good as that 
of randomly-built binary search trees - namely O(݈݊݃݋). 

Comparing Skip Lists and Unrolled Linked Lists 
 

In simple terms, Skip Lists are sorted linked lists with two differences: 
 

 The nodes in an ordinary list have one next reference. The nodes in a Skip List have many ݊݁ݐݔ references (also called ݂  ݀ݎܽݓݎ݋
references).  

 The number of ݂݀ݎܽݓݎ݋ references for a given node is determined probabilistically. 
 

We speak of a Skip List node having levels, one level per forward reference. The number of levels in a node is called the ݁ݖ݅ݏ of the node. 
In an ordinary sorted list, insert, remove, and find operations require sequential traversal of the list. This results in O(݊) performance per 
operation. Skip Lists allow intermediate nodes in the list to be skipped during a traversal - resulting in an expected performance of O(݈݊݃݋) 
per operation. 
 

Implementation 
 

     import java.util.Random; 
     public class SkipList<T extends Comparable<T>, U>{ 
 private class Node{ 
  public T key; 
  public U value; 
  public long level; 
  public Node next; 
  public Node down;    

  public Node(T key, U value, long level, Node next, Node down){ 
   this.key = key; 
   this.value = value; 
   this.level = level; 
   this.next = next; 
   this.down = down; 
  } 
 }   

 private Node head; 
 private Random _random; 
 private long size; 
 private double _p; 
 

 private long level(){ 
  long level = 0; 
  while (level <= size && _random.nextDouble() < _p) { 
   level++; 
  }   
  return level; 
 } 
 

 public SkipList(){ 
  head = new Node(null, null, 0, null, null); 
  _random = new Random(); 
  size = 0; 
  _p = 0.5; 
 } 
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 public void add(T key, U value){ 
  long level = level(); 
  if (level > head.level) { 
   head = new Node(null, null, level, null, head); 
  }   
  Node cur = head; 
  Node last = null;   
  while (cur != null) { 
   if (cur.next == null || cur.next.key.compareTo(key) > 0) { 
    if (level >= cur.level) { 
     Node n = new Node(key, value, cur.level, cur.next, null); 
     if (last != null) { 
      last.down = n; 
     }      
     cur.next = n; 
     last = n; 
    }     
    cur = cur.down; 
    continue; 
   } else if (cur.next.key.equals(key)) { 
    cur.next.value = value; 
    return; 
   }    
   cur = cur.next; 
  }   
  size++; 
 }   

 public boolean containsKey(T key){ 
  return get(key) != null; 
 }   

 public U remove(T key){ 
  U value = null;   
  Node cur = head; 
  while (cur != null) { 
   if (cur.next == null || cur.next.key.compareTo(key) >= 0) { 
    if (cur.next != null && cur.next.key.equals(key)) { 
     value = cur.next.value; 
     cur.next = cur.next.next; 
    } 
    cur = cur.down; 
    continue; 
   }   
   cur = cur.next; 
  }   
  size--; 
  return value; 
 }   

 public U get(T key){ 
  Node cur = head; 
  while (cur != null) { 
   if (cur.next == null || cur.next.key.compareTo(key) > 0) { 
    cur = cur.down; 
    continue; 
   } else if (cur.next.key.equals(key)) { 
    return cur.next.value; 
   }    
   cur = cur.next; 
  }   
  return null; 
 } 
     } 
     public class SkipListsTest{  
 public static void main(String [] args){ 
  SkipList s = new SkipList(); 
  s.add(1,100); 
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              return null; 
      } 

 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-6 Can we solve Problem-5 with recursion? 
 

Solution: We can use a global variable to track the post recursive call and when it is same as Nth’, return the node. 
 

      public ListNode NthNodeFromEnd(ListNode head, int Nth) { 
          if(head != null) { 
              NthNodeFromEnd(head.next, Nth); 
              counter++; 
              if(Nth ==counter) { 
                  return head; 
              } 
          } 
          return null; 
      } 
 

Time Complexity: O(݊) for pre recursive calls and O(݊) for post recursive calls, which is = O(2݊) =O(݊). 
Space Complexity: O(݊) for recursive stack. 
 

Problem-7 Check whether the given linked list is either NULL-terminated or ends in a cycle (cyclic) 
 

Solution: Brute-Force Approach. As an example, consider the following linked list which has a loop in it. The difference between this list and 
the regular list is that, in this list, there are two nodes whose next pointers are the same. In regular singly linked lists (without a loop) each 
node’s next pointer is unique.  
 

That means the repetition of next pointers indicates the existence of a loop. 
 
 
 
 
 
 
 
 
One simple and brute force way of solving this is, start with the first node and see whether there is any node whose next pointer is the current 
node’s address. If there is a node with the same address then that indicates that some other node is pointing to the current node and we can 
say a loop exists.  
 

Continue this process for all the nodes of the linked list.  
 

Does this method work? As per the algorithm, we are checking for the next pointer addresses, but how do we find the end of the linked list 
(otherwise we will end up in an infinite loop)?  

 

Note: If we start with a node in a loop, this method may work depending on the size of the loop. 
 

Problem-8 Can we use the hashing technique for solving Problem-7? 
 

Solution: Yes. Using Hash Tables we can solve this problem. 
 

Algorithm: 
 

 Traverse the linked list nodes one by one.  
 Check if the address of the node is available in the hash table or not. 
 If it is already available in the hash table, that indicates that we are visiting the node that was already visited. This is possible only if 

the given linked list has a loop in it.  
 If the address of the node is not available in the hash table, insert that node’s address into the hash table. 
 Continue this process until we reach the end of the linked list ݎ݋ we find the loop. 

 

Time Complexity: O(݊) for scanning the linked list. Note that we are doing a scan of only the input. Space Complexity: O(݊) for hash table. 
 

Problem-9 Can we solve the Problem-6 using the sorting technique? 
 

Solution: No. Consider the following algorithm which is based on sorting. Then we see why this algorithm fails. 
 

Algorithm: 
 Traverse the linked list nodes one by one and take all the next pointer values into an array.  
 Sort the array that has the next node pointers. 
 If there is a loop in the linked list, definitely two next node pointers will be pointing to the same node. 
 After sorting if there is a loop in the list, the nodes whose next pointers are the same will end up adjacent in the sorted list. 
 If any such pair exists in the sorted list then we say the linked list has a loop in it. 

 

Time Complexity: O(݈݊݊݃݋) for sorting the next pointers array. Space Complexity: O(݊) for the next pointers array. 
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            slowPtr = slowPtr.next; 
            if (slowPtr == fastPtr) 
                return true; 
 

        } 
        return false; 
    } 
 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-11 We are given a pointer to the first element of a linked list ܮ. There are two possibilities for ܮ: it either ends (snake) or its 
last element points back to one of the earlier elements in the list (snail). Give an algorithm that tests whether a given list ܮ is a snake or a 
snail. 

 

Solution:  It is the same as Problem-6. 
 

Problem-12 Check whether the given linked list is NULL-terminated or not. If there is a cycle find the start node of the loop. 
 

Solution: The solution is an extension to the solution in Problem-10. After finding the loop in the linked list, we initialize the ݎݐܲݓ݋݈ݏ to the 
head of the linked list. From that point onwards both ݎݐܲݓ݋݈ݏ and ݂ܽݎݐܲݐݏ move only one node at a time. The point at which they meet is 
the start of the loop. Generally we use this method for removing the loops. 
 

    private static ListNode findBeginofLoop(ListNode head){ 
        ListNode fastPtr = head; 
        ListNode slowPtr = head; 
        boolean loopExists = false; 
        while (fastPtr != null && fastPtr.next != null) { 
            fastPtr = fastPtr.next.next; 
            slowPtr = slowPtr.next; 
            if (slowPtr == fastPtr) { 
                loopExists = true; 
                break; 
            } 
        } 
        if (loopExists) { 
            slowPtr = head; 
            while (slowPtr != fastPtr) { 
                slowPtr = slowPtr.next; 
                fastPtr = fastPtr.next; 
            } 
            return fastPtr; 
        } else 
            return null; 
    } 
 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-13 From the previous discussion and problems we understand that the meeting of tortoise and hare concludes the existence 
of the loop, but how does moving the tortoise to the beginning of the linked list while keeping the hare at the meeting place, followed by 
moving both one step at a time, make them meet at the starting point of the cycle? 

 

Solution: This problem is at the heart of number theory. In the Floyd cycle finding algorithm, notice that the tortoise and the hare will meet 
when they are ݊ ×  is the loop length.  Furthermore, the tortoise is at the midpoint between the hare and the beginning of the ܮ where ,ܮ 
sequence because of the way they move.  Therefore the tortoise is ݊ ×  .away from the beginning of the sequence as well ܮ 

 

If we move both one step at a time, from the position of the tortoise and from the start of the sequence, we know that they will meet as soon 
as both are in the loop, since they are ݊ ×  a multiple of the loop length, apart. One of them is already in the loop, so we just move the ,ܮ 
other one in single step until it enters the loop, keeping the other ݊ ×  .away from it at all times ܮ 
 

Problem-14 In the Floyd cycle finding algorithm, does it work if we use steps 2 and 3 instead of 1 and 2? 
 

Solution: Yes, but the complexity might be high. Trace out an example. 
 

Problem-15 Check whether the given linked list is NULL-terminated. If there is a cycle, find the length of the loop. 
 

Solution: This solution is also an extension of the basic cycle detection problem. After finding the loop in the linked list, keep the ݎݐܲݓ݋݈ݏ 
as it is. The ݂ ݂ While moving .ݎݐܲݓ݋݈ݏ keeps on moving until it again comes back to ݎݐܲݐݏܽ  use a counter variable which increments ,ݎݐܲݐݏܽ
at the rate of 1.  
 

    private static int findLengthOfTheLoop(ListNode head){ 
        ListNode fastPtr = head; 
        ListNode slowPtr = head; 
        boolean loopExists = false; 
        while (fastPtr != null && fastPtr.next != null) { 
            fastPtr = fastPtr.next.next; 
            slowPtr = slowPtr.next; 
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            if (slowPtr == fastPtr) { 
                loopExists = true; 
                break; 
            } 
        } 
        int length = 0; 
        if (loopExists) { 
            do { 
                slowPtr = slowPtr.next; 
                length++; 
            } while (slowPtr != fastPtr); 
        } 
        return length; 
    } 
 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-16 Insert a node in a sorted linked list 
 

Solution: Traverse the list and find a position for the element and insert it.  
 

        public ListNode InsertInSortedList(ListNode head, ListNode newNode) { 
                ListNode current = head; 
                if(head == null) return newNode; 
                // traverse the list until you find item bigger the new node value 
                while (current != null && current.data <  newNode.data){ 
                        temp = current; 
                        current = current.next; 
                } 
                //  insert the new node before the big item 
                newNode.next = current; 
                temp.next = newNode; 
                return head; 
        }  
 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-17  Reverse a singly linked list. 
 

Solution:  
 

Iterative version: 
 

    public static ListNode reverseListIterative(ListNode head){ 
        //initially Current is head 
        ListNode current = head; 
        //initially previous is null 
        ListNode prev = null; 
        while (current != null) { 
            //Save the next node 
            ListNode next = current.next; 
            //Make current node points to the previous 
            current.next = prev; 
            //update previous 
            prev = current; 
            //update current 
            current = next; 
        } 
        return prev; 
    } 
 

Time Complexity: O(݊). Space Complexity: O(1). 
     

Recursive version: 
 

    public static void reverseLinkedListRecursive(ListNode current, ListNode[] head){ 
        if (current == null) { 
            return; 
        } 
        ListNode next = current.next; 
        if (next == null) { 
            head[0] = current; 
            return; 
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 If they are the same, take the top elements from both the stacks and keep them in some temporary variable (since both node 
addresses are node, it is enough if we use one temporary variable). 

 Continue this process until the top node addresses of the stacks are not the same. 
 This point is the one where the lists merge into a single list. 
 Return the value of the temporary variable. 

 

Time Complexity: O(݉ + ݊), for scanning both the lists. Space Complexity: O(݉ + ݊), for creating two stacks for both the lists. 
 

Problem-22 Is there any other way of solving Problem-18? 
 

Solution: Yes. Using “finding the first repeating number” approach in an array (for algorithm refer to ܵ݁ܽܿݎℎ݅݊݃ chapter). 
 

Algorithm: 
 

 Create an array ܣ and keep all the next pointers of both the lists in the array. 
 In the array find the first repeating element [Refer to ܵ݁ܽܿݎℎ݅݊݃ chapter for algorithm]. 
 The first repeating number indicates the merging point of both the lists. 

 

Time Complexity: O(݉ + ݊). Space Complexity: O(݉ + ݊). 
 

Problem-23 Can we still think of finding an alternative solution for Problem-18? 
 

Solution: Yes. By combining sorting and search techniques we can reduce the complexity. 
 

Algorithm: 
 

 Create an array ܣ and keep all the next pointers of the first list in the array. 
 Sort these array elements. 
 Then, for each of the second list elements, search in the sorted array (let us assume that we are using binary search which gives 

O(݈݊݃݋)).  
 Since we are scanning the second list one by one, the first repeating element that appears in the array is nothing but the merging 

point. 
 

Time Complexity: Time for sorting  + Time for searching = O(݉݃݋݈݉)ݔܽܯ, ,݉)ݔܽܯ)Space Complexity: O .((݊݃݋݈݊ ݊)). 
 

Problem-24 Can we improve the complexity for the Problem-18? 
 

Solution: Yes.  
 

Efficient Approach: 
 Find lengths (L1 and L2) of both lists -- O(݊) + O(݉)  = O(݉ܽݔ(݉, ݊)). 
 Take the difference ݀ of the lengths -- O(1). 
 Make ݀ steps in longer list -- O(݀). 
 Step in both lists in parallel until links to next node match -- O(݉݅݊(݉, ݊)). 
 Total time complexity = O(݉ܽݔ(݉, ݊)). 
 Space Complexity = O(1). 

 

      public static ListNode findIntersectingNode(ListNode list1, ListNode list2) { 
 int L1=0, L2=0, diff=0; 
 ListNode head1 = list1, head2 = list2; 
 while(head1 !=  null) { 
                  L1++; 
                  head1 = head1.next; 
            }  
 while(head2 !=  null) {  
                  L2++;  
                  head2 = head2.next; 

} 
 if(L1 < L2) { 
  head1 = list2; 
  head2 = list1; 
  diff = L2 - L1; 
 } else{ 
       head1 = list1;    
                  head2 = list2;   
                  diff = L1 – L2; 
             } 
 for(int i = 0; i < diff; i++) 
       head1 = head1.next; 
 while(head1 !=  null && head2 != null) { 
  if(head1 == head2) 
        return head1.data; 
  head1= head1.next; 
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  head2= head2.next; 
 } 
 return null; 
      } 
 

Problem-25 How will you find the middle of the linked list? 
 

Solution: Brute-Force Approach: For each of the node count how many nodes are there in the list and see whether it is the middle.  
 

Time Complexity: O(݊ଶ). Space Complexity: O(1). 
 

Problem-26 Can we improve the complexity of Problem-25? 
 

Solution: Yes. 
Algorithm: 

 Traverse the list and find the length of the list. 
 After finding the length, again scan the list and locate ݊/2 node from the beginning. 

 

Time Complexity: Time for finding the length of the list + Time for locating middle node = O(݊) + O(݊)  ≈ O(݊).  
Space Complexity: O(1). 
 

Problem-27 Can we use the hash table for solving Problem-25? 
 

Solution: Yes. The reasoning is the same as that of Problem-3. 
 

Time Complexity: Time for creating the hash table. Therefore, ܶ (݊) = O(݊). Space Complexity: O(݊). Since, we need to create a hash table 
of size ݊. 
 

Problem-28 Can we solve Problem-25 just in one scan? 
 

Solution: Efficient Approach: Use two pointers. Move one pointer at twice the speed of the second. When the first pointer reaches the end 
of the list, the second pointer will be pointing to the middle node.  

 

Note: If the list has an even number of nodes, the middle node will be of ⌊݊/2⌋. 
 

     public static ListNode findMiddle(ListNode head) { 
 ListNode ptr1x, ptr2x; 
 ptr1x = ptr2x = head;  
 int i=0; 
 // keep looping until we reach the tail (next will be NULL for the last node) 
 while(ptr1x.next != null) {      
  if(i == 0) { 
        ptr1x = ptr1x.next; //increment only the 1st pointer 
        i=1; 
  } 
  else if( i == 1) { 
        ptr1x = ptr1x.next; //increment both pointers 
        ptr2x = ptr2x.next; 
        i = 0; 
  } 
 } 
 return ptr2x;        //now return the ptr2 which points to the middle node 
     } 
 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-29 How will you display a linked list from the end? 
 

Solution: Traverse recursively till the end of the linked list. While coming back, start printing the elements. 
 

      //This Function will print the linked list from end 
      public static void printListFromEnd(ListNode head) { 
 if(head == null)     
                     return; 
          printListFromEnd(head.next); 
          System.out.println(head.data); 
      } 
 

Time Complexity: O(݊). Space Complexity: O(݊)→ for Stack. 
       

Problem-30 Check whether the given Linked List length is even or odd? 
 

Solution: Use a 2ݔ pointer. Take a pointer that moves at 2ݔ [two nodes at a time]. At the end, if the length is even, then the pointer will be 
NULL; otherwise it will point to the last node. 
 

      public int isLinkedListLengthEven(ListNode listHead) { 
            while(listHead != null && listHead.next != null) 
                      listHead = listHead.next.next; 
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            if(listHead == null) return 0; 
            return 1; 
      } 
 

Time Complexity: O(⌊݊/2⌋) ≈O(݊). Space Complexity: O(1). 
 

Problem-31 If the head of a linked list is pointing to ݇ݐℎ element, then how will you get the elements before ݇ݐℎ element? 
 

Solution:  Use Memory Efficient Linked Lists [XOR Linked Lists]. 
 

Problem-32 Given two sorted Linked Lists, we need to merge them into the third list in sorted order.  
 

Solution:  
 

    public ListNode mergeTwoLists(ListNode head1, ListNode head2) { 
        if(head1 == null) 
            return head2; 
        if(head2 == null) 
            return head1; 
        ListNode head = new ListNode(0); 
        if(head1.data <= head2.data){ 
            head = head1; 
            head.next = mergeTwoLists(head1.next, head2); 
        }else{ 
            head = head2; 
            head.next = mergeTwoLists(head2.next, head1); 
        } 
        return head; 
    } 
 

Time Complexity – O(݊). 
 

Problem-33 Can we solve Problem-32 without recursion? 
 

Solution: 
 

    public ListNode mergeTwoLists(ListNode head1, ListNode head2) { 
        ListNode head = new ListNode(0); 
        ListNode curr = head; 
        while(head1 != null && head2 != null){ 
            if(head1.data <= head2.data){ 
                curr.next = head1; 
                head1 = head1.next; 
            }else{ 
                curr.next = head2; 
                head2 = head2.next; 
            } 
        } 
        if(head1 != null) 
            curr.next = head1; 
        else if(head2 != null) 
            curr.next = head2; 
        return head.next; 
    } 
 

Time Complexity – O(݊). 
 

Problem-34 Reverse the linked list in pairs. If you have a linked list that holds 1→2→3→4→ܺ, then after the function has been called 
the linked list would hold 2→1→4→3→ܺ. 

 

Solution:   
       //Recursive Version 
      public static ListNode ReversePairRecursive(ListNode head) { 
 ListNode temp; 
 if(head ==NULL || head.next ==NULL) 
  return;   //base case for empty or 1 element list 
 else {  
                         //Reverse first pair 
  temp = head.next; 
  head.next = temp.next; 
  temp.next = head; 
  head = temp; 
 

  //Call the method recursively for the rest of the list 
  head.next.next = ReversePairRecursive(head.next.next); 
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 /* If there are even elements in list then move fastPtr */ 
 if(fastPtr.next.next == head) 
  fastPtr = fastPtr.next;      
 /* Set the head pointer of first half */ 
 head1 = head;    
 /* Set the head pointer of second half */ 
 if(head.next != head) 
  head2 = slowPtr.next; 
 /* Make second half circular */ 
 fastPtr.next = slowPtr.next; 
 /* Make first half circular */ 
 slowPtr.next = head; 
      } 
 

Time Complexity: O(݊). Space Complexity: O(1). 
  

Problem-39 How will you check if the linked list is palindrome or not? 
 

Solution:  
Algorithm 

1. Get the middle of the linked list.  
2. Reverse the second half of the linked list.  
3. Compare the first half and second half.  
4. Construct the original linked list by reversing the second half again and attaching it back to the first half. 

 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-40 Exchange the adjacent elements in a link list. 
 

Solution: 
 

    public ListNode exchangeAdjacentNodes (ListNode head) { 
        ListNode temp = new ListNode(0); 
        temp.next = head; 
        ListNode prev = temp, curr = head; 
        while(curr != null && curr.next != null){ 
            ListNode tmp = curr.next.next; 
            curr.next.next = prev.next; 
            prev.next = curr.next; 
            curr.next = tmp; 
            prev = curr; 
            curr = prev.next; 
        } 
        return temp.next; 
    } 
 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-41 For a given ܭ value (ܭ > 0) reverse blocks of ܭ nodes in a list. 
 

Example: Input: 1 2 3 4 5 6 7 8 9 10,  Output for different ܭ values: 
 For ܭ = 2: 2 1 4 3 6 5 8 7 10 9,  For ܭ = 3: 3 2 1 6 5 4 9 8 7 10, For ܭ = 4: 4 3 2 1 8 7 6 5 9 10 
Solution: 
Algorithm: This is an extension of swapping nodes in a linked list.  

1) Check if remaining list has ܭ nodes. 
a. If yes get the pointer of ܭ + 1 ௧௛  node. 
b. Else return. 

2) Reverse first ܭ nodes. 
3) Set next of last node (after reversal) to ܭ + 1 ௧௛ node. 
4) Move to ܭ + 1 ௧௛ node. 
5) Go to step 1. 
ܭ (6 − 1 ௧௛  node of first ܭ nodes becomes the new head if available. Otherwise, we can return the head. 

 

    public static ListNode reverseKNodesRecursive(ListNode head, int k){ 
        ListNode current = head; 
        ListNode next = null; 
        ListNode prev = null; 
        int count = k; 
        //Reverse K nodes 
        while (current != null && count > 0) { 
            next = current.next; 
            current.next = prev; 
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            prev = current; 
            current = next; 
            count--; 
        } 
        //Now next points to K+1 th node, returns the pointer to the head node 
        if (next != null) { 
            head.next = reverseKNodesRecursive(next, k); 
        } 
        //return head node 
        return prev; 
    } 
 

    public static ListNode reverseKNodes(ListNode head, int k){ 
        //Start with head 
        ListNode current = head; 
        //last node after reverse 
        ListNode prevTail = null; 
        //first node before reverse 
        ListNode prevCurrent = head; 
        while (current != null) { 
            //loop for reversing K nodes 
            int count = k; 
            ListNode tail = null; 
            while (current != null && count > 0) { 
                ListNode next = current.next; 
                current.next = tail; 
                tail = current; 
                current = next; 
                count--; 
            } 
            //reversed K Nodes 
            if (prevTail != null) { 
                //Link this set and previous set 
                prevTail.next = tail; 
            } else { 
                //We just reversed first set of K nodes, update head point to the Kth Node 
                head = tail; 
            } 
            //save the last node after reverse since we need to connect to the next set. 
            prevTail = prevCurrent; 
            //Save the current node, which will become the last node after reverse 
            prevCurrent = current; 
        } 
        return head; 
    } 
 

Problem-42 Can we solve Problem-39 with recursion? 
 

Solution:  
 

    public static ListNode reverseKNodes(ListNode head, int k){ 
        //Start with head 
        ListNode current = head; 
        //last node after reverse 
        ListNode prevTail = null; 
        //first node before reverse 
        ListNode prevCurrent = head; 
        while (current != null) { 
            //loop for reversing K nodes 
            int count = k; 
            ListNode tail = null; 
            while (current != null && count > 0) { 
                ListNode next = current.next; 
                current.next = tail; 
                tail = current; 
                current = next; 
                count--; 
            } 
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        while(X != null) { 
            Y = new RandomListNode(X.label); 
            Y.next = null; 
            Y.random = null; 
            map.put(X, Y); 
            X = X.next; 
        } 
        X = head; 
        while(X != null){ 
            Y = map.get(X); 
            Y.next = map.get(X.next); 
            Y.random = map.get(X.random); 
            X = X.next; 
        } 
        return map.get(head); 
    } 
 

Time Complexity: O(݊). Space Complexity: O(݊). 
 

Problem-46 In a linked list with ݊ nodes, the time taken to insert an element after an element pointed by some pointer is  
 

      (A) O(1)              (B)  O(݈݊݃݋)              (C) O(݊)              (D) O(݊1݊݃݋)  
 

Solution: A. 
 

Problem-47 Find modular node: Given a singly linked list, write a function to find the last element from the beginning whose ݊%݇ =
= 0, where ݊  is the number of elements in the list and ݇  is an integer constant. For example, if ݊ = 19 and ݇ = 3 then we should return 
18௧௛node. 

 

Solution: For this problem the value of ݊ is not known in advance. 
 

      public ListNode modularNodes(ListNode head, int k){ 
           ListNode modularNode; 
           int i=0; 
           if(k<=0) 
                return null;        

           for (;head!= null; head = head.next){ 
                if(i%k == 0){ 
                     modularNode = head; 
                } 
                i++; 
           } 
           return modularNode; 
      } 
 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-48 Find modular node from the end: Given a singly linked list, write a function to find the first element from the end whose 
݊%݇ == 0, where ݊  is the number of elements in the list and ݇  is an integer constant. For example, if ݊ = 19 and ݇ = 3 then we should 
return 16௧௛node. 

 

Solution: For this problem the value of ݊  is not known in advance and it is the same as finding the ݇௧௛element from the end of the the linked 
list. 
 

      public ListNode modularNodes(ListNode *head, int k){ 
           ListNode modularNode=null; 
           int i=0; 
           if(k<=0) return null; 
           for (i=0; i < k; i++){ 
                if(head!=null) 
                     head = head.next; 
                else  
                     return null; 
           } 
           while(head!= null) 
                modularNode = modularNode.next; 
                head = head.next; 
           } 
 

           return modularNode; 
      } 
 

Time Complexity: O(݊). Space Complexity: O(1). 
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Problem-49 Find fractional node: Given a singly linked list, write a function to find the 
௡
௞

 ℎ element, where ݊ is the number ofݐ
elements in the list. 

 

Solution: For this problem the value of ݊ is not known in advance. 
 

      public ListNode fractionalNodes(ListNode head, int k){ 
           ListNode fractionalNode; 
           int i=0; 
           if(k<=0) 
                return null; 
 

           for (;head!= null; head = head.next){ 
                if(i%k == 0){ 
                     if(fractionalNode!=null) 
                          fractionalNode = head; 
                     else fractionalNode = fractionalNode.next; 
                } 
                i++; 
           } 
           return fractionalNode; 
      } 
 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-50 Median in an infinite series of integers 
 

Solution: Median is the middle number in a sorted list of numbers (if we have an odd number of elements). If we have an even number of 
elements, the median is the average of two middle numbers in a sorted list of numbers. 
 

We can solve this problem with linked lists (with both sorted and unsorted linked lists). 
 

 linked list. In an unsorted linked list, we can insert the element either at the head or at the tail. The ݀݁ݐݎ݋ݏ݊ݑ let us try with an ,ݐݏݎ݅ܨ
disadvantage with this approach is that finding the median takes O(݊). Also, the insertion operation takes O(1). 
 

Now, let us try with a ݀݁ݐݎ݋ݏ linked list. We can find the median in O(1) time if we keep track of the middle elements. Insertion to a particular 
location is also O(1) in any linked list. But, finding the right location to insert is not O(݈݊݃݋) as in a sorted array, it is instead O(݊) because 
we can’t perform binary search in a linked list even if it is sorted.  
 

So, using a sorted linked list isn’t worth the effort as insertion is O(݊) and finding median is O(1), the same as the sorted array. In the sorted 
array the insertion is linear due to shifting, but here it’s linear because we can’t do a binary search in a linked list.  
 

Note: For an efficient algorithm refer to the ܲݏ݌ܽ݁ܪ ݀݊ܽ ݏ݁ݑ݁ݑܳ ݕݐ݅ݎ݋݅ݎ chapter. 
 

Problem-51 Consider the following Java program code, whose runtime F is a function of the input size ݊. 
 

      java.util.ArrayList<Integer> list = new java.util.ArrayList<Integer>(); 
      for( int i = 0 ; i < n; i ++) 
            list.add (0 , i ) ; 
 

Which of the following is correct? 
 

A) F(݊)=(݊)   B) F(݊)=(݊ଶ)   C) F(݊)=( ݊ଷ)   D) F(݊)=( ݊ସ)   F) F(݊)=(݈݊݊݃݋)    
 

Solution: B. The operation list.add(0,i) on ArrayList has linear time complexity, with respect to the current size of the data structure. 
Therefore, overall we have quadratic time complexity. 
 

Problem-52 Consider the following Java program code, whose runtime F is a function of the input size ݊. 
 

      java.util.ArrayList<Integer> list = new java.util.ArrayList<Integer>(); 
      for(int i = 0 ; i < n; i ++) 
            list.add ( i , i ) ; 
      for(int j = 0 ; j < n; j++) 
            list.remove(n-j -1 ); 

 

Which of the following is correct? 
 

A) F(݊)=(݊)   B) F(݊)=(݊ଶ)   C) F(݊)=( ݊ଷ)   D) F(݊)=( ݊ସ)   F) F(݊)=(݈݊݊݃݋)    
 

Solution: A. Both loop bodies have constant time complexity because they operate the end of the 
ArrayList. 
 

Problem-53 Consider the following Java program code, whose runtime F is a function of the input size ݊. 
 

           java.util.LinkedList<Integer> k = new java.util.LinkedList<Integer>(); 
           for(int i = 0 ; i < n; i ++) 
               for(int j = 0 ; j < n; j++) 
                      k.add(k.size()/2,j); 

 

Which of the following is correct? 
 

Solution: D. The LinkedList grows to quadratic size during the execution of the program fragment. Thus the body of the inner loop has 
quadratic complexity. The inner loop itself is executed ݊ଶ times. 
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Problem-54 Given a singly linked list L: ܮଵ-> ܮଶ-> ܮଷ…-> ܮ௡ିଵ-> ܮ௡, reorder it to: ܮଵ-> ܮ௡-> ܮଶ-> ܮ௡ିଵ…… 
 

Solution: We divide the list in two parts for instance 1->2->3->4->5 will become 1->2->3 and 4->5, we have to reverse the second list and give 
a list that alternates both. The split is done with a slow and fast pointer. First solution (using a stack for reversing the list): 
 

      public class ReorderLists { 
          public void reorderList(ListNode head) { 
               if(head == null) 
                  return; 
              ListNode slowPointer = head; 
              ListNode fastPointer = head.next; 
              while(fastPointer!=null && fastPointer.next !=null){ 
                  fastPointer = fastPointer.next.next; 
                  slowPointer = slowPointer.next; 
              } 
              ListNode head2 = slowPointer.next; 
              slowPointer.next = null; 
              LinkedList<ListNode> queue = new LinkedList<ListNode>(); 
              while(head2!=null){ 
                  ListNode temp = head2; 
                  head2 = head2.next; 
                  temp.next =null; 
                  queue.push(temp); 
              } 
              while(!queue.isEmpty()){ 
                  ListNode temp = queue.pop(); 
                  temp.next = head.next; 
                  head.next = temp; 
                  head = temp.next; 
              } 
          } 
      } 
 

Alternative Approach: 
 

      public class ReorderLists { 
          public void reorderList(ListNode head) { 
              if(head == null) 
                  return; 
              ListNode slowPointer = head; 
              ListNode fastPointer = head.next; 
              while(fastPointer!=null && fastPointer.next !=null){ 
                  fastPointer = fastPointer.next.next; 
                  slowPointer = slowPointer.next; 
             } 
              ListNode head2 = slowPointer.next; 
              slowPointer.next = null; 
              head2= reverseList(head2); 
              alternate (head, head2); 
          }      

          private ListNode reverseList(ListNode head){ 
             if (head == null) 
                  return null; 
              ListNode reversedList = head; 
              ListNode pointer = head.next; 
              reversedList.next=null; 
              while (pointer !=null){ 
                  ListNode temp = pointer; 
                  pointer = pointer.next; 
                  temp.next = reversedList; 
                  reversedList = temp; 
              } 
              return reversedList; 
          } 
     

          private void alternate (ListNode head1, ListNode head2){ 
              ListNode pointer = head1; 
              head1 = head1.next; 
              boolean nextList1 = false; 
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              while(head1 != null || head2 != null){ 
                  if((head2 != null && !nextList1) || (head1==null)){ 
                      pointer.next = head2; 
                      head2 = head2.next; 
                      nextList1 = true; 
                      pointer = pointer.next; 
                  } 
                  else { 
                      pointer.next = head1; 
                      head1 = head1.next; 
                      nextList1 = false; 
                      pointer = pointer.next; 
                  } 
              } 
          } 
      } 
 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-55 Which sorting algorithm is easily adaptable to singly linked lists?  
 

Solution: Simple Insertion sort is easily adaptable to singly linked lists. To insert an element, the linked list is traversed until the proper 
position is found, or until the end of the list is reached. It is inserted into the list by merely adjusting the pointers without shifting any elements, 
unlike in the array. This reduces the time required for insertion but not the time required for searching for the proper position. 
 

Problem-56 How do you implement insertion sort for linked lists? 
 

Solution: 
 

public static ListNode insertionSortList(ListNode head) { 
    if (head == null || head.next == null) 
        return head; 
    ListNode newHead = new ListNode(head.data); 
    ListNode pointer = head.next; 
    // loop through each element in the list 
    while (pointer != null) { 
        // insert this element to the new list 
        ListNode innerPointer = newHead; 
        ListNode next = pointer.next; 
        if (pointer.data <= newHead.data) { 
            ListNode oldHead = newHead; 
            newHead = pointer; 
            newHead.next = oldHead; 
        } else { 
            while (innerPointer.next != null) { 
                if (pointer.data > innerPointer.data && pointer.data <= innerPointer.next.data) { 
                    ListNode oldNext = innerPointer.next; 
                    innerPointer.next = pointer; 
                    pointer.next = oldNext; 
                } 
                innerPointer = innerPointer.next; 
            } 
            if (innerPointer.next == null && pointer.data > innerPointer.data) { 
                innerPointer.next = pointer; 
                pointer.next = null; 
            } 
        } 
        // finally 
        pointer = next; 
    } 
    return newHead; 
} 

 

Note: For details on insertion sort refer Sorting chapter. 
 

Problem-57 Given a list, rotate the list to the right by k places, where k is non-negative. For example:  Given 1->2->3->4->5->NULL 
and k = 2,  return 4->5->1->2->3->NULL. 

 

Solution: 
 

    public ListNode rotateRight(ListNode head, int n) { 
        if(head == null || head.next == null) 
            return head; 
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        ListNode rotateStart = head, rotateEnd = head; 
        while(n-- > 0){ 
            rotateEnd = rotateEnd.next; 
            if(rotateEnd == null){ 
                rotateEnd = head; 
            } 
        } 
        if(rotateStart == rotateEnd) 
            return head; 
        while(rotateEnd.next != null){ 
            rotateStart = rotateStart.next; 
            rotateEnd = rotateEnd.next; 
        } 
        ListNode temp = rotateStart.next; 
        rotateEnd.next = head; 
        rotateStart.next = null; 
        return temp; 
    } 
 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-58 You are given two linked lists representing two non-negative numbers. The digits are stored in reverse order and each of 
their nodes contain a single digit. Add the two numbers and return it as a linked list. For example with input: (3 -> 4 -> 3) + (5 -> 6 -> 4); 
the output should be 8 -> 0 -> 8. 

 

Solution: 
 

    public ListNode addTwoNumbers(ListNode list1, ListNode list2) { 
        if(list1 == null) 
            return list2; 
        if(list2 == null) 
            return list1; 
        ListNode head = new ListNode(0); 
        ListNode cur = head; 
        int advance = 0; 
        while(list1 != null && list2 != null){ 
            int sum = list1.data + list2.data + advance; 
            advance = sum / 10; 
            sum = sum % 10; 
            cur.next = new ListNode(sum); 
            cur = cur.next; 
            list1 = list1.next; 
            list2 = list2.next; 
        } 
        if(list1 != null){ 
            if(advance != 0) 
                cur.next = addTwoNumbers(list1, new ListNode(advance)); 
            else 
                cur.next = list1; 
        }else if(list2 != null){ 
            if(advance != 0) 
                cur.next = addTwoNumbers(list2, new ListNode(advance)); 
            else 
                cur.next = list2; 
        }else if(advance != 0){ 
            cur.next = new ListNode(advance); 
        } 
        return head.next; 
    } 
 

Problem-59 Given a linked list and a value K, partition it such that all nodes less than K come before nodes greater than or equal to 
K. You should preserve the original relative order of the nodes in each of the two partitions. For example, given 1->4->3->2->5->2 and K 
= 3, return 1->2->2->4->3->5. 

 

Solution: 
 

    public ListNode partition(ListNode head, int K) { 
        ListNode root = new ListNode(0); 
        ListNode pivot = new ListNode(K); 
        ListNode rootNext = root, pivotNext = pivot; 
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        ListNode currentNode = head; 
        while(currentNode != null){ 
            ListNode next = currentNode.next; 
            if(currentNode.data >= K){ 
                pivotNext.next = currentNode; 
                pivotNext = currentNode; 
                pivotNext.next = null; 
            }else{ 
                rootNext.next = currentNode; 
                rootNext = currentNode; 
            } 
            currentNode = next; 
        } 
        rootNext.next = pivot.next; 
        return root.next; 
    } 
 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-60 Merge k sorted linked lists and return it as one sorted list. 
 

Solution: Refer Priority Queues chapter. 
 

Problem-61 Given a unordered linked list, how do you remove duplicates in it? 
 

Solution: 
 

public static void removeDuplicates2(ListNode head) { 
    ListNode curr = head; 
    if(curr == null || curr.next == null) { 
        return; // 0 or 1 nodes in the list so no duplicates 
    } 
    ListNode curr2; 
    ListNode prev; 
    while(curr != null) { 
        curr2 = curr.next; 
        prev = curr; 
        while(curr2 != null) { 
            // check and see if curr and curr2 values are the same, if they are then delete curr2 
            if(curr.data==curr2.data) { 
                prev.next = curr2.next; 
            } 
            prev = curr2; 
            curr2 = curr2.next; 
        } 
        curr = curr.next; 
    } 
} 

 

Time Complexity: O(݊ଶ). Space Complexity: O(1). 
 

Problem-62 Can reduce the time complexity of Problem-61? 
 

Solution: We can simply use hash table and check whether an element already exist. 
 

// using a temporary buffer O(n) 
public static void removeDuplicates(ListNode head) { 
    Map<Integer, Boolean> mapper = new HashMap<Integer, Boolean>(); 
    ListNode curr = head; 
    ListNode next; 
    while (curr.next != null) { 
        next = curr.next; 
        if(mapper.get(next.data) != null) { 
            // already seen it, so delete 
            curr.next = next.next; 
        } else { 
            mapper.put(next.data, true); 
            curr = curr.next; 
        } 
    } 
} 

 

Time Complexity: O(݊). Space Complexity: O(݊) for hash table. 
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Since we traverse the original linked list from left to right, at no point would the order of nodes change relatively in the two lists. Another 
important thing to note here is that we show the original linked list intact in the above diagrams. However, in the implementation, we remove 
the nodes from the original linked list and attach them in the lesser or greater list. We don't utilize any additional space. We simply move the 
nodes from the original list around. 
 

class Solution { 
    static class ListNode{   
        int data;   
        ListNode next; 
        ListNode(int data){ 
            this.data =  data; 
            this.next = null; 
        } 
    }  
 

    public ListNode partition(ListNode head, int X) { 
        // lesser and greater are the two pointers used to create the two list 
        // lesser_head and greater_head are used to save the heads of the two lists. 
        // All of these are initialized with the dummy nodes created. 
        ListNode lesser_head = new ListNode(0); 
        ListNode lesser = lesser_head; 
        ListNode greater_head = new ListNode(0); 
        ListNode greater = greater_head; 
 

        while (head != null) { 
            // If the original list node is lesser than the given X, 
            // assign it to the lesser list. 
            if (head.data < X) { 
                lesser.next = head; 
                lesser = lesser.next; 
            } else { 
                // If the original list node is greater or equal to the given X, 
                // assign it to the greater list. 
                greater.next = head; 
                greater = greater.next; 
            } 
 

            // move ahead in the original list 
            head = head.next; 
        } 
 

        // Last node of "greater" list would also be ending node of the reformed list 
        greater.next = null; 
 

        // Once all the nodes are correctly assigned to the two lists, 
        // combine them to form a single list which would be returned. 
        lesser.next = greater_head.next; 
 

        return lesser_head.next; 
    } 
} 

 

Time complexity: O(݊), where ݊ is the number of nodes in the original linked list and we iterate the original list. 
Space complexity: O(1), we have not utilized any extra space, the point to note is that we are reforming the original list, by moving the original 
nodes, we have not used any extra space as such.  
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 } 
 

 // Testes whether the stack is empty. This method runs in O(1) time. 
 public boolean isEmpty() { 
  return (top < 0); 
 } 
 

 // Inserts an element at the top of the stack. This method runs in O(1) time. 
 public void push(int data) throws Exception { 
  if (size() == capacity) 
   throw new Exception("Stack is full."); 
  stackRep[++top] = data; 
 } 
 

 // Inspects the element at the top of the stack. This method runs in O(1) time. 
 public int top() throws Exception { 
  if (isEmpty()) 
   throw new Exception("Stack is empty."); 
  return stackRep[top]; 
 } 
 

 // Removes the top element from the stack. This method runs in O(1) time. 
 public int pop() throws Exception { 
  int data; 
  if (isEmpty()) 
      throw new Exception("Stack is empty."); 
  data = stackRep[top]; 
  stackRep[top--] = Integer.MIN_VALUE;  
  return data; 
 } 
 

 // Returns a string representation of the stack as a list of elements, with 
 // the top element at the end: [ ... , prev, top ]. This method runs in O(n) 
 // time, where n is the size of the stack. 
 public String toString() { 
  String s; 
  s = "["; 
  if (size() > 0) 
   s += stackRep[0]; 
  if (size() > 1) 
   for (int i = 1; i <= size() - 1; i++) { 
    s += ", " + stackRep[i]; 
   } 
  return s + "]"; 
 } 
      } 

Performance & Limitations 
Performance 
 

Let ݊ be the number of elements in the stack. The complexities of stack operations with this representation can be given as: 
 
 

Space complexity (for ݊ push operations) O(݊) 
Time complexity of push() O(1) 
Time complexity of pop() O(1) 
Time complexity of size() O(1) 
Time complexity of isEmpty() O(1) 
Time complexity of isFull() O(1) 
Time complexity of deleteStack() O(1) 

Limitations 
 

The maximum size of the stack must first be defined and it cannot be changed. Trying to push a new element into a full stack causes an 
implementation-specific exception. 

Dynamic Array Implementation 
 

First, let’s consider how we implemented a simple array based stack. We took one index variable ݌݋ݐ which points to the index of the most 
recently inserted element in the stack. To insert (or push) an element, we increment ݌݋ݐ index and then place the new element at that index.  
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Similarly, to delete (or pop) an element we take the element at ݌݋ݐ index and then decrement the ݌݋ݐ index. We represent an empty queue 
with ݌݋ݐ value equal to −1. The issue that still needs to be resolved is what we do when all the slots in the fixed size array stack are occupied?  
 

First try: What if we increment the size of the array by 1 every time the stack is full? 
 

 push(): increase size of S[] by 1 
 pop(): decrease size of S[] by 1 

 

Issues with this approach? 
 

This way of incrementing the array size is too expensive. Let us see the reason for this. For example, at ݊ =  1, to push an element create a 
new array of size 2 and copy all the old array elements to the new array, and at the end add the new element. At ݊ =  2, to push an element 
create a new array of size 3 and copy all the old array elements to the new array, and at the end add the new element.  
 

Similarly, at ݊ =  ݊ − 1, if we want to push an element create a new array of size ݊ and copy all the old array elements to the new array and 
at the end add the new element. After ݊ push operations the total time ܶ(݊) (number of copy operations) is proportional to 1 +  2 + … +
 ݊  O(݊ଶ). 

 

Alternative Approach: Repeated Doubling 
 

Let us improve the complexity by using the array ݈ܾ݀݃݊݅ݑ݋ technique. If the array is full, create a new array of twice the size, and copy the 
items. With this approach, pushing ݊ items takes time proportional to ݊ (not ݊ଶ).  

 

For simplicity, let us assume that initially we started with ݊ =  1 and moved up to ݊ =  32. That means, we do the doubling at 1, 2, 4, 8, 16. 
The other way of analyzing the same approach is: at ݊ =  1, if we want to add (push) an element, double the current size of the array and 
copy all the elements of the old array to the new array.  
 

At ݊ =  1, we do 1 copy operation, at ݊ =  2, we do 2 copy operations, and at n = 4, we do 4 copy operations and so on. By the time we 
reach ݊ =  32, the total number of copy operations is 1 +  2 +  4 +  8 + 16 =  31 which is approximately equal to 2݊ value (32). If we 
observe carefully, we are doing the doubling operation ݈݊݃݋ times. Now, let us generalize the discussion. For ݊ push operations we double 
the array size ݈݊݃݋ times. That means, we will have ݈݊݃݋ terms in the expression below. The total time ܶ(݊) of a series of ݊ push operations 
is proportional to 
 

1 +  2 +  4 + 8 … +
݊
4 +

݊
2 +  ݊ =  ݊ + 

݊
2  + 

݊
4 +

݊
8 … + 4 + 2 +  1                 

                                                               =  ݊ ൬1 + 
1
2 + 

1
4 +

1
8 … +

4
݊ +

2
݊ + 

1
݊ ൰ 

                                                               =  ݊(2 )   2݊ = O(݊) 
 

ܶ(݊) is O(݊) and the amortized time of a push operation is O(1) . 
 

      public class DynamicArrayStack{ 
 // Length of the array used to implement the stack. 
 protected int capacity; 
 

 // Default array capacity. 
 public static final int CAPACITY = 16; // power of 2 
 public static int MINCAPACITY=1<<15;   // power of 2 
 // Array used to implement the stack. 
 protected int[] stackRep; 
 // Index of the top element of the stack in the array. 
 protected int top = -1; 
 // Initializes the stack to use an array of default length. 
 public DynamicArrayStack() { 
  this(CAPACITY);   // default capacity 
 } 
 // Initializes the stack to use an array of given length. 
 public DynamicArrayStack(int cap) { 
  capacity = cap; 
  stackRep = new int[capacity];  // compiler may give warning, but this is ok 
 } 
 // Returns the number of elements in the stack. This method runs in O(1) time. 
 public int size() { 
  return (top + 1); 
 } 
 // Testes whether the stack is empty. This method runs in O(1) time. 
 public boolean isEmpty() { 
  return (top < 0); 
 } 
 // Inserts an element at the top of the stack. This method runs in O(1) time. 
 public void push(int data) throws Exception { 
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  if (size() == capacity) 
       expand(); 
  stackRep[++top] = data; 
 } 
 private void expand() { 
  int length = size(); 
  int[] newstack=new int[length<<1]; 
  System.arraycopy(stackRep,0,newstack,0,length); 
  stackRep=newstack; 
                         this.capacity = this.capacity<<1; 
 } 
 // dynamic array operation: shrinks to 1/2 if more than than 3/4 empty 
 private void shrink() { 
  int length = top + 1; 
  if(length<=MINCAPACITY || top<<2 >= length)  
       return; 
  length=length + (top<<1); // still means shrink to at 1/2 or less of the heap 
  if(top<MINCAPACITY) length = MINCAPACITY; 
  int[] newstack=new int[length]; 
  System.arraycopy(stackRep,0,newstack,0,top+1); 
  stackRep=newstack; 
                         this.capacity = length; 
 } 
 // Inspects the element at the top of the stack. This method runs in O(1) time. 
 public int top() throws Exception { 
  if (isEmpty()) 
       throw new Exception("Stack is empty."); 
  return stackRep[top]; 
 } 
 // Removes the top element from the stack. This method runs in O(1) time. 
 public int pop() throws Exception { 
  int data; 
  if (isEmpty()) 
   throw new Exception("Stack is empty."); 
  data = stackRep[top]; 
  stackRep[top--] = Integer.MIN_VALUE; // dereference S[top] for garbage collection. 
                         shrink(); 
  return data; 
 } 
 // Returns a string representation of the stack as a list of elements, with 
 // the top element at the end: [ ... , prev, top ]. This method runs in O(n) 
 // time, where n is the size of the stack. 
 public String toString() { 
  String s; 
  s = "["; 
  if (size() > 0) 
   s += stackRep[0]; 
  if (size() > 1) 
   for (int i = 1; i <= size() - 1; i++) { 
    s += ", " + stackRep[i]; 
   } 
  return s + "]"; 
 } 
      } 
 

Performance: Let ݊ be the number of elements in the stack. The complexities for operations with this representation can be given as: 
 

Space Complexity (for ݊ push operations) O(݊) 
Time Complexity of create Stack: DynArrayStack () O(1) 
Time Complexity of push() O(1) (Average) 
Time Complexity of pop() O(1) 
Time Complexity of top() O(1) 
Time Complexity of isEmpty() O(1) 
Time Complexity of isStackFull () O(1) 
Time Complexity of deleteStack() O(1) 

 

Note: Too many doublings may cause memory overflow exception. 
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Space complexity (for ݊ push operations) O(݊) 
Time complexity of createStack() O(1) 
Time complexity of push() O(1) (Average) 
Time complexity of pop() O(1) 
Time complexity of top() O(1) 
Time complexity of isEmpty() O(1) 
Time complexity of deleteStack() O(݊) 

4.6 Comparison of Implementations 
Comparing Incremental Strategy and Doubling Strategy 
 

We compare the incremental strategy and doubling strategy by analyzing the total time ܶ (݊) needed to perform a series of ݊  push operations. 
We start with an empty stack represented by an array of size 1. We call ܽ݉݀݁ݖ݅ݐݎ݋ time of a push operation is the average time taken by a 

push over the series of operations, that is,
்(௡)

௡
. 

 

Incremental Strategy 
 

The amortized time (average time per operation) of a push operation is O(݊) [O(݊ଶ)/݊ ]. 
 

Doubling Strategy 
  

In this method, the amortized time of a push operation is O(1) [O(݊)/݊]. 
 

Note: For analysis, refer to the ݊݋݅ݐܽݐ݈݊݁݉݁݌݉ܫ section. 

Comparing Array Implementation and Linked List Implementation 
 

Array Implementation 
 

 Operations take constant time. 
 Expensive doubling operation every once in a while. 
 Any sequence of ݊ operations (starting from empty stack) – "ܽ݉݀݁ݖ݅ݐݎ݋" bound takes time proportional to ݊. 

 

Linked List Implementation 
 

 Grows and shrinks gracefully. 
 Every operation takes constant time O(1). 
 Every operation uses extra space and time to deal with references. 

4.8 Stacks: Problems & Solutions 
 

Problem-1 Discuss how stacks can be used for checking balancing of symbols/parentheses. 
 

Solution: Stacks can be used to check whether the given expression has balanced symbols. This algorithm is very useful in compilers. Each 
time the parser reads one character at a time. If the character is an opening delimiter such as (, {, or [- then it is written to the stack. When a 
closing delimiter is encountered like ), }, or ]- the stack is popped.  
 

The opening and closing delimiters are then compared. If they match, the parsing of the string continues. If they do not match, the parser 
indicates that there is an error on the line. A linear-time O(݊) algorithm based on stack can be given as: 
 

Algorithm: 
a) Create a stack. 
b) while (end of input is not reached) { 

1) If the character read is not a symbol to be balanced, ignore it. 
2) If the character is an opening symbol like (, [, {, push it onto the stack 
3) If it is a closing symbol like ),],}, then if the stack is empty report an error. Otherwise pop the stack. 
4) If the symbol popped is not the corresponding opening symbol, report an error. 

} 
c) At end of input, if the stack is not empty report an error 

  

Examples: 
Example Valid? Description 
(A+B)+(C-D) Yes The expression has a balanced symbol 
((A+B)+(C-D) No One closing brace is missing 
((A+B)+[C-D]) Yes Opening and immediate closing braces correspond 
((A+B)+[C-D]} No The last closing brace does not correspond with the first opening parenthesis 

 

For tracing the algorithm let us assume that the input is: () (() [()]) 
 

Input Symbol, A[i]  Operation Stack Output 

( Push ( (  
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) Pop (  
Test if ( and A[i] match?     YES 

  

( Push ( (  

( Push ( ((  

) Pop ( 
Test if ( and A[i] match?      YES 

(  

[ Push [    ([  

( Push ( ([(  

) 
Pop ( 
Test if( and A[i] match?      YES ([  

] 
Pop [ 
Test if [ and A[i] match?      YES (  

) Pop ( 
Test if( and A[i]  match?      YES 

  

 Test if stack is Empty?         YES  TRUE 
 

Time Complexity: O(݊). Since we are scanning the input only once. Space Complexity: O(݊) [for stack]. 
 

    public boolean isValidSymbolPattern(String s) { 
        Stack<Character> stk = new Stack<Character>(); 
        if(s == null || s.length() == 0) 
            return true; 
        for(int i = 0; i < s.length(); i++){ 
            if(s.charAt(i) == ')'){ 
                if(!stk.isEmpty() && stk.peek() == '(') 
                    stk.pop(); 
                else 
                    return false; 
            }else if(s.charAt(i) == ']'){ 
                if(!stk.isEmpty() && stk.peek() == '[') 
                    stk.pop(); 
                else 
                    return false; 
            }else if(s.charAt(i) == '}'){ 
                if(!stk.isEmpty() && stk.peek() == '{') 
                    stk.pop(); 
                else 
                    return false; 
            }else{ 
                stk.push(s.charAt(i)); 
            } 
        } 
        if(stk.isEmpty()) 
            return true; 
        else 
            return false; 
    } 
 

Problem-2 Discuss infix to postfix conversion algorithm using stack. 
 

Solution: Before discussing the algorithm, first let us see the definitions of infix, prefix and postfix expressions. 
 

Infix: An infix expression is a single letter, or an operator, proceeded by one infix string and followed by another Infix string.   

  A 
 A+B 
(A+B)+ (C-D) 

 

Prefix:  A prefix expression is a single letter, or an operator, followed by two prefix strings. Every prefix string longer than a single variable 
contains an operator, first operand and second operand. 
 

 A 
 +AB 
 ++AB-CD 
 

Postfix: A postfix expression (also called Reverse Polish Notation) is a single letter or an operator, preceded by two postfix strings. Every 
postfix string longer than a single variable contains first and second operands followed by an operator. 
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 A 
 AB+ 
 AB+CD-+ 
 

Prefix and postfix notions are methods of writing mathematical expressions without parenthesis. Time to evaluate a postfix and prefix 
expression is O(݊), where ݊ is the number of elements in the array. 
 

Infix Prefix Postfix 
A+B +AB AB+ 

A+B-C -+ABC AB+C- 

(A+B)*C-D -*+ABCD AB+C*D- 
 

Now, let us focus on the algorithm. In infix expressions, the operator precedence is implicit unless we use parentheses. Therefore, for the 
infix to postfix conversion algorithm we have to define the operator precedence (or priority) inside the algorithm. The table shows the 
precedence and their associativity (order of evaluation) among operators. 
 
 

Token Operator Precedence Associativity 
( ) 
[ ] 
→ . 

function call 
array element 
struct or union member 

17 left-to-right 

-- ++ increment, decrement 16 left-to-right 
-- ++ 
! 
- 
- + 
& * 
sizeof 

decrement, increment 

logical not 
one’s complement 
unary minus or plus 
address or indirection 
size (in bytes) 

15 right-to-left 

(type) type cast 14 right-to-left 
* / % multiplicative 13 Left-to-right 

+ - binary add or subtract 12 left-to-right 
<< >> shift 11 left-to-right 
> >= 
< <= 

relational 
 

10 left-to-right 

== != equality 9 left-to-right 

& bitwise and 8 left-to-right 

^ bitwise exclusive or 7 left-to-right 
| bitwise or 6 left-to-right 
&& logical and 5 left-to-right 

|| logical or 4 left-to-right 

?: conditional 3 right-to-left 
=  += -= /= *= %= 
<<= >>= 
&= ^=  

assignment 2 right-to-left 

, comma 1 left-to-right 
 

Important Properties 
 

 Let us consider the infix expression 2 + 3 * 4 and its postfix equivalent 2 3 4 * +. Notice that between infix and postfix the order of 
the numbers (or operands) is unchanged. It is 2 3 4 in both cases. But the order of the operators * and + is affected in the two 
expressions. 

 Only one stack is enough to convert an infix expression to postfix expression. The stack that we use in the algorithm will be used to 
change the order of operators from infix to postfix. The stack we use will only contain operators and the open parentheses symbol 
‘(‘.  
Postfix expressions do not contain parentheses. We shall not output the parentheses in the postfix output. 
 

Algorithm: 
a) Create a stack 
b) for each character t in the input stream{ 

if(t is an operand) 
output t 

else if(t is a right parenthesis){ 
Pop and output tokens until a left parenthesis is popped (but not output) 

} 
else // t is an operator or left parenthesis{ 

pop and output tokens until one of lower priority than t is encountered or a left  parenthesis is encountered or the 
stack is empty 
Push t 

} 
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                int res = op2-op1; 
                s.push(res); 
            }else if(token.equals("*")){ 
                int op1 = s.pop(); 
                int op2 = s.pop(); 
                int res = op1 * op2; 
                s.push(res); 
            }else if(token.equals("/")){ 
                int op1 = s.pop(); 
                int op2 = s.pop(); 
                int res = op2 / op1; 
                s.push(res); 
            }else{ 
                s.push(Integer.parseInt(token)); 
            } 
        } 
        return s.pop(); 
    } 
 

Problem-5 Can we evaluate the infix expression with stacks in one pass? 
 

Solution: Using 2 stacks we can evaluate an infix expression in 1 pass without converting to postfix. 
 

Algorithm: 
1) Create an empty operator stack 
2) Create an empty operand stack 
3) For each token in the input string 

a. Get the next token in the infix string 
b. If next token is an operand, place it on the operand stack 
c. If next token is an operator 

i. Evaluate the operator (next op) 
4) While operator stack is not empty, pop operator and operands (left and right), evaluate left operator right and push result onto 

operand stack 
5) Pop result from operator stack 

 

Problem-6 How to design a stack such that getMinimum( ) should be O(1)? 
 

Solution: Take an auxiliary stack that maintains the minimum of all values in the stack. Also, assume that each element of the stack is less 
than its below elements. For simplicity let us call the auxiliary stack ݉݅݊ ݇ܿܽݐݏ.  
 

When we ݌݋݌ the main stack, ݌݋݌ the min stack too. When we push the main stack, push either the new element or the current minimum, 
whichever is lower. At any point, if we want to get the minimum, then we just need to return the top element from the min stack. Let us take 
an example and trace it out. Initially let us assume that we have pushed 2, 6, 4, 1 and 5. Based on the above-mentioned algorithm the 
 :will look like ݇ܿܽݐݏ ݊݅݉
  

Main stack Min stack 
5  → top 1 → top 
1 1 
4 2 
6 2 
2 2 

 

After popping twice we get: 
 

Main stack Min stack 
4  -→ top 2 → top 
6 2 
2 2 

 

Based on the discussion above, now let us code the push, pop and getMinimum() operations.. 
 

     public class AdvancedStack implements Stack{ 
 private Stack elementStack = new LLStack(); 
 private Stack minStack = new LLStack(); 
 public void push(int data){ 
  elementStack.push(data);   
  if(minStack.isEmpty() || (Integer)minStack.top() >= (Integer)data){ 
    minStack.push(data); 
  }else{ 
   minStack.push(minStack.top()); 
  }   
 } 
 public int pop(){ 
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  if(elementStack.isEmpty()) return null; 
  minStack.pop(); 
  return elementStack.pop();   
 } 
 public int getMinimum(){ 
  return minStack.top(); 
 } 
 public int top(){ 
  return elementStack.top(); 
 } 
 public boolean isEmpty(){ 
  return elementStack.isEmpty(); 
 } 
     } 
 

Time complexity: O(1). Space complexity: O(݊) [for Min stack]. This algorithm has much better space usage if we rarely get a "new minimum 
or equal". 
 

Problem-7 For Problem-6 is it possible to improve the space complexity? 
 

Solution: ܛ܍܇. The main problem of the previous approach is, for each push operation we are pushing the element on to min stack also 
(either the new element or existing minimum element). That means, we are pushing the duplicate minimum elements on to the stack. 
 

Now, let us change the algorithm to improve the space complexity. We still have the min stack, but we only pop from it when the value we 
pop from the main stack is equal to the one on the min stack. We only ݏݑ݌ℎ to the min stack when the value being pushed onto the main 
stack is less than ݎ݋ ݁  to the current min value. In this modified algorithm also, if we want to get the minimum then we just need to return ݈ܽݑݍ
the top element from the min stack. For example, taking the original version and pushing 1 again, we'd get: 
 

Main stack Min stack 
1 → top  
5 
1 
4 1 → top 
6 1 
2 2 

 

Popping from the above pops from both stacks because 1 ==  1, leaving: 
 

Main stack Min stack 
5  → top  
1 
4 
6 1 → top 
2 2 

 

Popping again ݕ݈݊݋ pops from the main stack, because 5 >  1: 
 

Main stack Min stack 
1  → top  
4 
6 1 → top 
2 2 

 

Popping again pops both stacks because 1 == 1: 
 

Main stack Min stack 
4 → top  
6 
2 2 → top 

 

Note: The difference is only in push & pop operations. 
 

     public class AdvancedStack  implements Stack{ 
 private Stack elementStack = new LLStack(); 
 private Stack minStack = new LLStack(); 
 public void Push(int data){ 
  elementStack.push(data);   
  if(minStack.isEmpty() || (Integer)minStack.top() >= (Integer)data){ 
    minStack.push(data); 
  }   
 } 
 public int Pop(){ 
  if(elementStack.isEmpty())  
   return null; 
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  Integer minTop = (Integer) minStack.top(); 
  Integer elementTop = (Integer) elementStack.top(); 
  if(minTop.intValue() == elementTop.intValue())  
   minStack.pop(); 
  return elementStack.pop();   
 } 
 public int GetMinimum(){ 
  return minStack.top(); 
 } 
 public int Top(){ 
  return elementStack.top(); 
 } 
 public boolean isEmpty(){ 
  return elementStack.isEmpty(); 
 } 
     } 
 

Time complexity: O(1). Space complexity: O(݊) [for Min stack]. But this algorithm has much better space usage if we rarely get a "new 
minimum or equal". 
 

Problem-8 Given an array of characters formed with a’s and b’s. The string is marked with special character X which represents the 
middle of the list (for example: ababa…ababXbabab…..baaa). Check whether the string is palindrome. 

 

Solution: This is one of the simplest algorithms. What we do is, start two indexes, one at the beginning of the string and the other at the end 
of the string. Each time compare whether the values at both the indexes are the same or not. If the values are not the same then we say that 
the given string is not a palindrome. If the values are the same then increment the left index and decrement the right index. Continue this 
process until both the indexes meet at the middle (at X) or if the string is not palindrome. 
 

     public int isPalindrome(String inputStr) { 
 int i=0, j = inputStr.length; 
 while(i < j && A[i] == A[j]) { 
  i++; 
  j--; 
 } 
 if(i < j ) { 
  System.out.println("Not a Palindrome"); 
  return 0; 

} 
 else { 
  System.out.println(“Palindrome"); 
  return 1; 

} 
     } 
 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-9 For Problem-8, if the input is in singly linked list then how do we check whether the list elements form a palindrome 
(That means, moving backward is not possible). 

 

Solution:  Refer to ݏݐݏ݅ܮ ݀݁݇݊݅ܮ chapter. 
 

Problem-10 Can we solve Problem-8 using stacks? 
 

Solution: Yes. 
 

Algorithm 
 Traverse the list till we encounter X as input element. 
 During the traversal push all the elements (until X) on to the stack. 
 For the second half of the list, compare each element’s content with top of the stack. If they are the same then pop the stack and 

go to the next element in the input list. 
 If they are not the same then the given string is not a palindrome. 
 Continue this process until the stack is empty or the string is not a palindrome. 

 

     public boolean isPalindrome(String inputStr){ 
 char inputChar[] = inputStr.toCharArray(); 
 Stack s = new LLStack(); 
 int i=0; 
 while(inputChar[i] != 'X'){    
  s.push(inputChar[i]); 
  i++; 
 } 
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One Possible Implementation 
 

     public class ArrayWithThreeStacks { 
 private int[] dataArray; 
 private int size, topOne, topTwo, baseThree, topThree; 
 public ArrayWithThreeStacks(int size){ 
  if(size<3) throw new IllegalStateException("Size < 3 is no persmissible"); 
  dataArray = new int[size]; 
  this.size = size; 
  topOne = -1; 
  topTwo = size; 
  baseThree = size/2; 
  topThree = baseThree; 
 } 
 public void push(int stackId, int data){   
  if(stackId == 1){ 
   if(topOne+1 == baseThree){ 
    if(stack3IsRightShiftable()){ 
     shiftStack3ToRight(); 
     dataArray[++topOne] = data;  
    }else throw new StackOverflowException("Stack1 has reached max limit");  
   }else dataArray[++topOne] = data; 
  }else if(stackId == 2){ 
   if(topTwo-1 == topThree){ 
    if(stack3IsLeftShiftable()){ 
     shiftStack3ToLeft(); 
     dataArray[--topTwo] = data;  
    }else throw new StackOverflowException("Stack2 has reached max limit");  
   }else dataArray[--topTwo] = data; 
  }else if(stackId == 3){ 
   if(topTwo-1 == topThree){ 
    if(stack3IsLeftShiftable()){ 
     shiftStack3ToLeft(); 
     dataArray[++topThree] = data;  
    }else throw new StackOverflowException("Stack3 has reached max limit");  
   }else dataArray[++topThree] = data; 
  }else return; 
 }   
 public int pop(int stackId){ 
  if(stackId == 1){ 
   if(topOne == -1) throw new EmptyStackException("First Stack is Empty"); 
   int toPop = dataArray[topOne];     
   dataArray[topOne--] = null; 
   return toPop; 
  }else if(stackId == 2){ 
   if(topTwo == this.size) throw new EmptyStackException("Second Stack is Empty"); 
   int toPop = dataArray[topTwo];     
   dataArray[topTwo++] = null; 
   return toPop;  
  }else if(stackId == 3){ 
   if(topThree == this.size && dataArray[topThree] == null)  
    throw new EmptyStackException("Third Stack is Empty"); 
   int toPop = dataArray[topThree];     
   if(topThree > baseThree) dataArray[topThree--] = null; 
   if(topThree == baseThree) dataArray[topThree] = null; 
   return toPop;  
  }else return null; 
 } 
 public int top(int stackId){ 
  if(stackId == 1){ 
   if(topOne == -1) throw new EmptyStackException("First Stack is Empty"); 
    return dataArray[topOne]; 
   }else if(stackId == 2){ 
    if(topTwo == this.size)  
                                                                           throw new EmptyStackException("Second Stack is Empty"); 
    return dataArray[topTwo]; 
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   }else if(stackId == 3){ 
    if(topThree == baseThree && dataArray[baseThree] == null)  
     throw new EmptyStackException("Third Stack is Empty"); 
    return dataArray[topThree]; 
   }else return null; 
 } 
 public boolean isEmpty(int stackId){ 
  if(stackId == 1){ 
    return topOne == -1; 
  }else if(stackId == 2){ 
   return topTwo == this.size; 
  }else if(stackId == 3){ 
   return (topThree == baseThree) && (dataArray[baseThree] == null); 
  }else return true; 
 } 
 private void shiftStack3ToLeft() { 
  for(int i=baseThree-1; i<=topThree-1;i++){ 
   dataArray[i] = dataArray[i+1]; 
  } 
  dataArray[topThree--] = null; 
  baseThree--;   
 } 
 private boolean stack3IsLeftShiftable() { 
  if(topOne+1 < baseThree){ 
   return true; 
  } 
  return false; 
 } 
 private void shiftStack3ToRight() { 
  for(int i=topThree+1; i>=baseThree+1;i--){ 
   dataArray[i] = dataArray[i-1]; 
  } 
  dataArray[baseThree++] = null; 
  topThree++;   
 } 
 private boolean stack3IsRightShiftable() { 
  if(topThree+1 < topTwo){ 
   return true; 
  } 
  return false; 
 } 
     } 
 

Problem-16 For Problem-15, is there any other way of implementing the middle stack? 
 

Solution: Yes. When either the left stack (which grows to the right) or the right stack (which grows to the left) bumps into the middle stack, 
we need to shift the entire middle stack to make room. The same happens if a push on the middle stack causes it to bump into the right stack.  
 

To solve the above-mentioned problem (number of shifts) what we can do is: alternating pushes can be added at alternating sides of the middle 
list (For example, even elements are pushed to the left, odd elements are pushed to the right). This would keep the middle stack balanced in 
the center of the array but it would still need to be shifted when it bumps into the left or right stack, whether by growing on its own or by the 
growth of a neighboring stack. 
 

We can optimize the initial locations of the three stacks if they grow/shrink at different rates and if they have different average sizes. For 
example, suppose one stack doesn't change much. If we put it at the left, then the middle stack will eventually get pushed against it and leave 
a gap between the middle and right stacks, which grow toward each other. If they collide, then it's likely we've run out of space in the array. 
There is no change in the time complexity but the average number of shifts will get reduced. 
 

Problem-17 Multiple (݉) stacks in one array: Similar to Problem-15, what if we want to implement ݉ stacks in one array? 
 

Solution: Let us assume that array indexes are from 1 to n. Similar to the discussion in Problem-15, to implement ݉ stacks in one array, we 
divide the array into ݉ parts (as shown below). The size of each part is 

௡
௠

. 

 

 

 Top[m+1] 

݊
݉

 1 
2݊
݉

 n 

A 

Base[1] 
Top[1] 

Base[2] 
Top[2] 

Base[3] 

Top[3] 
Base[m+1] 
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From the above representation we can see that, first stack is starting at index 1 (starting index is stored in Base[1]), second stack is starting at 

index 
௡
௠

 (starting index is stored in Base[2]), third stack is starting at index 
ଶ௡
௠

 (starting index is stored in Base[3]), and so on. Similar to ݁ݏܽܤ 
array, let us assume that ܶ݌݋ array stores the top indexes for each of the stack. Consider the following terminology for the discussion.  
 

 Top[i], for 1 ≤  ݅ ≤  ݉ will point to the topmost element of the stack ݅. 
 If Base[i] == Top[i], then we can say the stack ݅ is empty. 
 If Top[i] == Base[i+1], then we can say the stack i is full. 

Initially Base[i] = Top[i] = 
௡
௠

(݅ − 1), for 1 ≤  ݅ ≤  ݉. 

 The ݅௧௛stack grows from Base[i]+1 to Base[i+1]. 
 

Pushing on to ࢎ࢚࢏ stack: 
 

1) For pushing on to the ݅௧௛ stack, we check whether the top of ݅ ௧௛ stack is pointing to Base[i+1] (this case defines that ݅ ௧௛ stack is full). 
That means, we need to see if adding a new element causes it to bump into the ݅ + 1௧௛  stack. If so, try to shift the stacks from 
݅ + 1௧௛ stack to ݉௧௛ stack toward the right. Insert the new element at (Base[i] + Top[i]). 

2) If right shifting is not possible then try shifting the stacks from 1 to ݅ − 1௧௛ stack toward the left.  
3) If both of them are not possible then we can say that all stacks are full. 

 

     public void Push(int StackID, int data){ 
 if(Top[i] == Base[i+1]) 
  Print ݅௧௛ Stack is full and does the necessary action (shifting); 
 Top[i] = Top[i]+1; 
 A[Top[i]] = data; 
     } 
 

Time Complexity: O(݊). Since we may need to adjust the stacks. Space Complexity: O(1). 
 

Popping from ܑ  stack: For popping, we don’t need to shift, just decrement the size of the appropriate stack. The only case we need to check ܐܜ
is stack empty case. 
 

     public int Pop(int StackID) { 
 if(Top[i] == Base[i]) 
  Print ݅௧௛ Stack is empty; 
 return  A[Top[i]--]; 
     } 
 

Time Complexity: O(1). Space Complexity: O(1). 
 

Problem-18 Consider an empty stack of integers. Let the numbers 1, 2, 3, 4, 5, 6 be pushed on to this stack in the order they appear 
from left to right. Let ܵ  indicate a push and ܺ  indicate a pop operation. Can they be permuted in to the order 325641(output) and order 
154623? (If a permutation is possible give the order string of operations. 
 

Solution: SSSXXSSXSXXX outputs 325641. 154623 cannot be output as 2 is pushed much before 3 so can appear only after 3 is output. 
 

Problem-19 Suppose there are two singly linked lists which intersect at some point and become a single linked list. The head or start 
pointers of both the lists are known, but the intersecting node is not known. Also, the number of nodes in each of the lists before they 
intersect are unknown and both lists may have a different number. 1ݐݏ݅ܮ may have ݊ nodes before it reaches the intersection point and 
= ݉ may have ݉ nodes before it reaches the intersection point where ݉ and ݊ may be 2ݐݏ݅ܮ  ݊, ݉ <  ݊ or ݉ >  ݊. Can we find the 
merging point using stacks? 

 
 

 
 

 
      
 
 
 
 

Solution:  Yes. For algorithm refer to ݏݐݏ݅ܮ ݀݁݇݊݅ܮ chapter. 
 

Problem-20 Earlier in this chapter, we discussed that for dynamic array implementation of stacks, the ‘repeated doubling’ approach 
is used. For the same problem, what is the complexity if we create a new array whose size is ݊ +  ?instead of doubling ܭ

 

Solution: Let us assume that the initial stack size is 0. For simplicity let us assume that ܭ = 10. For inserting the element we create a new 
array whose size is 0 +  10 =  10. Similarly, after 10 elements we again create a new array whose size is 10 +  10 =  20 and this process 
continues at values: 30, 40 … That means, for a given ݊ value, we are creating the new arrays at: 

୬
ଵ଴

, ୬
ଶ଴

, ୬
ଷ଴

, ୬
ସ଴

… The total number of copy 
operations is:  

                                                          = ௡
ଵ଴

+ ௡
ଶ଴

+ ௡
ଷ଴

+ ⋯ 1 = ௡
ଵ଴

ቀଵ
ଵ

+ ଵ
ଶ

+ ଵ
ଷ

+ ⋯ ଵ
௡

ቁ = ௡
ଵ଴

݊݃݋݈ ≈ O(݈݊݊݃݋) 
 

If we are performing ݊ push operations, the cost per operation is O(݈݊݃݋).  

  

   

   ?  

None 
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Problem-21 Given a string containing ݊ ܵ′ݏ and ݊ ܺ′ݏ where ܵ indicates a push operation and ܺ indicates a pop operation, and with 
the stack initially empty, formulate a rule to check whether a given string ܵ of operations is admissible or not? 

 

Solution: Given a string of length 2݊, we wish to check whether the given string of operations is permissible or not with respect to its functioning 
on a stack. The only restricted operation is pop whose prior requirement is that the stack should not be empty. So while traversing the string 
from left to right, prior to any pop the stack shouldn't be empty, which means the number of ܵ ܺ is always greater than or equal to that of ݏ′  .ݏ′
Hence the condition is at any stage of processing of the string, the number of push operations (ܵ) should be greater than the number of pop 
operations (ܺ). 
 

Problem-22 Finding of Spans: Given an array ܣ the span ܵ[݅] of ܣ[݅] is the maximum number of consecutive elements ܣ[݆] 
immediately preceding ܣ[݅] and such that ܣ[݆]  ܣ[݆ + 1]?  
Another way of asking: Given an array ܣ of integers, find the maximum of ݆ − ݅ subjected to the constraint of ܣ > [݅]ܣ[݆]. 

 

Solution: This is a very common problem in stock markets to find the peaks. Spans are used in financial analysis (E.g., stock at 52-week high). 
The span of a stock price on a certain day, ݅, is the maximum number of consecutive days (up to the current day) the price of the stock has 
been less than or equal to its price on ݅.  
 

As an example, let us consider the table and the corresponding spans diagram. In the figure the arrows indicate the length of the spans. 
 

Day: Index i Input Array A[i] S[i]: Span of A[i] 
0 6 1 
1 3 1 
2 4 2 
3 5 3 
4 2 1 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Now, let us concentrate on the algorithm for finding the spans. One simple way is, each day, check how many contiguous days have a stock 
price that is less than the current price.   
 

     public int[] FindingSpans(int[] inputArray){ 
 int[] spans = new int[inputArray.length]; 
 for(int i=0;i<inputArray.length;i++){ 
  int span = 1; 
  int j=i-1; 
  while(j>=0 && inputArray[j]<=inputArray[j+1]){ 
   span++; 
   j--; 
  } 
  spans[i] = span; 
 }   
 return spans; 
     } 
 

Time Complexity: O(݊ଶ). Space Complexity: O(1). 
 

Problem-23 Can we improve the complexity of Problem-22? 
 

Solution: From the example above, we can see that span ܵ[݅] on day ݅ can be easily calculated if we know the closest day preceding ݅, such 
that the price is greater on that day than the price on day ݅. Let us call such a day as ܲ. If such a day exists then the span is now defined as 
ܵ[݅]  =  ݅ −  ܲ.  
 

      public int[] FindingSpans(int[] inputArray){   
 int[] spans = new int[inputArray.length]; 
 Stack stack = new LLStack(); 

8 

6 

4 

2 

0 1 2 3 4 
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 int p = 0; 
 for(int i=0;i<inputArray.length;i++){  
  while (!stack.isEmpty() && inputArray[i] > inputArray[(Integer) stack.top()])  
   stack.pop();          
  if( stack.isEmpty())      
   p = -1;        
  else p = (Integer) stack.top();  
  spans[i] = i - p; 
  stack.push(i); 
 } 
 return spans;  
     } 
 

Time Complexity: Each index of the array is pushed into the stack exactly once and also popped from the stack at most once. The statements 
in the while loop are executed at most ݊ times. Even though the algorithm has nested loops, the complexity is O(݊) as the inner loop is 
executing only ݊  times during the course of the algorithm (trace out an example and see how many times the inner loop becomes successful). 
Space Complexity: O(݊) [for stack]. 
 

Problem-24 Largest rectangle under histogram: A histogram is a polygon composed of a sequence of rectangles aligned at a common 
base line. For simplicity, assume that the rectangles have equal widths but may have different heights. For example, the figure on the left 
shows a histogram that consists of rectangles with the heights 3, 2 , 5, 6, 1, 4, 4, measured in units where 1 is the width of the rectangles. 
Here our problem is: given an array with heights of rectangles (assuming width is 1), we need to find the largest rectangle possible. For the 
given example, the largest rectangle is the shared part. 
 
 
 
 
 
 
 

Solution: The first insight is to identify which rectangles to be considered for the solution: those which cover a contiguous range of the input 
histogram and whose height equals the minimum bar height in the range (rectangle height cannot exceed the minimum height in the range 
and there’s no point in considering a height less than the minimum height because we can just increase the height to the minimum height in 
the range and get a better solution). This greatly constrains the set of rectangles we need to consider. Formally, we need to consider only those 
rectangles with ݐ݀݅ݓℎ =  ݆ − ݅ + 1 (0 = ݅ = ݆ < ݊) and ℎ݁݅݃ℎݐ = .݅]ܣ)݊݅݉  . ݆]). This will require O(݊ଶ). 
 

Problem-25 For Error! Reference source not found., can we improve the time complexity? 
 

Solution: Linear search using a stack of incomplete subproblems: There are many ways of solving this problem. ݁݃݀ݑܬ has given a nice 
algorithm for this problem which is based on stack. We process the elements in left-to-right order and maintain a stack of information about 
started but yet unfinished sub histograms. If the stack is empty, open a new subproblem by pushing the element onto the stack. Otherwise 
compare it to the element on top of the stack. If the new one is greater we again push it. If the new one is equal we skip it. In all these cases, 
we continue with the next new element. 
 

If the new one is less, we finish the topmost subproblem by updating the maximum area with respect to the element at the top of the stack. 
Then, we discard the element at the top, and repeat the procedure keeping the current new element. This way, all subproblems are finished 
when the stack becomes empty, or its top element is less than or equal to the new element, leading to the actions described above. If all 
elements have been processed, and the stack is not yet empty, we finish the remaining subproblems by updating the maximum area with 
respect to the elements at the top. 
 

public class MaxRectangleAreaInHistrogram { 
    public int MaxRectangleArea(int[] A) { 
        Stack<Integer> s = new Stack<Integer>(); 
        if(A == null || A.length == 0) 
            return 0; 
        // Initialize max area 
        int maxArea = 0; 
        int i = 0; 
        // run through all bars of given histogram 
        while(i < A.length) { 
            // If current bar is higher than the bar of the stack peek, push it to stack.  
            if(s.empty() || A[s.peek()] <= A[i]) 
                s.push(i++); 
            else { 
                // if current bar is lower than the stack peek,  
                // calculate area of rectangle with stack top as the smallest bar. 
                // 'i' is 'right index' for the top and element before top in stack is 'left index' 
                int top = s.pop(); 
                // calculate the area with A[top] stack as smallest bar and update maxArea if needed 
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                maxArea = Math.max(maxArea, A[top] * (s.empty() ? i : i - s.peek() - 1)); 
            } 
        } 
        // Now pop the remaining bars from stack and calculate area with every popped bar as the smallest bar. 
        while(!s.isEmpty()) { 
            int top = s.pop(); 
            maxArea = Math.max(maxArea, A[top] * (s.empty() ? i : i - s.peek() - 1)); 
        } 
        return maxArea; 
    } 
}  
 

At the first impression, this solution seems to be having O(݊ଶ) complexity. But if we look carefully, every element is pushed and popped at 
most once, and in every step of the function at least one element is pushed or popped. Since the amount of work for the decisions and the 
update is constant, the complexity of the algorithm is O(݊) by amortized analysis.  
Space Complexity: O(݊) [for stack]. 
 

Problem-26 Give an algorithm for sorting a stack in ascending order.  We should not make any assumptions about how the stack is 
implemented. 

 

Solution: 
 

    public static Stack<Integer> sort(Stack<Integer> stk) { 
        Stack<Integer> rstk = new Stack<Integer>(); 
        while(!stk.isEmpty()){ 
            int tmp = stk.pop(); 
            while(!rstk.isEmpty() && rstk.peek() > tmp){ 
                stk.push(rstk.pop()); 
            } 
            rstk.push(tmp); 
        } 
        return rstk; 
    } 
 

Time Complexity: O(݊ଶ). Space Complexity: O(݊), for stack. 
 

Problem-27 Given a stack of integers, how do you check whether each successive pair of numbers in the stack is consecutive or not. 
The pairs can be increasing or decreasing, and if the stack has an odd number of elements, the element at the top is left out of a pair. For 
example, if the stack of elements are [4, 5, -2, -3, 11, 10, 5, 6, 20], then the output should be true because each of the pairs (4, 5), (-2, -3), 
(11, 10), and (5, 6) consists of consecutive numbers. 

 

Solution: Refer to ܳݏ݁ݑ݁ݑ chapter. 
 

Problem-28 Recursively remove all adjacent duplicates: Given an array of numbers, recursively remove adjacent duplicate numbers. 
The output array should not have any adjacent duplicates. 
  

 8,8,8,0,1,1,0,6,5 ,1,5,6  :ݐݑ݌݊ܫ
 1 :ݐݑ݌ݐݑܱ

 {8,8,8,0,1,1,0,6,5 ,1,9,6 :ݐݑ݌݊ܫ
 5 ,9 ,1 :ݐݑ݌ݐݑܱ

 

Solution: This solution runs with the concept of in-place stack. When element on stack doesn't match to the current number, we add it to 
stack. When it matches to stack top, we skip numbers until the element match the top of stack and remove the element from stack. 
 

      public class RemoveAdjacentDuplicates { 
            public int removeAdjacentDuplicates(int []A){ 
                  int stkptr=-1; 
                  int i=0; 
                  while (i<A.length){ 
                        if (stkptr == -1 || A[stkptr]!=A[i]){ 
                   stkptr++; 
                              A[stkptr]=A[i]; 
                              i++; 
                        }else { 
                              while(i < A.length&& A[stkptr]==A[i]) 
                                    i++; 
                              stkptr--; 
                        } 
                  } 
                  return stkptr;     
            } 
      } 
      public class TestRemoveAdjacentDuplicates { 
            public static void main(String[] args) { 
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                  RemoveAdjacentDuplicates obj = new RemoveAdjacentDuplicates(); 
                  int[] A = {1,5,6, 8,8,8,0,1,1,0,6,5}; 
             int index = obj.removeAdjacentDuplicates(A); 
             for (int i = 0; i <= index; i++) { 
                   System.out.print(" " + A[i]); 
                  } 
            } 
      } 
 

Time Complexity: O(݊). Space Complexity: O(1) as the stack simulation is done in place. 
 

Problem-29 If the stack gets too high, it might overbalance.  There-fore, in real life, we would likely start a new stack when the previous 
stack exceeds some threshold.  Implement a data structure that mimics this and composed of several stacks, and should create a new stack 
once the previous one exceeds capacity.   push() and pop() of this class should behave identically to a regular stack. 

 

Solution: Follow the comments in code below. 
 

 class StackForStackSets { 
     private int top = -1;    
     private int[] arr; 
     // Maximum size of stack 
     private int capacity; 
     StackForStackSets(int capacity){ 
  this.capacity = capacity; 
  arr = new int[capacity]; 
     } 
     public void push(int v){ 
  arr[++top] = v; 
     } 
     public int pop(){    
  return arr[top--]; 
     } 
     // if the stack is at capacity 
     public Boolean isAtCapacity(){ 
  return capacity == top + 1; 
     } 
     //return the size of the stack 
     public int size(){ 
  return top+1; 
     } 
     public String toString(){ 
  String s = ""; 
  int index = top; 
  while(index >= 0){ 
      s += "[" + arr[index--] + "]"+ " --> "; 
  } 
  return s; 
     } 
 } 
 public class StackSets{ 
     // Number of elements for each stack 
     private int threshold; 
     private ArrayList<StackForStackSets> listOfStacks = new  ArrayList<StackForStackSets>();       

     StackSets(int threshold) { 
  this.threshold = threshold;         
     } 
     //get the last stack 
     public StackForStackSets getLastStack(){ 
  int size = listOfStacks.size(); 
  if(size <= 0)  
   return null; 
  else return listOfStacks.get(size - 1); 
     } 
     //get the nth stack 
     public StackForStackSets getNthStack(int n){ 
  System.out.println(n); 
  int size = listOfStacks.size(); 
  if(size <= 0)  
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   return null; 
  else return listOfStacks.get(n - 1); 
     } 
     //push value 
     public void push(int value){ 
  StackForStackSets lastStack = this.getLastStack(); 
  if(lastStack == null){ 
      lastStack = new StackForStackSets(threshold); 
      lastStack.push(value); 
      listOfStacks.add(lastStack); 
  }else { 
      if( !lastStack.isAtCapacity()) 
   lastStack.push(value); 
      else { 
   StackForStackSets newLastStack = new StackForStackSets(threshold); 
   newLastStack.push(value); 
   listOfStacks.add(newLastStack); 
      } 
  }     
     } 
     // the pop  
     public int pop(){ 
  StackForStackSets lastStack = this.getLastStack(); 
  int v = lastStack.pop(); 
  if(lastStack.size() == 0) listOfStacks.remove(listOfStacks.size() -  1); 
  return v; 
     } 
     //pop from the nth stack 
     public int pop(int nth){ 
  StackForStackSets nthStack = this.getNthStack(nth); 
   int v = nthStack.pop(); 
   if(nthStack.size() == 0) listOfStacks.remove(listOfStacks.size() -  1); 
   return v;    
     } 
     public String toString(){ 
  String s = ""; 
  for(int i = 0; i < listOfStacks.size(); i++){ 
   StackForStackSets stack = listOfStacks.get(i); 
      s = "Stack "+ i + ": " + stack.toString() +  s; 
  } 
  return s; 
     } 
     public static void main(String[] args){ 
  StackSets stacks = new StackSets(3); 
  stacks.push(10); stacks.push(9); stacks.push(8); 
  stacks.push(7); stacks.push(6); stacks.push(5); 
  stacks.push(4); stacks.push(3); stacks.push(2); 
  System.out.println("Popping " + stacks.pop(2)); 
  System.out.println("Popping from stack 1" + stacks.pop(1)); 
  System.out.println("Popping " + stacks.pop(3)); 
  System.out.println("Popping " + stacks.pop(2)); 
  System.out.println("the stack is: " + stacks); 
     } 
 }   
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5.1 What is a Queue?  
 

A queue is a data structure used for storing data (similar to Linked Lists and Stacks). In queue, the order in which data arrives is important. 
In general, a queue is a line of people or things waiting to be served in sequential order starting at the beginning of the line or sequence. 
 

Definition: A ݁ݑ݁ݑݍ is an ordered list in which insertions are done at one end (ݎܽ݁ݎ) and deletions are done at other end (݂ݐ݊݋ݎ). The 
first element to be inserted is the first one to be deleted. Hence, it is called First in First out (FIFO) or Last in Last out (LILO) list. 

 

Similar to ܵݏ݇ܿܽݐ, special names are given to the two changes that can be made to a queue. When an element is inserted in a queue, the 
concept is called ݁ݑ݁ݑܳ݊ܧ, and when an element is removed from the queue, the concept is called ݁ݑ݁ݑܳ݁ܦ.  
 

 Generally, we treat .ݓ݋݈݂ݎ݁ݒ݋ an element in a full queue is called ݃݊݅ݑ݁ݑܳ݊ܧ and ݓ݋݈݂ݎ݁݀݊ݑ an empty queue is called ݃݊݅݁ݑ݁ݑܳ݁ܦ
them as exceptions. As an example, consider the snapshot of the queue. 
 

 
 
 
 
 

 

5.2 How are Queues Used? 
 

The concept of a queue can be explained by observing a line at a reservation counter. When we enter the line we stand at the end of the line 
and the person who is at the front of the line is the one who will be served next. He will exit the queue and be served.  
 

As this happens, the next person will come at the head of the line, will exit the queue and will be served. As each person at the head of the 
line keeps exiting the queue, we move towards the head of the line. Finally we will reach the head of the line and we will exit the queue and 
be served. This behavior is very useful in cases where there is a need to maintain the order of arrival. 

5.3 Queue ADT  
 

The following operations make a queue an ADT. Insertions and deletions in the queue must follow the FIFO scheme. For simplicity we 
assume the elements are integers. 
 

Main Queue Operations  
 

 void enQueue(int data): Inserts an element at the end of the queue (at rear) 
 int deQueue(): Removes and returns the element from the front of the queue 

 

Auxiliary Queue Operations 
 

 int front(): Returns the element at the front without removing it 
 int rear(): Returns the element at the rear without removing it 
 int size(): Returns the number of elements stored in the queue 
 int isEmpty (): Indicates whether no elements are stored in the queue or not 

5.4 Exceptions 
 

Similar to other ADTs, executing ݁ݑ݁ݑܳ݁ܦ on an empty queue throws an “݊݋݅ݐ݌݁ܿݔܧ ݁ݑ݁ݑܳ ݕݐ݌݉ܧ” and executing ݁ݑ݁ݑܳ݊ܧ on a full 
queue throws “݊݋݅ݐ݌݁ܿݔܧ ݁ݑ݁ݑܳ ݈݈ݑܨ”. 

5.5 Applications  
 

Following are some of the applications that use queues. 

front   rear 

New elements ready to 
enter Queue (EnQueue) 

Elements ready to be 
served (DeQueue) 
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Direct Applications 
 

 Operating systems schedule jobs (with equal priority) in the order of arrival (e.g., a print queue). 
 Simulation of real-world queues such as lines at a ticket counter or any other first-come first-served scenario requires a queue. 
 Multiprogramming. 
 Asynchronous data transfer (file IO, pipes, sockets). 
 Waiting times of customers at call center. 
 Determining number of cashiers to have at a supermarket. 

 

Indirect Applications 
 

 Auxiliary data structure for algorithms 
 Component of other data structures 

5.6 Implementation 
 

There are many ways (similar to Stacks) of implementing queue operations and some of the commonly used methods are listed below. 
 

 Simple circular array based implementation 
 Dynamic circular array based implementation 
 Linked list implementation 

Why Circular Arrays? 
 

First, let us see whether we can use simple arrays for implementing queues as we have done for stacks. We know that, in queues, the insertions 
are performed at one end and deletions are performed at the other end. After performing some insertions and deletions the process becomes 
easy to understand.  
 

In the example shown below, it can be seen clearly that the initial slots of the array are getting wasted. So, simple array implementation for 
queue is not efficient. To solve this problem we assume the arrays as circular arrays. That means, we treat the last element and the first array 
elements as contiguous. With this representation, if there are any free slots at the beginning, the rear pointer can easily go to its next free slot. 
 
 

 
 
 
 
 
 
 
 
 

Note: The simple circular array and dynamic circular array implementations are very similar to stack array implementations. Refer to ܵ  ݏ݇ܿܽݐ
chapter for analysis of these implementations. 

Simple Circular Array Implementation 
 

 
 
 
 
 
 
 
 
 
 
 
 

 

Note: Initially, both front and rear points to 0 which indicates that the queue is empty.  
 

import java.util.*; 
import java.lang.*; 
import java.io.*; 
public class Queue{  
    // Array used to implement the queue. 
    private int[] A; 
    private int size, front, rear; 
 

    // Length of the array used to implement the queue. 
    private static final int CAPACITY = 16; //Default Queue size 
 

    // Initializes the queue to use an array of default length. 
    public Queue (){ 
        A = new int [CAPACITY]; 
        size  = 0; front = 0; rear  = 0; 

  rear 

  front 

Fixed size array 

front   rear 

New elements ready to 
enter Queue (EnQueue) 
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    } 
 

    // Initializes the queue to use an array of given length. 
    public Queue (int cap){ 
        A = new int [ cap]; 
        size  = 0; front = 0; rear  = 0; 
    } 
 

    // Inserts an element at the rear of the queue. This method runs in O(1) time. 
    public void enQueue (int data)throws NullPointerException, IllegalStateException{   
        if (size == CAPACITY) 
            throw new IllegalStateException ("Queue is full: Overflow"); 
        else { 
            size++; 
            A[rear] = data; 
            rear = (rear+1) % CAPACITY; 
        } 
    } 
 

    // Removes the front element from the queue. This method runs in O(1) time. 
    public int deQueue () throws IllegalStateException{ 
        // Effects:   If queue is empty, throw IllegalStateException, 
        // else remove and return oldest element of this 
        if (size == 0) 
            throw new IllegalStateException ("Queue is empty: Underflow"); 
        else { 
            size--; 
            int data = A [ (front % CAPACITY) ]; 
            A [front] = Integer.MIN_VALUE; 
            front = (front+1) % CAPACITY; 
            return data; 
        } 
    } 
 

    // Checks whether the queue is empty. This method runs in O(1) time. 
    public boolean isEmpty(){  
        return (size == 0);  
    } 
 

    // Checks whether the queue is full. This method runs in O(1) time. 
    public boolean isFull(){  
        return (size == CAPACITY);  
    } 
 

    // Returns the number of elements in the queue. This method runs in O(1) time. 
    public int size() { 
        return size; 
    } 
 

    // Returns a string representation of the queue as a list of elements, with 
    // the front element at the end: [ ... , prev, rear ]. This method runs in O(n) 
    // time, where n is the size of the queue.  
    public String toString(){ 
        String result = "["; 
        for (int i = 0; i < size; i++){ 
            result += Integer.toString(A[ (front + i) % CAPACITY ]); 
            if (i < size -1) { 
                result += ", "; 
            } 
        } 
        result += "]"; 
        return result; 
    } 
} 
 

class QueueWithSimpleArray{ 
    public static void main (String[] args) throws java.lang.Exception{ 
        Queue Q = new Queue(); 
        Q.enQueue(4); 
        System.out.println("Queue Elements: "+ Q.toString());; 
        System.out.println("DeQueue operation done ! removed: "+ Q.deQueue());; 
        Q.enQueue(56); 
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        Q.enQueue(2); 
        Q.enQueue(67); 
        System.out.println("Queue Elements: "+ Q.toString());; 
        System.out.println("DeQueue operation done ! removed: "+ Q.deQueue());; 
        System.out.println("DeQueue operation done ! removed: "+ Q.deQueue());; 
        Q.enQueue(24); 
        System.out.println("Queue Elements: "+ Q.toString());; 
        System.out.println("DeQueue operation done ! removed: "+ Q.deQueue());; 
        Q.enQueue(98); 
        Q.enQueue(45); 
        Q.enQueue(23); 
        Q.enQueue(435); 
        System.out.println("Queue Elements: "+ Q.toString());; 
    } 
} 

Performance and Limitations 
 

Performance: Let ݊ be the number of elements in the queue: 
 

Space Complexity (for ݊ enQueue operations) O(݊) 
Time Complexity of enQueue() O(1) 
Time Complexity of deQueue() O(1) 
Time Complexity of isEmpty() O(1) 
Time Complexity of isFull () O(1) 
Time Complexity of size() O(1) 

Limitations 
 

The maximum size of the queue must be defined as prior and cannot be changed. Trying to ݁ݑ݁ݑܳ݊ܧ a new element into a full queue causes 
an implementation-specific exception. 

Dynamic Circular Array Implementation 
 

public class Queue{  
    // Array used to implement the queue. 
    private int[] A; 
    private int size, front, rear; 
 

    // Length of the array used to implement the queue. 
    private static int CAPACITY = 16;  //Default Queue size 
 

    public static int MINCAPACITY=1<<15;   // power of 2 
 

    // Initializes the queue to use an array of default length. 
    public Queue (){ 
        A = new int [CAPACITY]; 
        size  = 0; front = 0; rear  = 0; 
    } 
 

    // Initializes the queue to use an array of given length. 
    public Queue (int cap){ 
        A = new int [ cap]; 
        size  = 0; front = 0; rear  = 0; 
    } 
 

    // Inserts an element at the rear of the queue. This method runs in O(1) time. 
    public void enQueue (int data)throws NullPointerException, IllegalStateException{   
        if (size == CAPACITY) 
            expand(); 
        size++; 
        A[rear] = data; 
        rear = (rear+1) % CAPACITY; 
    } 
 

    // Removes the front element from the queue. This method runs in O(1) time. 
    public int deQueue () throws IllegalStateException{ 
        // Effects:   If queue is empty, throw IllegalStateException, 
        // else remove and return oldest element of this 
        if (size == 0) 
            throw new IllegalStateException ("Queue is empty: Underflow"); 
        else { 
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            size--; 
            int data = A [ (front % CAPACITY) ]; 
            A [front] = Integer.MIN_VALUE; 
            front = (front+1) % CAPACITY; 
            return data; 
        } 
    } 
 

    // Checks whether the queue is empty. This method runs in O(1) time. 
    public boolean isEmpty(){  
        return (size == 0);  
    } 
 

    // Checks whether the queue is full. This method runs in O(1) time. 
    public boolean isFull(){  
        return (size == CAPACITY);  
    } 
 

    // Returns the number of elements in the queue. This method runs in O(1) time. 
    public int size() { 
        return size; 
    } 
 

    // Increases the queue size by double 
    private void expand(){ 
        int length = size(); 
        int[] newQueue = new int[length<<1];  // or 2* length 
 

        //copy items 
        for(int i = front; i <= rear; i ++) 
            newQueue[i-front] = A[i%CAPACITY]; 
 

        A = newQueue; 
        front = 0; 
        rear = size-1; 
        CAPACITY *= 2; 
    } 
 

    // dynamic array operation: shrinks to 1/2 if more than than 3/4 empty 
    private void shrink() { 
        int length = size; 
        if(length <= MINCAPACITY || length <<2 >= length)  
            return; 
 

        if(length<MINCAPACITY) length = MINCAPACITY; 
        int[] newQueue=new int[length]; 
        System.arraycopy(A,0,newQueue,0,length+1); 
        A=newQueue; 
    } 
 

    // Returns a string representation of the queue as a list of elements, with 
    // the front element at the end: [ ... , prev, rear ]. This method runs in O(n) 
    // time, where n is the size of the queue.  
    public String toString(){ 
        String result = "["; 
        for (int i = 0; i < size; i++){ 
            result += Integer.toString(A[ (front + i) % CAPACITY ]); 
            if (i < size -1) { 
                result += ", "; 
            } 
        } 
        result += "]"; 
        return result; 
    } 
} 

Performance 
 

Let ݊ be the number of elements in the queue. 
 

Space Complexity (for ݊ enQueue operations) O(݊) 
Time Complexity of enQueue() O(1) (Average) 
Time Complexity of deQueue() O(1) 
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Time Complexity of size() O(1) 
Time Complexity of isEmpty() O(1) 
Time Complexity of isFull() O(1) 

Linked List Implementation 
 

Another way of implementing queues is by using Linked lists. ݁ݑ݁ݑܳ݊ܧ operation is implemented by inserting an element at the end of the 
list. ݁ݑ݁ݑܳ݁ܦ operation is implemented by deleting an element from the beginning of the list. 
 
 
 
 
  

public class Queue{ 
    private int length; 
    private ListNode front, rear; 
 

    //  Creates an empty queue. 
    public Queue(){ 
        length = 0; 
        front = rear = null; 
    } 
 

    //  Adds the specified data to the rear of the queue. 
    public void enQueue (int data){ 
        ListNode node = new ListNode(data); 
        if (isEmpty()) 
            front = node; 
        else 
            rear.next = node; 
        rear = node; 
        length++; 
    } 
 

    //  Removes the data at the front of the queue and returns a 
    //  reference to it. Throws an Exception if the 
    //  queue is empty. 
    public int deQueue() throws Exception{ 
        if (isEmpty()) 
            throw new Exception ("queue"); 
        int result = front.data; 
        front = front.next; 
        length--; 
        if (isEmpty()) 
            rear = null; 
        return result; 
    } 
 

    //  Returns a reference to the data at the front of the queue. 
    //  The data is not removed from the queue.  Throws an 
    //  Exception if the queue is empty.   
    public int first() throws Exception{ 
        if (isEmpty()) 
            throw new Exception();  
 

        return front.data; 
    } 
 

    //  Returns true if this queue is empty and false otherwise.  
    public boolean isEmpty(){ 
        return (length == 0); 
    } 
 

    //  Returns the number of elements in this queue. 
    public int size(){ 
        return length; 
    } 
 

    //  Returns a string representation of this queue.  
    public String toString(){ 
        String result = ""; 
        ListNode current = front; 

    4    15     7    40  

front rear 
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        while (current != null){ 
            result = result + current.toString() + "\n"; 
            current = current.next; 
        } 
        return result; 
    } 
} 

Performance 
 

Let  ݊ be the number of elements in the queue, then 
 

Space Complexity (for ݊ enQueue operations) O(݊) 
Time Complexity of enQueue() O(1) (Average) 
Time Complexity of deQueue() O(1) 
Time Complexity of isEmpty() O(1) 
Time Complexity of deleteQueue() O(1) 

Comparison of Implementations  
 

Note: Comparison is very similar to stack implementations and ܵݏ݇ܿܽݐ chapter. 

5.7 Queues: Problems & Solutions 
 

Problem-1 Give an algorithm for reversing a queue ܳ . To access the queue, you are only allowed to use the methods of queue ADT. 
 

Solution: 
 

      public class QueueReversal { 
 public static Queue reverseQueue(Queue queue){ 
  Stack stack = new LLStack(); 
  while(!queue.isEmpty()){    
   stack.push(queue.deQueue()); 
  } 
  while(!stack.isEmpty()){ 
   queue.enQueue(stack.pop()); 
  } 
  return queue; 
 } 
      } 
 

Time Complexity: O(݊). 
 

Problem-2 How can you implement a queue using two stacks? 
 

Solution: Let S1 and S2 be the two stacks to be used in the implementation of queue. All we have to do is to define the enQueue and deQueue 
operations for the queue.             

EnQueue Algorithm: 
 Just push on to stack S1 

 

Time Complexity: O(1). 
 

DeQueue Algorithm: 
 If stack S2 is not empty then pop from S2 and return that element. 
 If stack is empty, then transfer all elements from S1 to S2 and pop the top element from S2 and return that popped element [we 

can optimize the code a little by transferring only ݊ − 1 elements from S1 to S2 and pop the ݊௧௛ element from S1 and return that 
popped element]. 

 If stack S1 is also empty then throw error. 
 

Time Complexity: From the algorithm, if the stack S2 is not empty then the complexity is O(1). If the stack S2 is empty, then we need to 
transfer the elements from S1 to S2. But if we carefully observe, the number of transferred elements and the number of popped elements 
from S2 are equal. Due to this the average complexity of pop operation in this case is O(1). The amortized complexity of pop operation is 
O(1). 
 

      public class QueuewithTwoStacks<T> { 
          private Stack<T> S1 = new Stack<T>(); 
          private Stack<T> S2 = new Stack<T>(); 
          public void enqueue(T data){ 
              S1.push(data); 
          } 
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          public T dequeue(){ 
              if(S2.empty()) 
                  while(!S1.isEmpty()){ 
                      S2.push(S1.pop()); 
                  } 
              return S2.pop(); 
          } 
      } 
 

Problem-3 Show how you can efficiently implement one stack using two queues. Analyze the running time of the stack operations. 
 

Solution: Yes, it is possible to implement the Stack ADT using 2 implementations of the Queue ADT. One of the queues will be used to 
store the elements and the other to hold them temporarily during the ݌݋݌ and ݌݋ݐ methods. The ݏݑ݌ℎ method would ݁݊݁ݑ݁ݑݍ the given 
element onto the storage queue. The ݌݋ݐ method would transfer all but the last element from the storage queue onto the temporary queue, 
save the front element of the storage queue to be returned, transfer the last element to the temporary queue, then transfer all elements back 
to the storage queue. The ݌݋݌ method would do the same as top, except instead of transferring the last element onto the temporary queue 
after saving it for return, that last element would be discarded. Let Q1 and Q2 be the two queues to be used in the implementation of stack. 
All we have to do is to define the push and pop operations for the stack.  
 

In the algorithms below, we make sure that one queue is always empty. 
 

Push Operation Algorithm: Insert the element in whichever queue is not empty. 
 Check whether queue Q1 is empty or not. If Q1 is empty then Enqueue the element into Q2. 
 Otherwise enQueue the element into Q1.            

Time Complexity: O(1). 
 

Pop Operation Algorithm: Transfer ݊ − 1 elements to the other queue and delete last from queue for performing pop operation. 
 If queue Q1 is not empty then transfer ݊ − 1 elements from Q1 to Q2 and then, deQueue the last element of Q1 and return it. 
 If queue Q2 is not empty then transfer ݊ − 1 elements from Q2 to Q1 and then, deQueue the last element of Q2 and return it. 

 

Time Complexity: Running time of pop operation is O(݊) as each time pop is called, we are transferring all the elements from one queue to 
the other.  
 

     public class StackwithTwoQueues<T> { 
 private Queue<T> Q1 = new LinkedList<T>(); 
 private Queue<T> Q2 = new LinkedList<T>(); 
 public void push(T data){ 
  if(Q1.isEmpty()) 
   Q2.offer(data); 
  else Q1.offer(data); 
 } 
 public T pop(){ 
  int i=0, size; 
  if(Q2.isEmpty()) { 
   size = Q1.size(); 
   while(i < size-1) { 
    Q2.offer(Q1.poll()); 
    i++; 
   } 
   return Q1.poll(); 
  } 
  else {  
   size = Q2.size(); 
   while(i < size-1) { 
    Q1.offer(Q2.poll()); 
    i++; 
   } 
   return Q2.poll(); 
  } 
 } 
     } 
 

Problem-4 Maximum sum in sliding window: Given array A[] with sliding window of size ݓ which is moving from the very left of the 
array to the very right. Assume that we can only see the ݓ numbers in the window. Each time the sliding window moves rightwards by one 
position. For example: The array is [1 3 -1 -3 5 3 6 7], and ݓ is 3.  

Window position Max 
[1  3  -1] -3  5  3  6  7 3 

1 [3  -1  -3] 5  3  6  7 3 

1  3 [-1  -3  5] 3  6  7 5 
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1  3  -1 [-3  5  3] 6  7 5 

1  3  -1  -3 [5  3  6] 7 6 
1  3  -1  -3  5 [3  6  7] 7 

 

Input: A long array A[], and a window width ݓ. Output: An array B[], B[i] is the maximum value from A[i] to A[i+w-1]. Requirement: 
Find a good optimal way to get B[i] 

 

Solution: This problem can be solved with doubly ended queue (which supports insertion and deletion at both ends). Refer ܲ  ݏ݁ݑ݁ݑܳ ݕݐ݅ݎ݋݅ݎ
chapter for algorithms. 
 

Problem-5 Given a queue Q containing ݊ elements, transfer these items on to a stack S (initially empty) so that front element of Q 
appears at the top of the stack and the order of all other items is preserved. Using enqueue and dequeue operations for the queue, and 
push and pop operations for the stack, outline an efficient O(݊) algorithm to accomplish the above task, using only a constant amount 
of additional storage. 

 

Solution: Assume the elements of queue Q are ܽଵ , ܽଶ … ܽ௡ . Dequeuing all elements and pushing them onto the stack will result in a stack 
with ܽ ௡ at the top and ܽ ଵ at the bottom. This is done in O(݊) time as dequeue and each push require constant time per operation. The queue 
is now empty. By popping all elements and pushing them on the queue we will get ܽଵ at the top of the stack. This is done again in O(݊) time.  
 

As in big-oh arithmetic we can ignore constant factors. The process is carried out in O(݊) time. The amount of additional storage needed 
here has to be big enough to temporarily hold one item. 
 

Problem-6 A queue is set up in a circular array A[0..n - 1] with front and rear defined as usual. Assume that ݊ −  1 locations in the 
array are available for storing the elements (with the other element being used to detect full/empty condition). Give a formula for the 
number of elements in the queue in terms of ݐ݊݋ݎ݂ ,ݎܽ݁ݎ, and ݊. 

  

Solution: Consider the following figure to get a clear idea of the queue. 
 
  
 
 
 
 
 
 
 
 
 
 

 Rear of the queue is somewhere clockwise from the front. 
 To enqueue an element, we move ݎܽ݁ݎ one position clockwise and write the element in that position. 
 To dequeue, we simply move ݂ݐ݊݋ݎ one position clockwise. 
 Queue migrates in a clockwise direction as we enqueue and dequeue. 
 Emptiness and fullness to be checked carefully. 
 Analyze the possible situations (make some drawings to see where ݂ݐ݊݋ݎ and ݎܽ݁ݎ are when the queue is empty, and partially and 

totally filled). We will get this: 
 

ݎܽ݁ݎ൜ = ݏݐ݈݊݁݉݁ܧ ݂ܱ ݎܾ݁݉ݑܰ                                        − ݐ݊݋ݎ݂ + 1        if rear =  front
ݎܽ݁ݎ − ݐ݊݋ݎ݂ + ݊                 otherwise 

 

Problem-7 What is the most appropriate data structure to print elements of queue in reverse order? 
 

Solution: Stack. 
 

Problem-8 Given a stack of integers, how do you check whether each successive pair of numbers in the stack is consecutive or not. 
The pairs can be increasing or decreasing, and if the stack has an odd number of elements, the element at the top is left out of a pair. For 
example, if the stack of elements are [4, 5, -2, -3, 11, 10, 5, 6, 20], then the output should be true because each of the pairs (4, 5), (-2, -3), 
(11, 10), and (5, 6) consists of consecutive numbers.  

 

Solution:  
 

      public static boolean checkStackPairwiseOrder(Stack<Integer> s) { 
           Queue<Integer> q = new LinkedList<Integer>(); 
           boolean pairwiseOrdered = true; 
           while (!s.isEmpty()) 
                q.add(s.pop()); 
           while (!q.isEmpty()) 
                s.push(q.remove()); 
           while (!s.isEmpty()) { 
                int n = s.pop(); 
                q.add(n); 
                if (!s.isEmpty()) { 

  rear 

  front 

Fixed size array 
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To finish our discussion of binary heaps, we will look at a method to build an entire heap from a list of keys. The first method you might 
think of may be like the following. Given a list of keys, you could easily build a heap by inserting each key one at a time. Since you are starting 
with a list of one item, the list is sorted and you could use binary search to find the right position to insert the next key at a cost of approximately 
O(݈݊݃݋) operations. However, remember that inserting an item in the middle of the list may require O(݊) operations to shift the rest of the 
list over to make room for the new key. Therefore, to insert ݊ keys into the heap would require a total of O(݈݊݊݃݋) operations. However, if 
we start with an entire list then we can build the whole heap in O(݊) operations. 
 

Observation: Leaf nodes always satisfy the heap property and do not need to care for them. The leaf elements are always at the end and to 
heapify the given array it should be enough if we heapify the non-leaf nodes. Now let us concentrate on finding the first non-leaf node. The 
last element of the heap is at location ℎ → ݐ݊ݑ݋ܿ − 1, and  to find the first non-leaf node it is enough to find the parent of the last element.  
 

     public void BuildHeap(Heap h, int[] A, int n) { 
 if(h == null) return; 
 while (n > this.capacity)  
          h.ResizeHeap(); 
 for (int i = 0; i < n; i ++)  
          h.array[i] = A[i]; 
 this.count = n; 
 for (int i = (n-1)/2; i >=0; i --)  
          h.PercolateDown(i); 
     } 
 
 
 
 
 
 
 
 
 
 
 

Time Complexity: The linear time bound of building heap can be shown by computing the sum of the heights of all the nodes. For a complete 
binary tree of height ℎ containing ݊ = 2௛ାଵ–  1 nodes, the sum of the heights of the nodes is ݊ –  ℎ –  1 = ݊ − ݊݃݋݈ − 1 (for proof refer to 
ܲ That means, building the heap operation can be done in linear time (O(݊)) by applying a .(݊݋݅ݐܿ݁ܵ ݏ݈ܾ݉݁݋ݎܲ  function to ݊ݓ݋ܦ݁ݐ݈ܽ݋ܿݎ݁
the nodes in reverse level order. 

Heapsort 
 

One main application of heap ADT is sorting (heap sort). The heap sort algorithm inserts all elements (from an unsorted array) into a heap, 
then removes them from the root of a heap until the heap is empty. Note that heap sort can be done in place with the array to be sorted. 
Instead of deleting an element, exchange the first element (maximum) with the last element and reduce the heap size (array size). Then, we 
heapify the first element. Continue this process until the number of remaining elements is one. 
  

     public void Heapsort(int[] A, in n) { 
 Heap h = new Heap(n, 0); 
 int old_size, i, temp; 
 BuildHeap(h, A, n);  
 old_size = h.count; 
 for(i = n-1; i > 0; i--) { //h.array[0] is the largest element 
       temp = h.array[0]; h.array[0] = h.array[h.count-1]; 
       h.count--; 
       h.PercolateDown(0);  
 } 
 h.count = old_size; 
     } 
 

Time complexity: As we remove the elements from the heap, the values become sorted (since maximum elements are always ݐ݋݋ݎ only). 
Since the time complexity of both the insertion algorithm and deletion algorithm is O(݈݊݃݋) (where ݊ is the number of items in the heap), 
the time complexity of the heap sort algorithm is O(݈݊݊݃݋). 

7.7 Priority Queues [Heaps]: Problems & Solutions 
 

Problem-1 Is there a min-heap with seven distinct elements so that the preorder traversal of it gives the elements in sorted order? 
 

Solution: Yes. For the tree below, preorder traversal produces ascending order. 
 
 

   

 5 14

2 21 1810 

   3 8 7 11 12 ݁ݖ݅ݏ) − 1)/2 is the location of first non-leaf node 
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Problem-2 Is there a max-heap with seven distinct elements so that the preorder traversal of it gives the elements in sorted order? 
 

Solution: Yes. For the tree below, preorder traversal produces descending order. 
 

 
 
 
 
 
 

 

Problem-3 Is there a min-heap/max-heap with seven distinct elements so that the inorder traversal of it gives the elements in sorted 
order? 

 

Solution: No. Since a heap must be either a min-heap or a max-heap, the root will hold the smallest element or the largest. An inorder traversal 
will visit the root of the tree as its second step, which is not the appropriate place if the tree’s root contains the smallest or largest element. 
 

Problem-4 Is there a min-heap/max-heap with seven distinct elements so that, the postorder traversal of it gives the elements in sorted 
order? 

 

Solution: Yes, if the tree is a max-heap and we want descending order (below left), or if the tree is a min-heap and we want ascending order 
(below right). 
 
 
 
 
 
 
 
 

 

Problem-5 What are the minimum and maximum number of elements in a heap of height ℎ? 
 

Solution: Since heap is a complete binary tree (all levels contain full nodes except possibly the lowest level), it has at most 2௛ାଵ − 1 elements 
(if it is complete). This is because, to get maximum nodes, we need to fill all the ℎ levels completely and the maximum number of nodes is 
nothing but the sum of all nodes at all ℎ levels. To get minimum nodes, we should fill the ℎ − 1 levels fully and the last level with only one 
element. As a result, the minimum number of nodes is nothing but the sum of all nodes from ℎ − 1 levels plus 1 (for the last level) and we 
get 2௛ − 1 + 1 = 2௛ elements (if the lowest level has just 1 element and all the other levels are complete). 
 

Problem-6 Show that the height of a heap with ݊ elements is ݈݊݃݋? 
 

Solution: A heap is a complete binary tree. All the levels, except the lowest, are completely full. A heap has at least 2௛ elements and at most 
elements 2௛ ≤ ݊ ≤ 2௛ାଵ − 1. This implies, ℎ ≤ ݊݃݋݈ ≤ ℎ + 1. Since ℎ is an integer, ℎ =  .݊݃݋݈
 

Problem-7 Given a min-heap, give an algorithm for finding the maximum element. 
 

Solution: For a given min heap, the maximum element will always be at leaf only. Now, the next question is how to find the leaf nodes in the 
tree. If we carefully observe, the next node of the last element’s parent is the first leaf node. Since the last element is always at the 

ℎ → ݐ݊ݑ݋ܿ − 1௧௛ location, the next node of its parent (parent at location 
௛→௖௢௨௡௧ିଵ

ଶ
) can be calculated as:  

ℎ → ݐ݊ݑ݋ܿ − 1
2 + 1 ≈

ℎ → ݐ݊ݑ݋ܿ + 1
2  

Now, the only step remaining is scanning the leaf nodes and finding the maximum among them. 
 

     public int FindMaxInMinHeap(Heap h) { 
 int Max = -1; 
 for(int i = (h.count+1)/2; i < h.count; i++) 
  if(h→array[i] > Max) 
   Max = h.array[i]; 
     } 
 
 
 
 
 
 
 
 
Time Complexity: O(௡

ଶ
)  ≈ O(݊). 

 

Problem-8 Give an algorithm for deleting an arbitrary element from min heap. 
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Solution: To delete an element, first we need to search for an element. Let us assume that we are using level order traversal for finding the 
element. After finding the element we need to follow the DeleteMin process. 
 

   Time Complexity = Time for finding the element + Time for deleting an element 
        = O(݊)  + O(݈݊݃݋) ≈O(݊).  //Time for searching is dominated. 
 

Problem-9 Give an algorithm for deleting the ݅௧௛ indexed element in a given min-heap. 
 

Solution: 
 

     public int Delete(Heap h, int i) { 
          int key; 
          if(n < i) { 

System.out.println(“Wrong position”);  
return; 

          } 
          key = h.array[i]; 
          h.array[i]= h.array[h.count-1]; 
          h.count--; 
          h.PercolateDown(i); 
          return key; 
     } 
 

Time Complexity = O(݈݊݃݋). 
 

Problem-10 Prove that, for a complete binary tree of height ℎ the sum of the height of all nodes is O(݊ − ℎ). 
 

Solution: A complete binary tree has 2௜  nodes on level ݅. Also, a node on level ݅ has depth ݅ and height ℎ −  ݅. Let us assume that ܵ denotes 
the sum of the heights of all these nodes and ܵ can be calculated as: 
 

                  ܵ = ෍ 2௜(ℎ − ݅)
௛

௜ୀ଴

 

                  ܵ = ℎ + 2(ℎ − 1) + 4(ℎ − 2) + ⋯ + 2௛ିଵ(1) 
 

Multiplying with 2 on both sides gives: 2ܵ = 2ℎ + 4(ℎ − 1) + 8(ℎ − 2) + ⋯ + 2௛(1) 
      

Now, subtract ܵ from 2ܵ:  2ܵ − ܵ = −ℎ + 2 + 4 + ⋯ + 2௛ ⟹  ܵ = (2௛ାଵ − 1) − (ℎ − 1) 
 

But, we already know that the total number of nodes ݊  in a complete binary tree with height ℎ is ݊ = 2௛ାଵ − 1. This gives us: ℎ = log(݊ + 1).  
 

Finally, replacing 2௛ାଵ − 1 with ݊, gives: ܵ = ݊ − (ℎ − 1) =O(݊ − (݊݃݋݈ = O(݊ − ℎ). 
 

Problem-11 Give an algorithm to find all elements less than some value of ݇ in a binary heap. 
 

Solution: Start from the root of the heap. If the value of the root is smaller than ݇  then print its value and call recursively once for its left child 
and once for its right child. If the value of a node is greater or equal than ݇ then the function stops without printing that value.  
 

The complexity of this algorithm is O(݊), where ݊ is the total number of nodes in the heap. This bound takes place in the worst case, where 
the value of every node in the heap will be smaller than ݇, so the function has to call each node of the heap. 
 

Problem-12 Give an algorithm for merging two binary max-heaps. Let us assume that the size of the first heap is ݉ + ݊ and the size 
of the second heap is ݊.  

 

Solution: One simple way of solving this problem is: 
 

 Assume that the elements of the first array (with size ݉ + ݊) are at the beginning. That means, first ݉  cells are filled and remaining 
݊ cells are empty. 

 Without changing the first heap, just append the second heap and heapify the array. 
 Since the total number of elements in the new array is ݉ + ݊, each heapify operation takes O(݈݃݋(݉ + ݊)). 

 

The complexity of this algorithm is : O((݉ + ݉)݃݋݈(݊ + ݊)). 
 

Problem-13 Can we improve the complexity of Problem-12? 
 

Solution: Instead of heapifying all the elements of the ݉ + ݊ array, we can use the technique of “building heap with an array of elements 
(heapifying array)”. We can start with non-leaf nodes and heapify them. The algorithm can be given as: 
 

 Assume that the elements of the first array (with size ݉ + ݊) are at the beginning. That means, the first ݉ cells are filled and the 
remaining ݊ cells are empty. 

 Without changing the first heap, just append the second heap. 
 Now, find the first non-leaf node and start heapifying from that element.   

 

In the theory section, we have already seen that building a heap with ݊ elements takes O(݊) complexity. The complexity of merging with this 
technique is: O(݉ + ݊).  
 

Problem-14 Is there an efficient algorithm for merging 2 max-heaps (stored as an array)? Assume both arrays have ݊ elements. 
 

Solution: The alternative solution for this problem depends on what type of heap it is. If it's a standard heap where every node has up to two 
children and which gets filled up so that the leaves are on a maximum of two different rows, we cannot get better than O(݊) for the merge. 
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There is an O(݈݉݃݋ × ݉ algorithm for merging two binary heaps with sizes ݉ and ݊. For (݊݃݋݈ = ݊, this algorithm takes O(݈݃݋ଶ݊) time 
complexity. We will be skipping it due to its difficulty and scope. 
 

For better merging performance, we can use another variant of binary heap like a ݌ܽ݁ܪ-݅ܿܿܽ݊݋ܾ݅ܨ which can merge in O(1) on average 
(amortized). 
 

Problem-15 Give an algorithm for finding the ݇௧௛ smallest element in min-heap. 
 

Solution: One simple solution to this problem is: perform deletion ݇ times from min-heap. 
 

     public int FindKthLargestEle(Heap h, int k) { 
 //Just delete first k-1 elements and return the k-th element. 
          for(int i=0;i<k-1;i++) 

     h.DeleteMin(); 
          return h.DeleteMin(); 
     } 
 

Time Complexity: O(݈݇݊݃݋). Since we are performing deletion operation k times and each deletion takes O(݈݊݃݋). 
 

Problem-16 For Problem-15, can we improve the time complexity? 
 

Solution: Assume that the original min-heap is called ݃݅ݎܱܪ and the auxiliary min-heap is named ݔݑܣܪ. Initially, the element at the top of 
  .݃݅ݎܱܪ Here we don’t do the operation of DeleteMin with .ݔݑܣܪ the minimum one, is inserted into ,݃݅ݎܱܪ
 

     Heap HOrig, HAux; 
     public int FindKthLargestEle( int k ) { 
 int heapElement;//Assuming heap data is of integers 
 int count=1; 
 HAux.Insert(HOrig.DeleteMin()); 
 while( true ) { 
  //return the minimum element and delete it from the HA heap 
  heapElement = HAux.DeleteMin(); 
  if(++count == k ) { 
            return heapElement; 
  } 
  else { //insert the left and right children in HO into the HA 
            HAux.Insert(heapElement.LeftChild()); 
                                   HAux.Insert(heapElement.RightChild()); 
  } 
 } 
     } 
 

Every while-loop iteration gives the ݇ ௧௛ smallest element and we need ݇  loops to get the ݇ ௧௛ smallest elements. Because the size of the auxiliary 
heap is always less than ݇, every while-loop iteration the size of the auxiliary heap increases by one, and the original heap ݃݅ݎܱܪ has no 
operation during the finding, the running time is O(݈݇݇݃݋). 
 

Note: The above algorithm is useful if the ݇ value is too small compared to ݊. If the ݇ value is approximately equal to ݊, then we can simply 
sort the array (let’s say, using ܿ݃݊݅ݐݑ݋ sort or any other linear sorting algorithm) and return ݇௧௛ smallest element from the sorted array. This 
gives O(݊) solution. 
 

Problem-17 Find ݇ max elements from max heap. 
 

Solution: One simple solution to this problem is: build max-heap and perform deletion ݇ times. 
                                                    ܶ(݊)  = DeleteMin from heap ݇ times = (݈݇݊݃݋). 

 

Problem-18 For Problem-17, is there any alternative solution? 
 

Solution: We can use the Problem-16 solution. At the end, the auxiliary heap contains the k-largest elements. Without deleting the elements 
we should keep on adding elements to ݔݑܣܪ. 
 

Problem-19 How do we implement stack using heap? 
 

Solution: To implement a stack using a priority queue PQ (using min heap), let us assume that we are using one extra integer variable ܿ. Also, 
assume that ܿ is initialized equal to any known value (e.g., 0). The implementation of the stack ADT is given below. Here ܿ is used as the 
priority while inserting/deleting the elements from PQ. 
 

     public void Push(int element) {  
PQ.Insert(c, element);  
c--;  

     } 
     public  int Pop() {  

return PQ.DeleteMin(); 
     } 
     public int Top() {  

return PQ.Min();  
     } 
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     public int Size() {  
return PQ.Size();  

     } 
     public int isEmpty() {  

return PQ.isEmpty();  
     } 
 

Note: We could also increment ܿ back when popping.  
 

Observation: We could use the negative of the current system time instead of ܿ (to avoid overflow). The implementation based on this can 
be given as:  
 

     public void Push(int element) {  
PQ.insert(-gettime(),element);  

     } 
 

Problem-20 How do we implement Queue using heap? 
 

Solution: To implement a queue using a priority queue PQ (using min heap), as similar to stacks simulation, let us assume that we are using 
one extra integer variable, ܿ.  Also, assume that ܿ is initialized equal to any known value (e.g., 0). The implementation of the queue ADT is 
given below. Here the ܿ is used as the priority while inserting/deleting the elements from PQ.  
 

     public void EnQueue(int element) {  
PQ.Insert(c, element);  
c++;  

      } 
     public int Pop() {  

return PQ.DeleteMin(); 
      } 
     public int Front() {  

return PQ.Min();  
      } 
      public int Size() {  

return PQ.Size();  
      } 
      public int isEmpty() {  

return PQ.isEmpty();  
      } 
 

Note: We could also decrement ܿ when popping.  
 

Observation: We could use just the current system time instead of ܿ (to avoid overflow). The implementation based on this can be given as:  
 

     public void EnQueue(int element) {  
PQ.insert(gettime(),element);  

     } 
 

Note: The only change is that we need to take a positive ܿ value instead of negative. 
 

Problem-21 Given a big file containing billions of numbers, how can you find the 10 maximum numbers from that file? 
 

Solution: Always remember that when you need to find max ݊ elements, the best data structure to use is priority queues.  
 

One solution for this problem is to divide the data in sets of 1000 elements (let’s say 1000) and make a heap of them, and then take 10 
elements from each heap one by one. Finally heap sort all the sets of 10 elements and take the top 10 among those. But the problem in this 
approach is where to store 10 elements from each heap. That may require a large amount of memory as we have billions of numbers. 
 

Reusing the top 10 elements (from the earlier heap) in subsequent elements can solve this problem. That means take the first block of 1000 
elements and subsequent blocks of 990 elements each. Initially, Heapsort the first set of 1000 numbers, take max 10 elements, and mix 
them with 990 elements of the 2௡ௗ set. Again, Heapsort these 1000 numbers (10 from the first set and 990 from the 2௡ௗ  set), take 10 max 
elements, and mix them with 990 elements of the 3௥ௗ  set. Repeat till the last set of 990 (or less) elements and take max 10 elements from 
the final heap. These 10 elements will be your answer. 
 

Time Complexity: O(݊)  =  ݊/1000 ×(complexity of Heapsort 1000 elements) Since complexity of heap sorting 1000 elements will be a 
constant so the O(݊) = ݊ i.e. linear complexity. 
 

Problem-22 Merge ࢑ sorted lists with total of ࢔ elements: We are given ݇ sorted lists with total ݊ inputs in all the lists. Give an 
algorithm to merge them into one single sorted list. 

 

Solution: Since there are ݇ equal size lists with a total of ݊ elements, the size of each list is 
ܖ
ܓ
. One simple way of solving this problem is: 

 

 Take the first list and merge it with the second list. Since the size of each list is 
ܖ
ܓ
, this step produces a sorted list with size 

૛ܖ
ܓ

. This 

is similar to merge sort logic. The time complexity of this step is: 
૛ܖ
ܓ

. This is because we need to scan all the elements of both the 
lists. 
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 Then, merge the second list output with the third list. As a result, this step produces a sorted list with size 
૜ܖ
ܓ

. The time complexity 

of this step is: 
૜ܖ
ܓ

. This is because we need to scan all the elements of both lists (one with size 
૛ܖ
ܓ

 and the other with size 
ܖ
ܓ
). 

 Continue this process until all the lists are merged to one list. 
 

Total time complexity: = ૛ܖ
ܓ

+ ૜ܖ
ܓ

+ ૝ܖ
ܓ

+ ⋯ . ܖܓ
ܓ

= ∑ ܖܑ
ܓ

= ܖ
ܓ

ܖ
ܑୀ૛ ∑ ܑ ≈ ૛൯ܓ൫ܖ

ܓ
ܖ
ܑୀ૛ ≈O(݊݇).  

Space Complexity: O(1). 
 

Problem-23 For the Problem-22, can we improve the time complexity? 
 

Solution:  
 

1  Divide the lists into pairs and merge them. That means, first take two lists at a time and merge them so that the total elements parsed 
for all lists is O(݊). This operation gives ݇/2 lists. 

2  Repeat step-1 until the number of lists becomes one. 
 

Time complexity: Step-1 executes ݈ ݊ times and each operation parses all ݇݃݋  elements in all the lists for making ݇ /2 lists. For example, if we 
have 8 lists, then the first pass would make 4 lists by parsing all ݊ elements. The second pass would make 2 lists by again parsing ݊ elements 
and the third pass would give 1 list by again parsing ݊ elements. As a result the total time complexity is O(݈݊݊݃݋).  
Space Complexity: O(݊). 
 

Problem-24 For Problem-23, can we improve the space complexity? 
 

Solution: Let us use heaps for reducing the space complexity. 
 

1. Build the max-heap with all the first elements from each list in O(݇).  
2. In each step, extract the maximum element of the heap and add it at the end of the output.  
3. Add the next element from the list of the one extracted. That means we need to select the next element of the list which contains 

the extracted element of the previous step. 
4. Repeat step-2 and step-3 until all the elements are completed from all the lists. 

 

Time Complexity = O(݈݊݇݃݋ ). At a time we have ݇ elements max-heap and for all ݊ elements we have to read just the heap in ݈݇݃݋ time, 
so total time = O(݈݊݇݃݋).  
Space Complexity:  O(݇) [for Max-heap]. 
 

Problem-25 Given 2 arrays ܣ and ܤ each with ݊ elements. Give an algorithm for finding largest ݊ pairs (ܣ[݅],   .([݆]ܤ
 

Solution:  
 

Algorithm: 
 Heapify ܣ and ܤ. This step takes O(2݊) ≈O(݊). 
 Then keep on deleting the elements from both the heaps. Each step takes O(2݈݊݃݋) ≈O(݈݊݃݋). 

 

Total Time complexity: O(݈݊݊݃݋). 
 

Problem-26 Min-Max heap: Give an algorithm that supports min and max in O(1) time, insert, delete min, and delete max in 
O(݈݊݃݋) time. That means, design a data structure which supports the following operations: 

 

 

Solution: This problem can be solved using two heaps. Let us say two heaps are: Minimum-Heap Hmin and Maximum-Heap Hmax. Also, assume 
that elements in both the arrays have mutual pointers. That means, an element in Hmin will have a pointer to the same element in Hmax and an 
element in Hmax will have a pointer to the same element in Hmin. 
 

Init Build Hmin in O(݊) and Hmax in O(݊) 
Insert(x) Insert x to Hmin in O(݈݊݃݋). Insert x to Hmax in O(݈݊݃݋).  Update the pointers in O(1) 
FindMin() Return root(Hmin) in O(1) 
FindMax Return root(Hmax) in O(1) 

DeleteMin Delete the minimum from Hmin in O(݈݊݃݋). Delete the same element from Hmax by using the mutual pointer in 
O(݈݊݃݋) 

DeleteMax Delete the maximum from Hmax in O(݈݊݃݋). Delete the same element from Hmin by using the mutual pointer in 
O(݈݊݃݋) 

 

Problem-27 Dynamic median finding. Design a heap data structure that supports finding the median. 
 

Solution: In a set of ݊ elements, median is the middle element, such that the number of elements lesser than the median is equal to the 
number of elements larger than the median. If ݊  is odd, we can find the median by sorting the set and taking the middle element. If ݊  is even, 
the median is usually defined as the average of the two middle elements. This algorithm works even when some of the elements in the list are 
equal. For example, the median of the multiset {1, 1, 2, 3, 5} is 2, and the median of the multiset {1, 1, 2, 3, 5, 8} is 2.5. 
 

Operation Complexity 
Init O(݊) 
Insert O(݈݊݃݋) 
FindMin O(1) 
FindMax O(1) 
DeleteMin O(݈݊݃݋) 
DeleteMax O(݈݊݃݋) 
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 are the variant of heaps that give access to the median element. A median heap can be implemented using two heaps, each ”ݏ݌ℎ݁ܽ ݊ܽ݅݀݁ܯ“
containing half the elements. One is a max-heap, containing the smallest elements; the other is a min-heap, containing the largest elements. 
The size of the max-heap may be equal to the size of the min-heap, if the total number of elements is even. In this case, the median is the 
average of the maximum element of the max-heap and the minimum element of the min-heap. If there is an odd number of elements, the 
max-heap will contain one more element than the min-heap. The median in this case is simply the maximum element of the max-heap. 
 

Problem-28 Maximum sum in sliding window: Given array A[] with sliding window of size ݓ which is moving from the very left of the 
array to the very right. Assume that we can only see the ݓ numbers in the window. Each time the sliding window moves rightwards by one 
position. For example: The array is [1 3 -1 -3 5 3 6 7], and ݓ is 3.  

Window position                 Max 
[1  3  -1] -3  5  3  6  7        3 
 1 [3  -1  -3] 5  3  6  7        3 
 1  3 [-1  -3  5] 3  6  7        5 
 1  3  -1 [-3  5  3] 6  7      5 
 1  3  -1  -3 [5  3  6] 7        6 
 1  3  -1  -3  5 [3  6  7]       7 

 

Input: A long array A[], and a window width ݓ. Output: An array B[], B[i] is the maximum value of from A[i] to A[i+w-1] 
Requirement: Find a good optimal way to get B[i] 

 

Solution: Brute force solution is, every time the window is moved we can search for a total of ݓ elements in the window.  
 

Time complexity: O(݊ݓ). 
 

Problem-29 For Problem-28, can we reduce the complexity? 
 

Solution: Yes, we can use heap data structure. This reduces the time complexity to O(݈݊ݓ݃݋). Insert operation takes O(݈ݓ݃݋) time, where 
 is the size of the heap. However, getting the maximum value is cheap; it merely takes constant time as the maximum value is always kept in ݓ
the root (head) of the heap. As the window slides to the right, some elements in the heap might not be valid anymore (range is outside of the 
current window). How should we remove them? We would need to be somewhat careful here. Since we only remove elements that are out 
of the window’s range, we would need to keep track of the elements’ indices too. 
 

Problem-30 For Problem-28, can we further reduce the complexity? 
 

Solution: Yes, The double-ended queue is the perfect data structure for this problem. It supports insertion/deletion from the front and back. 
The trick is to find a way such that the largest element in the window would always appear in the front of the queue. How would you maintain 
this requirement as you push and pop elements in and out of the queue? 
 

Besides, you will notice that there are some redundant elements in the queue that we shouldn’t even consider. For example, if the current 
queue has the elements: [10 5 3], and a new element in the window has the element 11. Now, we could have emptied the queue without 
considering elements 10, 5, and 3, and insert only element 11 into the queue. 
 

Typically, most people try to maintain the queue size the same as the window’s size. Try to break away from this thought and think out of the 
box. Removing redundant elements and storing only elements that need to be considered in the queue is the key to achieving the efficient 
O(݊) solution below. This is because each element in the list is being inserted and removed at most once. Therefore, the total number of 
insert + delete operations is 2݊. 
 

      public void MaxSlidingWindow(int[] A, int w, int[] B) { 
 DoubleEndQueue Q = new DoubleEndQueue(); 
 for (int i = 0; i < w; i++) { 
  while (!Q.isEmpty() && A[i] >= A[Q.QBack()]) 
   Q.PopBack(); 
  Q.PushBack(i); 
 } 
 for (int i = w; i < A.length; i++) { 
  B[i-w] = A[Q.QFront()]; 
  while (!Q.isEmpty() && A[i] >= A[Q.QBack()]) 
   Q.PopBack(); 
  while (!Q.isEmpty() && Q.QFront() <= i-w) 
   Q.PopFront(); 
  Q.PushBack(i); 
 } 
 B[n-w] = A[Q.QFront()]; 
      } 
 

Problem-31 A priority queue is a list of items in which each item has associated with it a priority. Items are withdrawn from a priority 
queue in order of their priorities starting with the highest priority item first. If the maximum priority item is required, then a heap is 
constructed such than priority of every node is greater than the priority of its children.  
 

Design such a heap where the item with the middle priority is withdrawn first. If there are n items in the heap, then the number of items 
with the priority smaller than the middle priority is 

௡
ଶ
 if ݊ is odd, else 

௡
ଶ

∓ 1.  
 

Explain how the withdraw and insert operations work, calculate their complexity, and how the data structure is constructed. 
 



 

Data Structures and Algorithms Made Easy in Java Priority Queues and Heaps                      

 

7.7 Priority Queues [Heaps]: Problems & Solutions    200 

 
 

Solution: We can use one min heap and one max heap such that root of the min heap is larger than the root of the max heap. The size of the 
min heap should be equal or one less than the size of the max heap. So the middle element is always the root of the max heap.  
 

For the insert operation, if the new item is less than the root of max heap, then insert it into the max heap; else insert it into the min heap. 
After the withdraw or insert operation, if the size of heaps are not as specified above than transfer the root element of the max heap to min 
heap or vice-versa. With this implementation, insert and withdraw operation will be in O(݈݊݃݋) time. 
 

Problem-32 Given two heaps, how do you merge (union) them? 
 

Solution: Binary heap supports various operations quickly: Find-min, insert, decrease-key. If we have two min-heaps, H1 and H2, there is no 
efficient way to combine them into a single min-heap. 
 

For solving this problem efficiently, we can use mergeable heaps. Mergeable heaps support efficient union operation. It is a data structure that 
supports the following operations: 
 

 Create-Heap(): creates an empty heap 
 Insert(H,X,K) : insert an item x with key K into a heap H 
 Find-Min(H) : return item with min key 
 Delete-Min(H) : return and remove 
 Union(H1, H2) : merge heaps H1 and H2 

 

Examples of mergeable heaps are: 
 

 Binomial Heaps 
 Fibonacci Heaps 

 

Both heaps also support:  
 

 Decrease-Key(H,X,K): assign item Y with a smaller key K 
 Delete(H,X) : remove item X 

 

Binomial Heaps: Unlike binary heap which consists of a single tree, a ܾ݈݅݊ܽ݅݉݋ heap consists of a small set of component trees and no need 
to rebuild everything when union is performed. Each component tree is in a special format, called a ܾ݅݊݁݁ݎݐ ݈ܽ݅݉݋. 
 

A binomial tree of order ݇, denoted by ܤ௞ is defined recursively as follows: 
 

 ܤ଴ is a tree with a single node 
 For ݇ ≥ 1, ܤ௞ is formed by joining two ܤ௞ିଵ, such that the root of one tree becomes the leftmost child of the root of the other. 

 

Example: 
 
 
 

 
 
 
 
 
 
 

Fibonacci Heaps: Fibonacci heap is another example of mergeable heap. It has no good worst-case guarantee for any operation (except 
Insert/Create-Heap). Fibonacci Heaps have excellent amortized cost to perform each operation. Like ܾ݈݅݊ܽ݅݉݋ heap, ݂ܾ݅݅ܿܿܽ݊݋ heap 
consists of a set of min-heap ordered component trees. However, unlike binomial heap, it has 
  

 No limit on number of trees (up to O(݊)), and 
 No limit on height of a tree (up to O(݊)) 

 

Also, ݊݅ܯ-݁ݐ݈݁݁ܦ ,݊݅ܯ-݀݊݅ܨ, ܷ  all have worst-case O(݊) running time. However, in the amortized sense, each ݁ݐ݈݁݁ܦ ,ݕ݁ܭ-݁ݏܽ݁ݎܿ݁ܦ ,݊݋݅݊
operation performs very quickly. 
 

Operation Binary Heap Binomial Heap Fibonacci Heap 
Create-Heap (1) (1) (1) 
Find-Min (1) (݈݊݃݋) (1) 
Delete-Min (݈݊݃݋) (݈݊݃݋) (݈݊݃݋) 
Insert (݈݊݃݋) (݈݊݃݋) (1) 
Delete (݈݊݃݋) (݈݊݃݋) (݈݊݃݋) 
Decrease-Key (݈݊݃݋) (݈݊݃݋) (1) 
Union (݊) (݈݊݃݋) (1) 

 

Problem-33 Median in an infinite series of integers 
 

Solution: Median is the middle number in a sorted list of numbers (if we have odd number of elements). If we have even number of elements, 
median is the average of two middle numbers in a sorted list of numbers. 
 

We can solve this problem efficiently by using 2 heaps: One MaxHeap and one MinHeap.  
 

1. MaxHeap contains the smallest half of the received integers  

 ଴ܤ

 ଵܤ

 ଷܤ ଶܤ
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With path compression the only change to the FIND function is that ܵ[ܺ] is made equal to the value returned by FIND. That means, after 
the root of the set is found recursively, ܺ is made to point directly to it. This happen recursively to every node on the path to the root.  
 
 

      public int FIND(int X) { 
 if(! (X >= 0 && X < size)) 
        return; 
 if( S[X] <= 0 ) return X; 
 else  return( S[X] = FIND(S[X])); 
      } 
 

Note: Path compression is compatible with UNION by size but not with UNION by height as there is no efficient way to change the height 
of the tree. 

8.9 Summary 
 

Performing ݉ union-find operations on a set of ݊ objects. 
 

Algorithm Worst-case time 
Quick-find ݉݊ 
Quick-union ݉݊ 
Quick-Union by Size/Height ݊ +  ݊݃݋݈ ݉ 
Path compression ݊ +  ݊݃݋݈ ݉ 
Quick-Union by Size/Height + Path Compression (݉ +  ݊݃݋݈ (݊ 

8.10 Disjoint Sets: Problems & Solutions 
 

Problem-1 Consider a list of cities ଵܿ, ܿଶ ,…,ܿ௡. Assume that we have a relation ܴ such that, for any ݅, ݆, ܴ( ௜ܿ , ௝ܿ) is 1 if cities ௜ܿ and 

௝ܿ are in the same state, and 0 otherwise. If ܴ is stored as a table, how much space does it require? 
 

Solution:  ܴ must have an entry for every pair of cities. There are Θ(݊ଶ) of these. 
 

Problem-2 For Problem-1, using a Disjoint sets ADT, give an algorithm that puts each city in a set such that ܿ ௜ and ܿ ௝ are in the same 
set if and only if they are in the same state. 

 

Solution: 
 

       for (i = 1; i<= n; i++) { 
 MAKESET(c୧); 
 for (j = 1; j <= i-1; j++) { 
  if(R(c୨, c୧)) { 
   UNION(c୨, c୧); 
   break; 
  } 
 } 
       } 
 

Problem-3 For Problem-1, when the cities are stored in the Disjoint sets ADT, if we are given two cities ௜ܿ and ௝ܿ, how do we check 
if they are in the same state? 

 

Solution: Cities ௜ܿ  and ௝ܿ are in the same state if and only if FIND( ௜ܿ) = FIND( ௝ܿ). 
 

Problem-4 For Problem-1, if we use linked-lists with UNION by size to implement the union-find ADT, how much space do we use 
to store the cities? 

 

Solution: There is one node per city, so the space is Θ(݊). 
 

Problem-5 For Problem-1, if we use trees with UNION by rank, what is the worst-case running time of the algorithm from Problem-
2? 

 

Solution: Whenever we do a UNION in the algorithm from Problem-2, the second argument is a tree of size 1. Therefore, all trees have 
height 1, so each union takes time O(1). The worst-case running time is then Θ(݊ଶ). 
 

Problem-6 If we use trees without union-by-rank, what is the worst-case running time of the algorithm from Problem-2? Are there 
more worst-case scenarios than Problem-5? 

 

Solution: Because of the special case of the unions, union-by-rank does not make a difference for our algorithm. Hence, everything is the 
same as in Problem-5. 
 

Problem-7 With the quick-union algorithm we know that a sequence of ݊ operations (ݏ݊݋݅݊ݑ and ݂݅݊݀ݏ) can take slightly more 
than linear time in the worst case. Explain why if all the ݂݅݊݀ݏ are done before all the ݏ݊݋݅݊ݑ, a sequence of ݊ operations is guaranteed 
to take O(݊) time. 
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Solution: If the ݂݅݊݀ operations are performed first, then the ݂݅݊݀ operations take O(1) time each because every item is the root of its own 
tree. No item has a parent, so finding the set an item is in takes a fixed number of operations. Union operations always take O(1) time. Hence, 
a sequence of ݊ operations with all the ݂݅݊݀ݏ before the ݏ݊݋݅݊ݑ takes O(݊) time. 
 

Problem-8 With reference to Problem-7, explain why if all the unions are done before all the finds, a sequence of ݊ operations is 
guaranteed to take O(݊) time. 

 

Solution: This problem requires amortized analysis. ݀݊݅ܨ operations can be expensive, but this expensive ݂݅݊݀ operation is balanced out by 
lots of cheap ݊݋݅݊ݑ operations.  
 

The accounting is as follows. ܷ  operation ݊݋݅݊ݑ operations always take O(1) time, so let’s say they have an actual cost of ₹1. Assign each ݊݋݅݊
an amortized cost of ₹2, so every ݊݋݅݊ݑ operation puts ₹1 in the account. Each ݊݋݅݊ݑ operation creates a new child. (Some node that was 
not a child of any other node before is a child now.) When all the union operations are done, there is $1 in the account for every child, or in 
other words, for every node with a depth of one or greater. Let’s say that a ݂݅݊݀(ݑ) operation costs ₹1 if ݑ is a root. For any other node, the 
݂݅݊݀ operation costs an additional ₹1 for each parent pointer the ݂ ݅݊݀ operation traverses. So the actual cost is ₹(1 + ݀ ), where ݀  is the depth 
of ݑ. Assign each ݂݅݊݀ operation an amortized cost of ₹2. This covers the case where ݑ is a root or a child of a root. For each additional 
parent pointer traversed, ₹1 is withdrawn from the account to pay for it.  
 

Fortunately, path compression changes the parent pointers of all the nodes we pay ₹1 to traverse, so these nodes become children of the root. 
All of the traversed nodes whose depths are 2 or greater move up, so their depths are now 1. We will never have to pay to traverse these 
nodes again. Say that a node is a grandchild if its depth is 2 or greater.  
 

Every time ݂݅݊݀(ݑ) visits a grandchild, ₹1 is withdrawn from the account, but the grandchild is no longer a grandchild. So the maximum 
number of dollars that can ever be withdrawn from the account is the number of grandchildren. But we initially put $1 in the bank for every 
child, and every grandchild is a child, so the bank balance will never drop below zero. Therefore, the amortization works out. ܷ݊݅݊݋ and 
݂݅݊݀ operations both have amortized costs of ₹2, so any sequence of ݊ operations where all the unions are done first takes O(݊) time. 
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o ܷ݊݀݅݌ܽݎ݃ ݀݁ݐܿ݁ݎℎ: 
 All the edges are undirected 
 Example: flight network 

 
 
 
 
 
 

 When an edge connects two vertices, the vertices are said to be adjacent to each other and the edge is incident on both vertices.  
 A graph with no cycles is called a ݁݁ݎݐ. A tree is an acyclic connected graph.  

 

 
 
 

 A self loop is an edge that connects a vertex to itself.  
 
 
 

 Two edges are parallel if they connect the same pair of vertices.  
 
 
 

 The ݀egree of a vertex is the number of edges incident on it.  
 A ݌ܽݎܾ݃ݑݏℎ is a subset of a graph’s edges (with associated vertices) that form a graph.  

 

One of the fundamental operations in a graph is that of traversing a sequence of nodes connected by edges. We define a path in an undirected 
graph G = (V, E) to be a sequence P of nodes ݒଵ, ݒଶ, …, ݒ௞ିଵ, ݒ௞ with the property that each consecutive pair ݒ௜, ݒ௜ାଵ is ioined by an edge 
in G. P is often called a path from ݒଵ to ݒ௞, or a ݒଵ-ݒ௞ path. 
 

A path is called ݈݁݌݉݅ݏ if all its vertices are distinct from one another. A cycle is a path ݒଵ, ݒଶ, …, ݒ௞ିଵ, ݒ௞ in which ݇ >  2, the first ݇ —  1 
nodes are all distinct, and ݒଵ = ݒ௞. In other words, the sequence of nodes “cycles back” to where it began. All of these definitions carry over 
naturally to directed graphs, with the following change: in a directed path or cycle, each pair of consecutive nodes has the property that (ݒ௜, 
 .௜ାଵ) is an edge. In other words, the sequence of nodes in the path or cycle must respect the directionality of edgesݒ
 

 A ݐܽ݌ℎ in a graph is a sequence of adjacent vertices. S݅݉ݐܽ݌ ݈݁݌ℎ is a path with no repeated vertices. In the graph below, the 
dotted lines represent a path from ܩ to ܧ. 

 
 
 
 
 
 

 A ݈ܿ݁ܿݕ is a path where the first and last vertices are the same. A ݈݁ܿݕܿ ݈݁݌݉݅ݏ is a cycle with no repeated vertices or edges (except 
the first and last vertices).  

 
 
 
 
 
 
We say that an undirected graph is connected if, for every pair of nodes u and v, there is a path from u to v. Choosing how to define connectivity 
of a directed graph is a bit more subtle, since it’s possible for u to have a path to v while v has no path to u. We say that a directed graph is 
strongly connected if, for every two nodes u and v, there is a path from u to v and a path from v to u. 
 

 We say that one vertex is ܿ݀݁ݐܿ݁݊݊݋ to another if there is a path that contains both of them.  
 A graph is ܿ݀݁ݐܿ݁݊݊݋ if there is a path from ݁ݕݎ݁ݒ vertex to every other vertex.  
 If a graph is not connected then it consists of a set of ܿݏݐ݊݁݊݋݌݉݋ܿ ݀݁ݐܿ݁݊݊݋.  
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 A ݀݅݌ܽݎ݃ ݈ܿ݅ܿݕܿܽ ݀݁ݐܿ݁ݎℎ [DAG] is a directed graph with no cycles.  

 

 
 
 

 In ݃݅݁ݓℎ݌ܽݎ݃ ݀݁ݐℎݏ integers (݃݅݁ݓℎݏݐ) are assigned to each edge to represent (distances or costs). 
 

 

 

 
 
 
 
 
 

 In addition to simply knowing about the existence of a path between some pair of nodes u and v, we may also want to know whether 
there is a short path. Thus we define the distance between two nodes u and v to be the minimum number of edges in a u-v path. 

 A ݂ݐݏ݁ݎ݋ is a disjoint set of trees.  
 A ݁݁ݎݐ ݃݊݅݊݊ܽ݌ݏ of a connected graph is a subgraph that contains all of that graph’s vertices and is a single tree. A spanning forest 

of a graph is the union of spanning trees of its connected components.  
 A ܾ݅݌ܽݎ݃ ݁ݐ݅ݐݎܽ݌ℎ is a graph whose vertices can be divided into two sets such that all edges connect a vertex in one set with a 

vertex in the other set.  
 
 

 

 
 Graphs with all edges present are called ܿ݁ݐ݈݁݌݉݋ graphs. 

 

 

 
 

 Graphs with relatively few edges (generally if it edges < |ܸ| log |ܸ|) are called ݌ܽݎ݃ ݁ݏݎܽ݌ݏℎݏ. 
 Graphs with relatively few of the possible edges missing are called ݀݁݊݁ݏ graphs. 
 Directed weighted graphs are sometimes called ݊݁݇ݎ݋ݓݐ. 
 We will denote the number of vertices in a given graph by |ܸ|, and the number of edges by |ܧ|. Note that ܧ can range anywhere 

from 0 to |௏|(|௏| ି ଵ)
ଶ

 (in undirected graph). This is because each node can connect to every other node. 

9.3 Applications of Graphs 
 

 Representing relationships between components in electronic circuits 
 Transportation networks: Highway network, Flight network 
 Computer networks: Local area network, Internet, Web 
 Databases: For representing ER (Entity Relationship) diagrams in databases, for representing dependency of tables in databases 

9.4 Graph Representation 
 

As in other ADTs, to manipulate graphs we need to represent them in some useful form. There are several ways to represent graphs, each 
with its advantages and disadvantages. Some situations, or algorithms that we want to run with graphs as input, call for one representation, and 
others call for a different representation. Here, we'll see three ways to represent graphs. 
 

 Adjacency Matrix 
 Adjacency List 
 Adjacency Set 
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Adjacency Matrix 
Graph Declaration for Adjacency Matrix 
 

First, let us look at the components of the graph data structure. To represent graphs, we need the number of vertices, the number of edges 
and also their interconnections.  
 

In this method, we use a matrix with size ܸ × ܸ. The values of matrix are boolean. Let us assume the matrix is ݆ܽ݀ݔ݅ݎݐܽܯ. The value 
  .is set to 1 if there is an edge from vertex u to vertex v and 0 otherwise [u, v]ݔ݅ݎݐܽܯ݆݀ܽ
 

For an undirected graph, the adjacency matrix is symmetric: the row i, column j entry is 1 if and only if the row j, column i entry is 1. For a 
directed graph, the adjacency matrix need not be symmetric. In the matrix, each edge is represented by two bits for undirected graphs. That 
means, an edge from u to v is represented by 1 value in both ݆ܽ݀ݔ݅ݎݐܽܯ[u, v] and ݆ܽ݀ݔ݅ݎݐܽܯ[u, v]. To save time, we can process only half 
of this symmetric matrix. Also, we can assume that there is an “edge” from each vertex to itself. So, ݆ܽ݀ݔ݅ݎݐܽܯ[u, u] is set to 1 for all vertices.  
 

If the graph is a directed graph then we need to mark only one entry in the adjacency matrix. As an example, consider the directed graph 
below.  
 
 
 
 
 
 

The adjacency matrix for this graph can be given as: 
 
 
 
 
 
 

Now, let us concentrate on the implementation. To read a graph, one way is to first read the vertex names and then read pairs of vertex names 
(edges). The code below represents an undirected graph. 
 

import java.util.Iterator; 
import java.util.Random; 
import java.util.NoSuchElementException; 
 

public class Graph { 
    private static final String NEWLINE = System.getProperty("line.separator"); 
 

    private final int V; 
    private int E; 
    private boolean[][] adjMatrix; 
 

    // empty graph with V vertices 
    public Graph(int V) { 
        if (V < 0) throw new IllegalArgumentException("Too few vertices"); 
        this.V = V; 
        this.E = 0; 
        this.adjMatrix = new boolean[V][V]; 
    } 
 

    // random graph with V vertices and E edges 
    public Graph(int V, int E) { 
        this(V); 
        if (E > (long) V*(V-1)/2 + V) throw new IllegalArgumentException("Too many edges"); 
        if (E < 0)                    throw new IllegalArgumentException("Too few edges"); 
        Random random = new Random(); 
 

        // can be inefficient 
        while (this.E != E) { 
            int u = random.nextInt(V); 
            int v = random.nextInt(V); 
            addEdge(u, v); 
        } 
    } 
 

    // number of vertices and edges 
    public int V() { return V; } 
    public int E() { return E; } 
 

    // add undirected edge u-v 
    public void addEdge(int u, int v) { 
        if (!adjMatrix[u][v]) E++; 
        adjMatrix[u][v] = true; 

 A B C D 
A 0 1 0 1 
B 0 0 1 0 
C 1 0 0 1 
D 0 0 0 0 

A B 

C D 
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        adjMatrix[v][u] = true; 
    } 
 

    // does the graph contain the edge u-v? 
    public boolean contains(int u, int v) { 
        return adjMatrix[u][v]; 
    } 
 

    // return list of neighbors of u 
    public Iterable<Integer> adjMatrix(int u) { 
        return new AdjIterator(u); 
    } 
 

    // support iteration over graph vertices 
    private class AdjIterator implements Iterator<Integer>, Iterable<Integer> { 
        private int u; 
        private int v = 0; 
 

        AdjIterator(int u) { 
            this.u = u; 
        } 
 

        public Iterator<Integer> iterator() { 
            return this; 
        } 
 

        public boolean hasNext() { 
            while (v < V) { 
                if (adjMatrix[u][v]) return true; 
                v++; 
            } 
            return false; 
        } 
 

        public Integer next() { 
            if (!hasNext()) { 
                throw new NoSuchElementException(); 
            } 
            return v++; 
        } 
 

        public void remove()  { 
            throw new UnsupportedOperationException(); 
        } 
    } 
 

    // string representation of Graph - takes quadratic time 
    public String toString() { 
        StringBuilder s = new StringBuilder(); 
        s.append("Undirected graph" + NEWLINE); 
        s.append("Vertices:"+ V + " and edges:" + E + NEWLINE); 
        for (int u = 0; u < V; u++) { 
            s.append(u + ": "); 
            for (int v = 0; v < V; v++) { 
                s.append(String.format("%7s", adjMatrix[v][u]) + " "); 
            } 
            s.append(NEWLINE); 
        } 
        return s.toString(); 
    } 
    public static void main(String[] args) {    //test code 
        int V = 5; 
        int E = 7; 
        Graph G = new Graph(V, E); 
        System.out.println(G.toString()); 
    } 
} 

Performance 
 

The adjacency matrix representation is good if the graphs are dense. The matrix requires O(Vଶ) bits of storage and O(Vଶ) time for 
initialization. If the number of edges is proportional to Vଶ, then there is no problem because Vଶ steps are required to read the edges. If the 
graph is sparse, the initialization of the matrix dominates the running time of the algorithm as it takes takes O(Vଶ).  
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The downsides of adjacency matrices are that enumerating the outgoing edges from a vertex takes O(݊) time even if there aren't very many, 
and the O(Vଶ) space cost is high for sparse graphs, those with much fewer than Vଶ edges. 
 

The adjacency matrix representation takes O( Vଶ) amount of space while it is computed. When graph has maximum number of edges or 
minimum number of edges, in both cases the required space will be same. 

Adjacency List 
Graph Declaration for Adjacency List 
 

 
 

 
 
 
 
 
 
 
 
 
In this representation all the vertices connected to a vertex ݒ are listed on an adjacency list for that vertex ݒ. This can be easily implemented 
with linked lists. That means, for each vertex ݒ we use a linked list and list nodes represents the connections between ݒ and other vertices to 
which ݒ has an edge. The total number of linked lists is equal to the number of vertices in the graph. Considering the same example as that 
of adjacency matrix, the adjacency list representation can be given as ashown above. Since vertex A has an edge for B and D, we have added 
them in the adjacency list for A. Same is the case with other vertices as well. 
 

import java.io.*; 
import java.util.*; 
// Linked list implementation 
class LinkedList<Integer> implements Iterable<Integer> { 
    private ListNode<Integer> head;     // beginning of linked list 
    private int n;                                 // number of elements in linked list 
 

    // helper linked list class 
    private static class ListNode<Integer> { 
        private Integer data; 
        private ListNode<Integer> next; 
    } 
 

    public LinkedList() { 
        head = null; 
        n = 0; 
    } 
 

    public boolean isEmpty() { 
        return head == null; 
    } 
 

    public int size() { 
        return n; 
    } 
 

    public void add(Integer data) { 
        ListNode<Integer> oldfirst = head; 
        head = new ListNode<Integer>(); 
        head.data = data; 
        head.next = oldfirst; 
        n++; 
    } 
 

    public Iterator<Integer> iterator()  { 
        return new ListIterator(head); 
    } 
 

    // an iterator, doesn't implement remove() since it's optional 
    private class ListIterator implements Iterator<Integer> { 
        private ListNode<Integer> current; 
 

        public ListIterator(ListNode<Integer> head) { 
            current = head; 
        } 
 

        public boolean hasNext()  { return current != null;                     } 
        public void remove()      { throw new UnsupportedOperationException();  } 
 

        public Integer next() { 
            if (!hasNext()) throw new NoSuchElementException(); 

A  

B  

C  
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            Integer data = current.data; 
            current = current.next; 
            return data; 
        } 
    } 
} 
// Graph representation 
public class Graph { 
    private static final String NEWLINE = System.getProperty("line.separator"); 
 

    private final int V; 
    private int E; 
    private LinkedList<Integer>[] adjList; 
 

    // Initializes an empty graph with V vertices and 0 edges. 
    public Graph(int V) { 
        if (V < 0) throw new IllegalArgumentException("Number of vertices must be nonnegative"); 
        this.V = V; 
        this.E = 0; 
        adjList = (LinkedList<Integer>[]) new LinkedList[V]; 
        for (int u = 0; u < V; u++) { 
            adjList[u] = new LinkedList<Integer>(); 
        } 
    } 
 

    // random graph with V vertices and E edges 
    public Graph(int V, int E) { 
        this(V); 
        if (E > (long) V*(V-1)/2 + V) throw new IllegalArgumentException("Too many edges"); 
        if (E < 0)                    throw new IllegalArgumentException("Too few edges"); 
        Random random = new Random(); 
 

        // can be inefficient 
        while (this.E != E) { 
            int u = random.nextInt(V); 
            int v = random.nextInt(V); 
            addEdge(u, v); 
        } 
    } 
 

    // Initializes a new graph. 
    public Graph(Graph G) { 
        this(G.V()); 
        this.E = G.E(); 
        for (int u = 0; u < G.V(); u++) { 
            // reverse so that adjacency list is in same order as original 
            Stack<Integer> reverse = new Stack<Integer>(); 
            for (int v : G.adjList[u]) { 
                reverse.push(v); 
            } 
            for (int v : reverse) { 
                adjList[u].add(v); 
            } 
        } 
    } 
 

    // Returns the number of vertices in this graph. 
    public int V() { 
        return V; 
    } 
 

    // Returns the number of edges in this graph. 
    public int E() { 
        return E; 
    } 
 

    // throw an IllegalArgumentException unless {@code 0 <= u < V} 
    private void validateVertex(int u) { 
        if (u < 0 || u >= V) 
            throw new IllegalArgumentException("vertex " + u + " is not between 0 and " + (V-1)); 
    } 
 

    public void addEdge(int u, int v) { 
        validateVertex(u); 
        validateVertex(v); 
        E++; 
        adjList[u].add(v); 
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        adjList[v].add(u); 
    } 
 

    // Returns the vertices adjacent to vertex {@code u}. 
    public Iterable<Integer> adjList(int u) { 
        validateVertex(u); 
        return adjList[u]; 
    } 
 

    public int degree(int u) { 
        validateVertex(u); 
        return adjList[u].size(); 
    } 
 

    // Returns a string representation of this graph. 
    public String toString() { 
        StringBuilder s = new StringBuilder(); 
        s.append("Undirected graph" + NEWLINE); 
        s.append(V + " vertices, " + E + " edges " + NEWLINE); 
        for (int u = 0; u < V; u++) { 
            s.append(u + ": "); 
            for (int v : adjList[u]) { 
                s.append(v + " "); 
            } 
            s.append(NEWLINE); 
        } 
        return s.toString(); 
    } 
 

    // test code 
    public static void main(String[] args) { 
        Graph G = new Graph(5, 7); 
        System.out.println(G.toString()); 
    } 
} 

 

For this representation, the order of edges in the input is ݅  This is because they determine the order of the vertices on the adjacency .ݐ݊ܽݐݎ݋݌݉
lists. The same graph can be represented in many different ways in an adjacency list. The order in which edges appear on the adjacency list 
affects the order in which edges are processed by algorithms.  

Disadvantages of Adjacency Lists 
 

Using adjacency list representation we cannot perform some operations efficiently. As an example, consider the case of deleting a node. . In 
adjacency list representation, it is not enough if we simply delete a node from the list representation. if we delete a node from the adjacency 
list then that is enough. For each node on the adjacency list of that node specifies another vertex. We need to search other nodes linked list 
also for deleting it. This problem can be solved by linking the two list nodes that correspond to a particular edge and making the adjacency 
lists doubly linked. But all these extra links are risky to process. 

Adjacency Set 
 

It is very much similar to adjacency list but instead of using Linked lists, Disjoint Sets [Union-Find] are used. For more details refer to the 
 .chapter ܶܦܣ ݏݐ݁ܵ ݐ݊݅݋݆ݏ݅ܦ

Comparison of Graph Representations 
 

Directed and undirected graphs are represented with the same structures. For directed graphs, everything is the same, except that each edge 
is represented just once. An edge from ݔ to ݕ is represented by a 1 value in [ݕ][ݔ]݆݀ܣ in the adjacency matrix, or by adding ݕ on ݏ’ݔ adjacency 
list. For weighted graphs, everything is the same, except fill the adjacency matrix with weights instead of boolean values. 
 

Representation Space Checking edge between ݒ and ݓ? Iterate over edges incident to ݒ? 
List of edges E ܧ ܧ 
Adj Matrix ܸଶ 1 ܸ 
Adj List ܧ +  (ݒ)݁݁ݎ݃݁ܦ (ݒ)݁݁ݎ݃݁ܦ ܸ
Adj Set ܧ +  (ݒ)݁݁ݎ݃݁ܦ ((ݒ)݁݁ݎ݃݁ܦ)݃݋݈ ܸ

9.5 Graph Traversals 
 

To solve problems on graphs, we need a mechanism for traversing the graphs. Graph traversal algorithms are also called ݃݌ܽݎℎ ܿݎܽ݁ݏℎ 
algorithms. Like trees traversal algorithms (Inorder, Preorder, Postorder and Level-Order traversals), graph search algorithms can be thought 
of as starting at some source vertex in a graph and "searching" the graph by going through the edges and marking the vertices. Now, we will 
discuss two such algorithms for traversing the graphs. 
 

 Depth First Search [DFS] 
 Breadth First Search [BFS] 
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A graph can contain cycles, which may bring you to the same node again while traversing the graph. To avoid processing of same node again, 
use a boolean array which marks the node after it is processed. While visiting the nodes in the layer of a graph, store them in a manner such 
that you can traverse the corresponding child nodes in a similar order.  

Depth First Search [DFS] 
 

Depth-first search (DFS) is a method for exploring a tree or graph. In a DFS, you go as deep as possible down one path before backing up 
and trying a different one. DFS algorithm works in a manner similar to preorder traversal of the trees. Like preorder traversal, internally 
this algorithm also uses stack. Let us consider the following example. Suppose a person is trapped inside a maze. To come out from that 
maze, the person visits each path and each intersection (in the worst case). Let us say the person uses two colors of paint to mark the 
intersections already passed. When discovering a new intersection, it is marked grey, and he continues to go deeper.  
 

After reaching a “dead end” the person knows that there is no more unexplored path from the grey intersection, which now is completed, 
and he marks it with black. This “dead end” is either an intersection which has already been marked grey or black, or simply a path that does 
not lead to an intersection. 
 

The intersections of the maze are the vertices and the paths between the intersections are the edges of the graph. The process of returning 
from the “dead end” is called ܾܽܿ݇݃݊݅݇ܿܽݎݐ. We are trying to go away from the starting vertex into the graph as deep as possible, until we 
have to backtrack to the preceding grey vertex. In DFS algorithm, we encounter the following types of edges. 
 

 encounter new vertex :݁݃݀݁ ݁݁ݎܶ
 from descendent to ancestor :݁݃݀݁ ݇ܿܽܤ
 from ancestor to descendent :݁݃݀݁ ݀ݎܽݓݎ݋ܨ
 between a tree or subtrees :݁݃݀݁ ݏݏ݋ݎܥ

 

For most algorithms boolean classification, unvisited/visited is enough (for three color implementation refer to problems section). That means, 
for some problems we need to use three colors, but for our discussion two colors are enough. 
 
 
 
 
 

Initially all vertices are marked unvisited (false). The DFS algorithm starts at a vertex ݑ in the graph. By starting at vertex ݑ it considers the 
edges from ݑ to other vertices. If the edge leads to an already visited vertex, then backtrack to current vertex ݑ. If an edge leads to an unvisited 
vertex, then go to that vertex and start processing from that vertex. That means the new vertex becomes the current vertex. Follow this process 
until we reach the dead-end. At this point start ܾܽܿ݇݃݊݅݇ܿܽݎݐ. The process terminates when backtracking leads back to the start vertex.  
 

As an example, consider the following graph. We can see that sometimes an edge leads to an already discovered vertex. These edges are 
called ܾܽܿ݇ ݁݀݃݁ݏ, and the other edges are called ݏ݁݃݀݁ ݁݁ݎݐ because deleting the back edges from the graph generates a tree.  
 

The final generated tree is called the DFS tree and the order in which the vertices are processed is called ݏݎܾ݁݉ݑ݊ ܵܨܦ of the vertices. In 
the graph below, the gray color indicates that the vertex is visited (there is no other significance). We need to see when the visited table is 
being updated. 
 

In the following example, DFS algorithm traverses from A to B to C to D first, then to E, F, and G and lastly to H. It employs the following 
rules. 
 

1. Visit the adjacent unvisited vertex. Mark it as visited. Display it (processing). Push it onto a stack. 
2. If no adjacent vertex is found, pop up a vertex from the stack. (It will pop up all the vertices from the stack, which do not have 

adjacent vertices.) 
3. Repeat step 1 and step 2 until the stack is empty. 

 

Mark A as visited and put it onto the stack. Explore any unvisited adjacent node from A. We have only one adjacent node B and we can pick 
that. For this example, we shall take the node in an alphabetical order. Then, mark B as visited and put it onto the stack.  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Explore any unvisited adjacent node from B. Both C and H are adjacent to B but we are concerned for unvisited nodes only. Visit C and 
mark it as visited and put onto the stack. Here, we have B, D, and E nodes, which are adjacent to C and nodes D and E are unvisited. Let us 
choose one of them; say, D. 

Vertex is unvisited 

Vertex is visited 

  false 

true 

E 

Vertex B is visited 

A 

B 

C 

D 

H 

E 

F 

G 

Starting vertex A is 
marked visited 

Visited Table 
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C 

D 

H 

F 
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Stack 
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A 
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Here D does not have any unvisited adjacent node. So, we pop D from the stack. We check the stack top for return to the previous node and 
check if it has any unvisited nodes. Here, we find C to be on the top of the stack. Here, we have B, D, and E nodes which are adjacent to C 
and node E is unvisited. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Here, we find E to be on the top of the stack. Here, we have C, F, G, and H nodes which are adjacent to E and nodes F, G, and H are 
unvisited. Let us choose one of them; say, F. Here node F does not have any unvisited adjacent node. So, we pop F from the stack. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Here, we find E to be on the top of the stack. Here, we have C, F, G, and H nodes which are adjacent to E and nodes G, and H are unvisited. 
Let us choose one of them; say, G. Here node G does not have any unvisited adjacent node. So, we pop G from the stack. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Here, we find E to be on the top of the stack. Here, we have C, F, G, and H nodes which are adjacent to E and node H is unvisited. Let us 
choose that remaining node H. Here node H does not have any unvisited adjacent node. So, we pop H from the stack. 
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Now, we find E to be on the top of the stack with no unvisited nodes adjacent to it. So, we pop E from the stack. Then, node C becomes the 
top of the stack. For node C too, there were no adjacent unvisited nodes. Hence, pop node C from the stack. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Similarly, we find B to be on the top of the stack with no unvisited nodes adjacent to it. So, we pop B from the stack. Then, node A becomes 
the top of the stack. For node A too, there were no adjacent unvisited nodes. Hence, pop node A from the stack. With this, the stack is empty. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

From the above diagrams, it can be seen that the DFS traversal creates a tree (without back edges) and we call such tree a ݁݁ݎݐ ܵܨܦ.  In DFS, 
if we start from a start node it will mark all the nodes connected to the start node as visited. Therefore, if we choose any node in a connected 
component and run DFS on that node it will mark the whole connected component as visited. The above algorithm works even if the given 
graph has connected components.  
 

We can see that sometimes an edge leads to an already discovered vertex. These edges are called ܾ  and the other edges are called ,ݏ݁݃݀݁ ݇ܿܽ
  .because deleting the back edges from the graph generates a tree ݏ݁݃݀݁ ݁݁ݎݐ
 

The final generated tree is called the DFS tree and the order in which the vertices are processed is called ݏݎܾ݁݉ݑ݊ ܵܨܦ of the vertices. In 
the graph below, the gray color indicates that the vertex is visited (there is no other significance). We need to see when the visited table is 
updated. 

Advantages 
 

 Depth-first search on a binary tree generally requires less memory than breadth-first. 
 Depth-first search can be easily implemented with recursion. 

Disadvantages 
 

 A DFS doesn't necessarily find the shortest path to a node, while breadth-first search does. 

Applications of DFS 
 

 Topological sorting 
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 Finding connected components 
 Finding articulation points (cut vertices) of the graph 
 Finding strongly connected components 
 Solving puzzles such as mazes 

 

For algorithms refer to ܲ݊݋݅ݐܿ݁ܵ ݏ݈ܾ݉݁݋ݎ. 

Implementation 
 
 

The algorithm based on this mechanism is given below:  
 

import java.util.*; 
public class Graph { 
    private static final String NEWLINE = System.getProperty("line.separator"); 
    private final int V; 
    private int E; 
    private boolean[][] adjMatrix; 
    boolean[] visited; 
 

    // empty graph with V vertices 
    public Graph(int V) { 
        if (V < 0) throw new IllegalArgumentException("Too few vertices"); 
        this.V = V; 
        this.E = 0; 
        this.adjMatrix = new boolean[V][V]; 
        visited = new boolean[V]; 
    } 
 

    // random graph with V vertices and E edges 
    public Graph(int V, int E) { 
        this(V); 
        if (E > (long) V*(V-1)/2 + V) throw new IllegalArgumentException("Too many edges"); 
        if (E < 0)                    throw new IllegalArgumentException("Too few edges"); 
        Random random = new Random(); 
 

        // can be inefficient 
        while (this.E != E) { 
            int u = random.nextInt(V); 
            int v = random.nextInt(V); 
            addEdge(u, v); 
        } 
        visited = new boolean[V]; 
    } 
 

    // Refer this missing code from adjacenet matrix representation section 
 

    public void DFS(){ 
        // Visit nodes using a Stack to store "to visit" nodes 
        Stack<Integer> s = new Stack<Integer>();  // Create a stack 
        clearVisited();       // Set all visited[i] = 0 
        s.push(0);            // Start the "to visit" at node 0 
 

        /* =========================================== 
        Loop as long as there are "active" node 
        =========================================== */ 
        while( !s.isEmpty() ){ 
            int nextNode;                // Next node to visit 
            int i; 
 

            nextNode = s.pop(); 
 

            if ( ! visited[nextNode] ){ 
                visited[nextNode] = true;    // Mark node as visited 
                System.out.println("nextNode = " + nextNode ); 
 
                for ( i = 0; i < V; i++ ) 
                //for ( i = V-1; i >= 0 ; i-- ) 
                    if ( (adjMatrix[nextNode][i] == true) && !visited[i] ) 
                        s.push(i); 
            } 
        } 
    }      

    public static void main(String[] args) {    //test code 
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Initially, ݅  is computed for all vertices, starting with the vertices which are having indegree 0. That means consider the vertices which ݁݁ݎ݃݁݀݊
do not have any prerequisite. To keep track of vertices with indegree zero we can use a queue.  
 

All vertices of indegree 0 are placed on queue. While the queue is not empty, a vertex ݒ is removed, and all edges adjacent to ݒ have their 
indegrees decremented. A vertex is put on the queue as soon as its indegree falls to 0. The topological ordering is the order in which the 
vertices DeQueue.  
 

The time complexity of this algorithm is O(|ܧ|  + |ܸ|) if adjacency lists are used. 
 

// Refer previous sections for Graph implementation 
class TopologicalSort { 
    private Queue<Integer> order;     // vertices in topological order 
    private int[] ranks;              // ranks[v] = order where vertex v appears in order 
 

    public TopologicalSort(Graph G) { 
        // indegrees of remaining vertices 
        int[] indegree = new int[G.V()]; 
        for (int v = 0; v < G.V(); v++) { 
            indegree[v] = G.indegree(v); 
        } 
 

        // initialize 
        ranks = new int[G.V()]; 
        order = new Queue<Integer>(); 
        int count = 0; 
 

        // initialize queue to contain all vertices with indegree = 0 
        Queue<Integer> queue = new Queue<Integer>(); 
        for (int v = 0; v < G.V(); v++) 
            if (indegree[v] == 0) queue.enqueue(v); 
 

        while (!queue.isEmpty()) { 
            int v = queue.dequeue(); 
            order.enqueue(v); 
            ranks[v] = count++; 
            for (int w : G.adjList(v)) { 
                indegree[w]--; 
                if (indegree[w] == 0) queue.enqueue(w); 
            } 
        } 
 

        // there is a directed cycle in subgraph of vertices with indegree >= 1. 
        if (count != G.V()) { 
            order = null; 
        } 
    } 
 

    // Returns a topological order if the digraph has a topologial order 
    public Iterable<Integer> order() { 
        return order; 
    } 
 

    // Does the digraph have a topological order? 
    public boolean hasOrder() { 
        return order != null; 
    } 
 

    // throw an IllegalArgumentException unless {@code 0 <= v < V} 
    private void validateVertex(int v) { 
        int V = ranks.length; 
        if (v < 0 || v >= V) 
            throw new IllegalArgumentException("vertex " + v + " is not between 0 and " + (V-1)); 
    } 
 

    public static void main(String[] args) {   // test code 
        // create random DAG with V vertices and E edges 
        int V = 5; 
        int E = 7; 
        Graph G = new Graph(V, E); 
        System.out.println(G.toString()); 
 

        // find a directed cycle 
        TopologicalSort topological1 = new TopologicalSort(G); 
        if (!topological1.hasOrder()) { 
            System.out.println("Not a DAG"); 
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Difference between Unweighted Shortest Path and Dijkstra’s Algorithm 
 

1) To represent weights in the adjacency list, each vertex contains the weights of the edges (in addition to their identifier). 
2) Instead of ordinary queue we use priority queue [distances are the priorities] and the vertex with the smallest distance is selected 

for processing. 
3) The distance to a vertex is calculated by the sum of the weights of the edges on the path from the source to that vertex. 
4) We update the distances in case the newly computed distance is smaller than the old distance which we have already computed. 

 

import java.util.*; 
public class Graph{ 
    private static int infinite = 9999999; 
    int[][]  LinkCost; 
    int      V; 
    boolean[] Reached; 
 

    // Construct a graph of N nodes 
    Graph(int[][] adjMatrix){ 
        int i, j; 
        V = adjMatrix.length; 
 

        LinkCost = new int[V][V]; 
        Reached  = new boolean[V]; 
        for ( i=0; i < V; i++){ 
            for ( j=0; j < V; j++){ 
                LinkCost[i][j] = adjMatrix[i][j]; 
                if ( LinkCost[i][j] == 0 ) 
                    LinkCost[i][j] = infinite; 
            } 
        } 
 

        for ( i=0; i < V; i++){ 
            for ( j=0; j < V; j++) 
                if ( LinkCost[i][j] < infinite ) 
                    System.out.print( " " + LinkCost[i][j] + " " ); 
                else 
                    System.out.print(" * " ); 
 

            System.out.println(); 
        } 
    } 
 

    public void Dijkstra(int s /* src */){ 
        int i, j, m, n, k; 
        int[] D = new int[V];                       // Current distance 
        int[] predNode = new int[V]; 
        predNode[s] = s; 
 

        for ( i = 0; i < V; i++ ) 
            Reached[i] = false; 
        Reached[s] = true;           // ReachSet = {s} 
 

        for ( i = 0; i < V; i++ ){ 
            D[i] = LinkCost[s][i]; 
            if ( LinkCost[s][i] < infinite ) 
              predNode[i] = s; 
        } 
 

        printReachSet( Reached, D ); 
 

        for ( k = 0; k < V-1; k++ ){ 
            // Find the first unreached node m 
            for ( m = 0; m < V; m++ ) 
                if ( ! Reached[m] ) 
                    break; 
 

            // Find: m in {N - ReachSet} that has smallest value for D(S,m) 
            for ( n = m+1; n < V; n++ ){ 
                if ( Reached[n] == false && D[n] < D[m] ) 
                    m = n; 
            } 
 

            // Add m to ReachSet 
            Reached[m] = true; 
 

            // Find possible "short cut" through m 
            for ( n = 0; n < V; n++ ){ 







 

Data Structures and Algorithms Made Easy in Java Graph Algorithms                      

 

9.7 Shortest Path Algorithms    231 

 
 

 Prim’s algorithm finds a minimum spanning tree for a connected weighted graph. It implies that a subset of edges that form a tree 
where the total weight of all the edges in the tree is minimized. 

Bellman-Ford Algorithm 
 

The Bellman-Ford algorithm is a graph search algorithm that finds the shortest path between a given source vertex and all other vertices in 
the graph. This algorithm can be used on both weighted and unweighted graphs. Like Dijkstra's shortest path algorithm, the Bellman-Ford 
algorithm is guaranteed to find the shortest path in a graph. If the graph has negative edge costs, then ݏ′ܽݎݐݏ݆݇݅ܦ algorithm does not work. 
Though it is slower than Dijkstra's algorithm, Bellman-Ford is capable of handling graphs that contain negative edge weights, so it is more 
versatile. It is worth noting that if there exists a negative cycle in the graph, then there is no shortest path. Going around the negative cycle an 
infinite number of times would continue to decrease the cost of the path (even though the path length is increasing). Because of this, Bellman-
Ford can also detect negative cycles which is a useful feature. 
 

The Bellman-Ford algorithm operates on an input graph, G, with |V| vertices and |E| edges. A single source vertex, s, must be provided as 
well, as the Bellman-Ford algorithm is a single-source shortest path algorithm. No destination vertex needs to be supplied, however, because 
Bellman-Ford calculates the shortest distance to all vertices in the graph from the source vertex.  
 

The Bellman-Ford algorithm, like Dijkstra's algorithm, uses the principle of relaxation to find increasingly accurate path length. Bellman-
Ford, though, tackles two main issues with this process: 
 

1. If there are negative weight cycles, the search for a shortest path will go on forever. 
2. Choosing a bad ordering for relaxations leads to exponential relaxations. 

 

The detection of negative cycles is important, but the main contribution of this algorithm is in its ordering of relaxations. Relaxation is the 
most important step in Bellman-Ford. It is what increases the accuracy of the distance to any given vertex. Relaxation works by continuously 
shortening the calculated distance between vertices comparing that distance with other known distances. 
 

Bellman Ford algorithm works by overestimating the length of the path from the starting vertex to all other vertices. Then it iteratively relaxes 
those estimates by finding new paths that are shorter than the previously overestimated paths. Take the baseball example. Let's say I think the 
distance to the baseball stadium is 30 miles. However, I know that the distance to the corner right before the stadium is 15 miles, and I know 
that from the corner to the stadium, the distance is 1 mile. Clearly, the distance from me to the stadium is at most 16 miles. So, I can update 
my belief to reflect that. That is one cycle of relaxation, and it's done over and over until the shortest paths are found. 
 

The problem with ݏ′ܽݎݐݏ݆݇݅ܦ algorithm is that once a vertex ݑ is declared known, it is possible that from some other, unknown vertex ݒ 
there is a path back to ݑ that is very negative. In such case, taking a path from ݏ to ݒ back to ݑ is better than going from ݏ to ݑ without using 
 ,Then, at each stage .ݏ A combination of Dijkstra's algorithm and unweighted algorithms will solve the problem. Initialize the queue with .ݒ
we ݁ݑ݁ݑܳ݁ܦ a vertex ݒ. We find all vertices w adjacent to ݒ such that, 
 

+ ݒ ݋ݐ ݁ܿ݊ܽݐݏ݅݀ ,ݒ)ݐℎ݃݅݁ݓ  (ݓ <  old distance to w 
 

We update w old distance and path, and place ݓ on a queue if it is not already there. A bit can be set for each vertex to indicate presence 
in the queue. We repeat the process until the queue is empty.   
 

      public void BellmanFordAlgorithm(Graph G, int s) { 
 LLQueue Q = new LLQueue(); 
 int v, w; 
 Q.enQueue( s); 
                 // assume the Distance table is filled with INT_MAX 
 Distance[s] = 0; 
                while ((!Q.isEmpty()) { 
                          v = Q.deQueue(); 
                          for all adjacent vertices w of v { 
                                       Compute new distance d= Distance[v] + weight[v][w]; 
                                        
                                       if(old distance to w > new distance d ) { 
                                                    Distance[v] = (distance to v) + weight[v][w]); 
                                                    Path[w] = v; 
                                                    if(w is there in queue) 
                                                                 Q.enQueue( w); 
                                       }  
                          } 
             } 
      } 
 

This algorithm works if there are no negative-cost cycles. Each vertex can DeQueue at most |V| times, so the running time is  O(|ܧ| . |ܸ|) if 
adjacency lists are used.  

Overview of Shortest Path Algorithms 
 

Shortest path in unweighted graph [ܵܨܤ ݂݀݁݅݅݀݋ܯ] O(|ܧ|  + |ܸ|) 
Shortest path in weighted graph [ݏ’ܽݎݐݏ݆݇݅ܦ] O (|݃݋݈ |ܧ |ܸ|) 
Shortest path in weighted graph with negative edges [݈݈݊ܽ݉݁ܤ − .|ܧ|) O [݀ݎ݋ܨ |ܸ|) 
Shortest path in weighted acyclic graph O(|ܧ|  + |ܸ|) 
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9.8 Minimal Spanning Tree 
 

The ܵ݁݁ݎݐ ݃݊݅݊݊ܽ݌ of a graph is a subgraph that contains all the vertices and is also a tree. A graph may have many spanning trees. As an 
example, consider a graph with 4 vertices as shown below. Let us assume that the corners of the graph are vertices. 
 
 

                           Vertices         Edges 
 
 
 

For this simple graph, we can have multiple spanning trees as shown below. 
 

 
 
 

What is a Minimum Spanning Tree? 
 

The cost of the spanning tree is the sum of the weights of all the edges in the tree. There can be many spanning trees. Minimum spanning 
tree is the spanning tree where the cost is minimum among all the spanning trees. There also can be many minimum spanning trees. 
 

Minimum spanning tree has direct application in the design of networks. It is used in algorithms approximating the travelling salesman 
problem, multi-terminal minimum cut problem and minimum-cost weighted perfect matching. 
 

We assume that the given graphs are weighted graphs. If the graphs are unweighted graphs then we can still use the weighted graph algorithms 
by treating all weights as equal. A ݉  is a tree formed from graph edges that connect all the ܩ of an undirected graph ݁݁ݎݐ ݃݊݅݊݊ܽ݌ݏ ݉ݑ݉݅݊݅
vertices of ܩ with minimum total cost (weights). A minimum spanning tree exists only if the graph is connected. There are two famous 
algorithms for this problem:  
 

 ܲݏ′݉݅ݎ Algorithm 
 ݏ′݈ܽ݇ݏݑݎܭ Algorithm 

Prim's Algorithm 
 

Prim’s algorithm uses ݃ݕ݀݁݁ݎ approach to find the minimum spanning tree. Prim's algorithm shares a similarity with the shortest path first 
algorithms. In Prim’s algorithm we grow the spanning tree from a starting position. Prim's algorithm is almost same as Dijkstra's algorithm. 
Like in Dijkstra's algorithm, in Prim's algorithm also we keep values ݀݅݁ܿ݊ܽݐݏ and ݐܽ݌ℎݏ in distance table. The only exception is that since 
the definition of ݀݅݁ܿ݊ܽݐݏ is different and as a result the updating statement also changes little. The update statement is simpler than before.  
 

In Prim’s algorithm, we will start with an arbitrary node (it doesn’t matter which one) and mark it. In each iteration we will mark a new vertex 
that is adjacent to the one that we have already marked. As a greedy algorithm, Prim’s algorithm will select the cheapest edge and mark the 
vertex.  
 

public void Prims(Graph G, int s) { 
    Heap PQ = new Heap(); 
    int v, w; 
    PQ.enQueue(s); 
    // assume the Distance table is filled with -1 
    Distance[s] = 0; 
    while ((!PQ.isEmpty()) { 
        v = PQ.DeleteMin(); 
        for all adjacent vertices w of v { 
            Compute new distance d= Distance[v] + weight[v][w]; 
            if(Distance[w] == -1) { 
                Distance[w] = weight[v][w]; 
                Insert w in the priority queue with priority d 
                Path[w] = v; 
            } 
            if(Distance[w]  > new distance d) { 
                Distance[w] = weight[v][w]; 
                Update priority of vertex w to be d; 
                Path[w] = v; 
            } 
        } 
    } 
} 

 

The entire implementation of this algorithm is identical to that of Dijkstra's algorithm. The running time is O(|ܸ|ଶ) without heaps [good for 
dense graphs], and O(ܸ݃݋݈ܧ) using binary heaps [good for sparse graphs]. 

Kruskal’s Algorithm 
 

Kruskal's algorithm is a minimum spanning tree algorithm that uses the ݃ݕ݀݁݁ݎ approach. This algorithm treats the graph as a forest and 
every node it has as an individual tree. A tree connects to another only and only if, it has the least cost among all available options and does 
not violate MST properties. Kruskal’s Algorithm builds the spanning tree by adding edges one by one into a growing spanning tree. 
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The algorithm starts with V different trees (V is the vertices in the graph). While constructing the minimum spanning tree, every time Kruskal’s 
algorithm selects an edge that has minimum weight and then adds that edge if it doesn’t create a cycle. So, initially, there are |V| single-node 
trees in the forest. Adding an edge merges two trees into one. When the algorithm is completed, there will be only one tree, and that is the 
minimum spanning tree.  

Algorithm 
 

 Sort the graph edges with respect to their weights. 
 Start adding edges to the minimum snapping tree from the edge with the smallest weight until the edge of the largest weight. 
 Only add edges which doesn't form a cycle, edges which connect only disconnected components. 

 

The greedy Choice is to put the smallest weight edge that does not because a cycle in the MST constructed so far. 
 

There are two ways of implementing Kruskal’s algorithm: 
 

 By using disjoint sets: Using UNION and FIND operations 
 By using priority queues: Maintains weights in priority queue 

 

So now the question is how to check if  vertices are connected or not ? 
 

This could be done using DFS which starts from the first vertex, then check if the second vertex is visited or not. But DFS will make time 
complexity large as it has an order of O(E+V) where V is the number of vertices, E is the number of edges. Disjoint sets are sets whose 
intersection is the empty set so it means that they don't have any element in common. 
 

The appropriate data structure is the UNION/FIND algorithm [for implementing forests]. Two vertices belong to the same set if and only if 
they are connected in the current spanning forest. Each vertex is initially in its own set. If ݑ and ݒ are in the same set, the edge is rejected 
because it forms a cycle. Otherwise, the edge is accepted, and a UNION is performed on the two sets containing ݑ and ݒ.  
 

As an example, consider the following graph (the edges show the weights). 
 
 

 
 
 
 
 
 
 
 
 
 
 
 

Now let us perform Kruskal’s algorithm on this graph. We always select the edge which has minimum weight.  
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From the above graph, the edges which have 
minimum weight (cost) are: AD and BE. 
From these two we can select one of them and 
let us assume that we select AD (dotted line). 
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BE now has the lowest cost and we select it 
(dotted lines indicate selected edges). 
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      public void Kruskal(Graph G) { 
             //Refer to ݏݐ݁ܵݐ݊݅݋݆ݏ݅ܦ  Chapter 
             S = ф;   // At the end S will contains the edges of minimum spanning trees 
             for (int v = 0; v< G→V; v++) 
                  MakeSet (v); 
             Sort edges of E by increasing weights w; 
             for each edge (u, v) in E { //from sorted list 

             if(FIND (u) != FIND (v)) { 
                       S = S  ∪  {(u, v)}; 

                                       UNION (u, v); 
                          } 
             }  
             return S; 
      }        

Note: For implementation of UNION and FIND operations, refer to the ܶܦܣ ݏݐ݁ܵ ݐ݊݅݋݆ݏ݅ܦ chapter.  
The worst-case running time of this algorithm is O(ܧ݃݋݈ܧ), which is dominated by the heap operations. That means, since we are constructing 
the heap with E edges, we need O(ܧ݃݋݈ܧ) time to do that.  
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DF is the next edge that has the lowest cost 
(6). 
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Next, AC and CE have the low cost of 7 and 
we select AC. 
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Then we select CE as its cost is 7 and it does 
not form a cycle. 
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The next lowest cost edges are CB and EF. 
But if we select CB, then it forms a cycle. So, 
we discard it. This is also the case with EF. So, 
we should not select those two. And the next 
low cost is 9 (DC and EG). Selecting DC 
forms a cycle so we discard it. Adding EG will 
not form a cycle and therefore with this edge 
we complete all vertices of the graph. 
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9.9 Graph Algorithms: Problems & Solutions 
 

Problem-1 In an undirected simple graph with ݊ vertices, what is the maximum number of edges? Self loops are not allowed. 
 

Solution: Since every node can connect to all other nodes, the first node can connect to ݊ − 1 nodes. The second node can connect to ݊ − 2 

nodes [since one edge is already there from the first node]. The total number of edges is: 1 +  2 +  3 + ⋯ + ݊ − 1 = ୬(୬ିଵ)
ଶ

 edges.  

 

Problem-2 How many different adjacency matrices does a graph with ݊ vertices and ܧ edges have? 
 

Solution: It's equal to the number of permutations of ݊ elements. i.e., ݊!. 
 

Problem-3 How many different adjacency lists does a graph with ݊ vertices have? 
 

Solution: It's equal to the number of permutations of edges. i.e., ܧ!. 
 

Problem-4 Which undirected graph representation is most appropriate for determining whether or not a vertex is isolated (is not 
connected to any other vertex)? 

 

Solution: Adjacency List. If we use the adjacency matrix, then we need to check the complete row to determine whether that vertex has edges 
or not. By using the adjacency list, it is very easy to check, and it can be done just by checking whether that vertex has NULL for next pointer 
or not [NULL indicates that the vertex is not connected to any other vertex]. 
 

Problem-5 For checking whether there is a path from source ݏ to target ݐ, which one is best among disjoint sets and DFS? 
 

Solution: The table below shows the comparison between disjoint sets and DFS. The entries in the table represent the case for any pair of 
nodes (for ݏ and ݐ). 
 

Method Processing Time Query Time Space 
Union-Find ܸ +  ܸ ܸ݃݋݈ ܸ݃݋݈ ܧ  

DFS ܧ + + ܧ 1 ܸ   ܸ 
 

Problem-6 What is the maximum number of edges a directed graph with ݊ vertices can have and still not contain a directed cycle? 
 

Solution: The number is V (V −  1)/2. Any directed graph can have at most ݊ଶ edges. However, since the graph has no cycles it cannot 
contain a self loop, and for any pair ݔ, ,ݔ) of vertices, at most one edge from ݕ ,ݕ) and (ݕ  can be included. Therefore the number of edges (ݔ
can be at most (Vଶ −  V)/2 as desired. It is possible to achieve V(V −  1)/2 edges. Label ݊  nodes 1, 2. . . ݊ and add an edge (x, y) if and only 
if ݔ <  .This graph has the appropriate number of edges and cannot contain a cycle (any path visits an increasing sequence of nodes) .ݕ 
 

Problem-7 How many simple directed graphs with no parallel edges and self loops are possible in terms of ܸ? 
  

Solution: (V) × (V − 1). Since, each vertex can connect to V − 1 vertices without self loops. 
 

Problem-8 Earlier in this chapter, we discussed minimum spanning tree algorithms. Now, give an algorithm for finding the maximum-
weight spanning tree in a graph? 

 

Solution:  
 
 
 
 
 
 
 
 
 

Using the given graph, construct a new graph with the same nodes and edges. But instead of using the same weights, take the negative of their 
weights. That means, weight of an edge = negative of weight of the corresponding edge in the given graph. Now, we can use existing ݉  ݉ݑ݉݅݊݅
 .algorithms on this new graph. As a result, we will get the maximum-weight spanning tree in the original one ݁݁ݎݐ ݃݊݅݊݊ܽ݌ݏ
 

Problem-9 Differences between DFS and BFS? 
 

Solution: 
DFS BFS 

Backtracking is possible from a dead end  
 

Backtracking is not possible  
 Vertices from which exploration is 

incomplete are processed in a LIFO order 
The vertices to be explored are organized as a FIFO queue  

Search is done in one particular direction The vertices at the same level are maintained in parallel  
 

Problem-10 Give an algorithm for checking whether a given graph ܩ has simple path from source ݏ to destination ݀. Assume the 
graph ܩ is represented using adjacent matrix. 

 

Solution: For each vertex call ܵܨܦ and check whether the current vertex is the same as the destination vertex or not. If they are the same, 
then return 1. Otherwise, call the ܵܨܦ on its unvisited neighbors. One important thing to note here is that, we are calling the DFS algorithm 
on vertices which are not yet visited.  

 

      public void HasSimplePath(Graph G, int s, int d) { 

Given graph 
 

Transformed graph with negative edge weights 
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 Viisited[s] = 1; 
 if(s == d) return 1; 
 for(int t = 0; t < G.vertexCount; t++) { 
       if(G.adjMatrix[s][t] && !Viisited[t]) 
  if(DFS(G, t, d))  return 1; 
            } 
            return 0; 
      } 
 

Time Complexity: O(ܧ). In the above algorithm, for each node, since we are not calling ܵܨܦ on all of its neighbors (discarding through ݂݅ 
condition), Space Complexity: O(ܸ). 

 

Problem-11 Count simple paths for a given graph ܩ has simple path from source s to destination d? Assume the graph is represented 
using the adjacent matrix. 

 

Solution: Similar to the discussion in Problem-9, start at one node and call DFS on that node. As a result of this call, it visits all the nodes that 
it can reach in the given graph. That means it visits all the nodes of the connected component of that node. If there are any nodes that have 
not been visited, then again start at one of those nodes and call DFS.  
 

Before the first DFS in each connected component, increment the connected components ܿ  Continue this process until all of the graph .ݐ݊ݑ݋
nodes are visited. As a result, at the end we will get the total number of connected components. The implementation based on this logic is 
given below. 
 

      public void CountSimplePaths(Graph G, int s, int d) { 
 Viisited[s] = 1; 
 if(s == d) { 

      count++; 
      Visited[s] = 0;  
      return; 

            } 
for(int t = 0; t < G.vertexCount; t++) { 

       if(G.adjMatrix[s][t] && !Viisited[t]){ 
  DFS(G, t, d); 
  Visited[t] = 0; 

      } 
            } 
      } 
 

Problem-12 All pairs shortest path problem: Find the shortest graph distances between every pair of vertices in a given graph. Let us 
assume that the given graph does not have negative edges.  
 

Solution: This can be solved by using the ݀ݕ݋݈ܨ −  ℎ݉. This algorithm also works in the case of a weighted graph whereݐ݅ݎ݋݈݃ܽ ℎ݈݈ܽݏݎܹܽ
the edges have negative weights. This algorithm is an example of Dynamic Programming – refer to the ݃݊݅݉݉ܽݎ݃݋ݎܲ ܿ݅݉ܽ݊ݕܦ chapter. 
 

Problem-13 In Problem-12, how do we solve the all pairs shortest path problem if the graph has edges with negative weights? 
 

Solution:  This can be solved by using ݀ݕ݋݈ܨ −  ℎ݉. This algorithm also works in the case of a weighted graph where theݐ݅ݎ݋݈݃ܽ ℎ݈݈ܽݏݎܹܽ
edges have negative weights. This algorithm is an example of Dynamic Programming and refer ݃݊݅݉݉ܽݎ݃݋ݎܲ ܿ݅݉ܽ݊ݕܦ chapter. 
 

Problem-14 DFS Application: ݔ݁ݐݎܸ݁ ݐݑܥ or ݏݐ݊݅݋ܲ ݊݋݅ݐ݈ܽݑܿ݅ݐݎܣ. 
 

Solution: In an undirected graph, a ܿݔ݁ݐݎ݁ݒ ݐݑ (or articulation point) is a vertex, and if we remove it, then the graph splits into two 
disconnected components. As an example, consider the following figure. Removal of the “ܦ” vertex divides the graph into two connected 
components ({ܧ, ,ܣ} and {ܨ ,ܤ ,ܥ ,ܣ} and {ܩ}) vertex divides the graph into "ܥ" Similarly, removal of the .({ܩ ,ܤ ,ܦ ,ܧ  ܣ ,For this graph .({ܨ
and ܥ are the cut vertices.  
 

Note: A connected, undirected graph is called ܾ݅ −  .if the graph is still connected after removing any vertex ݀݁ݐܿ݁݊݊݋ܿ
 
 
 
 
 
 
 

 and number the ܵܨܦ provides a linear-time algorithm (O(݊)) to find all cut vertices in a connected graph. Starting at any vertex, call a ܵܨܦ
nodes as they are visited. For each vertex ݒ, we call this DFS number ݂݀݉ݑ݊ݏ(v). The tree generated with DFS traversal is called ܵܨܦ 
 that is ,(ݒ)ݓ݋݈ spanning tree, we compute the lowest-numbered vertex, which we call ܵܨܦ in the ݒ Then, for every vertex .݁݁ݎݐ ݃݊݅݊݊ܽ݌ݏ
reachable from ݒ by taking zero or more tree edges and then possibly one back edge (in that order).  
 

Based on the above discussion, we need the following information for this algorithm: the ݀  tree (once it gets ܵܨܦ of each vertex in the ݉ݑ݊ݏ݂
visited), and for each vertex ݒ, the lowest depth of neighbors of all descendants of ݒ in the ܵܨܦ tree, called the ݈ݓ݋.  
 

The ݂݀݉ݑ݊ݏ can be computed during DFS. The low of ݒ can be computed after visiting all descendants of ݒ (i.e., just before ݒ gets popped 
off the ܵܨܦ stack) as the minimum of the ݂݀݉ݑ݊ݏ of all neighbors of ݒ (other than the parent of ݒ in the ܵܨܦ tree) and the ݈ݓ݋ of all 
children of ݒ in the ܵܨܦ tree. 

B 

C 

A 

G 

F D 

E 



 

Data Structures and Algorithms Made Easy in Java Graph Algorithms                      

 

9.9 Graph Algorithms: Problems & Solutions    237 

 
 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

The root vertex is a cut vertex if and only if it has at least two children. A non-root vertex u is a cut vertex if and only if there is a son ݒ of ݑ 
such that ݈ (ݒ)ݓ݋  ≥  that means, just before u gets) ݑ is returned from every child of ܵܨܦ This property can be tested once the .(ݑ)݉ݑ݊ݏ݂݀ 
popped off the DFS stack), and if true, ݑ separates the graph into different bi-connected components. This can be represented by computing 
one bi-connected component out of every such ݒ (a component which contains ݒ will contain the sub-tree of ݒ, plus ݑ), and then erasing the 
sub-tree of ݒ from the tree. For the given graph, the ܵܨܦ tree with ݂݀ݓ݋݈/݉ݑ݊ݏ can be given as shown in the figure below. The 
implementation for the above discussion is: 
 

      int adjMatrix [256] [256] ;  
      int dfsnum [256], num = 0, low [256];  
      public void CutVertices( int u ) { 
 low[u] = dfsnum[u] = num++; 
 for (int v = 0 ; v < 256; ++v ) { 
  if(adjMatrix[u][v] && dfsnum[v] == -1) { 
   CutVertices( v ) ; 
   if(low[v] > dfsnum[u]) 
    System.out.println(“Cut Vetex:” + u); 
   low[u] = min ( low[u] , low[v] ) ; 
  }  
  else // (u,v) is a back edge 
   low[u ] = min(low[u] , dfsnum[v]) ; 
 } 
      } 
 

Problem-15 Let ܩ be a connected graph of order ݊. What is the maximum number of cut-vertices that ܩ can contain? 
 

Solution: ݊ −  2.  As an example, consider the following graph. In the graph below, except for the vertices 1 and ݊, all the remaining vertices 
are cut vertices. This is because removing 1 and ݊ vertices does not split the graph into two. This is a case where we can get the maximum 
number of cut vertices. 
 
 
 

Problem-16 DFS Application: ݏ݁݃݀݅ݎܤ ݐݑܥ or ݏ݁݃݀ܧ ݐݑܥ 
 

Solution:  Definition: Let ܩ be a connected graph. An edge ݒݑ in ܩ is called a ܾ݁݃݀݅ݎ of ܩ if ܩ –   .is disconnected ݒݑ 
 

As an example, consider the following graph. 
 
 
 
 
 
 

In the above graph, if we remove the edge ݒݑ then the graph splits into two components. For this graph, ݒݑ is a bridge. The discussion we 
had for cut vertices holds good for bridges also. The only change is, instead of printing the vertex, we give the edge. The main observation is 
that an edge (ݑ, ,ݑ) cannot be a bridge if it is part of a cycle. If (ݒ   .is not part of a cycle, then it is a bridge (ݒ
 

We can detect cycles in ܵܨܦ by the presence of back edges. (ݑ,  or ݑ children has a back edge to ݏ’ݒ is a bridge if and only if none of v or (ݒ
any of ݏ’ݑ ancestors. To detect whether any of ݏ’ݒ children has a back edge to ݏ’ݑ parent, we can use a similar idea as above to see what is 
the smallest ݂݀݉ݑ݊ݏ reachable from the subtree rooted at ݒ. 
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      int dfsnum[256], num = 0, low [256];  
      public void Bridges( Graph G, int u ) { 
 low[u] = dfsnum[u] = num++; 
 for (int v = 0 ; G.vertexCount; ++v ) { 
  if(G.adjMatrix[u][v] && dfsnum[v] == -1) { 
   cutVertices( v ) ; 
   if(low[v] > dfsnum[u]) 
    print (u,v)  as a bridge 
   low[u] = min ( low[u] , low[v] ) ; 
  }  
  else // (u,v) is a back edge 
   low[u ] = min(low[u] , dfsnum[v]) ; 
 } 
      } 
 

Problem-17 DFS Application: Discuss ݎ݈݁ݑܧ Circuits 
 

Solution:  Before discussing this problem let us see the terminology: 
 

 ݎݑ݋ݐ ݊ܽ݅ݎ݈݁ݑܧ – a path that contains all edges without repetition. 
 ݐ݅ݑܿݎ݅ܿ ݊ܽ݅ݎ݈݁ݑܧ – a path that contains all edges without repetition and starts and ends in the same vertex. 
 ݌ܽݎ݃ ݊ܽ݅ݎ݈݁ݑܧℎ – a graph that contains an Eulerian circuit. 
 ݔ݁ݐݎ݁ݒ ݊݁ݒܧ: a vertex that has an even number of incident edges. 
 ܱ݀݀ ݔ݁ݐݎ݁ݒ: a vertex that has an odd number of incident edges. 

 

 circuit: For a given graph we have to reconstruct the circuits using a pen, drawing each line exactly once. We should not lift the pen ݎ݈݁ݑܧ
from the paper while drawing. That means, we must find a path in the graph that visits every edge exactly once and this problem is called an 
  .This puzzle has a simple solution based on DFS .݈ܾ݉݁݋ݎ݌ ݐ݅ݑܿݎ݅ܿ ݎ݈݁ݑܧ or (ݎݑ݋ݐ ݎ݈݁ݑܧ also called) ℎݐܽ݌ ݎ݈݁ݑܧ
 

An ݎ݈݁ݑܧ circuit exists if and only if the graph is connected and the number of neighbors of each vertex is even. Start with any node, select 
any untraversed outgoing edge, and follow it. Repeat until there are no more remaining unselected outgoing edges. For example, consider the 
following graph: A legal Euler Circuit of this graph is 0 1 3 4 1 2 3 5 4 2 0. 
 

 
 
 
 
 
 
 
 

If we start at vertex 0, we can select the edge to vertex 1, then select the edge to vertex 2, then select the edge to vertex 0. There are now no 
remaining unchosen edges from vertex 0: 
 
 
 
 
 
 
 
 

We now have a circuit 0,1,2,0 that does not traverse every edge. So, we pick some other vertex that is on that circuit, say vertex 1. We then 
do another depth first search of the remaining edges. Say we choose the edge to node 3, then 4, then 1. Again we are stuck. There are no 
more unchosen edges from node 1. We now splice this path 1,3,4,1 into the old path 0,1,2,0 to get: 0,1,3,4,1,2,0. The unchosen edges now 
look like this: 
 
 
 
 
 
 
 
 

We can pick yet another vertex to start another DFS. If we pick vertex 2, and splice the path 2,3,5,4,2, then we get the final circuit 
0,1,3,4,1,2,3,5,4,2,0. 
 

A similar problem is to find a simple cycle in an undirected graph that visits every vertex. This is known as the ݈ܾ݉݁݋ݎ݌ ݈݁ܿݕܿ ݊ܽ݅݊݋ݐ݈݅݉ܽܪ. 
Although it seems almost identical to the ݎ݈݁ݑܧ circuit problem, no efficient algorithm for it is known.  
 

Notes: 
 A connected undirected graph is ݊ܽ݅ݎ݈݁ݑܧ if and only if every graph vertex has an even degree, or exactly two vertices with an odd 

degree. 
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 A directed graph is ݊ܽ݅ݎ݈݁ݑܧ if it is strongly connected and every vertex has an equal ݅݊ and ݐݑ݋ degree. 
 

Application: A postman has to visit a set of streets in order to deliver mails and packages. He needs to find a path that starts and ends at the 
post-office, and that passes through each street (edge) exactly once. This way the postman will deliver mails and packages to all the necessary 
streets, and at the same time will spend minimum time/effort on the road.  
 

Problem-18 DFS Application: Finding Strongly Connected Components. 
 

Solution: This is another application of DFS. In a directed graph, two vertices ݑ and ݒ are strongly connected if and only if there exists a path 
from ݑ to ݒ and there exists a path from ݒ to ݑ. The strong connectedness is an equivalence relation.  
 

 A vertex is strongly connected with itself 
 If  a vertex ݑ is strongly connected to a vertex ݒ, then ݒ is strongly connected to ݑ 
 If a vertex ݑ is strongly connected to a vertex ݒ, and ݒ is strongly connected to a vertex ݔ, then ݑ is strongly connected to ݔ 

 

What this says is, for a given directed graph we can divide it into strongly connected components. This problem can be solved by performing 
two depth-first searches. With two DFS searches we can test whether a given directed graph is strongly connected or not. We can also produce 
the subsets of vertices that are strongly connected.  
 

Algorithm 
 Perform DFS on given graph ܩ. 
 Number vertices of given graph ܩ according to a post-order traversal of depth-first spanning forest. 
 Construct graph ܩ௥ by reversing all edges in ܩ. 
 Perform DFS on ܩ௥: Always start a new DFS (initial call to Visit) at the highest-numbered vertex. 
 Each tree in the resulting depth-first spanning forest corresponds to a strongly-connected component. 

 

Why this algorithm works? 
 

Let us consider two vertices, ݒ and ݓ. If they are in the same strongly connected component, then there are paths from ݒ to w and from ݓ 
to ݒ in the original graph ܩ, and hence also in ܩ௥. If two vertices ݒ and ݓ are not in the same depth-first spanning tree of ܩ௥, clearly they 
cannot be in the same strongly connected component. As an example, consider the graph shown below on the left. Let us assume this graph 
is ܩ. 
 
 
 
 
 
 
 
 

 
 
 

Now, as per the algorithm, performing ܵܨܦ on this G graph gives the following diagram. The dotted line from ܥ to ܣ indicates a back edge. 
Now, performing post order traversal on this tree gives: ܦ, ,ܥ   .ܣ and ܤ
 

Vertex Post Order Number 
A 4 
B 3 
C 2 
D 1 

 

Now reverse the given graph ܩ and call it ܩ௥ and at the same time assign postorder numbers to the vertices. The reversed graph ܩ௥ will look 
like:  
 
 
 
 
 
 
 
 

The last step is performing DFS on this reversed graph ܩ௥. While doing ܵܨܦ, we need to consider the vertex which has the largest DFS 
number. So, first we start at ܣ and with ܵܨܦ we go to ܥ and then ܤ. At B, we cannot move further. This says that {ܣ, ,ܤ  is a strongly {ܥ
connected component. Now the only remaining element is ܦ and we end our second ܵܨܦ at ܦ. So the connected components are: {ܥ ,ܤ ,ܣ} 
and {ܦ}. 
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The implementation based on this discussion can be shown as: 
 

//Graph represented in adj matrix. 
      int adjMatrix [256][256], table[256]; 
      vector <int> st ;  
      int counter = 0 ;  
      //This table contains the DFS Search number 
      int dfsnum [256], num = 0, low[256] ;  
      public void StronglyConnectedComponents( int u ) { 
 low[u] = dfsnum[ u ] = num++; 
 Push(st, u) ; 
 for( int v = 0 ; v < 256; ++v ) { 
  if(graph[u][v] && table[v] == -1) { 
   if( dfsnum[v] == -1)  

                              StronglyConnectedComponents(v) ;  
                                    low[u] = min(low[u] , low[v]) ; 
  } 
 } 
 if(low[u] == dfsnum[u]) { 
  while( table[u] != counter) { 
   table[st.back()] = counter; 
   Push(st) ; 
  } 
  ++ counter; 
 } 
      } 
 

Problem-19 Count the number of connected components of Graph ܩ which is represented in adjacent matrix. 
 

Solution: This problem can be solved with one extra counter in ܵܨܦ. 
 

      //Visited[] is a global array. 
      int Visited[G→V]; 
      public void DFS(Graph G, int u) { 
            Visited[u] = 1; 
            for( int v = 0; v < G.vertexCount; v++ ) { 
                  /* For example, if the adjacency matrix is used for representing the                        
                     graph, then the condition to be used for finding unvisited adjacent            
                     vertex of u  is: if( !Visited[v] && G→Adj[u][v] ) */ 
 

                        for each unvisited adjacent node v of u {   
                  DFS(v);  

                        } 
            } 
      } 
      public void DFSTraversal(Graph G) { 
 int count = 0; 
 for (int i = 0; i< G.vertexCount;i++) 
  Visited[i]=0; 
 //This loop is required if the graph has more than one component 
 for (int i = 0; i< G.vertexCount;i++) 
  if(!Visited[i]) { 
   DFS(G, i); 
   count++; 
                         }   

 return count; 
      }  
 

Time Complexity: Same as that of DFS and it depends on implementation. With adjacency matrix the complexity is O(|ܧ| + |ܸ|) and with 
adjacency matrix the complexity is O(|ܸ|ଶ).  
 

Problem-20 Can we solve the Problem-19, using BFS? 
 

Solution: Yes. This problem can be solved with one extra counter in BFS. 
 

      public void BFS(Graph G, int u) { 
 int v, 
                LLQueue Q = new LLQueue(); 
                Q.enQueue( u); 
                while(!Q.isEmpty()) { 
                      u = Q.deQueue(); 
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                      Process u; //For example, print 
                  Visited[s]=1; 
                  /* For example, if the adjacency matrix is used for representing the                        
                  graph, then the condition be used for finding unvisited adjacent            
                     vertex of u  is: if( !Visited[v] && G→Adj[u][v] ) */ 
                  for each unvisited adjacent node v of u { 
  Q.enQueue( v); 

} 
            } 
      } 
      public void BFSTraversal(Graph G) { 
 for (int i = 0; i< G.vertexCount;i++) 
  Visited[i]=0; 
 //This loop is required if the graph has more than one component 
 for (int i = 0; i< G.vertexCount; i++) 
  if(!Visited[i]) 
   BFS(G, i); 
      } 
 

Time Complexity: Same as that of ܵܨܤ and it depends on implementation. With adjacency matrix the complexity is O(|ܧ| + |ܸ|) and with 
adjacency matrix the complexity is O(|ܸ|ଶ).  
 

Problem-21 Let us assume that ܩ(ܸ,  (|ܧ|)is an undirected graph. Give an algorithm for finding a spanning tree which takes O (ܧ
time complexity (not necessarily a minimum spanning tree). 

 

Solution:  The test for a cycle can be done in constant time, by marking vertices that have been added to the set ܵ. An edge will introduce a 
cycle, if both its vertices have already been marked. 
 

Algorithm: 
S = {}; //Assume S is a set 
for each edge e ∈  E { 

if(adding e to S doesn’t form a cycle) { 
add e to S; 
mark e; 

} 
} 
 

Problem-22 Is there any other way of solving Problem-20? 
 

Solution: Yes. We can run ܵܨܤ and find the ܵܨܤ tree for the graph (level order tree of the graph). Then start at the root element and keep 
moving to the next levels and at the same time we have to consider the nodes in the next level only once. That means, if we have a node with 
multiple input edges then we should consider only one of them; otherwise they will form a cycle. 
 

Problem-23 Detecting a cycle in undirected graph 
 

Solution: An undirected graph is acyclic if and only if a ܵܨܦ yields no back edges, edges (ݑ,  has already been discovered and is an ݒ where (ݒ
ancestor of ݑ. 
 

 Execute ܵܨܦ on the graph. 
 If there is a back edge - the graph has a cycle. 

 

If the graph does not contain a cycle, then |ܧ|  <  |ܸ| and ܵܨܦ cost O(|ܸ|). If the graph contains a cycle, then a back edge is discovered 
after 2|ܸ| steps at most. 
 

Problem-24 Detecting a cycle in DAG 
 

Solution:  
 
 
 
 
 
 

Cycle detection on a graph is different than on a tree. This is because in a graph, a node can have multiple parents. In a tree, the algorithm 
for detecting a cycle is to do a depth first search, marking nodes as they are encountered. If a previously marked node is seen again, then a 
cycle exists. This won’t work on a graph.  Let us consider the graph shown in the figure below. If we use a tree cycle detection algorithm, then 
it will report the wrong result. That means that this graph has a cycle in it. But the given graph does not have a cycle in it. This is because node 
3 will be seen twice in a ܵܨܦ starting at node 1. 
 

The cycle detection algorithm for trees can easily be modified to work for graphs. The key is that in a ܵܨܦ of an acyclic graph, a node whose 
descendants have all been visited can be seen again without implying a cycle. But, if a node is seen for the second time before all its descendants 
have been visited, then there must be a cycle.  
 

Can you see why this is? Suppose there is a cycle containing node A. This means that A must be reachable from one of its descendants. So 
when the ܵܨܦ is visiting that descendant, it will see ܣ again, before it has finished visiting all of ݏ’ܣ descendants. So there is a cycle.  
 

1 

3 2 
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In order to detect cycles, we can modify the depth first search.  
 

      public int DetectCycle(Graph G) { 
 for (int i = 0; i< G.vertexCount; i++) { 
       Visited[s]=0; 

      Predecessor[i] = 0; 
} 
for (int i = 0; i < G.vertexCount;i++) { 
 if(!Visited[i] && HasCycle(G, i)) 
  return 1; 
} 
return false;; 

      } 
      public int HasCycle(Graph G, int u) { 
 Visited[u]=1; 
 for (int i = 0; i< G.vertexCount; i++) { 
  if(G→Adj[s][i]) { 

             if(Predecessor[i] != u && Visited[i]) 
  return 1; 
       else { 
                        Predecessor[i] = u; 
                        return  HasCycle(G, i); 
            }  
} 

 return 0; 
      } 
 

Time Complexity: O(ܸ +  .(ܧ 
 

Problem-25 Given a directed acyclic graph, give an algorithm for finding its depth. 
 

Solution: If it is an undirected graph, we can use the simple unweighted shortest path algorithm (check ܵ ℎݐܽܲ ݐݏ݁ݐݎ݋ℎ ݐ݅ݎ݋݈݃ܣℎ݉ݏ section). 
We just need to return the highest number among all distances. For directed acyclic graph, we can solve by following the similar approach 
which we used for finding the depth in trees. In trees, we have solved this problem using level order traversal (with one extra special symbol 
to indicate the end of the level). 
 

      //Assuming the given  graph is a DAG 
      public int DepthInDAG( Graph G ) { 
 LLQueue Q = new LLQueue(); 
 int counter = 0; 
 int v, w; 
 for (v = 0; v< G.vertexCount; v++) 
  if( indegree[v] ==   0 ) 
   Q.enQueue(v); 

Q.enQueue( ‘$’ ); 
 while( !Q.isEmpty()) { 
  v = Q.deQueue(); 
  if(v == ‘$’) { 
   counter++; 
   if(!Q.isEmpty()) 

   Q.enQueue( ‘$’ ); 
                         } 
  for each w adjacent to v 
   if( --indegree[w] ==  0 ) 
    Q.enQueue(w );  
 } 
 Q.deleteQueue();  
 return counter; 
      } 
 

Total running time is O(ܸ +   . (ܧ 
 

Problem-26 How many topological sorts of the following dag are there? 
 

 
 
 
 

 

Solution: If we observe the above graph there are three stages with 2 vertices. In the early discussion of this chapter, we saw that topological 
sort picks the elements with zero indegree at any point of time. At each of the two vertices stages, we can first process either the top vertex or 
the bottom vertex. As a result, at each of these stages we have two possibilities. So the total number of possibilities is the multiplication of 
possibilities at each stage and that is, 2 × 2 × 2 = 8. 
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Problem-27 Unique topological ordering: Design an algorithm to determine whether a directed graph has a unique topological 
ordering.  

 

Solution: A directed graph has a unique topological ordering if and only if there is a directed edge between each pair of consecutive vertices 
in the topological order. This can also be defined as: a directed graph has a unique topological ordering if and only if it has a Hamiltonian 
path. If the digraph has multiple topological orderings, then a second topological order can be obtained by swapping a pair of consecutive 
vertices. 
 

Problem-28 Let us consider the prerequisites for courses at ݕܾܽ݉݋ܤ ܶܫܫ. Suppose that all prerequisites are mandatory, every course 
is offered every semester, and there is no limit to the number of courses we can take in one semester.  We would like to know the 
minimum number of semesters required to complete the major.  Describe the data structure we would use to represent this problem, 
and outline a linear time algorithm for solving it. 

 

Solution: Use a directed acyclic graph (DAG).  The vertices represent courses and the edges represent the prerequisite relation between 
courses at ݕܾܽ݉݋ܤ ܶܫܫ. It is a DAG, because the prerequisite relation has no cycles.   
 

The number of semesters required to complete the major is one more than the longest path in the dag.  This can be calculated on the DFS 
tree recursively in linear time.  The longest path out of a vertex ݔ is 0 if ݔ has outdegree 0, otherwise it is 1 + ݉ܽݔ 
,ݔ) | ݕ ݂݋ ݐݑ݋ ℎݐܽ݌ ݐݏ݁݃݊݋݈}    .{ܩ ݂݋ ݁݃݀݁ ݊ܽ ݏ݅ (ݕ
 

Problem-29 At one of the universities (say, ݕܾܽ݉݋ܤ ܶܫܫ), there is a list of courses along with their prerequisites. That means, two lists 
are given: 
 Courses list - ܣ
,ݔ) Prerequisites: B contains couples – ܤ ,ݔ where (ݕ ∋ ݕ  Let us consider a .ݕ can't be taken before course ݔ indicating that course ܣ 
student who wants to take only one course in a semester. Design a schedule for this student. 

 

Example: A = {C-Lang, Data Structures, OS, CO, Algorithms, Design Patterns, Programming }. B = { (C-Lang, CO), (OS, CO), (Data 
Structures, Algorithms), (Design Patterns, Programming) }. ܱ݊݁ ܿݏ ݈ܾ݁݅ݏݏ݋݌ℎ݈݁݀݀ݑ݋ܿ ݈݁ݑ ܾ݁: 

Semester 1: Data Structures 
Semester 2: Algorithms 
Semester 3: C-Lang 
Semester 4: OS 
Semester 5: CO 
Semester 6: Design Patterns 
Semester 7: Programming 

 

Solution: The solution to this problem is exactly the same as that of topological sort. Assume that the courses names are integers in the range 
[1. . ݊], ݊ is known (݊ is not constant). The relations between the courses will be represented by a directed graph ܩ =  (ܸ,  where ܸ are ,(ܧ
the set of courses and if course ݅ is prerequisite of course ݆, ܧ will contain the edge (݅, ݆). Let us assume that the graph will be represented as 
an Adjacency list.  
 

First, let's observe another algorithm to topologically sort a DAG in O(|ܸ| +  .(|ܧ|
 

 Find in-degree of all the vertices - O(|ܸ| +  (|ܧ|
 Repeat: 

Find a vertex v with in-degree=0 - O(|ܸ|) 
Output v and remove it from G, along with its edges - O(|ܸ|) 
Reduce the in-degree of each node u such as (ݒ,  ((ݒ)݁݁ݎ݃݁݀)was an edge in G and keep a list of vertices with in-degree=0 - O (ݑ
Repeat the process until all the vertices are removed 
 

The time complexity of this algorithm is also the same as that of the topological sort and it is O(|ܸ|   .(|ܧ| + 
 

Problem-30 In Problem-29, a student wants to take all the courses in ܣ, in the minimal number of semesters. That means the student 
is ready to take any number of courses in a semester. Design a schedule for this scenario.  ܱ݊݁ ܿݏ ݈ܾ݁݅ݏݏ݋݌ℎ݁݀ݏ݅ ݈݁ݑ:  
 C-Lang, OS, Design Patterns :1 ݎ݁ݐݏ݁݉݁ܵ
 Data Structures, CO, Programming :2 ݎ݁ݐݏ݁݉݁ܵ
 Algorithms :3 ݎ݁ݐݏ݁݉݁ܵ
 

Solution: A variation of the above topological sort algorithm with a slight change: In each semester, instead of taking one subject, take all the 
subjects with zero indegree. That means, execute the algorithm on all the nodes with degree 0 (instead of dealing with one source in each 
stage, all the sources will be dealt and printed). 
 

Time Complexity: O(|ܸ|  .(|ܧ| + 
 

Problem-31 LCA of a DAG: Given a DAG and two vertices ݒ and ݓ, find the ݈ݎ݋ݐݏ݁ܿ݊ܽ ݊݋݉݉݋ܿ ݐݏ݁ݓ݋ of ݒ and ݓ. The LCA of 
  .ݓ and ݒ that has no descendants which are also ancestors of ݓ and ݒ is an ancestor of ݓ and ݒ

 

Hint: Define the height of a vertex ݒ in a DAG to be the length of the longest path from ݐ݋݋ݎ to ݒ. Among the vertices that are ancestors of 
both ݒ and ݓ, the one with the greatest height is an LCA of ݒ and ݓ.  
 

Problem-32 Shortest ancestral path: Given a DAG and two vertices ݒ and ݓ, find the ݏℎݐܽ݌ ݈ܽݎݐݏ݁ܿ݊ܽ ݐݏ݁ݐݎ݋ℎ between ݒ and ݓ. 
An ancestral path between ݒ and ݓ is a common ancestor ݔ along with a shortest path from ݒ to ݔ and a shortest path from ݓ to ݔ. The 
shortest ancestral path is the ancestral path whose total length is minimized.  

 

Hint: Run BFS two times. First run from ݒ and second time from ݓ. Find a DAG where the shortest ancestral path goes to a common 
ancestor ݔ that is not an LCA.  
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Problem-33 Let us assume that we have two graphs ܩଵ and ܩଶ. How do we check whether they are isomorphic or not? 
 

Solution: There are many ways of representing the same graph. As an example, consider the following simple graph. It can be seen that all 
the representations below have the same number of vertices and the same number of edges. 
 
 
 
 

Definition: Graphs Gଵ = {Vଵ, Eଵ} and Gଶ = {Vଶ, Eଶ} are isomorphic if 
1) There is a one-to-one correspondence from Vଵ to Vଶ and 
2) There is a one-to-one correspondence from Eଵ to Eଶ that map each edge of Gଵ to Gଶ. 

 

Now, for the given graphs how do we check whether they are isomorphic or not? 
 

In general, it is not a simple task to prove that two graphs are isomorphic. For that reason we must consider some properties of isomorphic 
graphs. That means those properties must be satisfied if the graphs are isomorphic. If the given graph does not satisfy these properties then 
we say they are not isomorphic graphs.  
 

 .Two graphs are isomorphic if and only if for some ordering of their vertices their adjacency matrices are equal :ݕݐݎ݁݌݋ݎܲ
 

Based on the above property we decide whether the given graphs are isomorphic or not. I order to check the property, we need to do some 
matrix transformation operations. 
 

Problem-34 How many simple undirected non-isomorphic graphs are there with ݊ vertices? 
 

Solution: We will try to answer this question in two steps. First, we count all labeled graphs. Assume all the representations below are labeled 
with {1, 2, 3} as vertices. The set of all such graphs for ݊ =  3 are: 
 
 
 
 
 
 
 

There are only two choices for each edge: it either exists or it does not. Therefore, since the maximum number of edges is ቀn
2ቁ (and since 

the maximum number of edges in an undirected graph with ݊ vertices is ୬(୬ିଵ)
ଶ

= nୡమ = ൫୬
ଶ൯), the total number of undirected labeled graphs 

is 2ቀ୬
ଶቁ.  

 

Problem-35 For a given graph G with ݊ vertices how many spanning trees can we construct? 
 

Solution:  There is a simple formula for this problem and it is named after Arthur Cayley. For a given graph with ݊  labeled vertices the formula 
for finding number of trees on is ݊௡ିଶ. Below, the number of trees with different ݊ values is shown. 
 

n value Formula value:  ݊௡ିଶ Number of Trees 

   

   

 

Problem-36 For a given graph G with ݊ vertices how many spanning trees can we construct? 
 

Solution:  The solution to this problem is same as that of Problem-35. It is just other way of asking the same problem. Because, the number 
of edges in both regular tree and spanning tree are same. 
 

Problem-37 Hamiltonian path in DAGs: Given a DAG, design a linear time algorithm to determine whether there is a path that visits 
each vertex exactly once.  

 

Solution: The ݊ܽ݅݊݋ݐ݈݅݉ܽܪ path problem is an NP-Complete problem (for more details ref ݏ݁ݏݏ݈ܽܥ ݕݐ݅ݔ݈݁݌݉݋ܥ chapter). To solve this 
problem, we will try to give the approximation algorithm (which solves the problem, but it may not always produce the optimal solution). Let 
us consider the topological sort algorithm for solving this problem. Topological sort has an interesting property: that if all pairs of consecutive 
vertices in the sorted order are connected by edges, then these edges form a directed ݊ܽ݅݊݋ݐ݈݅݉ܽܪ path in the DAG. If a ݊ܽ݅݊݋ݐ݈݅݉ܽܪ 
path exists, the topological sort order is unique. Also, if a topological sort does not form a ݊ܽ݅݊݋ݐ݈݅݉ܽܪ path, the DAG will have two or 
more topological orderings. 
 

 ℎ݉: Compute a topological sort and check if there is an edge between each consecutive pair of vertices in theݐ݅ݎ݋݈݃ܣ ݊݋݅ݐܽ݉݅ݔ݋ݎ݌݌ܣ
topological order. 
 

In an unweighted graph, find a path from ܛ to ܜ that visits each vertex exactly once. The basic solution based on backtracking is, we start at ݏ 
and try all of its neighbors recursively, making sure we never visit the same vertex twice. The algorithm based on this implementation can be 
given as: 
 

      boolean seenTable[32]; 

1 2 2 1 

1 

3 2 

3 

2 1 

2 

1 3 

3 3 
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      public void HamiltonianPath( Graph G, int u ) { 
 if( u == t )  
  /* Check that we have seen all vertices. */  
 else { 
  for( int v = 0; v < n; v++ )  
                                 if( !seenTable[v] && G.adjMatrix [u][v] ) { 
   seenTable[v] = true; 
   HamiltonianPath( v ); 
   seenTable[v] = false; 
  } 
 } 
      } 
 

Note that if we have a partial path from s to u using vertices s = vଵ , vଶ , . . . , v୩ = u, then we don't care about the order in which we visited these 
vertices so as to figure out which vertex to visit next. All that we need to know is the set of vertices we have seen (the seenTable[] array) and 
which vertex we are at right now (u). There are 2୬ possible sets of vertices and n choices for  u. In other words, there are 2୬ possible 
 arrays and n different parameters to HamiltonianPath(). What HamiltonianPath() does during any particular recursive call is [ ]݈ܾ݁ܽܶ݊݁݁ݏ
completely determined by the ݈ܾ݁ܽܶ݊݁݁ݏ[ ] array and the parameter u.  
 

Problem-38 The ݈݁ܿݕܿ ݊ܽ݅݊݋ݐ݈݅݉ܽܪ problem: Is it possible to traverse each of the vertices of a graph exactly once, starting and 
ending at the same vertex? 

 

Solution: Since the ݊ܽ݅݊݋ݐ݈݅݉ܽܪ path problem is an NP-Complete problem, the ݊ܽ݅݊݋ݐ݈݅݉ܽܪ cycle problem is an NP-Complete problem. 
A ݊ܽ݅݊݋ݐ݈݅݉ܽܪ cycle is a cycle that traverses every vertex of a graph exactly once. There are no known conditions in which are both necessary 
and sufficient, but there are a few sufficient conditions. 
 

 For a graph to have a ݊ܽ݅݊݋ݐ݈݅݉ܽܪ cycle the degree of each vertex must be two or more. 
 The Petersen graph does not have a ݊ܽ݅݊݋ݐ݈݅݉ܽܪ cycle and the graph is given below. 

 
 

 
 
 
 

 In general, the more edges a graph has, the more likely it is to have a ݊ܽ݅݊݋ݐ݈݅݉ܽܪ cycle. 
 Let G be a simple graph with n ≥ 3 vertices. If every vertex has degree at least ௡

ଶ
, then G has a ݊ܽ݅݊݋ݐ݈݅݉ܽܪ cycle. 

 The best known algorithm for finding a ݊ܽ݅݊݋ݐ݈݅݉ܽܪ cycle has an exponential worst-case complexity. 
 

Note: For the approximation algorithm of ݊ܽ݅݊݋ݐ݈݅݉ܽܪ path, refer to the ݃݊݅݉݉ܽݎ݃݋ݎܲ ܿ݅݉ܽ݊ݕܦ chapter.  
 

Problem-39 What is the difference between ݏ’ܽݎݐݏ݆݇݅ܦ and ܲݏ′݉݅ݎ algorithm? 
 

Solution: ݏ′ܽݎݐݏ݆݇݅ܦ algorithm is almost identical to that of ܲ  The algorithm begins at a specific vertex and extends outward within the .ݏ′݉݅ݎ
graph until all vertices have been reached. The only distinction is that ܲݏ′݉݅ݎ algorithm stores a minimum cost edge whereas ݏ′ܽݎݐݏ݆݇݅ܦ 
algorithm stores the total cost from a source vertex to the current vertex. More simply, ݏ′ܽݎݐݏ݆݇݅ܦ algorithm stores a summation of minimum 
cost edges whereas ܲݏ′݉݅ݎ algorithm stores at most one minimum cost edge. 
 

Problem-40 Reversing Graph: Give an algorithm that returns the reverse of the directed graph (each edge from ݒ to ݓ is replaced by 
an edge from ݓ to ݒ). 

 

Solution: In graph theory, the reverse (also called ݁ݏ݋݌ݏ݊ܽݎݐ) of a directed graph ܩ is another directed graph on the same set of vertices with 
all the edges reversed. That means, if ܩ contains an edge (ݑ, ,ݒ) contains an edge ܩ then the reverse of (ݒ   .and vice versa (ݑ
 

Algorithm: 
      Graph ReverseTheDirectedGraph(Graph G) { 
 Create new graph with name ReversedGraph and let us assume that this will contain the reversed graph. 
 //The reversed graph also will contain same number of vertices and edges. 
 for each vertex of given graph G { 
  for each vertex w adjacent to v { 
   Add the w to v edge in ReversedGraph; 
   //That means we just need to reverse  
   //the bits in adjacency matrix. 
  } 
 } 
 return ReversedGraph; 
      } 
 

Problem-41 Travelling Sales Person Problem: Find the shortest path in a graph that visits each vertex at least once, starting and ending 
at the same vertex? 

 

Solution: The Traveling Salesman Problem (ܶܵܲ) is related to finding a Hamiltonian cycle. Given a weighted graph ܩ, we want to find the 
shortest cycle (may be non-simple) that visits all the vertices. 
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Approximation algorithm: This algorithm does not solve the problem but gives a solution which is within a factor of 2 of optimal (in the worst-
case). 
 

1) Find a Minimal Spanning Tree (MST). 
2) Do a DFS of the MST. 
 

For details, refer to the chapter on ݏ݁ݏݏ݈ܽܥ ݕݐ݅ݔ݈݁݌݉݋ܥ. 
 

Problem-42 Discuss Bipartite matchings? 
 

Solution: In Bipartite graphs, we divide the graphs in to two disjoint sets, and each edge connects a vertex from one set to a vertex in another 
subset (as shown in figure). 
 

Definition: A simple graph ܩ =  (ܸ, ܾ is called a (ܧ ݃ ݁ݐ݅ݐݎܽ݌݅ ܸ ℎ if its vertices can be divided into two disjoint sets݌ܽݎ = ଵܸ ∪ ଶܸ, such that 
every edge has the form ݁ = (ܽ, ܾ) where ܽ ∈  ଵܸ and ܾ ∈  ଶܸ. One important condition is that no vertices both in ଵܸ or both in  ଶܸ are 
connected. 

 

 

Properties of Bipartite Graphs 
 

 A graph is called bipartite if and only if the given graph does not have an odd length cycle. 
 A ܿ݌ܽݎ݃ ݁ݐ݅ݐݎܽ݌ܾ݅ ݁ݐ݈݁݌݉݋ℎ ܭ௠.௡ is a bipartite graph that has each vertex from one set adjacent to each vertex from another set. 

 

 

 
 
 

 A subset of edges ܯ ϲ ܧ is a ݉ܽܿݐℎ݅݊݃ if no two edges have a common vertex. As an example, matching sets of edges are 
represented with dotted lines. A matching ܯ is called ݉ܽ݉ݑ݉݅ݔ if it has the largest number of possible edges. In the graphs, the 
dotted edges represent the alternative matching for the given graph. 

 
 
 
 
 
 

• A matching ܯ is ݐ݂ܿ݁ݎ݁݌ if it matches all vertices. We must have ଵܸ = ଶܸ in order to have perfect matching. 
• An ݈ܽݐܽ݌ ݃݊݅ݐܽ݊ݎ݁ݐℎ is a path whose edges alternate between matched and unmatched edges. If we find an alternating path, then 

we can improve the matching. This is because an alternating path consists of matched and unmatched edges. The number of 
unmatched edges exceeds the number of matched edges by one. Therefore, an alternating path always increases the matching by 
one. 

 

The next question is, how do we find a perfect matching? Based on the above theory and definition, we can find the perfect matching with 
the following approximation algorithm. 
 

Matching Algorithm (Hungarian algorithm) 
 

1) Start at unmatched vertex. 
2) Find an alternating path. 
3) If it exists, change matching edges to no matching edges and conversely. If it does not exist, choose another unmatched vertex. 
4) If the number of edges equals ܸ/2 stop, otherwise proceed to step 1 and repeat as long all vertices have been examined without 

finding any alternating paths. 
 

Time Complexity of the Matching Algorithm 
 

The number of iterations is in O(ܸ).  
The complexity of finding an alternating path using BFS is O(ܧ). 
Therefore, the total time complexity is O(ܸ ×  .(ܧ 

 

Problem-43 Marriage and Personnel Problem? 
 

Marriage Problem: There are ܺ men and ܻ women who desire to get married. Participants indicate who among the opposite sex could be a 
potential spouse for them. Every woman can be married to at most one man, and every man to at most one woman. How can we marry 
everybody to someone they like? 

 

Personnel Problem: You are the boss of a company. The company has ܯ workers and ܰ jobs. Each worker is qualified to do some jobs, but 
not others. How will you assign jobs to each worker? 
 

Solution:  These two cases are just another way of asking about bipartite graphs, and the solution is the same as that of Problem-42. 
 

Problem-44 How many edges will be there in complete bipartite graph ܭ௠,௡? 
 

Solution: ݉ × ݊. This is because each vertex in first set can connect all vertices in second set. 

 ଷ,ଷܭ ଶ,ଷܭ

1 

2 

3 

4 

3 

2 

1 

4 
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Problem-45 A graph is called regular graph if it has no loops and multiple edges where each vertex has the same number of neighbors; 
i.e. every vertex has the same degree. Now, if ܭ௠,௡ is a regular graph what is the relation between ݉ and ݊? 

 

Solution: Since each vertex should have the same degree, the relation should be ݉ = ݊. 
 

Problem-46 What is the maximum number of edges in the maximum matching of a bipartite graph with ݊ vertices? 
 

Solution: From the definition of ݉  ℎ݅݊݃, we should not have edges with common vertices. So in a bipartite graph, each vertex can connectܿݐܽ
to only one vertex. Since we divide the total vertices into two sets, we can get the maximum number of edges if we divide them in half. Finally 
the answer is  ݊

2
.  

 

Problem-47 Discuss Planar Graphs 
 ?ℎ: Is it possible to draw the edges of a graph in such a way that edges do not cross݌ܽݎ݃ ݎ݈ܽ݊ܽܲ

 

Solution: A graph G is said to be planar if it can be drawn in the plane in such a way that no two edges meet each other except at a vertex to 
which they are incident. Any such drawing is called a plane drawing of G. As an example consider the below graph: 
 
 
 
 
 
 

This graph we can easily convert to planar graph as below (without any cross edges). 
 

 
 
 
 
 
How do we decide whether a given graph is planar or not? 
 

The solution to this problem is not simple, but researchers have found some interesting properties that we can use to decide whether the 
given graph is a planar graph or not. 
 

Properties of Planar Graphs 
 

• If a graph ܩ is a connected planar simple graph with ܸ vertices, where ܸ =  3 and ܧ edges, then ܧ =  3ܸ −  6. 

 .[ହ stands for complete graph with 5 verticesܭ] .ହ is non-planarܭ •

• If a graph ܩ is a connected planar simple graph with ܸ vertices and ܧ edges, and no triangles, then ܧ =  2ܸ −  4. 

• ۹૜,૜ is non-planar. [ܭଷ,ଷ stands for bipartite graph with 3 vertices on one side and the other 3 vertices on the other side. ܭଷ,ଷ  
contains 6 vertices]. 

• If a graph ܩ is a connected planar simple graph, then ܩ contains at least one vertex of 5 degrees or less. 

• A graph is planar if and only if it does not contain a subgraph that has ܭହ and ܭଷ,ଷ as a contraction. 

• If a graph ܩ contains a nonplanar graph as a subgraph, then ܩ is non-planar. 

• If a graph ܩ is a planar graph, then every subgraph of ܩ is planar. 

• For any connected planar graph ܩ =  (ܸ, + ܸ :the following formula should hold ,(ܧ − ܨ  = ܧ   2, where ܨ stands for the 
number of faces. 

• For any planar graph ܩ =  (ܸ, + ܸ  :components, the following formula holds ܭ with (ܧ – ܨ  ܧ  = 1 +  .ܭ
 

In order to test the planarity of a given graph, we use these properties and decide whether it is a planar graph or not. Note that all the above 
properties are only the necessary conditions but not sufficient.  
 

Problem-48 How many faces do ܭଶ,ଷ have? 
 

Solution: From the above discussion, we know that ܸ + ܨ − ܧ = 2, and from an earlier problem we know that ܧ = ݉ × ݊ = 2 × 3 = 6 
and ܸ = ݉ + ݊ = 5. ∴  5 + ܨ − 6 = 2 ⟹ ܨ = 3. 
 

Problem-49 Discuss Graph Coloring 
 

Solution: A ݇ −coloring of a graph ܩ is an assignment of one color to each vertex of ܩ such that no more than k colors are used and no two 
adjacent vertices receive the same color. A graph is called ݇ −colorable if and only if it has a ݇ −coloring. 
 

Applications of Graph Coloring: The graph coloring problem has many applications such as scheduling, register allocation in compilers, 
frequency assignment in mobile radios, etc. 
 

Clique: A ݈ܿ݅݁ݑݍ in a graph ܩ is the maximum complete subgraph and is denoted by ߱(ܩ). 
 

Chromatic number: The chromatic number of a graph ܩ is the smallest number k such that ܩ is ݇ −colorable, and it is denoted by (ܩ) ߕ.  
 

The lower bound for (ܩ) ߕ is ߱(ܩ), and that means ߱(ܩ)  ≤  .(ܩ) ߕ  
 

Properties of Chromatic number: Let G be a graph with n vertices and Gᇱ is its complement. Then, 
  (ܩ) ߕ  ≤ (ܩ) ∆   +  1, where ∆ (G) is the maximum degree of G. 

A B 

C D 

A B 

C D 
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  (ܩ) ߕ ߱(ܩᇱ)  ≥   ݊ 
  (ܩ) ߕ + ܩ)߱  ᇱ)  ≤  ݊ +  1 
  (ܩ) ߕ + ܩ)  ᇱ)  ≤  ݊ +  1 

 

K-colorability problem: Given a graph ܩ =  (ܸ, ≥ ݇ and a positive integer (ܧ  ܸ. Check whether ܩ is ݇ −colorable? 
 

This problem is NP-complete and will be discussed in detail in the chapter on ݏ݁ݏݏ݈ܽܥ ݕݐ݅ݔ݈݁݌݉݋ܥ. 
 

Graph coloring algorithm: As discussed earlier, this problem is ܰܲ-Complete. So we do not have a polynomial time algorithm to determine 
 .Let us consider the following approximation (no efficient) algorithm .(ܩ)ߕ
 

 Consider a graph G with two non-adjacent vertices ܽ and ܾ. The connection Gଵ is obtained by joining the two non-adjacent vertices 
ܽ and ܾ with an edge. The contraction Gଶ is obtained by shrinking {ܽ, ܾ} into a single vertex ܿ(ܽ, ܾ) and by joining it to each 
neighbor in G of vertex ܽ and of vertex ܾ (and eliminating multiple edges). 

 A coloring of ܩ in which ܽ  and ܾ have the same color yields a coloring of ܩଵ. A coloring of ܩ in which ܽ  and ܾ have different colors 
yields a coloring of ܩଶ. 

 Repeat the operations of connection and contraction in each graph generated, until the resulting graphs are all cliques. If the smallest 
resulting clique is a ܭ −clique, then (ܩ) = K. 

 

Important notes on Graph Coloring 
 

 Any simple planar graph ܩ can be colored with 6 colors. 
 Every simple planar graph can be colored with less than or equal to 5 colors. 

 

Problem-50 What is the ݂݃݊݅ݎ݋݈݋ܿ ݎݑ݋ problem? 
 

Solution: A graph can be constructed from any map. The regions of the map are represented by the vertices of the graph, and two vertices 
are joined by an edge if the regions corresponding to the vertices are adjacent. The resulting graph is planar. That means it can be drawn in 
the plane without any edges crossing.  
 

The ݈ܾ݉݁݋ݎܲ ݎ݋݈݋ܥ ݎݑ݋ܨ is whether the vertices of a planar graph can be colored with at most four colors so that no two adjacent vertices 
use the same color. 
 

History: The ݈ܾ݉݁݋ݎܲ ݎ݋݈݋ܥ ݎݑ݋ܨ was first given by ݐݑܩ ݏ݅ܿ݊ܽݎܨℎ݁݅ݎ. He was a student at ܷ  where he studied ݊݋݀݊݋ܮ ݈݈݁݃݁݋ܥ ݕݐ݅ݏݎ݁ݒ݅݊
under ݊ܽ݃ݎ݋ܯ ݁ܦ ݏݐݏݑ݃ݑܣ. After graduating from London he studied law, but some years later his brother Frederick Guthrie had become 
a student of ݊ܽ݃ݎ݋ܯ ݁ܦ. One day Francis asked his brother to discuss this problem with ݊ܽ݃ݎ݋ܯ ݁ܦ. 
 

Problem-51 When an adjacency-matrix representation is used, most graph algorithms require time O(ܸଶ). Show that determining 
whether a directed graph, represented in an adjacency-matrix that contains a sink can be done in time O(ܸ). A sink is a vertex with in-
degree |ܸ| − 1 and out-degree 0 (Only one can exist in a graph). 

 

Solution: A vertex i is a sink if and only if ܯ[݅, ݆]  =  0 for all j and ܯ[݆, ݅]  =  1 for all ݆ ≠ ݅. For any pair of vertices ݅ and ݆: 
,݅]ܯ ݆]  =  1  vertex i can't be a sink 
,݅]ܯ ݆]  =  0  vertex j can't be a sink 

Algorithm: 
 Start at ݅ = 1, ݆ = 1 
 If ܯ[݅, ݆]  =  0  ݅ wins, ݆ + + 
 If ܯ[݅, ݆]  =  1  ݆ wins, ݅ + + 
 Proceed with this process until ݆ = ݊ or ݅ = ݊ + 1 
 If ݅ == ݊ + 1 , the graph does not contain a sink 
 Otherwise, check row i  –  it should be all zeros; and check column ݅ – it should be all but ܯ[݅, ݅] ones; – if so, ݅ is a sink. 

 

Time Complexity: O(ܸ), because at most 2|ܸ|  cells in the matrix are examined. 
 

Problem-52 What is the worst – case memory usage of DFS? 
 

Solution: It occurs when the O(|V|), which happens if the graph is actually a list. So the algorithm is memory efficient on graphs with small 
diameter. 
 
 

 
Problem-53 Does DFS find the shortest path from start node to some node w ? 
 

Solution: No. In DFS it is not compulsory to select the smallest weight edge. 
 

Problem-54 True or False: Dijkstra’s algorithm does not compute the “all pairs” shortest paths in a directed graph with positive edge 
weights because, running the algorithm a single time, starting from some single vertex ݔ, it will compute only the min distance from ݔ to ݕ 
for all nodes ݕ in the graph. 

 

Solution: True. 
 

Problem-55 True or False: Prim’s and Kruskal’s algorithms may compute different minimum spanning trees when run on the same 
graph. 

 

Solution: True.  

1 2 3 4 ݊ 
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SORTING 
 

Chapter 

10 
 

 
 

10.1 What is Sorting? 
 

ܽ is an algorithm that arranges the elements of a list in a certain order [either ݃݊݅ݐݎ݋ܵ ݀ or ݃݊݅݀݊݁ܿݏ  The output is a permutation .[݃݊݅݀݊݁ܿݏ݁
or reordering of the input. 

10.2 Why is Sorting Necessary? 
 

Sorting is one of the important categories of algorithms in computer science and a lot of research has gone into this category. Sorting can 
significantly reduce the complexity of a problem, and is often used for database algorithms and searches. 

10.3 Classification of Sorting Algorithms  
 

Sorting algorithms are generally categorized based on the following parameters. 

By Number of Comparisons 
 

In this method, sorting algorithms are classified based on the number of comparisons. For comparison based sorting algorithms, best case 
behavior is O(݈݊݊݃݋) and worst case behavior is O(݊ଶ).  Comparison-based sorting algorithms evaluate the elements of the list by key 
comparison operation and need at least O(݈݊݊݃݋) comparisons for most inputs.  
 

Later in this chapter we will discuss a few ݊݊݋ −  .sorting algorithms like Counting sort, Bucket sort, Radix sort, etc (ݎ݈ܽ݁݊݅) ݊݋ݏ݅ݎܽ݌݉݋ܿ
Linear Sorting algorithms impose few restrictions on the inputs to improve the complexity. 

By Number of Swaps 
 

In this method, sorting algorithms are categorized by the number of ݏ݌ܽݓݏ (also called ݅݊ݏ݊݋݅ݏݎ݁ݒ).  

By Memory Usage 
 

Some sorting algorithms are "݅   .memory to create auxiliary locations for sorting the data temporarily (݊݃݋݈)and they need O(1) or O "݈݁ܿܽ݌ ݊

By Recursion 
 

Sorting algorithms are either recursive [quick sort] or non-recursive [selection sort, and insertion sort], and there are some algorithms which 
use both (merge sort). 

By Stability 
 

Sorting algorithm is ݈ܾ݁ܽݐݏ if for all indices ݅ and ݆ such that the key ܣ[݅] equals key ܣ[݆], if record ܴ[݅] precedes record ܴ[݆] in the original 
file, record ܴ[݅] precedes record ܴ[݆] in the sorted list. Few sorting algorithms maintain the relative order of elements with equal keys 
(equivalent elements retain their relative positions even after sorting). 

By Adaptability 
 

With a few sorting algorithms, the complexity changes based on pre-sortedness [quick sort]: pre-sortedness of the input affects the running 
time. Algorithms that take this into account are known to be adaptive. 

10.4 Other Classifications 
 

Another method of classifying sorting algorithms is: 
 

 Internal Sort  
 External Sort 
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Internal Sort 
 

Sort algorithms that use main memory exclusively during the sort are called ݈݅݊ܽ݊ݎ݁ݐ sorting algorithms. This kind of algorithm assumes 
high-speed random access to all memory. 

External Sort 
 

Sorting algorithms that use external memory, such as tape or disk, during the sort come under this category. 

10.5 Bubble Sort 
 

Bubble sort is the simplest sorting algorithm. Bubble sort, sometimes referred to as sinking sort, is a simple sorting algorithm that repeatedly 
steps through the list to be sorted, compares each pair of adjacent items and swaps them if they are in the wrong order. 
 

In the bubble sorting, two adjacent elements of a list are first checked and then swapped. In case the adjacent elements are in the incorrect 
order then the process keeps on repeating until a fully sorted list is obtained. Each pass that goes through the list will place the next largest 
element value in its proper place. So, in effect, every item bubbles up with an intent of reaching the location wherein it rightfully belongs. The 
only significant advantage that bubble sort has over other implementations is that it can detect whether the input list is already sorted or not.  
 

Following table shows the first pass of a bubble sort. The shaded items are being compared to see if they are out of order. If there are ݊  items 
in the list, then there are ݊−1 pairs of items that need to be compared on the first pass. It is important to note that once the largest value in 
the list is part of a pair, it will continually be moved along until the pass is complete. 
 

First pass 
Remarks 

 
10 4 43 5 57 91 45 9 7 Swap 
4 10 43 5 57 91 45 9 7 No swap 
4 10 43 5 57 91 45 9 7 Swap 
4 10 5 43 57 91 45 9 7 No swap 
4 10 5 43 57 91 45 9 7 No swap 
4 10 5 43 57 91 45 9 7 Swap 
4 10 5 43 57 45 91 9 7 Swap 
4 10 5 43 57 45 9 91 7 Swap 
4 10 5 43 57 45 9 7 91 At the end of first pass, 91 is in correct place 

 

At the start of the first pass, the largest value is now in place. There are ݊−1 items left to sort, meaning that there will be ݊ −2 pairs. Since each 
pass places the next largest value in place, the total number of passes necessary will be ݊−1. After completing the ݊−1 passes, the smallest 
item must be in the correct position with no further processing required.  
 

      public void BubbleSort(int[] A) { 
 for (int pass = A.length - 1; pass >= 0; pass--)  {   
  for (int i = 0; i <= pass - 1 ; i++)  { 
   if(A[i] > A[i+1]) { 
    // swap elements 
    int temp = A[i];  
    A[i] = A[i+1];  
    A[i+1] = temp; 
   } 
  } 
 } 
      } 
 

Algorithm takes O(݊ଶ) (even in best case). In the above code, all the comparisons are made even if the array is already sorted at some point. 
It increases the execution time. 
 

The code can be optimized by introducing an extra variable ݀݁݌݌ܽݓݏ. After every pass, if there is no swapping taking place then, there is no 
need for performing further loops. Variable ݀݁݌݌ܽݓݏ is false if there is no swapping. Thus, we can prevent further iterations. No more swaps 
indicate the completion of sorting. If the list is already sorted, we can use this flag to skip the remaining passes. 
 

      public void BubbleSortImproved(int[] A) { 
 int pass, i, temp, swapped = 1; 
 for (pass = A.length - 1; pass >= 0 && swapped; pass--) {   
  swapped = 0; 
  for (i = 0; i <= pass - 1 ; i++) { 
   if(A[i] > A[i+1]) { 
    // swap elements 
    temp = A[i];  
    A[i] = A[i+1];  
    A[i+1] =  temp; 
    swapped = 1; 
   } 
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  } 
 } 
      } 
 

This modified version improves the best case of bubble sort to O(݊). 
 

Performance 
Worst case complexity : O(݊ଶ)  
Best case complexity (Improved version) : O(݊)  
Average case complexity (Basic version) : O(݊ଶ)  
Worst case space complexity : O(1) auxiliary 

10.6 Selection Sort 
 

The selection sort improves on the bubble sort by making only one exchange for every pass through the list. In order to do this, a selection 
In selection sort, the smallest element is exchanged with the first element of the unsorted list of elements (the exchanged element takes the 
place where smallest element is initially placed). Then the second smallest element is exchanged with the second element of the unsorted list 
of elements and so on until all the elements are sorted. 
 

The selection sort improves on the bubble sort by making only one exchange for every pass through the list. In order to do this, a selection 
sort looks for the smallest (or largest) value as it makes a pass and, after completing the pass, places it in the proper location. As with a bubble 
sort, after the first pass, the largest item is in the correct place. After the second pass, the next largest is in place. This process continues and 
requires ݊ − 1 passes to sort ݊ items, since the final item must be in place after the (݊ − 1)௦௧ pass. 
 

Selection sort is an in-place sorting algorithm. Selection sort works well for small files. It is used for sorting the files with very large values and 
small keys. This is because selection is made based on keys and swaps are made only when required. 
 

Following table shows the entire sorting process. On each pass, the largest remaining item is selected and then placed in its proper location. 
The first pass places 91, the second pass places 57, the third places 45, and so on. 
 

 Remarks: Select largest in each pass 
10 4 43 5 57 91 45 9 7 Swap 91 and 7 
10 4 43 5 57 7 45 9 91 Swap 57 and 9 
10 4 43 5 9 7 45 57 91 45 is the next largest, skip 
10 4 43 5 9 7 45 57 91 Swap 43 and 7 
10 4 7 5 9 43 45 57 91 Swap 10 amd 9 
9 4 7 5 10 43 45 57 91 Swap 9 amd 5 
5 4 7 9 10 43 45 57 91 7 is the next largest, skip 
5 4 7 9 10 43 45 57 91 Swap 5 amd 4 
4 5 7 9 10 43 45 57 91 List is ordered 

 

Alternatively, on each pass, we can select the smallest remaining item and then place in its proper location. 
 

 Remarks: Select smallest in each pass 
10 4 43 5 57 91 45 9 7 Swap 10 and 4 
4 10 43 5 57 7 45 9 91 Swap 10 and 5 
4 5 43 10 57 7 45 9 91 Swap 43 and 7 
4 5 7 10 57 43 45 9 91 Swap 10 and 9 
4 5 7 9 57 43 45 10 91 Swap 57 amd 10 
4 5 7 9 10 43 45 57 91 43 is the next smallest, skip 
5 4 7 9 10 43 45 57 91 45 is the next smallest, skip 
5 4 7 9 10 43 45 57 91 57 is the next smallest, skip 
4 5 7 9 10 43 45 57 91 List is ordered 

Advantages 
 

 Easy to implement 
 In-place sort (requires no additional storage space) 

 

Disadvantages 
 

 Doesn't scale well: O(݊ଶ) 

Algorithm 
 

1. Find the minimum value in the list 
2. Swap it with the value in the current position 
3. Repeat this process for all the elements until the entire array is sorted 

 

This algorithm is called ݐݎ݋ݏ ݊݋݅ݐ݈ܿ݁݁ݏ since it repeatedly ݏݐ݈ܿ݁݁ݏ the smallest element.  
 

      public void Selection(int[] A) {  
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 int i, j, min, temp; 
 for (i = 0; i < A.length - 1; i++) {  
  min = i; 
  for (j = i+1; j < A.length; j++) { 
   if(A [j] < A [min])  
    min = j; 
  } 
  // swap elements 
  temp = A[min];  
  A[min] = A[i];  
  A[i] = temp; 
 }  
      } 

Performance 
 

Worst case complexity O(݊ଶ) 
Best case complexity (Improved version) O(݊ଶ) 
Average case complexity (Basic version) O(݊ଶ) 
Worst case space complexity O(1) auxiliary 

10.7 Insertion Sort 
 

Insertion sort algorithm picks elements one by one and places it to the right position where it belongs in the sorted list of elements.  Insertion 
sort is a simple and efficient comparison sort. In this algorithm, each iteration removes an element from the input list and inserts it into the 
sorted sublist. The choice of the element being removed from the input list is random and this process is repeated until all input elements 
have gone through. 
 

It always maintains a sorted sublist in the lower positions of the list. Each new item is then “inserted” back into the previous sublist such that 
the sorted sublist is one item larger. 
 

We begin by assuming that a list with one item (position 0) is already sorted. On each pass, one for each item 1 through ݊ − 1, the current 
item is checked against those in the already sorted sublist. As we look back into the already sorted sublist, we shift those items that are greater 
to the right. When we reach a smaller item or the end of the sublist, the current item can be inserted. 
 

Advantages 
 

 Easy to implement 
 Efficient for small data 
 Adaptive: If the input list is presorted [may not be completely] then insertions sort takes O(݊ +  ݀), where ݀ is the number of 

inversions 
 Practically more efficient than selection and bubble sorts, even though all of them have O(݊ଶ) worst case complexity 
 Stable: Maintains relative order of input data if the keys are same 
 In-place: It requires only a constant amount O(1) of additional memory space 
 Online: Insertion sort can sort the list as it receives it 

 

Algorithm 
 

Every repetition of insertion sort removes an element from the input list, and inserts it into the correct position in the already-sorted list until 
no input elements remain. Sorting is typically done in-place. The resulting array after ݇ iterations has the property where the first ݇ +  1 
entries are sorted.  
 

           
 
 

 
 

 
          
 
 

Each element greater than ݔ is copied to the right as it is compared against ݔ. 
 

      public void InsertionSort(int[] A) {  
 int i, j, v; 
 for (i = 1; i <= A.length - 1; i++) {  
  v = A[i];  
  j = i; 
 

  while (A[j-1] > v && j >= 1) {  
   A[j] = A[j-1];  
   j--;  

Sorted partial result Unordered elements 
< ݔ ≥ ݔ  … ݔ 

Sorted partial result Unordered elements 
> ≥ ݔ ݔ  … ݔ 

becomes 
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  }   
  A[j] = v;  
 }  
      } 

Example 
 

Following table shows the sixth pass in detail. At this point in the algorithm, a sorted sublist of six elements consisting of 4, 5, 10, 43, 57 and 
91 exists. We want to insert 45 back into the already sorted items. The first comparison against 91 causes 91 to be shifted to the right. 57 is 
also shifted. When the item 43 is encountered, the shifting process stops and 45 is placed in the open position. Now we have a sorted sublist 
of seven elements. 
 

 Remarks: Sixth pass 
0 1 2 3 4 5 6 7 8 Hold the current element A[6] in a variable 
4 5 10 43 57 91 45 9 7 Need to insert 45 into the sorted list, copy 91 to A[6] as 91> 45 
4 5 10 43 57 91 91 9 7 copy 57 to A[5] as 57> 45 
4 5 10 43 57 57 91 9 7 45 is the next largest, skip 
4 5 10 43 45 57 91 9 7 45>43, so we can insert 45 at A[4], and sublist is sorted 

 

Analysis 
 

The implementation of insertionSort shows that there are again ݊ − 1 passes to sort ݊ items. The iteration starts at position 1 and moves 
through position ݊ − 1, as these are the items that need to be inserted back into the sorted sublists. Notice that this is not a complete swap as 
was performed in the previous algorithms. The maximum number of comparisons for an insertion sort is the sum of the first ݊ − 1 integers. 
Again, this is O(݊ଶ). However, in the best case, only one comparison needs to be done on each pass. This would be the case for an already 
sorted list. 
 

One note about shifting versus exchanging is also important. In general, a shift operation requires approximately a third of the processing 
work of an exchange since only one assignment is performed. In benchmark studies, insertion sort will show very good performance. 
 

Worst case analysis 
 

Worst case occurs when for every ݅ the inner loop has to move all elements ܣ , . . . ,[1]ܣ[݅ − 1] (which happens when ܣ[݅]  = key is smaller 
than all of them), that takes  (݅ − 1) time.  
 

                   ܶ(݊) = (1) + (2) + Θ(2) +  … … +  (݊ − 1) 
                             = (1 +  2 +  3 +  … . . + ݊ − 1) =   ቀ୬(୬ିଵ)

ଶ
ቁ  ≈  (nଶ) 

 

Average case analysis 
 

For the average case, the inner loop will insert ܣ[݅] in the middle of ܣ , . . . ,[1]ܣ[݅ − 1]. This takes  ቀ ௜
ଶ
ቁ time. 

                                                                              ܶ(݊) = ෍(݅/2) ≈  (݊2) 

݊

݅=1

 

Performance 
 

If every element is greater than or equal to every element to its left, the running time of insertion sort is (݊). This situation occurs if the array 
starts out already sorted, and so an already-sorted array is the best case for insertion sort. 
 

Worst case complexity O(݊ଶ) 
Best case complexity (Improved version) O(݊) 
Average case complexity (Basic version) O(݊ଶ) 
Worst case space complexity O(݊ଶ) total, O(1) auxiliary 

 

Comparisons to Other Sorting Algorithms 
 

Insertion sort is one of the elementary sorting algorithms with O(݊ଶ) worst-case time. Insertion sort is used when the data is nearly sorted 
(due to its adaptiveness) or when the input size is small (due to its low overhead). For these reasons and due to its stability, insertion sort is 
used as the recursive base case (when the problem size is small) for higher overhead divide-and-conquer sorting algorithms, such as merge 
sort or quick sort. 
 

Notes: 
 Bubble sort takes 

௡మ

ଶ
 comparisons and 

௡మ

ଶ
 swaps (inversions) in both average case and in worst case. 

 Selection sort takes 
௡మ

ଶ
 comparisons and ݊ swaps. 

 Insertion sort takes 
௡మ

ସ
 comparisons and 

௡మ

଼
 swaps in average case and in the worst case they are double. 

 Insertion sort is almost linear for partially sorted input. 
 Selection sort is best suits for elements with bigger values and small keys. 
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10.8 Shell Sort 
 

ܵℎ݈݈݁ ݐݎ݋ݏ (also called ݀ ܵ ݈݀ܽ݊݋ܦ was invented by (ݐݎ݋ݏ ݐ݊݁݉݁ݎܿ݊݅ ℎ݅݊݃ݏ݅݊݅݉݅ ℎ݈݈݁. This sorting algorithm is a generalization of insertion 
sort. Insertion sort works efficiently on input that is already almost sorted. Shell sort is also known as ݊ -gap insertion sort. Instead of comparing 
only the adjacent pair, shell sort makes several passes and uses various gaps between adjacent elements (ending with the gap of 1 or classical 
insertion sort). 
 

In insertion sort, comparisons are made between the adjacent elements. At most 1 inversion is eliminated for each comparison done with 
insertion sort. The variation used in shell sort is to avoid comparing adjacent elements until the last step of the algorithm. So, the last step of 
shell sort is effectively the insertion sort algorithm. It improves insertion sort by allowing the comparison and exchange of elements that are 
far away. This is the first algorithm which got less than quadratic complexity among comparison sort algorithms. 
 

Shellsort is actually a simple extension for insertion sort. The primary difference is its capability of exchanging elements that are far apart, 
making it considerably faster for elements to get to where they should be. For example, if the smallest element happens to be at the end of an 
array, with insertion sort it will require the full array of steps to put this element at the beginning of the array. However, with shell sort, this 
element can jump more than one step a time and reach the proper destination in fewer exchanges.  
 

The basic idea in shellsort is to exchange every hth element in the array. Now this can be confusing so we'll talk more about this. h determines 
how far apart element exchange can happen, say for example take h as 13, the first element (index-0) is exchanged with the 14௧௛ element 
(index-13) if necessary (of course). The second element with the 15௧௛ element, and so on. Now if we take h as 1, it is exactly the same as a 
regular insertion sort.  
 

Shellsort works by starting with big enough (but not larger than the array size) ℎ so as to allow eligible element exchanges that are far apart. 
Once a sort is complete with a particular ℎ, the array can be said as h-sorted. The next step is to reduce h by a certain sequence, and again 
perform another complete ℎ-sort. Once ℎ is 1 and ℎ-sorted, the array is completely sorted. Notice that the last sequence for ℎ is 1 so the last 
sort is always an insertion sort, except by this time the array is already well-formed and easier to sort. 
 

Shell sort uses a sequence ℎ1, ℎ2, … , ℎݐ called the ݅݊ܿ݁ܿ݊݁ݑݍ݁ݏ ݐ݊݁݉݁ݎ. Any increment sequence is fine as long as ℎ1 = 1, and some 
choices are better than others. Shell sort makes multiple passes through the input list and sorts a number of equally sized sets using the 
insertion sort. Shell sort improves the efficiency of insertion sort by ݕ݈݇ܿ݅ݑݍ shifting values to their destination. 
 

      public void ShellSort(int[] A) {  
 int i, j, h, v; 
 for (h = 1; h = A.length/9; h = 3*h+1);   

 for ( ; h > 0; h = h/3) { 
  for (i = h+1; i = A.length; i += 1) {  
   v = A[i];  
   j = i; 
   while (j > h && A[j-h] > v) {  
    A[j] = A[j-h];  
    j -= h;  
   } 
   A[j] = v;  
  } 
 }   
      } 
 

Note that when ℎ ==  1, the algorithm makes a pass over the entire list, comparing adjacent elements, but doing very few element exchanges. 
For ℎ ==  1, shell sort works just like insertion sort, except the number of inversions that have to be eliminated is greatly reduced by the 
previous steps of the algorithm with ℎ >  1. 
 

Analysis 
 

Shell sort is efficient for medium size lists. For bigger lists, the algorithm is not the best choice. It is the fastest of all O(݊ଶ) sorting algorithms. 
The disadvantage of Shell sort is that it is a complex algorithm and not nearly as efficient as the merge, heap, and quick sorts. Shell sort is 
significantly slower than the merge, heap, and quick sorts, but is a relatively simple algorithm, which makes it a good choice for sorting lists of 
less than 5000 items unless speed is important. It is also a good choice for repetitive sorting of smaller lists.  
 

The best case in Shell sort is when the array is already sorted in the right order. The number of comparisons is less. The running time of 
Shell sort depends on the choice of increment sequence.  
 

Performance 
 

Worst case complexity depends on gap sequence. Best known:  O(݈݊݃݋ଶ݊) 
Best case complexity O(݊) 
Average case complexity depends on gap sequence  
Worst case space complexity O(݊) 

10.9 Merge Sort 
 

Merge sort is an example of the divide and conquer strategy. Merge sort first divides the array into equal halves and then combines them in a 
sorted manner. It is a recursive algorithm that continually splits an array in half. If the array is empty or has one element, it is sorted by 
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definition (the base case). If the array has more than one element, we split the array and recursively invoke a merge sort on both halves. Once 
the two halves are sorted, the fundamental operation, called a merge, is performed. Merging is the process of taking two smaller sorted arrays 
and combining them together into a single, sorted, new array. 

Algorithm 
 

Because we're using divide-and-conquer to sort, we need to decide what our subproblems are going to look like. The full problem is to sort 
an entire array. Let's say that a subproblem is to sort a subarray. In particular, we'll think of a subproblem as sorting the subarray starting at 
index ݈݂݁ݐ and going through index ݃݅ݎℎݐ. It will be convenient to have a notation for a subarray, so let's say that ݐ݂݈݁]ܣ. .  denotes [ݐℎ݃݅ݎ
this subarray of array ܣ. In terms of our notation, for an array of ݊ elements, we can say that the original problem is to sort A[0..n-1]. 
 

Algorithm Merge-sort(A): 
 

 ݁݀݅ݒ݅ܦ by finding the number ݉݅݀ of the position midway between ݈݂݁ݐ and ݃݅ݎℎݐ. Do this step the same way we found the 
midpoint in binary search: 

 

݉݅݀ = ݓ݋݈ + (௛௜௚௛ି௟௢௪)
ଶ

௟௢௪ା௛௜௚௛ ݎ݋ 
ଶ

. 
 

 ݎ݁ݑݍ݊݋ܥ by recursively sorting the subarrays in each of the two subproblems created by the divide step. That is, recursively sort 
the subarray ݐ݂݈݁]ܣ. . ݉݅݀] and recursively sort the subarray ܣ[݉݅݀ + 1. .  .[ݐℎ݃݅ݎ

 ܾ݁݊݅݉݋ܥ by merging the two sorted subarrays back into the single sorted subarray ݐ݂݈݁]ܣ. .  .[ݐℎ݃݅ݎ
 

We need a base case. The base case is a subarray containing fewer than two elements, that is, when ݈݂݁݃݅ݎ ≤ ݐℎݐ, since a subarray with no 
elements or just one element is already sorted. So we'll divide-conquer-combine only when ݈݂݁ݐ <  .ݐℎ݃݅ݎ 

Example 
 

To understand merge sort, let us walk through an example: 
 

54 26 93 17 77 31 44 55 
 

We know that merge sort first divides the whole array iteratively into equal halves unless the atomic values are achieved. We see here that an 
array of 8 items is divided into two arrays of size 4. 
 

54 26 93 17 
 

77 31 44 55 
 

 

This does not change the sequence of appearance of items in the original. Now we divide these two arrays into halves. 
 

54 26 
 

93 17 
 

77 31 
 

44 55 
 

 

We further divide these arrays and we achieve atomic value which can no more be divided. 
 

54 
 

26 
 

93 
 

17 
 

77 
 

31 
 

44 
 

55 
 

 

Now, we combine them in exactly the same manner as they were broken down. 
 

We first compare the element for each array and then combine them into another array in a sorted manner. We see that 54 and 26 and in 
the target array of 2 values we put 26 first, followed by 54.  
 

Similarly, we compare 93 and 17 and in the target array of 2 values we put 17 first, followed by 93. On the similar lines, we change the order 
of 77 and 31 whereas 44 and 55 are placed sequentially. 
 

26 54 
 

17 93 
 

31 77 
 

44 55 
 

 

In the next iteration of the combining phase, we compare lists of two data values, and merge them into an array of found data values placing 
all in a sorted order. 
 

17 26 54 93 
 

31 44 55 77 
 

 

After the final merging, the array should look like this: 
 

17 26 31 44 54 55 77 93 
 

The overall flow of above discussion can be depicted as: 
 

54 26 93 17 77 31 44 55 
 

54 26 93 17 
 

77 31 44 55 
 

 
54 26 

 

93 17 
 

77 31 
 

44 55 
 

 
54 

 

26 
 

93 
 

17 
 

77 
 

31 
 

44 
 

55 
 

 
26 54 

 

17 93 
 

31 77 
 

44 55 
 

 
17 26 54 93 

 

31 44 55 77 
 

 
17 26 31 44 54 55 77 93 
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Implementation 
 

      public void Mergesort(int[] A, int[] temp, int left, int right) { 
 int mid; 
 if(right > left) { 
  mid = (right + left) / 2; 
  Mergesort(A, temp, left, mid); 
  Mergesort(A, temp, mid+1, right); 
  Merge(A, temp, left, mid+1, right); 
 } 
      } 
      public void Merge(int[] A, int[] temp, int left, int mid, int right) { 
 int i, left_end, size, temp_pos; 
 left_end = mid - 1; 
 temp_pos = left; 
 size = right - left + 1; 
 while ((left <= left_end) && (mid <= right)) { 
  if(A[left] <= A[mid]) { 
   temp[temp_pos] = A[left]; 
   temp_pos = temp_pos + 1; 
   left = left +1; 
  } 
  else { 
   temp[temp_pos] = A[mid]; 
   temp_pos = temp_pos + 1; 
   mid = mid + 1; 
  } 
 } 
 while (left <= left_end) { 
  temp[temp_pos] = A[left]; 
  left = left + 1; 
  temp_pos = temp_pos + 1; 
 } 
 while (mid <= right) { 
  temp[temp_pos] = A[mid]; 
  mid = mid + 1; 
  temp_pos = temp_pos + 1; 
 } 
 for (i = 0; i <= size; i++) { 
  A[right] = temp[right]; 
  right = right - 1; 
 } 
      } 

Analysis 
 

In merge-sort the input array is divided into two parts and these are solved recursively. After solving the subarrays, they are merged by scanning 
the resultant subarrays. In merge sort, the comparisons occur during the merging step, when two sorted arrays are combined to output a single 
sorted array. During the merging step, the first available element of each array is compared and the lower value is appended to the output 
array. When either array runs out of values, the remaining elements of the opposing array are appended to the output array. 
 

How do determine the complexity of merge-sort? We start by thinking about the three parts of divide-and-conquer and how to account for 
their running times. We assume that we're sorting a total of ݊ elements in the entire array. 
 

The divide step takes constant time, regardless of the subarray size. After all, the divide step just computes the midpoint ݉݅݀ of the indices 
 .Recall that in big- notation, we indicate constant time by (1) .ݐℎ݃݅ݎ and ݐ݂݈݁
 

The conquer step, where we recursively sort two subarrays of approximately 
௡
ଶ
 elements each, takes some amount of time, but we'll account 

for that time when we consider the subproblems. The combine step merges a total of ݊ elements, taking (݊) time. 
 

If we think about the divide and combine steps together, the (1) running time for the divide step is a low-order term when compared with 
the (݊) running time of the combine step. So let's think of the divide and combine steps together as taking (݊) time. To make things more 
concrete, let's say that the divide and combine steps together take ܿ݊ time for some constant ܿ. 
 

Let us assume ܶ(݊) is the complexity of merge-sort with ݊ elements. The recurrence for the merge-sort can be defined as: 
 

ܶ(݊)  =  2ܶ(
݊
2) +  (݊) 

Using Master theorem, we get, ܶ(݊) = ( ݈݊݊݃݋). 
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For merge-sort there is no running time difference between best, average and worse cases as the division of input arrays happen irrespective of the 
order of the elements. Above merge sort algorithm uses an auxiliary space of O(݊) for left and right subarrays together. Merge-sort is a recursive 
algorithm and each recursive step puts another frame on the run time stack. Sorting 32 items will take one more recursive step than 16 items, and it 
is in fact the size of the stack that is referred to when the space requirement is said to be O(݈݊݃݋). 
 

Worst case complexity (݈݊݊݃݋) 
Best case complexity (݈݊݊݃݋) 
Average case complexity (݈݊݊݃݋) 
Space complexity (݈݊݃݋) for runtime stack space and O(݊) for the auxiliary space 

10.10 Heap Sort 
 

Heapsort is a comparison-based sorting algorithm and is part of the selection sort family. Although somewhat slower in practice on most 
machines than a good implementation of Quick sort, it has the advantage of a more favorable worst-case Θ(݈݊݊݃݋) runtime. Heapsort is an 
in-place algorithm but is not a stable sort. 
 

Performance 
Worst case performance (݈݊݊݃݋) 
Best case performance (݈݊݊݃݋) 
Average case performance (݈݊݊݃݋) 
Worst case space complexity (݊) total, (1) auxiliary space 

 

For other details on Heapsort refer to the ܲݏ݁ݑ݁ݑܳ ݕݐ݅ݎ݋݅ݎ chapter. 
 

10.11 Quick Sort 
 

Quick sort is the famous algorithm among comparison-based sorting algorithms. Like merge sort, quick sort uses divide-and-conquer 
technique, and so it's a recursive algorithm. The way that quick sort uses divide-and-conquer is a little different from how merge sort does. 
The quick sort uses divide and conquer technique to gain the same advantages as the merge sort, while not using additional storage. As a 
trade-off, however, it is possible that the list may not be divided into half. When this happens, we will see that the performance is diminished. 
 

It sorts in place and no additional storage is required as well. The slight disadvantage of quick sort is that its worst-case performance is similar 
to the average performances of the bubble, insertion or selection sorts (i.e., O(݊ଶ)).  

Divide and conquer strategy 
 

A quick sort first selects an element from the given list, which is called the ݐ݋ݒ݅݌ value. Although there are many different ways to choose the 
pivot value, we will simply use the ݂  item in the list. The role of the pivot value is to assist with splitting the list into two sublists. The actual ݐݏݎ݅
position where the pivot value belongs in the final sorted list, commonly called the ݊݋݅ݐ݅ݐݎܽ݌ point, will be used to divide the list for 
subsequent calls to the quick sort. 
 

All elements in the first sublist are arranged to be smaller than the ݐ݋ݒ݅݌, while all elements in the second sublist are arranged to be larger 
than the ݐ݋ݒ݅݌. The same partitioning and arranging process is performed repeatedly on the resulting sublists until the whole list of items are 
sorted. 
 

Let us assume that array ܣ is the list of elements to be sorted, and has the lower and upper bounds ݈ݓ݋ and ℎ݅݃ℎ respectively. With this 
information, we can define the divide and conquer strategy as follows: 
 

ݓ݋݈]ܣ The list :݁݀݅ݒ݅ܦ … ℎ݅݃ℎ] is partitioned into two non-empty sublists ݓ݋݈]ܣ … ݍ]ܣ and [ݍ + 1 …  ℎ݅݃ℎ], such that each element of 
ݓ݋݈]ܣ … ݍ]ܣ is less than or equal to each element of [ݍ  + 1 …  ℎ݅݃ℎ]. The index ݍ is computed as part of partitioning procedure with the 
first element as ݐ݋ݒ݅݌. 
 

ݓ݋݈]ܣ The two sublists :ݎ݁ݑݍ݊݋ܥ … ݍ]ܣ and [ݍ + 1 … ℎ݅݃ℎ] are sorted by recursive calls to quick sort.  

Algorithm 
 

The recursive algorithm consists of four steps:  
 
 

1) If there are one or no elements in the list to be sorted, return.  
2) Pick an element in the list to serve as the ݐ݋ݒ݅݌ point. Usually the first element in the list is used as a ݐ݋ݒ݅݌.  
3) Split the list into two parts - one with elements larger than the ݐ݋ݒ݅݌ and the other with elements smaller than the ݐ݋ݒ݅݌.  
4) Recursively repeat the algorithm for both halves of the original list.  

 

In the above algorithm, the important step is partitioning the list into two sublists. The basic steps to partition a list are: 
 

1. Select the first element as a ݐ݋ݒ݅݌ in the list. 
2. Start a pointer (the ݈݂݁ݐ pointer) at the second item in the list. 
3. Start a pointer (the ݃݅ݎℎݐ pointer) at the last item in the list. 
4. While the value at the ݈݂݁ݐ pointer in the list is lesser than the ݐ݋ݒ݅݌ value, move the ݈݂݁ݐ pointer to the right (add 1). Continue this process 

until the value at the ݈݂݁ݐ pointer is greater than or equal to the ݐ݋ݒ݅݌ value. 
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5. While the value at the ݃݅ݎℎݐ pointer in the list is greater than the ݐ݋ݒ݅݌ value, move the ݃݅ݎℎݐ pointer to the left (subtract 1). Continue this 
process until the value at the ݃݅ݎℎݐ pointer is lesser than or equal to the ݐ݋ݒ݅݌ value. 

6. If the ݈݂݁ݐ pointer value is greater than or equal to the ݃݅ݎℎݐ pointer value, then swap the values at these locations in the list. 
7. If the ݈݂݁ݐ pointer and ݃݅ݎℎݐ pointer don’t meet, go to step 1. 

Example 
 

Following example shows that 50 will serve as our first pivot value. The partition process will happen next. It will find the ݊݋݅ݐ݅ݐݎܽ݌ point 
and at the same time move other items to the appropriate side of the list, either lesser than or greater than the ݐ݋ݒ݅݌ value. 
 
 
 
 

Partitioning begins by locating two position markers—let’s call them ݈݂݁ݐ and ݃݅ݎℎݐ—at the beginning and end of the remaining items in the 
list (positions 1 and 8 in figure). The goal of the partition process is to move items that are on the wrong side with respect to the pivot value 
while converging on the split point also. The figure given below shows this process as we locate the position of 50. 
 
 
 
 

25 < 50, move ݈݂݁ݐ pointer to right: 
 
 
 
 

92 > 50, stop from moving ݈݂݁ݐ pointer: 
  
 
 
19 < 50, stop from moving ݃݅ݎℎݐ pointer: 
 
 
 
 

Swap 19 and 92: 
 

 
 
 

Now, continue moving left and right pointers. 19 < 50, move ݈݂݁ݐ pointer to right: 
 
 
 

 
 

16 < 50, move ݈݂݁ݐ pointer to right: 
 
 
 
 

76 > 50, stop from moving ݈݂݁ݐ pointer: 
 
 
 
 

92 > 50, move ݃݅ݎℎݐ pointer to left: 
 
 
 

54 > 50, move ݃݅ݎℎݐ pointer to left: 
 
 
 
 

43 < 50, stop from moving ݃݅ݎℎݐ pointer: 
 
 

 
 

Swap 76 and 43: 
 
 
 
 

43 < 50, move ݈݂݁ݐ pointer to right: 
 
 
 
 

50 25 92 16 76 30 43  54 19 
 

pivot 

50 25 92 16 76 30 43  54 19 
 

pivot left right 

50 25 92 16 76 30 43  54 19 
 

pivot left right 

50 25 92 16 76 30 43  54 19 
 

pivot left right 

50 25 92 16 76 30 43  54 19 
 

pivot left right 

50 25 19 16 76 30 43  54 92 
 

pivot left right 

50 25 19 16 76 30 43  54 92 
 

pivot left right 

50 25 19 16 76 30 43  54 92 
 

pivot left right 

50 25 19 16 76 30 43  54 92 
 

pivot left right 

50 25 19 16 76 30 43  54 92 
 

pivot left right 

50 25 19 16 76 30 43  54 92 
 

pivot left right 

50 25 19 16 76 30 43  54 92 
 

pivot left right 

50 25 19 16 43 30 76  54 92 
 

pivot left right 

50 25 19 16 43 30 76  54 92 
 

pivot left right 
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30 < 50, move ݈݂݁ݐ pointer to right: 
 
 
 
 
 

76 > 50, stop from moving ݈݂݁ݐ pointer: 
 
 
 
 
 

76 > 50, move ݃݅ݎℎݐ pointer to left: 
 
 
 
 

At the point where right becomes less than left, we stop. The position of right is now the ݊݋݅ݐ݅ݐݎܽ݌ point. The ݐ݋ݒ݅݌ value can be exchanged 
with the contents of the ݊݋݅ݐ݅ݐݎܽ݌ point. In addition, all the items to the left of the split point are less than the pivot value, and all the items 
to the right of the split point are greater than the pivot value. Now, we can exchange these two elements 50 and 30. Element 50 is now in 
correct position. 
 
 
 
 

The list can now be divided at the partition point and the quick sort can be invoked recursively on the two halves. 
 

 
 
 
 

Repeat the process for the two sublists. 

Implementation 
 

 public static void quickSort(int[] A, int low, int high) { 
  int pivot; 
  // Termination condition! 
  if (high > low) { 
   pivot = Partition(A, low, high); 
   quickSort(A, low, pivot - 1); 
   quickSort(A, pivot + 1, high); 
  } 
 }   

 private static int Partition(int[] A, int low, int high) { 
  int left, right, pivot_item = A[low]; 
  left = low; 
  right = high; 
  while (left < right) { 
   // Move left while item < pivot 
   while (A[left] <= pivot_item) 
    left++; 
   // Move right while item > pivot 
   while (A[right] > pivot_item) 
    right--; 
   if (left < right) 
    swap(A, left, right); 
  } 
  // right is final position for the pivot 
  A[low] = A[right]; 
  A[right] = pivot_item; 
  return right; 
 }   

 private static void swap(int[] A, int left, int right) { 
  int temp = 0; 
  temp = A[left]; 
  A[left] = A[right]; 
  A[right] = temp; 
 } 

50 25 19 16 43 30 76  54 92 
 

pivot 

left 

right 

50 25 19 16 43 30 76  54 92 
 

pivot 

left 

right 

50 25 19 16 43 30 76  54 92 
 

pivot left right 

30 25 19 16 43 50 76  54 92 
 

pivot left right 

30 25 19 16 43 50 76  54 92 
 

Quick sort on left part Quick sort on right part 
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Analysis 
 

Let us assume that T(n) be the complexity of Quick sort and also assume that all elements are distinct. Recurrence for ܶ(݊) depends on two 
subproblem sizes which depend on partition element. If pivot is ݅௧௛ smallest element then exactly (݅ −  1) items will be in left part and (n −
 ݅) in right part. Let us call it as ݅ −split. Since each element has equal probability of selecting it as pivot the probability of selecting ݅ ௧௛  element 

is 
ଵ
௡
. 

 

Best Case: Each partition splits array in halves and gives   

T(n) =  2T(n/2) + (n)  = (nlogn), [using ݎ݁ݑݍ݊݋ܥ ݀݊ܽ ݁݀݅ݒ݅ܦ master theorem] 
 

Worst Case: Each partition gives unbalanced splits and we get  
 

           ܶ(݊)  =  ܶ(݊ −  1) + Θ(݊)  = (݊ଶ)[ݐ ݎ݁ݐݏܽ݉ ݎ݁ݑݍ݊݋ܥ ݀݊ܽ ݊݋݅ݐܿܽݎݐܾݑܵ ݃݊݅ݏݑℎ݁݉݁ݎ݋] 
 

The worst-case occurs when the list is already sorted and last element chosen as pivot. 
 

Average Case: In the average case of Quick sort, we do not know where the split happens. For this reason, we take all possible values of split 
locations, add all their complexities and divide with ݊ to get the average case complexity. 

           ܶ(݊)  = ෍
1
݊

݅ ℎݐ݅ݓ ݁݉݅ݐ݊ݑݎ) − (ݐ݈݅݌ݏ
௡

௜ୀଵ

+ ݊ + 1 

                       =
1
݊

෍൫ܶ(݅ − 1) + ܶ(݊ − ݅)൯
ே

௜ୀଵ

+ ݊ + 1 

       //since we are dealing with best case we can assume ܶ(݊ − ݅) and ܶ(݅ − 1) are equal 

                       =
2
݊

෍ ܶ(݅ − 1) + ݊ + 1
௡

௜ୀଵ

 

                       =
2
݊

෍ ܶ(݅) + ݊ + 1
௡ିଵ

௜ୀ଴

 

 

Multiply both sides by ݊.  

           ݊T(݊) = 2 ෍ ܶ(݅) + ݊ଶ + ݊
௡ିଵ

௜ୀ଴

 

Same formula for ݊ −  1. 

           (݊ − 1)ܶ(݊ − 1)  = 2 ෍ ܶ(݅)
௡ିଶ

௜ୀ଴

+ (݊ − 1)ଶ + (݊ − 1) 

Subtract the ݊ − 1 formula from ݊. 

           ݊ܶ(݊) − (݊ − 1)ܶ(݊ − 1) = 2 ෍ ܶ(݅) + ݊ଶ + ݊
௡ିଵ

௜ୀ଴

− (2 ෍ ܶ(݅)
௡ିଶ

௜ୀ଴

+ (݊ − 1)ଶ + (݊ − 1)) 

           ݊ܶ(݊) − (݊ − 1)ܶ(݊ − 1) = 2ܶ(݊ − 1) + 2݊ 
           ݊ܶ(݊)  = (݊ + 1)ܶ(݊ − 1) + 2݊ 
 

Divide with ݊(݊ + 1).           

 
ܶ(݊)
݊ + 1

 
= ܶ(݊ − 1)

݊
+

2
݊ + 1

 

 = ܶ(݊ − 2)
݊ − 1

+
2
݊

+
2

݊ + 1
 

 .  
 .  
 = O(1) + 2 ∑ ଵ

௜
௡
௜ୀଷ  

 = O(1) +O(2݈݊݃݋) 

           
ܶ(݊)
݊ + 1

 
= O(݈݊݃݋) 

            ܶ(݊) = O൫(݊ + ൯݊݃݋݈ (1 =  (݊݃݋݈݊)ܱ 
Time Complexity, ܶ(݊)  = O(݈݊݊݃݋). 
 

Performance 
Worst case complexity  O(݊ଶ) 
Best case complexity O(݈݊݊݃݋) 
Average case complexity  O(݈݊݊݃݋) 
Worst case space complexity O(1) 

Randomized Quick sort 
 

In average-case behavior of Quick sort, we assume that all permutations of the input numbers are equally likely. However, we cannot always 
expect it to hold. We can add randomization to an algorithm in order to reduce the probability of getting worst case in Quick sort. There are 
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two ways of adding randomization in Quick sort: either by randomly placing the input data in the array or by randomly choosing an element 
in the input data for pivot. The second choice is easier to analyze and implement. The change will only be done at the ݊݋݅ݐ݅ݐݎܽ݌ algorithm. 
 

In normal Quick sort, ݐ݋ݒ݅݌ element was always the leftmost element in the list to be sorted. Instead of always using [ݓ݋݈]ܣ as ݐ݋ݒ݅݌, we will 
use a randomly chosen element from the subarray ݓ݋݈]ܣ. . ℎ݅݃ℎ] in the randomized version of Quick sort. It is done by exchanging element 
.ݓ݋݈]ܣ with an element chosen at random from [ݓ݋݈]ܣ . ℎ݅݃ℎ]. This ensures that the ݐ݋ݒ݅݌ element is equally likely to be any of the ℎ݅݃ℎ −
+ ݓ݋݈   1 elements in the subarray.  

 

Since the pivot element is randomly chosen, we can expect the split of the input array to be reasonably well balanced on average. This can 
help in preventing the worst-case behavior of quick sort which occurs in unbalanced partitioning. Even though the randomized version 
improves the worst case complexity, its worst case complexity is still  O(݊ଶ). One way to improve ܴܽ݊݀݀݁ݖ݅݉݋ −  is to choose ݐݎ݋ݏ ݇ܿ݅ݑܳ
the pivot for partitioning more carefully than by picking a random element from the array. One common approach is to choose the pivot as 
the median of a set of 3 elements randomly selected from the array. 

10.12 Tree Sort 
 

Tree sort uses a binary search tree. It involves scanning each element of the input and placing it into its proper position in a binary search 
tree. This has two phases: 
 

 First phase is creating a binary search tree using the given array elements.  
 Second phase is traversing the given binary search tree in inorder, thus resulting in a sorted array. 

Performance 
 

The average number of comparisons for this method is O(݈݊݊݃݋). But in worst case, the number of comparisons is reduced by O(݊ଶ), a 
case which arises when the sort tree is skew tree. 

10.13 Comparison of Sorting Algorithms 
 

Name Average Case Worst Case Auxiliary Memory Is Stable? Other Notes 
Bubble O(݊ଶ) O(݊ଶ) 1 yes Small code 

Selection O(݊ଶ) O(݊ଶ) 1 no Stability depends on the implementation.  

Insertion O(݊ଶ) O(݊ଶ) 1 yes Average case is also O(݊ + ݀), where d is the number of 
inversions. 

Shell - O(݈݊݃݋ଶ݊) 1 no  
Merge sort O(݈݊݊݃݋) O(݈݊݊݃݋) depends yes  
Heap sort O(݈݊݊݃݋) O(݈݊݊݃݋) 1 no  

Quick sort O(݈݊݊݃݋) O(݊ଶ) O(݈݊݃݋) depends 
Can be implemented as a stable sort depending on how the pivot 
is handled.  

Tree sort O(݈݊݊݃݋) O(݊ଶ) O(݊) depends Can be implemented as a stable sort. 
 

Note: ݊ denotes the number of elements in the input. 

10.14 Linear Sorting Algorithms 
 

In earlier sections, we have seen many examples of comparison-based sorting algorithms. Among them, the best comparison-based sorting 
has the complexity O(݈݊݊݃݋). In this section, we will discuss other types of algorithms: Linear Sorting Algorithms. To improve the time 
complexity of sorting these algorithms, we make some assumptions about the input. A few examples of Linear Sorting Algorithms are: 
 

 Counting Sort 
 Bucket Sort 
 Radix Sort 

10.15 Counting Sort 
 

Counting sort is not a comparison sort algorithm and gives O(݊) complexity for sorting. To achieve O(݊) complexity, ܿ  sort assumes ݃݊݅ݐ݊ݑ݋
that each of the elements is an integer in the range 1 to ܭ, for some integer ܭ. When ܭ = O(݊), the ܿ݃݊݅ݐ݊ݑ݋ sort runs in O(݊) time. The 
basic idea of Counting sort is to determine, for each input element ܺ, the number of elements less than ܺ. This information can be used to 
place it directly into its correct position. For example, if 10 elements are less than ܺ, then ܺ belongs to position 11 in the output. 

 

In the code below, 0]ܣ . . ݊ − 1] is the input array with length ݊ . In Counting sort we need two more arrays: let us assume array 0]ܤ . . ݊ − 1] 
contains the sorted output and the array 0]ܥ . . ܭ − 1] provides temporary storage.   

public class CountingSorter{ 
    public static int[] CountingSort (int[] A, int K) { 
        int i, j, n = A.length;  
        int[] C = new int[K+1]; 
        int[] B = new int[n+1]; 
        // Complexity: O(K)  
        for (i =0 ; i <= K; i++)  
            C[i] = 0;  
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        // Complexity: O(n)  
        for (j = 0 ; j < n; j++)  
            C[A[j]] = C[A[j]] + 1; 
        // C[i] now contains the number of elements equal to i  
             

        // Complexity: O(K)  
        for (i =1 ; i <= K; i++)  
            C[i] = C[i] + C[i-1]; 
        // C[i] now contains the number of elements ≤ i  
             

        // Complexity: O(n)  
        for (j = n-1; j>=0; j--) {  
            B[C[A[j]]] = A[j];  
            C[A[j]] = C[A[j]] - 1;  
        } 
        return B; 
    } 
    public static void main(String[] args) { 
      System.out.println("Counting sort in Java"); 
      int[] A = { 6, 4, 3, 2, 1, 4, 3, 6, 6, 2, 4, 3, 4 }; 
      int K = 6; 
      int[] B = new int[A.length + 1]; 
      // sorting array using Counting Sort Algorithm 
      B = CountingSort(A, K); 
             

      System.out.println("Sorted array"); 
      System.out.println(Arrays.toString(B)); 
    } 
} 

 

Total Complexity: O(ܭ) + O(݊)  + O(ܭ) + O(݊)  = O(݊) if  ܭ = O(݊). Space Complexity: O(݊)  if  ܭ = O(݊). 
 

Note: Counting works well if ܭ =O(݊). Otherwise, the complexity will be more. 

10.16 Bucket sort (Bin Sort) 
 

Like ݃݊݅ݐ݊ݑ݋ܥ sort, ݐ݁݇ܿݑܤ sort also imposes restrictions on the input to improve the performance. In other words, Bucket sort works well 
if the input is drawn from fixed set. ݐ݁݇ܿݑܤ sort is the generalization of ݃݊݅ݐ݊ݑ݋ܥ Sort. For example, assume that all the input elements from 
ܭ , . . . ,1 ,0} − 1}, i.e., the set of integers in the interval [0, ܭ − 1]. That means, ܭ is the number of distant elements in the input. ݐ݁݇ܿݑܤ 
sort uses ܭ counters. The ݅ ௧௛ counter keeps track of the number of occurrences of the ݅ ௧௛ element. Bucket sort with two buckets is effectively 
a version of Quick sort with two buckets.  
 

For bucket sort, the hash function that is used to partition the elements need to be very good and must produce ordered hash: if i < k then    
hash(i) < hash(k). Second, the elements to be sorted must be uniformly distributed. 
 

The aforementioned aside, bucket sort is actually very good considering that counting sort is reasonably speaking its upper bound. And 
counting sort is very fast. The particular distinction for bucket sort is that it uses a hash function to partition the keys of the input array, so that 
multiple keys may hash to the same bucket. Hence each bucket must effectively be a growable list; similar to radix sort. 
 

In the below code Insertionsort is used to sort each bucket. This is to inculcate that the bucket sort algorithm does not specify which sorting 
technique to use on the buckets. A programmer may choose to continuously use bucket sort on each bucket until the collection is sorted (in 
the manner of the radix sort program below). Whichever sorting method is used on the , bucket sort still tends toward O(݊).  
 

      // assume BUCKETS 10 
      public void BucketSort(int[] A) { 
 int i, j, k; 
 int buckets[BUCKETS]; 
 for(j =0; j < BUCKETS; j++) 
  buckets[j] = 0; 
 for(i =0; i < A.length; i++) 
  ++ buckets[A[i]]; 
 for(i =0, j=0; j < BUCKETS; j++) 
  for(k = buckets[j];k > 0; --k) 
   A[i++] = j; 
      } 
 

Time Complexity: O(݊). Space Complexity: O(݊).  

10.17 Radix Sort 
 

Similar to ݃݊݅ݐ݊ݑ݋ܥ sort and ݐ݁݇ܿݑܤ sort, this sorting algorithm also assumes some kind of information about the input elements. Suppose 
that the input values to be sorted are from base ݀. That means all numbers are ݀-digit numbers.  
 

In Radix sort, first sort the elements based on the last digit [the least significant digit]. These results are again sorted by second digit [the next 
to least significant digit]. Continue this process for all digits until we reach the most significant digits. Use some stable sort to sort them by last 
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digit. Then stable sort them by the second least significant digit, then by the third, etc. If we use Counting sort as the stable sort, the total time 
is O(݊݀) ≈O(݊). 
 

Algorithm: 
 

1) Take the least significant digit of each element. 
2) Sort the list of elements based on that digit, but keep the order of elements with the same digit (this is the definition of a stable sort). 
3) Repeat the sort with each more significant digit. 
 

The speed of Radix sort depends on the inner basic operations. If the operations are not efficient enough, Radix sort can be slower than other 
algorithms such as Quick sort and Merge sort. These operations include the insert and delete functions of the sub-lists and the process of 
isolating the digit we want. If the numbers are not of equal length then a test is needed to check for additional digits that need sorting. This 
can be one of the slowest parts of Radix sort and also one of the hardest to make efficient. 
 

Since Radix sort depends on the digits or letters, it is less flexible than other sorts. For every different type of data, Radix sort needs to be 
rewritten, and if the sorting order changes, the sort needs to be rewritten again. In short, Radix sort takes more time to write, and it is very 
difficult to write a general purpose Radix sort that can handle all kinds of data. 
 

For many programs that need a fast sort, Radix sort is a good choice. Still, there are faster sorts, which is one reason why Radix sort is not 
used as much as some other sorts. 
 

Time Complexity: O(݊݀) ≈O(݊), if ݀ is small. 

10.18 Topological Sort 
 

Refer to ݌ܽݎܩℎ ݐ݅ݎ݋݈݃ܣℎ݉ݏ Chapter. 

10.19 External Sorting 
 

External sorting is a generic term for a class of sorting algorithms that can handle massive amounts of data. These external sorting algorithms 
are useful when the files are too big and cannot fit into main memory. As with internal sorting algorithms, there are a number of algorithms 
for external sorting. One such algorithm is External Mergesort. In practice, these external sorting algorithms are being supplemented by 
internal sorts.  
 

Simple External Mergesort 
 

A number of records from each tape are read into main memory, sorted using an internal sort, and then output to the tape. For the sake of 
clarity, let us assume that 900 megabytes of data needs to be sorted using only 100 megabytes of RAM. 
 

1) Read 100MB of the data into main memory and sort by some conventional method (let us say Quick sort). 
2) Write the sorted data to disk. 
3) Repeat steps 1 and 2 until all of the data is sorted in chunks of 100MB. Now we need to merge them into one single sorted output 

file. 
4) Read the first 10MB of each sorted chunk (call them input buffers) in main memory (90MB total) and allocate the remaining 10MB 

for output buffer.  
5) Perform a 9-way Mergesort and store the result in the output buffer. If the output buffer is full, write it to the final sorted file. If any 

of the 9 input buffers gets empty, fill it with the next 10MB of its associated 100MB sorted chunk; or if there is no more data in the 
sorted chunk, mark it as exhausted and do not use it for merging. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

The above algorithm can be generalized by assuming that the amount of data to be sorted exceeds the available memory by a factor of ܭ. 
Then, ܭ chunks of data need to be sorted and a ܭ -way merge has to be completed. 
 

If ܺ  is the amount of main memory available, there will be ܭ input buffers and 1 output buffer of size ܺ ܭ)/ + 1) each. Depending on various 
factors (how fast is the hard drive?) better performance can be achieved if the output buffer is made larger (for example, twice as large as one 
input buffer). 

Internal Sort Merge 

K-Way Mergesort 
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Complexity of the 2-way External Merge sort: In each pass we read + write each page in file. Let us assume that there are ݊  pages in file. That 
means we need  ݈݊݃݋+ 1 number of passes. The total cost is  2݊(݈݊݃݋+ 1). 

10.20 Sorting: Problems & Solutions 
 

Problem-1 Given an array 0]ܣ … ݊ − 1] of ݊ numbers containing the repetition of some number. Give an algorithm for checking 
whether there are repeated elements or not. Assume that we are not allowed to use additional space (i.e., we can use a few temporary 
variables, O(1) storage).  

 

Solution: Since we are not allowed to use extra space, one simple way is to scan the elements one-by-one and for each element check whether 
that element appears in the remaining elements. If we find a match we return true. 
 

     public  int CheckDuplicatesInArray(in A[], int n) { 
 for (int i  =  0; i < n; i++) 
       for (int j   = i + 1; j < n; j++) 
  if(A[i]==A[j]) 
   reutrn true; 
 return false; 
      } 
 

Each iteration of the inner, ݆ -indexed loop uses O(1) space, and for a fixed value of ݅ , the ݆ loop executes ݊ − ݅ times. The outer loop executes 
݊ − 1 times, so the entire function uses time proportional to 

෍ ݊ − ݅
௡ିଵ

௜ୀଵ

= ݊(݊ − 1) − ෍ ݅
௡ିଵ

௜ୀଵ

= ݊(݊ − 1) −
݊(݊ − 1)

2 =
݊(݊ − 1)

2 = O(݊ଶ) 

 

Time Complexity: O(݊ଶ). Space Complexity: O(1). 
 

Problem-2 Can we improve the time complexity of Problem-1?  
 

Solution: Yes, using sorting technique.  
 

      public int CheckDuplicatesInArray(int[] A) { 
 //for heap sort algorithm refer ܲݏ݁ݑ݁ݑܳ ݕݐ݅ݎ݋݅ݎ chapter 
 Heapsort( A);  
 for (int i  =  0; i < A.length -1; i++) 
  if(A[i]==A[i+1]) 
   reutrn true; 
 return false; 
      } 
 

Heapsort function takes O(݈݊݊݃݋) time, and requires O(1) space. The scan clearly takes ݊ −  1 iterations, each iteration using O(1) time. 
The overall time is O(݈݊݊݃݋ +  ݊)  = O(݈݊݊݃݋).  
 

Time Complexity: O(݈݊݊݃݋). Space Complexity: O(1). 
 

Note: For variations of this problem, refer to ܵ݁ܽܿݎℎ݅݊݃ chapter. 
 

Problem-3 Given an array 0]ܣ … ݊ − 1], where each element of the array represents a vote in the election. Assume that each vote is 
given as an integer representing the ID of the chosen candidate. Give an algorithm for determining who wins the election.  
 

Solution: This problem is nothing but finding the element which repeated the maximum number of times. The solution is similar to the 
Problem-1 solution: keep track of counter. 
 

      public int CheckWhoWinsTheElection(int A) { 
 int i, j, counter = A[0], maxCounter = 0, candidate, n = A.length; 
 for (i  =  0; i < n; i++) { 
  candidate = A[i]; 
  counter = 0; 
  for (j   = i + 1; j < n; j++) { 
   if(A[i]==A[j]) 
    counter++; 
  } 
  if(counter > maxCounter) { 
   maxCounter = counter; 
   candidate = A[i]; 
 

  } 
 } 
 return candidate; 
      } 
 

Time Complexity: O(݊ଶ). Space Complexity: O(1). 
 

Note: For variations of this problem, refer ܵ݁ܽܿݎℎ݅݊݃ chapter.  
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Problem-4 Can we improve the time complexity of Problem-3? Assume we don’t have any extra space.  
 

Solution: Yes. The approach is to sort the votes based on candidate ID, then scan the sorted array and count up which candidate so far has 
the most votes. We only have to remember the winner, so we don’t need a clever data structure. We can use Heapsort as it is an in-place 
sorting algorithm. 
 

      public int CheckWhoWinsTheElection(int A) { 
 int i, j, currentCounter = 1, maxCounter = 1, n = A.length; 
 int currentCandidate, maxCandidate; 
 currentCandidate = maxCandidate= A[0]; 
 Heapsort( A, n );   //for heap sort algorithm refer ܲݏ݁ݑ݁ݑܳ ݕݐ݅ݎ݋݅ݎ Chapter 
 for (int i  =  0; i < n; i++) { 
  if( A[i] == currentCandidate) 
   currentCounter ++; 
  else { currentCandidate = A[i]; 
   currentCounter = 1; 
  } 
  if(currentCounter > maxCounter) 
   maxCounter = currentCounter; 
  else { maxCandidate = currentCandidate; 
   maxCounter = currentCounter; 
  } 
 } 
 return candidate; 
      } 
 

Since Heapsort time complexity is O(݈݊݊݃݋) and in-place, so it only uses an additional O(1) of storage in addition to the input array. The 
scan of the sorted array does a constant-time conditional ݊ − 1 times, thus using O(݊) time. The overall time bound is O(݈݊݊݃݋). 
 

Problem-5 Can we further improve the time complexity of Problem-3?  
 

Solution: In the given problem, number of candidates is less but the number of votes is significantly large. For this problem we can use 
counting sort. 
 

Time Complexity: O(݊), ݊ is the number of votes (elements) in array.  
Space Complexity: O(݇), ݇ is the number of candidates participated in election. 
 

Problem-6 Given an array ܣ of ݊ elements, each of which is an integer in the range [1, ݊ଶ]. How do we sort the array in O(݊) time? 
 

Solution:  If we subtract each number by 1 then we get the range [0, ݊ଶ –  1]. If we consider all number as 2 −digit base ݊. Each digit ranges 
from 0 to ݊ଶ - 1. Sort this using radix sort. This uses only two calls to counting sort. Finally, add 1 to all the numbers. Since there are 2 calls, 
the complexity is O(2݊) ≈O(݊). 
 

Problem-7 For the Problem-6, what if the range is [1. . . ݊³]? 
 

Solution: If we subtract each number by 1 then we get the range [0, ݊ଷ –  1]. Considering all numbers as 3-digit base ݊ : each digit ranges from 
0 to ݊ଷ - 1. Sort this using radix sort. This uses only three calls to counting sort. Finally, add 1 to all the numbers. Since there are 3 calls, the 
complexity is O(3݊) ≈ O(݊). 
 

Problem-8 Given an array with ݊ integers, each of value less than ݊ଵ଴଴, can it be sorted in linear time? 
 

Solution:  Yes. Reasoning is the same as in of Problem-6  and Problem-7. 
 

Problem-9 Let ܣ and ܤ be two arrays of ݊ elements each. Given a number ܭ, give an O(݈݊݊݃݋) time algorithm for determining 
whether there exists a ∈ A and b ∈ B such that ܽ + ܾ =  .ܭ

 

Solution: Since we need O(݊ ݈݊݃݋), it gives us a pointer that we need sorting. So, we will do that. 
 

      public int Find( int[] A, int[] B, int n, K ) { 
 int i, c; 
 Heapsort( A, A.length );  // O(݈݊݊݃݋) 
 for (i =0; i < A.length; i++) {  // O(݊) 
  c = k-B[i];    // O(1) 
  if(BinarySearch(A, c)) // O(݈݊݃݋) 
   return 1; 
 } 
 return 0; 
      } 
 

Note: For variations of this problem, refer ܵ݁ܽܿݎℎ݅݊݃ chapter. 
 

Problem-10 Let ܣ, ݊ are three arrays of ܥ and ܤ  elements, each. Given a number ܭ, give an O(݈݊݊݃݋) time algorithm for determining 
whether there exists ܽ ∈ ܾ ,ܣ ∈ ܿ and ܤ ∈ ܽ such that ܥ + ܾ + ܿ =  .ܭ 
 

Solution: Refer ܵ݁ܽܿݎℎ݅݊݃ chapter. 
 

Problem-11 Given an array of ݊ elements, can we output in sorted order the ܭ elements following the median in sorted order in 
time O(݊ +  .(ܭ݃݋݈ܭ
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Solution: Yes. Find the median and partition the median. With this we can find all the elements greater than it. Now find the ܭ୲୦ largest 
element in this set and partition it; and get all the elements less than it. Output the sorted list of the final set of elements. Clearly, this operation 
takes O(݊ +  .time (ܭ݃݋݈ܭ
 

Problem-12 Consider the sorting algorithms: Bubble Sort, Insertion Sort, Selection Sort, Merge Sort, Heap Sort, and Quick Sort. 
Which of these are stable?  
 

Solution: Let us assume that ܣ is the array to be sorted. Also, let us say ܴ and ܵ have the same key and ܴ appears earlier in the array than ܵ. 
That means, ܴ is at ܣ[݅] and ܵ is at ܣ[݆], with ݅ <  ݆. To show any stable algorithm, in the sorted output ܴ must precede ܵ. 
 

Bubble sort: Yes. Elements change order only when a smaller record follows a larger. Since ܵ is not smaller than ܴ it cannot precede it. 
 

Selection sort: No. It divides the array into sorted and unsorted portions and iteratively finds the minimum values in the unsorted portion. 
After finding a minimum ݔ, if the algorithm moves ݔ into the sorted portion of the array by means of a swap, then the element swapped could 
be ܴ which then could be moved behind ܵ. This would invert the positions of ܴ and ܵ, so in general it is not stable. If swapping is avoided, it 
could be made stable but the cost in time would probably be very significant. 
 

Insertion sort: Yes. As presented, when ܵ is to be inserted into sorted subarray 1]ܣ. . ݆ −  1], only records larger than ܵ are shifted. Thus ܴ 
would not be shifted during ܵ’ݏ insertion and hence would always precede it. 
 

Merge sort: Yes, In the case of records with equal keys, the record in the left subarray gets preference. Those are the records that came first 
in the unsorted array. As a result, they will precede later records with the same key. 
 

Heap sort: No. Suppose ݅ =  1 and ܴ and ܵ happen to be the two records with the largest keys in the input. Then ܴ will remain in location 
1 after the array is heapified, and will be placed in location ݊ in the first iteration of Heapsort. Thus ܵ will precede ܴ in the output. 
 

Quick sort: No. The partitioning step can swap the location of records many times, and thus two records with equal keys could swap position 
in the final output. 

 

Problem-13 Consider the same sorting algorithms as that of Problem-12. Which of them are in-place? 
 

Solution:  
 

Bubble sort: Yes, because only two integers are required. 
 

Insertion sort: Yes, since we need to store two integers and a record. 
 

Selection sort: Yes. This algorithm would likely need space for two integers and one record. 
 

Merge sort: No. Arrays need to perform the merge. (If the data is in the form of a linked list, the sorting can be done in-place, but this is a 
nontrivial modification.) 
 

Heap sort: Yes, since the heap and partially-sorted array occupy opposite ends of the input array. 
 

Quicksort: No, since it is recursive and stores O(݈݊݃݋) activation records on the stack. Modifying it to be non-recursive is feasible but 
nontrivial. 

 

Problem-14 Among, Quick sort, Insertion sort, Selection sort, Heap sort algorithms, which one needs the minimum number of swaps? 
 

Solution: Selected sort, it needs ݊ swaps only (refer theory section). 
 

Problem-15 What is the minimum number of comparisons required to determine if an integer appears more than ݊/2 times in a 
sorted array of ݊ integers? 

 

Solution:  Refer ܵ݁ܽܿݎℎ݅݊݃ chapter. 
 

Problem-16 Sort an array of  0’s, 1’s and 2’s: Given an array A[] consisting 0’ݏ’1 ,ݏ and 2’ݏ, give an algorithm for sorting ܣ[]. The 
algorithm should put all 0’ݏ first, then all 1’ݏ and all 2’ݏ in last. 
Example:    Input = {0,1,1,0,1,2,1,2,0,0,0,1}, Output = {0, 0, 0, 0, 0, 1, 1, 1, 1, 1, 2, 2} 

 

Solution: Use Counting Sort. Since there are only three elements and the maximum value is 2, we need a temporary array with 3 elements. 
 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Note: For variations of this problem, refer ܵ݁ܽܿݎℎ݅݊݃ chapter. 
 

Problem-17 Is there any other way of solving Problem-18? 
 

Solution: Using Quick dort. Since we know that there are only 3 elements, 0, 1 and 2 in the array, we can select 1 as a pivot element for 
Quick sort. Quick sort finds the correct place for 1 by moving all 0’s to the left of 1 and all 2’s to the right of 1. For doing this it uses only one 
scan.  
 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Note: For efficient algorithm, refer ܵ݁ܽܿݎℎ݅݊݃ chapter. 
 

Problem-18 How do we find the number which appeared the maximum number of times in an array? 
 

Solution: One simple approach is to sort the given array and scan the sorted array. While scanning, keep track of the elements that occur the 
maximum number of times. 
 

Algorithm: 
 

      QuickSort(A); 
 int i, j, count=1, Number=A[0], j=1; 
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 for(i=1;i < A.length;i++) { 
  if(arr[j]==A) { 
   count++; 
   Number=A[j]; 
  } 
  j=i; 
 } 
 System.out.println("Number:“ + Number + “ , count: “ + count); 
 

Time Complexity   = Time for Sorting + Time for Scan =  O(݈݊݊݃݋) +O(݊)  = O(݈݊݊݃݋). Space Complexity: O(1). 
 

Note: For variations of this problem, refer ܵ݁ܽܿݎℎ݅݊݃ chapter. 
 

Problem-19 Is there any other way of solving Problem-18? 
 

Solution: Using Binary Tree. Create a binary tree with an extra field ܿݐ݊ݑ݋ which indicates the number of times an element appeared in the 
input. Let us say we have created a Binary Search Tree [BST]. Now, do the In-Order traversal of the tree. The In-Order traversal of BST 
produces the sorted list. While doing the In-Order traversal keep track of the maximum element. 
 

Time Complexity: O(݊) +O(݊) ≈O(݊). The first parameter is for constructing the BST and the second parameter is for Inorder Traversal. 
Space Complexity: O(2݊) ≈O(݊), since every node in BST needs two extra pointers. 

 

Problem-20 Is there yet other way of solving the Problem-18? 
 

Solution: Using Hash Table. For each element of the given array we use a counter, and for each occurrence of the element we increment the 
corresponding counter. At the end we can just return the element which has the maximum counter. 
 

Time Complexity: O(݊). Space Complexity: O(݊). For constructing the hash table we need O(݊). 
 

Note: For the efficient algorithm, refer to the ܵ݁ܽܿݎℎ݅݊݃ chapter. 
 

Problem-21 Given a 2 GB file with one string per line, which sorting algorithm would we use to sort the file and why? 
 

Solution:  When we have a size limit of 2GB, it means that we cannot bring all the data into the main memory.  
 

Algorithm: How much memory do we have available?  Let’s assume we have ܺ  MB of memory available. Divide the file into ܭ chunks, where 
ܺ ∗   .ܤܩ 2~ ܭ 
 

 Bring each chunk into memory and sort the lines as usual (any O(݈݊݊݃݋) algorithm). 
 Save the lines back to the file.  
 Now bring the next chunk into memory and sort. 
 Once we’re done, merge them one by one; in the case of one set finishing, bring more data from the particular chunk. 

 

The above algorithm is also known as external sort. Step 3 −  4 is known as K-way merge. The idea behind going for an external sort is the 
size of data. Since the data is huge and we can’t bring it to the memory, we need to go for a disk-based sorting algorithm. 
 

Problem-22 Nearly sorted: Given an array of ݊  elements, each which is at most ܭ positions from its target position, devise an algorithm 
that sorts in O(݈݊ܭ݃݋) time.  

 

Solution: Divide the elements into ݊/ܭ groups of size ܭ, and sort each piece in O(ܭ݃݋݈ܭ) time, let’s say using Mergesort. This preserves 
the property that no element is more than ܭ elements out of position. Now, merge each block of ܭ elements with the block to its left.  
 

Problem-23 Is there any other way of solving Problem-22? 
 

Solution: Insert the first ܭ elements into a binary heap. Insert the next element from the array into the heap, and delete the minimum element 
from the heap. Repeat.  
 

Problem-24 Merging K sorted lists: Given ܭ sorted lists with a total of ݊ elements, give an O(݈݊ܭ݃݋) algorithm to produce a sorted 
list of all ݊ elements. 
 

Solution: Simple Algorithm for merging ܭ sorted lists: Consider groups each having 
௡
௄

 elements. Take the first list and merge it with the 
second list using a linear-time algorithm for merging two sorted lists, such as the merging algorithm used in merge sort. Then, merge the 
resulting list of 

ଶ௡
୏

 elements with the third list, and then merge the resulting list of  
ଷ௡
௄

 elements with the fourth list. Repeat this until we end up 

with a single sorted list of all ݊ elements. 
 

Time Complexity: In each iteration we are merging ܭ elements. 

             ܶ(݊) =
2݊
ܭ +

3݊
ܭ +

4݊
ܭ + ⋯

݊ܭ
ܭ

(݊) =
݊
ܭ

෍ ݅
௄

௜ୀଶ

 

             ܶ(݊) = ݊

௄
ቂ௄(௄ାଵ)

ଶ
ቃ ≈ O(݊ܭ) 

 

Problem-25 Can we improve the time complexity of Problem-24? 
 

Solution: One method is to repeatedly pair up the lists and then merge each pair. This method can also be seen as a tail component of the 
execution merge sort, where the analysis is clear. This is called the Tournament Method. The maximum depth of the Tournament Method 
is ݈ܭ݃݋ and in each iteration we are scanning all the ݊ elements. 
 

Time Complexity: O(nlogK). 
 

Problem-26 Is there any other way of solving Problem-24? 
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Solution: The other method is to use a ݉݅݊ priority queue for the minimum elements of each of the ܭ lists. At each step, we output the 
extracted minimum of the priority queue, determine from which of the ܭ lists it came, and insert the next element from that list into the 
priority queue. Since we are using priority queue, that maximum depth of priority queue is ݈ܭ݃݋. 
 

Time Complexity: O(݊logK). 
 

Problem-27 Which sorting method is better for Linked Lists? 
 

Solution: Merge Sort is a better choice. At first appearance, merge sort may not be a good selection since the middle node is required to 
subdivide the given list into two sub-lists of equal length. We can easily solve this problem by moving the nodes alternatively to two lists (refer 
to ݏݐݏ݅ܮ ݀݁݇݊݅ܮ chapter). Then, sorting these two lists recursively and merging the results into a single list will sort the given one. 
 

     public ListNode LinkedListMergeSort(ListNode first) { 
 ListNode list1HEAD = null; 
 ListNode list1TAIL = null; 
 ListNode list2HEAD = null; 
 ListNode list2TAIL = null; 
 if(first==null || first.next==null) 
  return first; 
 while (first != null) { 
  Append(first, list1HEAD, list1TAIL); 
  if(first != null) 
   Append(first, list2HEAD, list2TAIL); 
 } 
 list1HEAD = LinkedListMergeSort(list1HEAD); 
 list2HEAD = LinkedListMergeSort(list2HEAD); 
 return Merge(list1HEAD, list2HEAD); 
     } 
 

Note: Append() appends the first argument to the tail of a singly linked list whose head and tail are defined by the second and third arguments. 
 

All external sorting algorithms can be used for sorting linked lists since each involved file can be considered as a linked list that can only be 
accessed sequentially. We can sort a doubly linked list using its next fields as if it was a singly linked one and reconstruct the prev fields after 
sorting with an additional scan. 
 

Problem-28 Can we implement Linked Lists Sorting with Quick sort? 
  

Solution: The original Quick Sort cannot be used for sorting Singly Linked Lists. This is because we cannot move backward in Singly Linked 
Lists. But we can modify the original Quick Sort and make it work for Singly Linked Lists. 
 

Let us consider the following modified Quick Sort implementation. The first node of the input list is considered a ݐ݋ݒ݅݌ and is moved to 
 if the nodes value is smaller (ݎ݁݃ݎ݈ܽ or ݈ܽݑݍ݁ ,respectively) ݏݏ݈݁ ݋ݐ and moved ݐ݋ݒ݅݌ The value of each node is compared with the .݈ܽݑݍ݁
than (respectively, ݁ ݈ to or ݈ܽݑݍ ݈ ,Then .ݐ݋ݒ݅݌ than) the ݎ݁݃ݎܽ ݈ and ݏݏ݁ ݈ are sorted recursively. Finally, joining ݎ݁݃ݎܽ ݁ ,ݏݏ݁ ݈ and ݈ܽݑݍ  ݎ݁݃ݎܽ
into a single list yields a sorted one.  
 

 appends the first argument to the tail of a singly linked list whose head and tail are defined by the second and third arguments. On ()݀݊݁݌݌ܣ
return, the first argument will be modified so that it points to the next node of the list. ݊݅݋ܬ() appends the list whose head and tail are defined 
by the third and fourth arguments to the list whose head and tail are defined by the first and second arguments. For simplicity, the first and 
fourth arguments become the head and tail of the resulting list.  
 

      public void Qsort(ListNode first, ListNode last){ 
 ListNode lesHEAD=null, lesTAIL=null; 
 ListNode equHEAD=null, equTAIL=null; 
 ListNode larHEAD=null, larTAIL=null; 
 ListNode current = first; 
 int pivot, info; 
 if(current == null) 
  return; 
 pivot = current.data; 
 Append(current, equHEAD, equTAIL); 
 while (current != null) { 
  info = current.data; 
  if(info < pivot) 
   Append(current, lesHEAD, lesTAIL) 
  else if(info > pivot) 
   Append(current, larHEAD, larTAIL) 
  else Append(current, equHEAD, equTAIL); 
 } 
 Quicksort(lesHEAD, lesTAIL); 
 Quicksort(larHEAD, larTAIL); 
 Join(lesHEAD, lesTAIL,equHEAD, equTAIL); 
 Join(lesHEAD, equTAIL,larHEAD, larTAIL); 
 first = lesHEAD; 
 last = larTAIL; 
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      } 
 

Problem-29 Given an array of  100, 000 pixel color values, each of which is an integer in the range [0,255]. Which sorting algorithm 
is preferable for sorting them? 

 

Solution: Counting Sort. There are only 256 key values, so the auxiliary array would only be of size 256, and there would be only two passes 
through the data, which would be very efficient in both time and space. 
 

Problem-30 Similar to Problem-29, if we have a telephone directory with 10 million entries, which sorting algorithm is best? 
 

Solution: Bucket Sort. In Bucket Sort the buckets are defined by the last 7 digits. This requires an auxiliary array of size 10 million and has 
the advantage of requiring only one pass through the data on disk. Each bucket contains all telephone numbers with the same last 7 digits but 
with different area codes. The buckets can then be sorted by area code with selection or insertion sort; there are only a handful of area codes. 
 

Problem-31 Give an algorithm for merging ܭ-sorted lists. 
 

Solution: Refer to ܲݏ݁ݑ݁ݑܳ ݕݐ݅ݎ݋݅ݎ chapter. 
 

Problem-32 Given a big file containing billions of numbers. Find maximum 10 numbers from those file.  
 

Solution: Refer to ܲݏ݁ݑ݁ݑܳ ݕݐ݅ݎ݋݅ݎ chapter. 
 

Problem-33 There are two sorted arrays ܣ and ܤ. First one is of size ݉ + ݊ containing only ݉  elements. Another one is of size ݊  and 
contains ݊ elements. Merge these two arrays into the first array of size ݉ + ݊ such that the output is sorted. 

 

Solution: The trick for this problem is to start filling the destination array from the back with the largest elements. We will end up with a 
merged and sorted destination array. 
 

    public void merge(int[] A, int[] B) { 
        int m = A.length, n = B.length; 
        while( n > 0){ 
            // the original A has all merged into the new A, and merge the left B 
            if(m <= 0 || A[m - 1] < B[n - 1]) 
                A[n + m - 1] = B[--n]; 
            else 
                A[n + m - 1] = A[--m]; 
        } 
    } 
 

Time Complexity: O(݉ + ݊). Space Complexity: O(1). 
 

Problem-34 Nuts and Bolts Problem: Given a set of ݊  nuts of different sizes and ݊  bolts such that there is a one-to-one correspondence 
between the nuts and the bolts, find for each nut its corresponding bolt. Assume that we can only compare nuts to bolts: we cannot 
compare nuts to nuts and bolts to bolts. 
Alternative way of framing the question: We are given a box which contains bolts and nuts. Assume there are ݊  nuts and ݊  bolts and that 
each nut matches exactly one bolt (and vice versa). By trying to match a bolt and a nut we can see which one is bigger, but we cannot 
compare two bolts or two nuts directly. Design an efficient algorithm for matching the nuts and bolts.  

 

Solution: Brute Force Approach: Start with the first bolt and compare it with each nut until we find a match. In the worst case, we require ݊ 
comparisons. Repeat this for successive bolts on all remaining gives O(݊ଶ) complexity.  
 

Problem-35 For Problem-34, can we improve the complexity? 
 

Solution: In Problem-34, we got O(݊ଶ) complexity in the worst case (if bolts are in ascending order and nuts are in descending order). Its 
analysis is the same as that of Quick Sort. The improvement is also along the same lines.    
 

To reduce the worst case complexity, instead of selecting the first bolt every time, we can select a random bolt and match it with nuts. This 
randomized selection reduces the probability of getting the worst case, but still the worst case is O(݊ଶ). 
 

Problem-36 For Problem-34, can we further improve the complexity? 
 

Solution: We can use a divide-and-conquer technique for solving this problem and the solution is very similar to randomized Quick Sort. For 
simplicity let us assume that bolts and nuts are represented in two arrays ܤ and ܰ .The algorithm first performs a partition operation as follows: 
pick a random bolt ܤ[݅]. Using this bolt, rearrange the array of nuts into three groups of elements: 
 

 First the nuts smaller than ܤ[݅] 
 Then the nut that matches ܤ[݅], and  
 Finally, the nuts larger than ܤ[݅].  

 

Next, using the nut that matches ܤ[݅], perform a similar partition on the array of bolts. This pair of partitioning operations can easily be 
implemented in O(݊) time, and it leaves the bolts and nuts nicely partitioned so that the “ݐ݋ݒ݅݌" bolt and nut are aligned with each other and 
all other bolts and nuts are on the correct side of these pivots – smaller nuts and bolts precede the pivots, and larger nuts and bolts follow the 
pivots. Our algorithm then completes by recursively applying itself to the subarray to the left and right of the pivot position to match these 
remaining bolts and nuts. We can assume by induction on ݊ that these recursive calls will properly match the remaining bolts. 
 

To analyze the running time of our algorithm, we can use the same analysis as that of randomized Quick Sort. Therefore, applying the analysis 
from Quick Sort, the time complexity of our algorithm is O(݈݊݊݃݋). 
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Alternative Analysis: We can solve this problem by making a small change to Quick Sort. Let us assume that we pick the last element as the 
pivot, say it is a nut. Compare the nut with only bolts as we walk down the array. This will partition the array for the bolts. Every bolt less than 
the partition nut will be on the left. And every bolt greater than the partition nut will be on the right.  
 

While traversing down the list, find the matching bolt for the partition nut. Now we do the partition again using the matching bolt. As a result, 
all the nuts less than the matching bolt will be on the left side and all the nuts greater than the matching bolt will be on the right side. Recursively 
call on the left and right arrays.  
 

The time complexity is O(2nlogn) ≈O(nlogn). 
 

Problem-37 Given a binary tree, can we print its elements in sorted order in O(݊) time by performing an In-order tree traversal? 
 

Solution: Yes, if the tree is a Binary Search Tree [BST]. For more details refer to the ܶݏ݁݁ݎ chapter. 
 

Problem-38 Given a sorted array, remove the duplicates in place such that each element appear only once and return the new length. 
Do not allocate extra space for another array, you must do this in place with constant memory. 

 

Solution: 
 

    public int removeDuplicates(int[] A) { 
        int len = A.length; 
        int i = 0; 
        if(len <= 1)  
            return len; 
        for(int j = 1; j < len; j++){ 
            if(A[j] != A[i]) 
                A[++i] = A[j]; 
        } 
        return i + 1; 
    } 
 

Time Complexity: O(݊).  Space Complexity: O(1). 
 

Problem-39 Given an array of elements convert it into an array such that A < B > C < D > E < F and so on. 
 

Solution: Sort the array, then swap every adjacent element to get final result. 
 

    public class ConvertArraytoSawToothWave { 
        public void converttoSawToothWave(int A[]){ 
            for(int i=1; i < A.length; i+=2){ 
                if(i+1 < A.length){ 
                    swap(A, i, i+1); 
                } 
            } 
        } 
        private void swap(int A[],int low,int high){ 
            int temp = A[low]; A[low] = A[high]; A[high] = temp; 
        } 
        public static void main(String args[]){ 
            ConvertArraytoSawToothWave convertedArray = new ConvertArraytoSawToothWave(); 
            int A[] = {0,-6,9,13,10,-1,8,12,54,14,-5}; 
            Arrays.sort(A); 
            convertedArray.converttoSawToothWave(A); 
            for(int i=0; i < A.length; i++){ 
                System.out.print(A[i] + " "); 
            } 
        } 
    } 
 

The time complexity is O(݈݊݊݃݋ + ݊) ≈ O(݈݊݊݃݋), for sorting and a scan. 
 

Problem-40 Sort the linked list elements in O(݊), where ݊ is the number of elements in the linked list. 
 

Solution: As stated many times, the lower bound on comparison based sorting for general data is going to be O(݈݊݊݃݋). So, for general data 
on a linked list, the best possible sort that will work on any data that can compare two objects is going to be O(݈݊݊݃݋). However, if you have 
a more limited domain of things to work in, you can improve the time it takes (at least proportional to n). For instance, if you are working 
with integers no larger than some value, you could use Counting Sort or Radix Sort, as these use the specific objects you're sorting to reduce 
the complexity with proportion to ݊ . Be careful, though, these add some other things to the complexity that you may not consider (for instance, 
Counting Sort and Radix sort both add in factors that are based on the size of the numbers you're sorting, O(݊ + ݇) where ݇ is the size of 
largest number for Counting Sort, for instance). 
 

Also, if you happen to have objects that have a perfect hash (or at least a hash that maps all values differently), you could try using a counting 
or radix sort on their hash functions. It is the application of counting sort.  
 

Algorithm: 
1) In the given linked list, find the maximum element (݇). This would take O(݊) time. 
2) Create a hash map of the size ݇. This would need O(݇) space. 
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3) Scan through the linked list elements, set 1 to the corresponding index in the array. Suppose element in the linked is 19, then  H[4] 
= 1. This would take O(݊) time. 

4) Now the array is sorted as similar to counting sort. 
5) Read the elements from the array and add it back to the list with a time complexity of O(݇). 

 

Problem-41 Can we do Problem-40 with O(n) time? 
 

Solution: Make sure all even positioned elements are greater than their adjacent odd elements, and we don’t need to worry about odd 
positioned elements. Traverse all even positioned elements of input array, and do the following: 

 If the current element is smaller than the previous odd element, swap previous and current. 
 If the current element is smaller than the next odd element, swap next and current.  

 

    public class ConvertArraytoSawToothWaveLinearTime { 
        public void convertArraytoSawToothWaveLinearTime(int A[]){ 
            for (int i = 0; i < A.length; i+=2){ 
                if (i>0 && A[i-1] > A[i] ) 
                    swap(A, i, i-1); 
                if (i<A.length-1 && A[i] < A[i+1] ) 
                    swap(A, i, i+1); 
            } 
        } 
        private void swap(int A[],int low,int high){ 
            int temp = A[low]; A[low] = A[high]; A[high] = temp; 
        }    

        public static void main(String args[]){ 
            ConvertArraytoSawToothWaveLinearTime convertedArray = new ConvertArraytoSawToothWaveLinearTime(); 
            int A[] = {0,-6,9,13,10,-1,8,12,54,14,-5}; 
            for(int i=0; i < A.length; i++){ 
                System.out.print(A[i] + " "); 
            } 
            System.out.println(); 
            convertedArray.convertArraytoSawToothWaveLinearTime(A); 
            for(int i=0; i < A.length; i++){ 
                System.out.print(A[i] + " "); 
            } 
        } 
    } 
 

The time complexity is O(n). 
 

Problem-42 Merge sort uses                                                                                                 
(a) Divide and conquer strategy    (b) Backtracking approach    (c) Heuristic search    (d) Greedy approach 

 

Solution: (a). Refer theory section. 
 

Problem-43 Which of the following algorithm design techniques is used in the quicksort algorithm?           
 

(a) Dynamic programming      (b) Backtracking        (c) Divide and conquer        (d) Greedy method 
 

Solution: (c). Refer theory section. 
 

Problem-44 For merging two sorted lists of sizes m and n into a sorted list of size m+n, we required comparisons of                                                                                                                        
(a) O(݉)            (b) O(݊)             (c) O(݉ +  ݊)             (d) O(݈݉݃݋ +  (݊݃݋݈

 

Solution: (c). We can use merge sort logic. Refer theory section. 
 

Problem-45 Quick-sort is run on two inputs shown below to sort in ascending order                
(i) 1,2,3 ….n                                               (ii) n, n – 1, n – 2, …. 2, 1 

Let C1 and C2 be the number of comparisons made for the inputs (i) and (ii) respectively. Then, 
(a) C1 < C2             (b) C1 > C2              (c) C1 = C2              (d) we cannot say anything for arbitrary ݊. 

 

Solution: (b). Since the given problems needs the output in ascending order, Quicksort on already sorted order gives the worst case (O(݊ଶ)). 
So, (i) generates worst case and (ii) needs fewer comparisons. 
 

Problem-46 Give the correct matching for the following pairs:                                                   
         (A) O(݈݊݃݋)                           (P)  Selection 

(B) O(݊)                                 (Q) Insertion sort 
(C) O(݈݊݊݃݋)                         (R) Binary search 
(D) O(݊ଶ )                              (S)  Merge sort 

(a) A – R B – P C – Q D - S                             (b) A – R B – P C – S D - Q  
(c) A – P B – R C – S D - Q                             (d) A – P B – S C – R D - Q  

 

Solution: (b). Refer theory section. 
 

Problem-47 Let s be a sorted array of n integers. Let t(n) denote the time taken for the most efficient algorithm to determine if there 
are two elements with sum less than 1000 in s. which of the following statements is true?  

a) ݐ(݊) is O(1)        b) ݊ < (݊)ݐ  ଶ݃݋݈݊ > 
௡         c) ݈݊݃݋ଶ

௡ < (݊)ݐ   <  ൫௡
ଶ൯         d) ݐ(݊)  = ൫௡

ଶ൯              
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Solution: (a). Since the given array is already sorted it is enough if we check the first two elements of the array. 
 

Problem-48 The usual (݊ଶ) implementation of Insertion Sort to sort an array uses linear search to identify the position where an element is to be 
inserted into the already sorted part of the array. If, instead, we use binary search to identify the position, the worst case running time will      

 (a) remain (݊ଶ)                 (b) become (݊(݈݃݋ ݊)ଶ)                   (c) become (݈݊݊݃݋)                  (d) become (݊)  
 

Solution: (a). If we use binary search then there will be ݈݃݋ଶ
௡!comparisons in the worst case, which is (݈݊݊݃݋). But the algorithm as a whole 

will still have a running time of (݊ଶ) on average because of the series of swaps required for each insertion. 
 

Problem-49 In quick sort, for sorting n elements, the ݊/4௧௛ smallest element is selected as pivot using an O(݊) time algorithm. What 
is the worst case time complexity of the quick sort?         

(A) (݊)                            (B) (݊݊݃݋ܮ)                              (C) (݊ଶ)                            (D) (݊ଶ݈݃݋ )݊ 
 

Solution: The recursion expression becomes: T(n) = T(n/4) + T(3n/4) + cn. Solving the recursion using ݐ݊ܽ݅ݎܽݒ of master theorem, we get 
(݊݊݃݋ܮ). 
 

Problem-50 Consider the Quicksort algorithm. Suppose there is a procedure for finding a pivot element which splits the list into two 
sub-lists each of which contains at least one-fifth of the elements. Let T(݊) be the number of comparisons required to sort n elements. 
Then                                                      

A) T (n) ≤ 2T (n /5) + n   B) T (n) ≤ T (n /5) + T (4n /5) + n    C) T (n) ≤ 2T (4n /5) + n   D) T (n) ≤ 2T (n /2) + n 
 

Solution: (C). For the case where n/5 elements are in one subset, T(n/5) comparisons are needed for the first subset with ݊/5 elements, 
T(4n/5) is for the rest 4n/5 elements, and ݊ is for finding the pivot. If there are more than ݊/5 elements in one set then other set will have 
less than 4n/5 elements and time complexity will be less than T(n/5) + T(4n/5) + n. 
 

Problem-51 Which of the following sorting algorithms has the lowest worst-case complexity?      
(A) Merge sort      (B) Bubble sort       (C) Quick sort       (D) Selection sort 

 

Solution: (A). Refer theory section. 
 

Problem-52 Which one of the following in place sorting algorithms needs the minimum number of swaps? 
(A) Quick sort            (B) Insertion sort           (C) Selection sort           (D) Heap sort                  

 

Solution: (C). Refer theory section. 
 

Problem-53 You have an array of n elements. Suppose you implement quicksort by always choosing the central element of the array 
as the pivot. Then the tightest upper bound for the worst case performance is 
 (A) O(݊ଶ)                (B) O(݈݊݊݃݋)                (C) (݈݊݊݃݋)                 (D) O(݊ଷ)                                     

 

Solution: (A). When we choose the first element as the pivot, the worst case of quick sort comes if the input is sorted- either in ascending or 
descending order. 
 

Problem-54 Let P be a QuickSort Program to sort numbers in ascending order using the first element as pivot. Let t1 and t2 be the 
number of comparisons made by P for the inputs {1, 2, 3, 4, 5} and {4, 1, 5, 3, 2} respectively. Which one of the following holds?                                                                             
 

(A) t1 = 5                 (B) t1 < t2                 (C) t1 > t2                 (D) t1 = t2 
 

Solution: (C). Quick Sort‘s worst case occurs when first (or last) element is chosen as pivot with sorted arrays. 
 

Problem-55 The minimum number of comparisons required to find the minimum and the maximum of 100 numbers is __                                                                                                                             
 

Solution: 147 (Formula for the minimum number of comparisons required is 3n/2 – 3 with n numbers). 
 

Problem-56 The number of elements that can be sorted in T(݈݊݃݋) time using heap sort is                
(A) (1)           (B) (sqrt(logn))           (C) (log n/(log log n))             (D) (logn) 

 

Solution: (D). Sorting an array with k elements takes time (k log k) as k grows. We want to choose k such that (k log k) = (logn). Choosing 
k = (logn) doesn't necessarily work, since (k log k) = (logn loglogn) ≠ (logn). On the other hand, if you choose k = T(log n / log log n), 
then the runtime of the sort will be 

= ((logn / loglogn) log (logn / loglogn)) 
= ((logn / loglogn) (loglogn - logloglogn)) 
= (logn  - logn logloglogn / loglogn) 
= (logn (1 - logloglogn / loglogn)) 

 

Notice that 1 - logloglogn / loglogn tends toward 1 as n goes to infinity, so the above expression actually is (log n), as required. Therefore, if 
you try to sort an array of size (logn / loglogn) using heap sort, as a function of n, the runtime is (logn). 
 

Problem-57 Which one of the following is the tightest upper bound that represents the number of swaps required to sort ݊ numbers 
using selection sort?                                                                           
(A) O(݈݊݃݋)          (B) O(݊)          (C) O(݈݊݊݃݋)           (D) O(݊ଶ) 

 

Solution: (B). Selection sort requires only O(݊) swaps. 
 

Problem-58 Which one of the following is the recurrence equation for the worst case time complexity of the Quicksort algorithm for 
sorting n(≥ 2) numbers? In the recurrence equations given in the options below, c is a constant.                                                                                                                                     

(A)T(n) = 2T (n/2) + cn      (B) T(n) = T(n – 1) + T(0) + cn     (C) T(n) = 2T (n – 2) + cn    (D) T(n) = T(n/2) + cn 
 

Solution: (B). When the pivot is the smallest (or largest) element at partitioning on a block of size ݊ the result yields one empty sub-block, 
one element (pivot) in the correct place and sub block of size ݊ − 1. 
 

Problem-59 True or False. In randomized quicksort, each key is involved in the same number of comparisons. 
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Solution: False. 
 

Problem-60 True or False: If Quicksort is written so that the partition algorithm always uses the median value of the segment as the 
pivot, then the worst-case performance is O(݈݊݊݃݋). 

 

Soution: True. 
 

Problem-61 Squares of a sorted array: Given an array of numbers A sorted in ascending order, return an array of the squares of each 
number, also in sorted ascending order. For array = [-6, -4, 1, 2, 3, 5], the output should be [1, 4, 9, 16, 25, 36]. 

 

Solution: Intuitive approach: One simplest approach to solve this problem is to create an array of the squares of each element, and sort them. 
 

    class Solution { 
        public int[] sortedSquaredArray(int[] A) { 
            int n = A.length; 
            int[] result = new int[n]; 
            for (int i = 0; i < n; ++i) 
                result[i] = A[i] * A[i]; 
 

            Arrays.sort(result); 
            return result; 
        } 
    } 
 

Time complexity: O(݈݊݊݃݋), for sorting the array. Space complexity: O(݊), for the result array. 
 

Elegant approach: Since the given array A is sorted, it might have some negative elements. The squares of these negative numbers would be 
in decreasing order. Similarly, the squares of positive numbers would be in increasing order. For example, with [-4, -3, -1, 3, 4, 5], we have 
the negative part [-4, -3, -1] with squares [16, 9, 1], and the positive part [3, 4, 5] with squares [9, 16, 25]. Our strategy is to iterate over the 
negative part in reverse, and the positive part in the forward direction. 
 

We can use two pointers to read the positive and negative parts of the array - one pointer i in the positive direction, and another j in the 
negative direction. 
 

Now that we are reading two increasing arrays (the squares of the elements), we can merge these arrays together using a two-pointer technique. 
 

    class Solution { 
        public int[] sortedSquaredArray(int[] A) { 
            int n = A.length; 
            int j = 0; 
            // Find the last index of the negative numbers 
            while (j < n && A[j] < 0) 
                j++; 
            // i points to the last index of negative numbers 
            int i = j-1; 
 

            int[] result = new int[n]; 
            int t = 0; 
            // j points to the first index of the positive numbers 
            while (i >= 0 && j < n) { 
                if (A[i] * A[i] < A[j] * A[j]) { 
                    result[t++] = A[i] * A[i]; 
                    i--; 
                } else { 
                    result[t++] = A[j] * A[j]; 
                    j++; 
                } 
            } 
            // add the remaining negative numbers squares to result 
            while (i >= 0) { 
                result[t++] = A[i] * A[i]; 
                i--; 
            } 
 

            // add the remaining positive numbers squares to result 
            while (j < n) { 
                result[t++] = A[j] * A[j]; 
                j++; 
            } 
 

            return result; 
        } 
    } 
 

Time complexity: O(݊). Space complexity: O(݊), for the result array. 
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SEARCHING 
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11 
 

 
 

11.1 What is Searching? 
 

In computer science, ܿݎܽ݁ݏℎ݅݊݃ is the process of finding an item with specified properties from a collection of items. The items may be 
stored as records in a database, simple data elements in arrays, text in files, nodes in trees, vertices and edges in graphs, or they may be 
elements of other search spaces. 

11.2 Why do we need Searching? 
 

 ℎ݅݊݃ is one of the core computer science algorithms. We know that today’s computers store a lot of information. To retrieve thisܿݎܽ݁ܵ
information proficiently we need very efficient searching algorithms. 

 

There are certain ways of organizing the data that improves the searching process. That means, if we keep the data in proper order, it is easy 
to search the required element. Sorting is one of the techniques for making the elements ordered. In this chapter we will see different searching 
algorithms. 

11.3 Types of Searching 
 

Following are the types of searches which we will be discussing in this book. 
 

 Unordered Linear Search 
 Sorted/Ordered Linear Search 
 Binary Search 
 Interpolation Search 
 Symbol Tables and Hashing 
 String Searching Algorithms: Tries, Ternary Search and Suffix Trees 

11.4 Unordered Linear Search 
 

Let us assume we are given an array where the order of the elements is not known. That means the elements of the array are not sorted. In 
this case, to search for an element we have to scan the complete array and see if the element is there in the given list or not.  
 

      public int UnorderedLinearSearch (int[] A, int data) { 
 for (int i  = 0; i < A.length; i++) { 
  if(A[i] == data) 
   return i; 
 } 
 return -1; 
      } 
 

Time complexity: O(݊), in the worst case we need to scan the complete array. Space complexity: O(1). 

11.5 Sorted/Ordered Linear Search 
 

If the elements of the array are already sorted then in many cases we don’t have to scan the complete array to see if the element is there in 
the given array or not. In the algorithm below, it can be seen that, at any point if the value at ܣ[݅] is greater than ݀ܽܽݐ to be searched then we 
just return −1 without searching the remaining array. 
 

      public int OrderedLinearSearch(int[] A, int data) { 
 for (int i  = 0; i < A.length; i++) { 
  if(A[i] == data)   return i; 
  else if(A[i] > data) 
         return -1; 
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 } 
 return -1; 
      } 
 

Time complexity of this algorithm is O(݊). This is because in the worst case we need to scan the complete array. But in the average case it 
reduces the complexity even though the growth rate is same. Space complexity: O(1). 
 

Note: For the above algorithm we can make further improvement by incrementing the index at faster rate (say, 2). This will reduce the number 
of comparisons for searching in the sorted list. 

11.6 Binary Search 
 

Let us consider the problem of searching a word in a dictionary. Typically, we directly go to some approximate page [say, middle page] and 
start searching from that point. If the ݊ܽ݉݁ that we are searching is the same then the search is complete. If the page is before the selected 
pages then apply the same process for the first half; otherwise apply the same process to the second half. Binary search also works in the same 
way. The algorithm applying such a strategy is referred to as ܾ݅݊ܽܿݎܽ݁ݏ ݕݎℎ algorithm. 
 
 
 
 
 
  

      //Iterative Binary Search Algorithm 
      public int BinarySearchIterative[int[] A, int data) { 
 int low =  0, high = A.length-1; 
 while (low <= high) { 
 mid  = low + (high-low)/2; //To avoid overflow 
  if(A[mid] == data) 
         return mid; 
  else if(A[mid] < data) 
         low =  mid + 1; 
  else high =  mid - 1; 
 } 
 return -1; 
      } 
      //Recursive Binary Search Algorithm 
      public int BinarySearchRecursive[int[] A, int low, int high, int data) { 
 int mid  = low + (high-low)/2; //To avoid overflow 
                if (low>high)  
                         return -1; 
 if(A[mid] == data)   
                         return mid; 
 else if(A[mid] < data) 
          return BinarySearchRecursive (A, mid + 1, high, data); 
 else   return BinarySearchRecursive (A, low, mid - 1 , data); 

return -1; 
      } 
 

Recurrence for binary search is ܶ(݊) = ܶ(௡
ଶ

) +Θ(1). This is because we are always considering only half of the input list and throwing out 
the other half. Using ݎ݁ݑݍ݊݋ܥ ݀݊ܽ ݁݀݅ݒ݅ܦ master theorem, we get, ܶ(݊) =O(݈݊݃݋). 
 

Time Complexity: O(݈݊݃݋). Space Complexity: O(1) [for iterative algorithm]. 

11.7 Interpolation Search 
 

Undoubtedly binary search is a great algorithm for searching with average running time complexity of ݈݊݃݋. It always chooses the middle of 
the remaining search space, discarding one half or the other, again depending on the comparison between the key value found at the estimated 
(middle) position and the key value sought. The remaining search space is reduced to the part before or after the estimated position. 
 

In the mathematics, interpolation is a process of constructing new data points within the range of a discrete set of known data points. 
In computer science, one often has a number of data points which represent the values of a function for a limited number of values of the 
independent variable. It is often required to interpolate (i.e. estimate) the value of that function for an intermediate value of the independent 
variable.  
 

For example, suppose we have a table like this, which gives some values of an unknown function f. Interpolation provides a means of estimating 
the function at intermediate points, such as x = 5.5.  
 

 (ݔ)݂ ݔ
1 10 
2 20 

 ℎ݅݃ℎ ݓ݋݈

݉݅݀ = ݓ݋݈ + (௛௜௚௛ି௟௢௪)
ଶ

௟௢௪ା௛௜௚௛ ݎ݋ 
ଶ

  

 to be searched ܽݐܽ݀
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3 30 
4 40 
5 50 
6 60 
7 70 

 

There are many different interpolation methods, and one of the simplest methods is linear interpolation. Consider the above example of 
estimating ݂(5.5). Since 5.5 is midway between 5 and 6, it is reasonable to take ݂(5.5) midway between ݂(5) = 50 and ݂(6) = 60, which yields 
55 ((50+60)/2). Linear interpolation takes two data points, say (ݔଵ, ݕଵ) and (ݔଶ, ݕଶ), and the interpolant is given by: 

ݕ = ଵݕ + ଶݕ) − (ଵݕ
ݔ − ଵݔ

ଶݔ − ଵݔ
,ݔ) ݐ݊݅݋݌ ݐܽ   (ݕ

With above inputs, what will happen if we don’t use the constant ½, but another more accurate constant “K”, that can lead us closer to the 
searched item. 
 
 
 
 
 
 
 
 

This algorithm tries to follow the way we search a name in a phone book, or a word in the dictionary. We, humans, know in advance that in 
case the name we’re searching starts with a “m”, like “monk” for instance, we should start searching near the middle of the phone book. Thus 
if we’re searching the word “career” in the dictionary, you know that it should be placed somewhere at the beginning. This is because we know 
the order of the letters, we know the interval (a-z), and somehow we intuitively know that the words are dispersed equally. These facts are 
enough to realize that the binary search can be a bad choice. Indeed the binary search algorithm divides the list in two equal sub-lists, which 
is useless if we know in advance that the searched item is somewhere in the beginning or the end of the list. Yes, we can use also jump search 
if the item is at the beginning, but not if it is at the end, in that case this algorithm is not so effective. 
 

The interpolation search algorithm tries to improve the binary search. The question is how to find this value? Well, we know bounds of the 
interval and looking closer to the image above we can define the following formula. 
 

ܭ =
ܽݐܽ݀ − ݓ݋݈
ℎ݅݃ℎ −  ݓ݋݈

 

This constant ܭ is used to narrow down the search space. For binary search, this constant ܭ is (݈ݓ݋ +  ℎ݅݃ℎ)/2.  
 

Now we can be sure that we’re closer to the searched value. On average the interpolation search makes about ݈(݊݃݋݈)݃݋ comparisons (if the 
elements are uniformly distributed), where ݊ is the number of elements to be searched. In the worst case (for instance where the numerical 
values of the keys increase exponentially) it can make up to O(݊) comparisons. In interpolation-sequential search, interpolation is used to find 
an item near the one being searched for, then linear search is used to find the exact item. For this algorithm to give best results, the dataset 
should be ordered and uniformly distributed. 
 

    public static int interpolationSearch(int[] A, int data){ 
        int low = 0, high = A.length - 1, mid; 
        while (A[low] <= data && A[high] >= data){ 
            if (A[high] - A[low] == 0) 
                return (low + high)/2; 
             mid = low + ((data - A[low]) * (high - low)) / (A[high] - A[low]);     /** out of range is possible  here **/ 
             if (A[mid] < data) 
                 low = mid + 1; 
             else if (A[mid] > data) 
                 high = mid - 1; 
             else 
                 return mid; 
        } 
        if (A[low] == data) 
            return low;                    /** not found **/ 
        else 
            return -1;  
    } 

11.8 Comparing Basic Searching Algorithms 
 

Implementation Search-Worst Case Search-Avg. Case 

Unordered Array ݊ ݊
2 

Ordered Array (Binary Search) ݈݊݃݋݈ ݊݃݋ 

 ℎ݅݃ℎ ݓ݋݈ to be searched ܽݐܽ݀

ܭ = ௗ௔௧௔ି௟௢௪
௛௜௚௛ି௟௢௪
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Unordered List ݊ ݊
2 

Ordered List ݊ ݊
2 

Binary Search Trees (for skew trees) ݊ ݈݊݃݋ 
Interpolation search ݊ ݈(݊݃݋݈)݃݋ 

 

Note: For discussion on binary search trees refer to ܶݏ݁݁ݎ chapter. 

11.9 Symbol Tables and Hashing 
 

Refer to ܵݏ݈ܾ݁ܽܶ ݈݋ܾ݉ݕ and ݏܽܪℎ݅݊݃ chapters. 

11.10 String Searching Algorithms 
 

Refer to ܵݐ݅ݎ݋݈݃ܣ ݃݊݅ݎݐℎ݉ݏ chapter. 

11.11 Searching: Problems & Solutions 
 

Problem-1 Given an array of ݊ numbers, give an algorithm for checking whether there are any duplicate elements in the array or 
not? 

 

Solution: This is one of the simplest problems. One obvious answer to this is exhaustively searching for duplicates in the array. That means, 
for each input element check whether there is any element with the same value. This we can solve just by using two simple ݂ݎ݋ loops. The 
code for this solution can be given as: 
 

      public void CheckDuplicatesBruteForce(int[] A) { 
            for(int i = 0; i < A.length; i++) { 
                  for(int j = i+1; j < A.length; j++) { 
                        if(A[i] == A[j]){ 
                              System.out.println(“Duplicates exist:” + A[i]); 
                              return; 
                        } 
                  } 
            } 
            System.out.println(“No duplicates in given array.”); 
      } 
 

Time Complexity: O(݊ଶ), for two nested ݂ݎ݋ loops. Space Complexity: O(1).  
 

Problem-2 Can we improve the complexity of Problem-1’ݏ solution? 
 

Solution: Yes. Sort the given array. After sorting, all the elements with equal values will be adjacent. Now, do another scan on this sorted array 
and see if there are elements with the same value and adjacent. 
 

      public void CheckDuplicatesSorting(int[] A) { 
            Sort(A);   //sort the array 
 for(int i = 0; i < A.length-1; i++) { 
                  if(A[i] == A[i+1]) { 
                        System.out.println(“Duplicates exist: ” + A[i]); 
                        return; 
                  } 
            } 
            System.out.println(“No duplicates in given array.”); 
      } 
 

Time Complexity: O(݈݊݊݃݋), for sorting. Space Complexity: O(1).  
 

Problem-3 Is there any other way of solving Problem-1? 
 

Solution: Yes, using hash table. Hash tables are a simple and effective method used to implement dictionaries. ݁݃ܽݎ݁ݒܣ time to search for 
an element is O(1), while worst-case time is O(݊). Refer to ݏܽܪℎ݅݊݃ chapter for more details on hashing algorithms. As an example, consider 
the array, ܣ =  {3, 2, 1, 2, 2, 3}.  
 

Scan the input array and insert the elements into the hash. For each inserted element, keep the ܿݎ݁ݐ݊ݑ݋ as 1 (assume initially all entires are 
filled with zeros). This indicates that the corresponding element has occurred already. For the given array, the hash table will look like (after 
inserting the first three elements 3, 2 and 1): 

1  1 
2  1 
3  1 
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Now if we try inserting 2, since the counter value of 2 is already 1, we can say the element has appeared twice.  
 

Time Complexity: O(݊). Space Complexity: O(݊). 
 

Problem-4 Can we further improve the complexity of Problem-1 solution? 
 

Solution: Let us assume that the array elements are positive numbers and also all the elements are in the range 0 to ݊ − 1. For each element 
 Continue this .([[݅]ܣ]ܣ negate the value at) [[݅]ܣ]ܣ - and mark [[݅]ܣ]ܣ That means select .[݅]ܣ go to the array element whose index is ,[݅]ܣ
process until we encounter the element whose value is already negated. If one such element exists then we say duplicate elements exist in the 
given array. As an example, consider the array, ܣ =  {3, 2, 1, 2, 2, 3}.  
 

Initially,  
3 2 1 2 2 3 
0 1 2 3 4 5 

At step-1, negate A[abs(A[0])],  
3 2 1 -2 2 3 
0 1 2 3 4 5 

 

At step-2, negate A[abs(A[1])], 
3 2 -1 -2 2 3 
0 1 2 3 4 5 

 

At step-3, negate A[abs(A[2])], 
3 -2 -1 -2 2 3 
0 1 2 3 4 5 

 

At step-4, negate A[abs(A[3])], 
3 -2 -1 -2 2 3 
0 1 2 3 4 5 

 

At step-4, observe that [([3]ܣ)ݏܾܽ]ܣ is already negative. That means we have encountered the same value twice. 
  

      public void CheckDuplicates(int A) { 
 for(int i = 0; i < A.length; i++) { 
       if(A[Math.abs(A[i])] < 0) { 
  System.out.println(“Duplicates exist: ” + A[i]); 
  return; 

      } 
      else  A[A[i]] = - A[A[i]]; 

            } 
            System.out.println(“No duplicates in given array.”); 
      } 
 

Time Complexity: O(݊). Since, only one scan is required. Space Complexity: O(1).  
 

Notes:   
 This solution does not work if the given array is read only.  
 This solution will work only if all the array elements are positive.  
 If the elements range is not in 0 to ݊ − 1 then it may give exceptions. 
 

Problem-5 Given an array of ݊ numbers. Give an algorithm for finding the element which appears maximum number of times in 
the array? 

 

Brute Force Solution: One simple solution to this is, for each input element check whether there is any element with the same value, and for 
each such occurrence, increment the counter. Each time, check the current counter with the ݉  counter and update it if this value is greater ݔܽ
than ݉ܽݔ counter. This we can solve just by using two simple ݂ݎ݋ loops.  
 

      public int MaxRepititionsBruteForce(int[] A) { 
int counter =0, max=0; 

 for(int i = 0; i < A.length; i++) { 
       counter=0; 
       for(int j = 0; j < A.length; j++) { 
             if(A[i] == A[j]) 
        counter++; 
                  } 
                  if(counter > max) max = counter; 
            } 
            return max; 
      } 
 

Time Complexity: O(݊ଶ), for two nested ݂ݎ݋ loops. Space Complexity: O(1).  
 

Problem-6 Can we improve the complexity of Problem-5 solution? 
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Solution: Yes. Sort the given array. After sorting, all the elements with equal values come adjacent. Now, just do another scan on this sorted 
array and see which element is appearing the maximum number of times. 
 

Time Complexity: O(݈݊݊݃݋). (for sorting). Space Complexity: O(1).  
 

Problem-7 Is there any other way of solving Problem-5? 
 

Solution: Yes, using hash table. For each element of the input, keep track of how many times that element appeared in the input. That means 
the counter value represents the number of occurrences for that element. 
 

Time Complexity: O(݊). Space Complexity: O(݊). 
 

Problem-8 For Problem-5, can we improve the time complexity? Assume that the elements range is 1 to ݊. That means all the 
elements are within this range only. 

 

Solution: Yes. We can solve this problem in two scans. We ܿ  use the negation technique of Problem-3 for this problem because of the ݐ݋݊݊ܽ
number of repetitions. In the first scan, instead of negating, add the value ݊. That means for each occurrence of an element add the array size 
to that element. In the second scan, check the element value by dividing it by ݊ and return the element which gives the maximum value. The 
code based on this method is given below. 
 

      public void MaxRepititions(int[] A){ 
int i =  0, max = 0, maxIndex, n = A.length; 
for(i = 0; i < n; i++)  
       A[A[i]%n] +=n; 

 for(i = 0; i < n; i++) { 
       if(A[i]/n > max) { 
  max = A[i]/n; 
                        maxIndex =i; 

      } 
            } 
            return maxIndex; 
      } 
 

Notes:  
 This solution does not work if the given array is read only.  
 This solution will work only if the array elements are positive.  
 If the elements range is not in 1 to ݊ then it may give exceptions. 

 

Time Complexity: O(݊). Since no nested ݂ݎ݋ loops are required. Space Complexity: O(1). 
 

Problem-9 Given an array of ݊ numbers, give an algorithm for finding the first element in the array which is repeated. For example, 
in the array ܣ = {3, 2, 1, 2, 2, 3}, the first repeated number is 3 (not 2). That means, we need to return the first element among the 
repeated elements. 

 

Solution: We can use the brute force solution that we used for Problem-1. For each element, since it checks whether there is a duplicate for 
that element or not, whichever element duplicates first will be returned. 
 

Problem-10 For Problem-9, can we use the sorting technique? 
 

Solution: No. For proving the failed case, let us consider the following array. For example, ܣ = {3, 2, 1, 2, 2, 3}. After sorting we get ܣ =
{1, 2, 2, 2, 3, 3}. In this sorted array the first repeated element is 2 but the actual answer is 3. 
 

Problem-11 For Problem-9, can we use the hashing technique? 
 

Solution: Yes. But the simple hashing technique which we used for Problem-3 will not work. For example, if we consider the input array as 
A = {3, 2, 1, 2, 3}, then the first repeated element is 3, but using our simple hashing technique we get the answer as 2. This is because 2 is 
coming twice before 3. Now let us change the hashing table behavior so that we get the first repeated element. Let us say, instead of storing 1 
value, initially we store the position of the element in the array. As a result the hash table will look like (after inserting 3, 2 and 1): 
 

1  3 
2  2 
3  1 

 

Now, if we see 2 again, we just negate the current value of 2 in the hash table. That means, we make its counter value as −2. The negative 
value in the hash table indicates that we have seen the same element two times. Similarly, for 3 (the next element in the input) also, we negate 
the current value of the hash table and finally the hash table will look like: 
 

1  3 
2  -2 
3  -1 

 

After processing the complete input array, scan the hash table and return the highest negative indexed value from it (i.e., −1 in our case). The 
highest negative value indicates that we have seen that element first (among repeated elements) and also repeating. 
 

What if the element is repeated more than twice? In this case, just skip the element if the corresponding value ݅ is already negative. 
 

Problem-12 For Problem-9, can we use the technique that we used for Problem-3 (negation technique)? 
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Solution: No. As an example of contradiction, for the array ܣ = {3, 2, 1, 2, 2, 3} the first repeated element is 3. But with negation technique 
the result is 2. 
 

Problem-13 Find the Missing Number: We are given a list of ݊ − 1 integers and these integers are in the range of 1 to ݊. There are 
no duplicates in the list. One of the integers is missing in the list. Given an algorithm to find the missing integer. Example: Input:    
[1, 2, 4, 6, 3, 7, 8] Output:    5 
 

Alternative problem statement: There is an array of numbers. A second array is formed by shuffling the elements of the first array and 
deleting a random element. Given these two arrays, find which element is missing in the second array 

 

Brute Force Solution: One naive way to solve this problem is for each number ݅ in the range 1 to ݊, check whether number ݅ is in the given 
array or not.  
 

      public int FindMissingNumber(int[] A){ 
 int i, j, found=0, n = A.length; 

      for (i = 1; i < =n; i ++) { 
            found = 0; 
            for (j = 0; j < n; j ++) { 
                  if(A[j]==i) 
        found = 1; 
            } 
            if(!found)  
                  return i; 

} 
return -1; 

      } 
 

Time Complexity: O(݊ଶ). Space Complexity: O(1). 
 

Problem-14 For Problem-13, can we use the sorting technique? 
 

Solution: Yes. More efficient solution is to sort the first array, so while checking whether an element in the range 1 to ݊ appears in the given 
array, we can do binary search. 
 

Time Complexity: O(݈݊݊݃݋), for sorting. Space Complexity: O(1). 
 

Problem-15 For Error! Reference source not found., can we use the hashing technique? 
 

Solution: Yes. Scan the input array and insert elements into the hash. For inserted elements, keep ܿݎ݁ݐ݊ݑ݋ as 1 (assume initially all entires 
are filled with zeros). This indicates that the corresponding element has occurred already. Now, for each element in the range 1 to ݊ check 
the hash table and return the element which has counter value zero. That is, once hit an element with zero count that’s the missing element.  
 

Time Complexity: O(݊). Space Complexity: O(݊). 
 

Problem-16 For Error! Reference source not found., can we improve the complexity? 
 

Solution: Yes. We can use summation formula. 
 

1) Get the sum of numbers, ݉ݑݏ =  ݊ × (݊ + 1)/2. 
2) Subtract all the numbers from ݉ݑݏ and you will get the missing number. 

 

Time Complexity: O(݊), for scanning the complete array. 
 

Problem-17 In Error! Reference source not found., if the sum of the numbers goes beyond the maximum allowed integer, then there 
can be integer overflow and we may not get the correct answer. Can we solve this problem? 

 

Solution: 
1) ܱܴܺ all the array elements, let the result of ܱܴܺ be ܺ. 
2) ܱܴܺ all numbers from 1 to ݊, let ܱܴܺ be Y. 
3) ܱܴܺ of ܺ and ܻ gives the missing number. 

 

      public int FindMissingNumber(int[] A){ 
 int i, X, Y, n = A.length; 

      for (i = 0; i < n; i ++)  
      X ^= A[i];  

      for (i = 1; i <= n; i ++)  
      Y ^= i; 

      //In fact, one variable is enough.  
      return X ^ Y; 

      } 
 

Let’s analyze why this approach works. What happens when we XOR two numbers? We should think bitwise, instead of decimal. XORing a 
4-bit number with 1101 would flip the first, second, and fourth bits of the number. XORing the result again with 1101 would flip those bits 
back to their original value. So, if we XOR a number two times with some number nothing will change. We can also XOR with multiple 
numbers and the order would not matter. For example, say we XOR the number number1 with number2, then XOR the result with number3, 
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then XOR their result with number2, and then with number3. The final result would be the original number number1. Because every XOR 
operation flips some bits and when we XOR with the same number again, we flip those bits back. So the order of XOR operations is not 
important. If we XOR a number with some number an odd number of times, there will be no effect. 
 

Above we XOR all the numbers in the given range 1 to ݊  and given array A. All numbers in given array A are from the range 1 to ݊ , but there 
is an extra number in range 1 to ݊. So the effect of each XOR from array A is being reset by the corresponding same number in the range 1 
to ݊ (remember that the order of XOR is not important). But we can’t reset the XOR of the extra number in the range 1 to ݊, because it 
doesn’t appear in array A. So the result is as if we XOR 0 with that extra number, which is the number itself. Since XOR of a number with 0 
is the number. Therefore, in the end we get the missing number in array A. The space complexity of this solution is constant O(1) since we 
only use one extra variable. Time complexity is O(݊) because we perform a single pass from the array A and the range 1 to ݊. 
 

Time Complexity: O(݊), for scanning the complete array. Space Complexity: O(1). 
 

Problem-18 Find the Number Occurring an Odd Number of Times: Given an array of positive integers, all numbers occur an even 
number of times except one number which occurs an odd number of times. Find the number in O(݊) time & constant space.  Example:   
I/P =  [1, 2, 3, 2, 3, 1, 3]  O/P =  3 

 

Solution: Do a bitwise ܱܴܺ of all the elements. We get the number which has odd occurrences. This is because, ܣ ܴܱܺ ܣ =  0. 
 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-19 Find the two repeating elements in a given array: Given an array with ݁ݖ݅ݏ, all elements of the array are in range 1 to ݊ 
and also all elements occur only once except two numbers which occur twice. Find those two repeating numbers. For example: if the 
array is 4, 2, 4, 5, 2, 3, 1 with ݁ݖ݅ݏ =  7 and ݊ = 5. This input has ݊ +  2 =  7 elements with all elements occurring once except 2 and 
4 which occur twice. So the output should be 4  2. 

 

Solution: One simple way is to scan the complete array for each element of the input elements. That means use two loops. In the outer loop, 
select elements one by one and count the number of occurrences of the selected element in the inner loop. For the code below, assume that 
݊ is called with ݏݐ݈݊݁݉݁ܧ݀݁ݐܽ݁݌ܴ݁ݐ݊݅ݎܲ + 2 to indicate the size.  
 

      public void PrintRepeatedElements(int[] A){ 
 for(int i = 0; i < A.length; i++) 
  for(int j = i+1; j < A.length; j++) 
   if(A[i] == A[j]) 
    System.out.println( A[i]); 
      }      
 

Time Complexity: O(݊ଶ). Space Complexity: O(1). 
 

Problem-20 For Problem-19, can we improve the time complexity? 
 

Solution: Sort the array using any comparison sorting algorithm and see if there are any elements which contiguous with same value. 
 

Time Complexity: O(݈݊݊݃݋). Space Complexity: O(1). 
 

Problem-21 For Problem-19, can we improve the time complexity? 
 

Solution: Use Count Array. This solution is like using a hash table. For simplicity we can use array for storing the counts. Traverse the array 
once and keep track of the count of all elements in the array using a temp array ܿݐ݊ݑ݋[] of size ݊. When we see an element whose count is 
already set, print it as duplicate. For the code below assume that ܲݏݐ݈݊݁݉݁ܧ݀݁ݐܽ݁݌ܴ݁ݐ݊݅ݎ is called with ݊ + 2 to indicate the size.  
 

     public void PrintRepeatedElements(int[] A){ 
 int *count = (int *)calloc(sizeof(int), (A.length - 2)); 
 for(int i = 0; i < A.length; i++) { 
  count[A[i]]++; 
  if(count[A[i]] == 2) 
   System.out.println( A[i]); 
 } 
     }      
 

Time Complexity: O(݊). Space Complexity: O(݊). 
 

Problem-22 Consider Problem-19. Let us assume that the numbers are in the range 1 to ݊. Is there any other way of solving the 
problem? 

 

Solution: Yes, by using XOR Operation. Let the repeating numbers be ܺ and ܻ, if we ܱܴܺ all the elements in the array and also all integers 
from 1 to ݊, then the result will be ܺ ܱܴܺ ܻ. The 1’s in binary representation of ܺ ܱܴܺ ܻ correspond to the different bits between ܺ and ܻ. 
If the ݇௧௛ bit of ܺ ܱܴܺ ܻ is 1, we can ܱܴܺ all the elements in the array and also all integers from 1 to  ݊ whose ݇௧௛  bits are 1. The result 
will be one of ܺ and ܻ. 
 

     public void PrintRepeatedElements (int[] A){ 
 int XOR = A[0], size = A.length;  
 int i, right_most_set_bit_no, X= 0, Y = 0; 
 for(i = 0; i < size; i++)                  // Compute XOR of all elements in A[] 
  XOR ^= A[i]; 
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for(i = 1; i <= n; i++)                   // Compute XOR of all elements {1, 2 ..n}  
  XOR ^= i;    
  right_most_set_bit_no = XOR & ~( XOR -1);    // Get the rightmost set bit in right_most_set_bit_no 
   // Now divide elements in two sets by comparing rightmost set 
 for(i = 0; i < size; i++) { 
  if(A[i] & right_most_set_bit_no) 
   X = X^ A[i];        // XOR of first set in A[]  
  else  Y = Y ^ A[i];       // XOR of second set inA[]  
 } 
 for(i = 1; i <= n; i++) { 
  if(i & right_most_set_bit_no) 
   X = X ^ i;           // XOR of first set in A[] and {1, 2, ...n } 
  else Y = Y ^ i;            // XOR of second set in A[] and {1, 2, ...n } 
 } 
 System.out.println(“Values X: ”+ X “ and Y:” + Y); 
     } 
 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-23 Consider the Problem-19. Let us assume that the numbers are in the range 1 to ݊. Is there yet other way of solving the 
problem? 

 

Solution: We can solve this by creating two simple mathematical equations. Let us assume that two numbers we are going to find are ܺ and 
ܻ. We know the sum of ݊  numbers is ݊ (݊ + 1)/2 and the product is ݊ !. Make two equations using these sum and product formulae, and get 
values of two unknowns using the two equations. Let the summation of all numbers in array be ܵ and product be ܲ and the numbers which 
are being repeated are ܺ and ܻ. 
 

ܺ +  ܻ = ܵ −
݊(݊ + 1)

2    
ܻܺ = ܲ/݊! 

 

Using the above two equations, we can find out ܺ and ܻ. There can be an addition and multiplication overflow problem with this approach. 
 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-24 Similar to Problem-19, let us assume that the numbers are in the range 1 to ݊. Also, ݊ − 1 elements are repeated thrice 
and the remaining element repeated twice. Find the element which repeated twice. 

 

Solution: If we ܱܴܺ all the elements in the array and all integers from 1 to ݊, then all the elements which are repeated thrice will become 
zero. This is because, since the element is repeating thrice and ܱܴܺ another time from range makes that element appear four times. As a 
result, the output of  a ܱܴܺ ܽ ܱܴܺ ܽ ܱܴܺ ܽ =  0. It is the same case with all elements that are repeated three times. 
 

With the same logic, for the element which repeated twice, if we ܱܴܺ the input elements and also the range, then the total number of 
appearances for that element is 3. As a result, the output of ܽ ܱܴܺ ܽ ܱܴܺ ܽ =  ܽ. Finally, we get the element which repeated twice. 
 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-25 Given an array of integers, every element appears twice except for one. Find that single element. 
 

Solution: Do a bitwise ܱܴܺ of all the elements. We get the number which has occurrence. 
 

 public int singleMissingNumber(int[] A){ 
     int missingNum= A[0]; 
     for(int i = 1; i < A.length; i++){ 
  missingNum^= A[i]; 
     } 
     return missingNum; 
 } 
 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-26 Let us assume that the numbers are in the range 1 to ݊ . Also, ݊ − 1 elements are repeating thrice and remaining element 
repeated twice. Find the element which is repeating twice. 

 

Solution: If we ܱܴܺ all the elements in the array and all integers from 1 to ݊, then all the elements which are thrice will become zero. This is 
because, since the element is repeating thrice and XOR with another time from range makes that element appearing four times. As a result, 
output of  a ܱܴܺ ܽ ܱܴܺ ܽ ܱܴܺ ܽ =  0. Same is case with all elements which repeated three times. 
 

With the same logic, for the element which repeated twice, if we ܱܴܺ the input elements and also the range, then the total number of 
appearances for that element are 3. As a result, output of ܽ ܱܴܺ ܽ ܱܴܺ ܽ =  ܽ. Finally, we get the element which repeated twice. 
 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-27 Given an array of ݊ elements. Find two elements in the array such that their sum is equal to given element ܭ? 
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Brute Force Solution: One simple solution to this is, for each input element, check whether there is any element whose sum is ܭ. This we 
can solve just by using two simple for loops. The code for this solution can be given as: 
 

     public void twoSumK(int[] A, int K){ 
 for (int i = 0; i < A.length; i++) { 
  for(int j = i; j < A.length; j++) { 
   if(A[i]+A[j] == K) { 
    System.out.println(“Items Found, i: ” + i + “ j:” + j); 
    return; 
   } 
  } 
 } 
 System.out.println(“Items not found: No such elements”); 
     } 
 

Time Complexity: O(݊ଶ). This is because of two nested ݂ݎ݋ loops. Space Complexity: O(1).  
 

Problem-28 For Problem-27, can we improve the time complexity?  
 

Solution:  Yes. Let us assume that we have sorted the given array. This operation takes O(݊ ݈݊݃݋). On the sorted array, maintain indices 
= ݔ݁݀݊ܫ݋݈  0 and hiIndex = ݊ − 1 and compute [ݔ݁݀݊ܫ݋݈]ܣ +  then we are done with the solution. If ,ܭ If the sum equals .[ݔ݁݀݊ܫℎ݅]ܣ 
the sum is less than ܭ, decrement ℎ݅ݔ݁݀݊ܫ, if the sum is greater than ܭ, increment ݈ݔ݁݀݊ܫ݋.  
 

     public void twoSumK(int[] A, int K){ 
 int i, j, temp; 
 Sort(A); 
 for(i =  0, j = A.length -1; i < j) { 
  temp  = A[i] + A[j];  
  if(temp  == K) { 
   System.out.println(“Items Found, i: ” + i + “ j:” + j); 
   return; 
                          } 
  else if(temp  < K) 
   i =  i + 1; 
  else  j =  j - 1; 
 } 
 return; 
     } 
 

Time Complexity: O(݈݊݊݃݋). If the given array is already sorted then the complexity is O(݊). Space Complexity: O(1). 
 

Problem-29 Does the solution of Problem-27 work even if the array is not sorted? 
 

Solution: Yes. Since we are checking all possibilities, the algorithm ensures that we get the pair of numbers if they exist.  
 

Problem-30 Is there any other way of solving Problem-27? 
 

Solution: Yes, using hash table. Since our objective is to find two indexes of the array whose sum is ܭ. Let us say those indexes are ܺ and ܻ. 
That means, ܣ[ܺ] + [ܻ]ܣ   = − ܭ check whether ,[ܺ]ܣ What we need is, for each element of the input array .ܭ   also exists in the [ܺ]ܣ 
input array. Now, let us simplify that searching with hash table. 
 

Algorithm: 
 For each element of the input array, insert into the hash table. Let us say the current element is ܣ[ܺ]. 
 Before proceeding to the next element we check whether ܭ –  .also exists in hash table or not [ܺ]ܣ 
 Existence of such number indicates that we are able to find the indexes. 
 Otherwise proceed to the next input element. 

 

    public int[] twoSumK(int[] A, int K) { 
        if(A.length < 2) return null; 
        int[] res = new int[2]; 
        // HashMap<value, index>; 
        HashMap<Integer, Integer> map = new HashMap<Integer, Integer>(); 
        for(int i = 0; i < A.length; i++){ 
            if(map.containsKey(A[i])){ 
                res[0] = map.get(A[i]) + 1; 
                res[1] = i + 1;            
            }else{ 
                map.put(K - A[i], i); 
            } 
        } 
        return res; 
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    } 
 

Time Complexity: O(݊). Space Complexity: O(݊). 
 

Problem-31 Given an array A of ݊ elements. Find three elements, ݅, ݆ and ݇ in the array such that ܣ[݅]ଶ + ଶ[݆]ܣ =  ?ଶ[݇]ܣ
 

Solution:  
Algorithm: 

 Sort the given array in-place. 
 For each array index ݅ compute ܣ[݅]ଶ and store in array. 
 Search for 2 numbers in array from 0 to ݅ − 1 which adds to ܣ[݅] similar to Problem-27. This will give us the result in O(݊) time. 

If we find such sum return true otherwise continue. 
 

    Sort(A); // Sort the input array 
    for (int i=0; i < A.length; i++) 
 A[i] = A[i]*A[i]; 
    for (i=A.length; i > 0; i--) { 
 res = false; 
 if(res) { 
  //Problem-11/12 Solution 
 } 
    } 
 

Time Complexity: Time for sorting + ݊ × (Time for finding the sum) = O(݈݊݊݃݋) + ݊ ×O(݊)= ݊ଶ. Space Complexity: O(1). 
 

Problem-32 Find two elements whose sum is closest to zero: Given an array with both positive and negative numbers, find the two 
elements such that their sum is closest to zero. For the below array, algorithm should give −80 and 85. Example: 1  60 − 10  70 −
80  85 

 

Brute Force Solution: For each element, find the ݉ݑݏ with every other element in the array and compare sums. Finally, return the minimum 
sum. 
 

    public void TwoElementsWithMinSum(int[] A){ 
 int i, j, min_sum, sum, min_i, min_j, inv_count = 0, n = A.length; 
 if(n < 2) { 
  System.out.println("Invalid Input"); 
  return; 
 }     
 /* Initialization of values */ 
 min_i = 0; 
 min_j = 1; 
 min_sum = A[0] + A[1]; 
  for(i= 0; i < n - 1; i ++)  { 
  for(j = i + 1; j < n; j++)  { 
   sum = A[i] + A[j]; 
   if(Math.abs(min_sum) > Math.abs(sum)) { 
    min_sum = sum; 
    min_i = i; 
    min_j = j; 
   } 
  } 
 }   
 System.out.println(" The two elements are “ + arr[min_i] + “ and " + arr[min_j]); 
    } 
 

Time complexity: O(݊ଶ). Space Complexity: O(1). 
 

Problem-33 Can we improve the time complexity of Problem-32? 
 

Solution Use Sorting. 
Algorithm:  

1. Sort all the elements of the given input array. 
2. Maintain two indexes, one at the beginning (݅ = 0) and the other at the ending (݆ = ݊ − 1). Also, maintain two variables to keep 

track of the smallest positive sum closest to zero and the smallest negative sum closest to zero. 
3. While ݅ <  ݆:  

a. If the current pair sum is > zero and < postiveClosest then update the postiveClosest. Decrement ݆. 
b. If the current pair sum is < zero and > negativeClosest then update the negativeClosest. Increment ݅. 
c. Else, print the pair. 

 

    public void TwoElementsWithMinSum(int[] A) { 
 int i = 0, j = n-1, temp, postiveClosest = INT_MAX, negativeClosest = INT_MIN,  n = A.length; 
 Sort(A, n); 
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 while(i < j) { 
  temp  = A[i] + A[j];  
  if(temp  > 0) { 
   if (temp < postiveClosest) 
    postiveClosest = temp; 
   j--; 
  } 
  else if (temp  < 0) { 
   if (temp > negativeClosest) 
    negativeClosest = temp; 
   i++; 
  } 
  else printf("Closest Sum: %d ", A[i] + A[j]); 
 } 
 return (Math.abs(negativeClosest)> postiveClosest: postiveClosest: negativeClosest); 
    } 
 

Time Complexity: O(݈݊݊݃݋), for sorting. Space Complexity: O(1). 
 

Problem-34 Given an array of ݊ elements. Find three elements in the array such that their sum is equal to given element ܭ? 
 

Brute Force Solution: The default solution to this is, for each pair of input elements check whether there is any element whose sum is ܭ. This 
we can solve just by using three simple for loops. The code for this solution can be given as: 
 

    public void BruteForceSearch[int A[], int n, int data){ 
 for (int i = 0; i < n; i++) { 
  for(int j = i+1; j < n; j++) { 
   for(int k = j+1; k < n; k++)  { 
    if(A[i] + A[j] + A[k]== data) { 
     System.out.println(“Items Found, i:” + i + “ j:” + j + “ k:” + k); 
     return; 
    } 
   } 
  } 
 } 
 System.out.println(“Items not found: No such elements”); 
    } 
 

Time Complexity: O(݊ଷ), for three nested ݂ݎ݋ loops.Space Complexity: O(1).  
 

Problem-35 Does the solution of Problem-34 work even if the array is not sorted? 
 

Solution: Yes. Since we are checking all possibilities, the algorithm ensures that we can find three numbers whose sum is ܭ if they exist.  
 

Problem-36 Can we use sorting technique for solving Problem-34? 
 

Solution: Yes.  
 

      public void Search[int[] A, int data){ 
 Sort(A); 
            int n = A.length; 
 for(int k = 0; k < n; k++) { 
  for(int i =  k + 1, j = n-1; i < j;  ) { 
   if(A[k] + A[i] + A[j]  == data) { 
    System.out.println(“Items Found, i:” + i + “ j:” + j + “ k:” + k); 
    return; 

                         } 
   else if(A[k] + A[i] + A[j]  < data) 
    i =  i + 1; 
   else  j =  j - 1; 
  } 
 } 
 return; 
      } 
 

Time Complexity: Time for sorting + Time for searching in sorted list = O(݈݊݊݃݋) + O(݊ଶ)  ≈ O(݊ଶ). This is because of two nested ݂ݎ݋ 
loops. Space Complexity: O(1).  
 

Problem-37 Can we use hashing technique for solving Problem-34? 
 

Solution: Yes. Since our objective is to find three indexes of the array whose sum is ܭ. Let us say those indexes are ܺ, ܻ and ܼ. That means, 
[ܺ]ܣ  + [ܻ]ܣ   + [ܼ]ܣ   =   .ܭ 
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Let us assume that we have kept all possible sums along with their pairs in hash table. That means the key to hash table is ܭ −  and [ܺ]ܣ 
values for ܭ − − ܭ are all possible pairs of input whose sum is [ܺ]ܣ   .[ܺ]ܣ 
 

Algorithm: 
 Before starting the search, insert all possible sums with pairs of elements into the hash table. 
 For each element of the input array, insert into the hash table. Let us say the current element is ܣ[ܺ]. 
 Check whether there exists a hash entry in the table with key: ܭ −   .[ܺ]ܣ 
 If such element exists then scan the element pairs of ܭ −  .also [ܺ]ܣ and return all possible pairs by including [ܺ]ܣ 
 If no such element exists (with ܭ −  .as key) then go to next element [ܺ]ܣ 

 

Time Complexity: The time for storing all possible pairs in Hash table + searching = O(݊ଶ) + O(݊ଶ) ≈ O(݊ଶ). Space Complexity: O(݊). 
 

Problem-38 Given an array of ݊ integers, the 3 −   .݋ݎ݁ݖ is to find three integers whose sum is closest to ݈ܾ݉݁݋ݎ݌ ݉ݑݏ
 

Solution: This is the same as that of Problem-34 with ܭ value is zero. 
 

Problem-39 Let A be an array of ݊ distinct integers. Suppose A has the following property: there exists an index 1 ≤  ݇ ≤  ݊ such 
that [1]ܣ, . . . , ݇]ܣ is an increasing sequence and [݇]ܣ + 1], . . . ,  is a decreasing sequence. Design and analyze an efficient algorithm [݊]ܣ
for finding ݇. 
Similar question: Let us assume that the given array is sorted but starts with negative numbers and ends with positive numbers [such 
functions are called monotonically increasing functions]. In this array find the starting index of the positive numbers. Assume that we 
know the length of the input array. Design a O(݈݊݃݋) algorithm.  

 

Solution:  Let us use a variant of the binary search. 
 

      public int Search (int[] A, int first, int last){ 
            int mid, first = 0, last = A.length-1; 
            while(first <= last) { 
       // if the current array has size 1 
       if(first == last) 
  return A[first]; 
       // if the current array has size 2 
       else if(first == last-1) 
  return max(A[first], A[last]);  
       // if the current array has size 3 or more 
       else { 
  mid = first + (last-first)/2; 
  if(A[mid-1] < A[mid] && A[mid] > A[mid+1]) 
   return A[mid];  
  else if(A[mid-1] < A[mid] && A[mid] < A[mid+1]) 
   first = mid+1;  
  else if(A[mid-1] > A[mid] && A[mid] > A[mid+1]) 
   last = mid-1;  
  else return INT_MIN ;  
       } // end of else 
            } // end of while 
      } 
 

The recursion equation is ܶ(݊)  =  2ܶ(݊/2) +  ܿ.  Using master theorem, we get O(݈݊݃݋). 
 

Problem-40 If we don't know ݊, how do we solve the Problem-39? 
 

Solution: Repeatedly compute [1]ܣ, ,[2]ܣ ,[4]ܣ ,[8]ܣ [݊]ܣ and so on, until we find a value of ݊ such that [16]ܣ  >  0.  
 

Time Complexity: O(݈݊݃݋), since we are moving at the rate of 2. Refer to ݐ݅ݎ݋݈݃ܣ ݂݋ ݏ݅ݏݕ݈ܽ݊ܣ ݋ݐ ݊݋݅ݐܿݑ݀݋ݎݐ݊ܫℎ݉ݏ  chapter for details 
on this. 
 

Problem-41 Given an input array of size unknown with all 1′ݏ in the beginning and 0′ݏ in the end. Find the index in the array from 
where 0′ݏ start. Consider there are millions of 1′ݏ and 0′ݏ in the array. E.g. array contents 1111111. . . . . . .1100000. . . . . . . . .0000000. 

 

Solution: This problem is almost similar to Problem-40. Check the bits at the rate of 2௄where ݇ = 0, 1, 2 …. Since we are moving at the rate 
of 2, the complexity is O(݈݊݃݋). 
 

Problem-42 Given a sorted array of ݊ integers that has been rotated an unknown number of times, give a O(݈݊݃݋) algorithm that 
finds an element in the array. 
Example: Find 5 in array (15 16 19 20 25 1 3 4 5 7 10 14)    Output: 8 (the index of 5 in the array) 

 

Solution: Let us assume that the given array is ܣ[]and use the solution of Problem-39 with an extension. The function below ݐ݋ݒ݅ܲ݀݊݅ܨ 
returns the ݇ value (let us assume that this function returns the index instead of the  value). Find the pivot point, divide the array into two sub-
arrays and call binary search. 
 

The main idea for finding the pivot point is – for a sorted (in increasing order) and pivoted array, the pivot element is the only element for 
which the next element to it is smaller than it. Using the above criteria and the binary search methodology we can get pivot element in O(݈݊݃݋) 
time. 
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Algorithm: 
1) Find out pivot point and divide the array in two sub-arrays.  
2) Now call binary search for one of the two sub-arrays. 

a. if element is greater than first element then search in left subarray 
b. else search in right subarray 

3) If element is found in selected sub-array then return index ݈݁݁ݏ return −1. 
 

      public int FindPivot(int[] A, int start, int finish) { 
 if(finish - start == 0) 
  return start; 
 else if(start == finish - 1) { 
  if(A[start] >= A[finish]) 
   return start; 
  else return finish; 
 } 
 else { mid = start + (finish-start)/2; 
  if(A[start] >= A[mid]) 
   return FindPivot(A, start, mid); 
  else return FindPivot(A, mid, finish); 
 } 
      } 
      int Search(int A[], int n, int x) { 
 int pivot = FindPivot(A, 0, n-1); 
            if(A[pivot] == x) return pivot; 
            if(A[pivot] <= x) 
       return BinarySearch(A, 0, pivot-1, x); 
            else return BinarySearch(A, pivot+1, n-1, x); 
      }  
      int BinarySearch(int A[], int low, int high, int x) { 
 if(high >= low)  { 
  int mid = low + (high - low)/2; 
  if(x == A[mid]) 
   return mid; 
  if(x > A[mid]) 
   return BinarySearch(A, (mid + 1), high, x); 
  else return BinarySearch(A, low, (mid -1), x); 
 } 
 /*Return -1 if element is not found*/ 
 return -1; 
      } 
 

Time complexity:O(݈݊݃݋). 
 

Problem-43 For Problem-42, can we solve in one scan?  
 

Solution: Yes. 
 

    public int search(int[] A, int left, int right, int data) { 
 if(left > right) return -1; 
 int mid = left + (right - left) / 2; 
 if(data == A[mid]) return mid; 
 else if(A[left] <= A[mid]) {  // start half is in sorted order. 
  if(data >= A[left] && data < A[mid]) 
   return search (A, left, mid - 1, data); 
  else  return search (A, mid + 1, right, data); 
 }  
 else {  // A[mid] <= A[right], right half is in sorted order. 
  if(data > A[mid] && data <= A[right]) 
   return search (A, mid + 1, right, data); 
  else return search (A, left, mid - 1, data); 
 } 
    } 
 

Time complexity: O(݈݊݃݋). Space complexity: O(݈݊݃݋) for recursive stack. 
 

Problem-44 Can we solve Problem-43 without recursion? 
 

Solution: 
 

    public boolean search(int[] A, int data) { 
        int left = 0; 
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        int right = A.length - 1; 
        while(left <= right){ 
            // Avoid overflow 
            int mid = left + (right - left) / 2; 
            if(A[mid] == data) 
                return true;              

            // the bottom half is sorted; 
            if(A[left] < A[mid]){ 
                if(A[left] <= data && data < A[mid]) 
                    right = mid - 1; 
                else 
                    left = mid + 1; 
            }              

            // the upper half is sorted; 
            else if(A[left] > A[mid]){ 
                if(A[mid] < data && data <= A[right]) 
                    left = mid + 1; 
                else 
                    right = mid - 1; 
            }else{ 
                // skip duplicate one, A[start] == A[mid]; 
                left++; 
            } 
        } 
        return false; 
    } 
 

Problem-45 Bitonic search: An array is ܾ݅ܿ݅݊݋ݐ if it is comprised of an increasing sequence of integers followed immediately by a 
decreasing sequence of integers. Given a bitonic array A of n distinct integers, describe how to determine whether a given integer is in 
the array in O(݈݊݃݋) steps.  

 

Solution: The solution is the same as that for Problem-39. 
 

Problem-46 Yet, other way of framing Problem-39. 
Let ܣ[] be an array that starts out increasing, reaches a maximum, and then decreases. Design an O(݈݊݃݋) algorithm to find the index 
of the maximum value.  
 

Problem-47 Give an O(݈݊݊݃݋) algorithm for computing the median of a sequence of ݊ integers.  
 

Solution: Sort and return element at 
௡
ଶ

.  
 

Problem-48 Given two sorted lists of size ݉ and ݊, find median of all elements in O(݈݃݋ (݉ + ݊)) time.  
 

Solution: Refer to ݎ݁ݑݍ݊݋ܥ ݀݊ܽ ݁݀݅ݒ݅ܦ chapter. 
 

Problem-49 Given a sorted array ܣ of ݊ elements, possibly with duplicates, find the index of the first occurrence of a number in 
O(݈݊݃݋) time.  

 

Solution: To find the first occurrence of a number we need to check for the following condition. Return the position if any one of the following 
is true: 
  

                        mid == low && A[mid] == data  ||  A[mid] == data && A[mid-1] < data 
 

      public int BinarySearchFirstOccurrence(int[] A, int low, int high, int data) { 
 if(high >= low) { 
  int mid = low + (high-low) / 2; 
  if((mid == low && A[mid] == data) || (A[mid] == data && A[mid - 1] < data)) 
   return mid; 
  // Give preference to left half of the array 
  else if(A[mid] >= data) 
   return BinarySearchFirstOccurrence (A, low, mid - 1, data); 
  else return BinarySearchFirstOccurrence (A, mid + 1, high, data); 
 } 
 return -1; 
      } 
 

Time Complexity: O(݈݊݃݋). 
 

Problem-50 Given a sorted array ܣ of ݊ elements, possibly with duplicates. Find the index of the last occurrence of a number in 
O(݈݊݃݋) time.  

 

Solution: To find the last occurrence of a number we need to check for the following condition. Return the position if any one of the following 
is true: 
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 mid == high && A[mid] == data  ||  A[mid] == data && A[mid+1] > data 
 

      public int BinarySearchLastOccurrence(int[] A, int low, int high, int data) { 
 if(high >= low) { 
  int mid = low + (high-low) / 2; 
  if((mid == high && A[mid] == data) || (A[mid] == data && A[mid + 1] > data)) 
   return mid; 
  // Give preference to right half of the array 
  else if(A[mid] <= data) 
   return BinarySearchLastOccurrence (A, mid + 1, high, data); 
  else return BinarySearchLastOccurrence (A, low, mod - 1, data); 
 } 
 return -1; 
      } 
 

Time Complexity: O(݈݊݃݋). 
 

Problem-51 Given a sorted array of ݊ elements, possibly with duplicates. Find the number of occurrences of a number.  
 

Brute Force Solution: Do a linear search of the array and increment count as and when we find the element  data in the array. 
 

    public int LinearSearchCount(int[] A, int data) { 
 int count = 0; 
 for (int i = 0; i < A.length; i++)  { 
  if(A[i] == data) 
   count++; 
 } 
 return count; 
    } 
 

Time Complexity: O(݊). 
 

Problem-52 Can we improve the time complexity of Problem-51? 
 

Solution: Yes. We can solve this by using one binary search call followed by another small scan.  
 

Solution: Yes. We can solve this by using one binary search call followed by another small scan.  
 

Algorithm: 
 Do a binary search for the ݀ܽܽݐ in the array. Let us assume its position is ܭ. 
 Now traverse towards the left from K and count the number of occurrences of ݀ܽܽݐ. Let this count be ݈݂݁ݐ݊ݑ݋ܥݐ. 
 Similarly, traverse towards right and count the number of occurrences of ݀ܽܽݐ. Let this count be ݃݅ݎℎݐ݊ݑ݋ܥݐ. 
 Total number of occurrences = + ݐ݊ݑ݋ܥݐ݂݈݁   1 +  ݐ݊ݑ݋ܥݐℎ݃݅ݎ 

 

Time Complexity – O(݈݊݃݋ +  ܵ) where ܵ is the number of occurrences of ݀ܽܽݐ. 
 

Problem-53 Is there any alternative way of solving Problem-51? 
 

Solution:  
 

Algorithm: 
 Find first occurrence of ݀ܽܽݐ and call its index as ݂݅ݐݏݎOܿܿ݁ܿ݊݁ݎݎݑ (for algorithm refer to Problem-49) 
 Find last occurrence of ݀ܽܽݐ and call its index as ݈ܽ݁ܿ݊݁ݎݎݑܱܿܿݐݏ (for algorithm refer to Problem-50) 
 Return ݈ܽ1 + ݁ܿ݊݁ݎݎݑܱܿܿݐݏݎ݂݅ – ݁ܿ݊݁ݎݎݑܱܿܿݐݏ 

 

Time Complexity = O(݈݊݃݋ + (݊݃݋݈  =O(݈݊݃݋). 
 

Problem-54 What is the next number in the sequence 1, 11, 21 and why? 
 

Solution: Read the given number loudly. This is just a fun problem. 
One One 
Two Ones 
One two, one one 1211 

So answer is, the next number is the representation of previous number by reading it loudly.  
 

    public String generateNextNumFromReading(int n) { 
        StringBuilder str = new StringBuilder("1"); 
        while(n-- > 1){ 
            StringBuilder temp = new StringBuilder(); 
            int count = 1; 
            for(int i = 1; i < str.length(); i++){ 
                if(str.charAt(i) == str.charAt(i - 1)) 
                    count++; 
                else{ 
                    // appending.. 
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                    temp.append(count); 
                    temp.append(str.charAt(i - 1)); 
                    count = 1; 
                } 
            } 
            temp.append(count); 
            temp.append(str.charAt(str.length() - 1)); 
            str = temp; 
        } 
        return str.toString(); 
    } 
 

Problem-55 Finding second smallest number efficiently. 
 

Solution: We can construct a heap of the given elements using up just less than ݊ comparisons (Refer to the ܲݏ݁ݑ݁ݑܳ ݕݐ݅ݎ݋݅ݎ chapter for 
the algorithm). Then we find the second smallest using ݈݊݃݋ comparisons for the GetMax() operation. Overall, we get  ݊ + + ݊݃݋݈ 
  .ݐ݊ܽݐݏ݊݋ܿ 
 

Problem-56 Is there any other solution for Problem-55? 
 

Solution: Alternatively, split the ݊ numbers into groups of 2, perform ݊/2 comparisons successively to find the largest, using a tournament-
like method. The first round will yield the maximum in ݊  −  1 comparisons. The second round will be performed on the winners of the first 
round and the ones that the maximum popped. This will yield ݈݊݃݋ − 1 comparison for a total of  ݊ + − ݊݃݋݈   2. The above solution is 
called the ݈ܾ݉݁݋ݎ݌ ݐ݊݁݉ܽ݊ݎݑ݋ݐ. 
 

Problem-57 An element is a majority if it appears more than ݊/2 times. Give an algorithm takes an array of ݊ element as argument 
and identifies a majority (if it exists). 

 

Solution: The basic solution is to have two loops and keep track of the maximum count for all different elements. If the maximum count 
becomes greater than ݊/2, then break the loops and return the element having maximum count. If maximum count doesn’t become more 
than ݊/2, then the majority element doesn’t exist.  
 

Time Complexity: O(݊ଶ). Space Complexity: O(1). 
 

Problem-58 Can we improve Problem-57 time complexity to O(݈݊݊݃݋)? 
 

Solution:  Using binary search we can achieve this. Node of the Binary Search Tree (used in this approach) will be as follows.  
 

      public class TreeNode { 
 public int element; 
 public int count; 
 public TreeNode left; 

public TreeNode right; 
…… 

      } 
 

Insert elements in BST one by one and if an element is already present then increment the count of the node. At any stage, if the count of a 
node becomes more than ݊/2, then return. This method works well for the cases where ݊/2 + 1 occurrences of the majority element are 
present at the start of the array, for example {1, 1, 1, 1, 1, 2, 3, and 4}. 
 

Time Complexity: If a binary search tree is used then worst time complexity will be O(݊ଶ). If a balanced-binary-search tree is used then 
O(݈݊݊݃݋). Space Complexity: O(݊). 
 

Problem-59 Is there any other of achieving O(݈݊݊݃݋) complexity for Problem-57? 
 

Solution: Sort the input array and scan the sorted array to find the majority element. 
 

Time Complexity: O(݈݊݊݃݋). Space Complexity: O(1). 
 

Problem-60 Can we improve the complexity for Problem-57? 
 

Solution: If an element occurs more than ݊/2 times in ܣ then it must be the median of ܣ. But, the reverse is not true, so once the median is 
found, we must check to see how many times it occurs in ܣ. We can use linear selection which takes O(݊) time (for algorithm, refer to 
 .(chapter ݏℎ݉ݐ݅ݎ݋݈݃ܣ ݊݋݅ݐ݈ܿ݁݁ܵ
 

      public int CheckMajority(int[] A) { 
                  1. Use linear selection to find the median ݉ of ܣ. 
                  2. Do one more pass through ܣ and count the number of occurrences of ݉. 
                            a. If ݉ occurs more than ݊/2 times then return true; 
                            b. Otherwise return false.  
      } 
 

Problem-61 Is there any other way of solving Problem-57?  
 

Solution: We can find the majority element using linear time and constant space using Boyer–Moore majority vote algorithm. Since only one 
element is repeating, we can use a simple scan of the input array by keeping track of the count for the elements. If the count is 0, then we can 
assume that the element visited for the first time otherwise that the resultant element. 
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The algorithm can be expressed in pseudocode as the following steps. The algorithm processes each element of the sequence, one at a time. 
While processing an element: 
 

 If the counter is 0, we set the current candidate to element and we set the counter to 1. 
 If the counter is not 0, we increment or decrement the counter according to whether element is the current candidate. 

 

At the end of this process, if the sequence has a majority, it will be the element stored by the algorithm. If there is no majority element, the 
algorithm will not detect that fact, and will still output one of the elements. We can modify the algorithm to verify that the element found is 
really is a majority element or not. 
 

      public int MajorityNum(int[] A) { 
              int count = 0, element = -1, n = A.length; 
              for(int i = 0; i < n; i++) { 
  // If the counter is 0 then set the current candidate to majority num and set the counter to 1. 
  if(count == 0) { 
   element = A[i]; 
   count = 1; 
  } 
  else if(element == A[i]) { 
   // Increment counter If the counter is not 0 and element is same as current candidate. 
   count++; 
  } 
  else { // Decrement counter if counter is not 0 and element is different from current candidate. 
   count--; 
  } 
              } 
              return element; 
      } 
 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-62 Given an array of 2݊ elements of which ݊ elements are same and the remaining ݊ elements are all different. Find the 
majority element.  

 

Solution: The repeated elements will occupy half the array. No matter what arrangement it is, only one of the below will be true: 
 

 All duplicate elements will be at a relative distance of 2 from each other. Ex: ܖ ,54 ,ܖ ,100 ,ܖ ,1 ,ܖ ... 
 At least two duplicate elements will be next to each other. 

Ex:  ݊, ݊, 1, 100, ݊, 54, ݊, . . . . 
                                    ݊, 1, ݊, ݊, ݊, 54, 100 . . . 
                                   1, 100, 54, ݊, ݊, ݊, ݊. . . . 
 

In worst case, we will need two passes over the array: 
 

 First Pass: compare ܣ[݅] and ܣ[݅ + 1] 
 Second Pass: compare ܣ[݅] and ܣ[݅ + 2] 

 

Something will match and that's your element. This will cost O(݊) in time and O(1) in space. 
 

Problem-63 Given an array with 2݊ + 1 integer elements, ݊ elements appear twice in arbitrary places in the array and a single integer 
appears only once somewhere inside. Find the lonely integer with O(݊) operations and O(1) extra memory. 

 

Solution: Except for one element, all elements are repeated. We know that ܣ ܺOܴ ܣ = 0. Based on this if we ܱܴܺ all the input elements 
then we get the remaining element. 
 

      public int Solution(int[] A) { 
  int i, res; 
  for (i = res = 0; i < A.length; i++)  
                  res = res ^ A[i]; 
                   return res; 
      } 
 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-64 Throwing eggs from an n-story building: Suppose we have an ݊  story building and a number of eggs. Also assume that an 
egg breaks if it is thrown from floor ܨ or higher, and will not break otherwise. Devise a strategy to determine floor ܨ, while 
breaking O(݈݊݃݋) eggs.  

 

Solution: Refer to ݎ݁ݑݍ݊݋ܥ ݀݊ܽ ݁݀݅ݒ݅ܦ chapter. 
 

Problem-65 Local minimum of an array: Given an array ܣ of ݊ distinct integers, design an O(݈݊݃݋) algorithm to find a 
݅]ܣ an index ݅ such that :݉ݑ݉݅݊݅݉ ݈ܽܿ݋݈ − 1]  < [݅]ܣ   < ݅]ܣ  + 1].  

 

Solution: Check the middle value [2/݊]ܣ, and two neighbors 2/݊]ܣ −  1] and 2/݊]ܣ +  1]. If [2/݊]ܣ is local minimum, stop; otherwise 
search in half with smaller neighbor.  
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Problem-66 Give an ݊ × ݊ array of elements such that each row is in ascending order and each column is in ascending order, devise 
an O(݊) algorithm to determine if a given element ݔ is in the array. You may assume all elements in the ݊ × ݊ array are distinct.  

 

Solution: Let us assume that the given matrix is ܣ[݊][݊]. Start with the last row, first column [or first row, last column]. If the element we are 
searching for is greater than the element at [1]ܣ[݊], then the first column can be eliminated. If the search element is less than the element at 
 then the last row can be completely eliminated. Once the first column or the last row is eliminated, start the process again with the ,[݊][1]ܣ
left-bottom end of the remaining array. In this algorithm, there would be maximum ݊ elements that the search element would be compared 
with. 
 

    public boolean searchMatrix(int[][] A, int target) { 
        int length = A.length; 
        int width = A[0].length; 
        int start = 0;  
        int end = width * length - 1; 
        while(start <= end){ 
            int mid = (start + end) / 2; 
            int x = mid / width; 
            int y = mid % width; 
            if(A[x][y] == target) 
                return true; 
            else if(A[x][y] > target) 
                end = mid - 1; 
            else  
                start = mid + 1; 
        } 
        return false; 
    } 
 

Time Complexity: O(݊). This is because we will traverse at most 2݊ points. Space Complexity: O(1). 
 

Problem-67 Given an ݊ × ݊ array a of  ݊ ଶ numbers, give an O(݊) algorithm to find a pair of indices ݅  and ݆  such that ܣ[݅][݆] < ݅]ܣ +
1][݆], [݆][݅]ܣ < ݆][݅]ܣ + 1], [݆][݅]ܣ < ݅]ܣ − 1][݆], and ܣ[݅][݆] < ݆][݅]ܣ − 1].  

 

Solution: This problem is same as Problem-66. 
 

Problem-68 Given ݊ × ݊ matrix, and in each row all 1’s are followed by 0’ݏ. Find the row with the maximum number of 0’ݏ. 
 

Solution: Start with first row, last column. If the element is 0 then move to the previous column in the same row and at the same time increase 
the counter to indicate the maximum number of 0’ݏ. If the element is 1 then move to the next row in the the same column. Repeat this 
process until your reach last row, first column. 
 

Time Complexity: O(2݊) ≈O(݊) (similar to Problem-66). 
 

Problem-69 Given an input array of size unknown, with all numbers in the beginning and special symbols in the end. Find the index 
in the array from where the special symbols start.  

 

Solution: Refer to ݎ݁ݑݍ݊݋ܥ ݀݊ܽ ݁݀݅ݒ݅ܦ chapter. 
 

Problem-70 Separate even and odd numbers: Given an array ܣ[ ], write a function that segregates even and odd numbers. The 
functions should put all even numbers first, and then odd numbers. 
Example: Input = {12, 34, 45, 9, 8, 90, 3}  Output = {12, 34, 90, 8, 9, 45, 3} 
 

Note: In the output, the order of numbers can be changed, i.e., in the above example 34 can come before 12, and 3 can come before 
9. 

 

Solution: The problem is very similar to ܵ݁ݏ’1 ݀݊ܽ ݏ’0 ݁ݐܽݎܽ݌ (Problem-71) in an array, and both problems are variations of the famous 
 .݈ܾ݉݁݋ݎ݌ ݈݂݃ܽ ݈ܽ݊݋݅ݐܽ݊ ℎܿݐݑܦ
 

Algorithm:  Logic is similar to Quick sort. 
1) Initialize two index variables left and right:  ݈݂݁ݐ =  0, = ݐℎ݃݅ݎ  ݊ − 1 
2) Keep incrementing left index until we see an odd number. 
3) Keep decrementing right index until we see an even number. 
4) If ݈݂݁ݐ <  [ݐℎ݃݅ݎ]ܣ and [ݐ݂݈݁]ܣ then swap ݐℎ݃݅ݎ 

 

     public static int[] dutchNationalFlag(int[] A) { 
        int mid = -1;     //tracks 1 
        int left = 0;       //tracks 0 
        int right = A.length;   //tracks 2 
        while(left < right){ 
            if(A[left] == 0){ 
                 mid++; 
                int temp = A[left]; 
                A[left] = A[mid]; 



 

Data Structures and Algorithms Made Easy in Java Searching                      

 

11.11 Searching: Problems & Solutions    293 

 
 

                A[mid] = temp; 
                // left move forward as well.  
                left++; 
            }else if(A[left] == 2){ 
                right--; 
                int temp = A[left]; 
                A[left] = A[right]; 
                A[right] = temp; 
            }else 
                left++; 
        } 
        return A; 
     }     

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-71 The following is another way of structuring Problem-70, but with a slight difference.   
Separate 0’s and 1’s in an array: We are given an array of 0’s and 1’s in random order. Separate 0’s on the left side and 1’s on the right 
side of the array. Traverse the array only once. 

 Input array   = [0, 1, 0, 1, 0, 0, 1, 1, 1, 0] 
 Output array = [0, 0, 0, 0, 0, 1, 1, 1, 1, 1] 
 

Solution: Counting 0’s or 1’s: 
1. Count the number of 0’ݏ. Let count be ܥ. 
2. Once we have count, put 0 ܥ’s at the beginning and 1’ݏ at the remaining ݊ –  .positions in array ܥ 

Time Complexity: O(݊). This solution scans the array two times.  
 

Problem-72 Can we solve Problem-71 in one scan? 
 

Solution: Yes. Use two indexes to traverse: Maintain two indexes. Initialize the first index left as 0 and the second index right as ݊ − 1. Do 
the following while ݈݂݁ݐ <  :ݐℎ݃݅ݎ 
 

1) Keep the incrementing index left while there are 0s in it 
2) Keep the decrementing index right while there are 1s in it 
3) If left < right then exchange [ݐ݂݈݁]ܣ and ܣ[݃݅ݎℎݐ] 

  

     // Function to put all 0s on left and all 1s on right 
     public void Separate0and1(int[] A) { 
 // Initialize left and right indexes 
 int left = 0, right = A.length-1;      
  while(left < right) { 
  // Increment left index while we see 0 at left  
  while(A[left] == 0 && left < right) 
   left++; 
   // Decrement right index while we see 1 at right  
  while(A[right] == 1 && left < right) 
   right–; 
   // If left is smaller than right then there is a 1 at left  
  // and a 0 at right.  Swap A[left] and A[right] 
  if(left < right) { 
   A[left] = 0; 
   A[right] = 1; 
   left++; 
   right–; 
  } 
 } 
     } 
 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-73 Sort an array of  0’s, 1’s and 2’s [or R’s, G’s and B’s]: Given an array A[] consisting of 0’ݏ’1 ,ݏ and 2’ݏ, give an algorithm 
for sorting ܣ[].The algorithm should put all 0’ݏ first, then all 1’ݏ and finally all 2’ݏ at the end. Example  Input = {0,1,1,0,1,2,1,2,0,0,0,1}, 
Output = {0, 0, 0, 0, 0, 1, 1, 1, 1, 1, 2, 2} 

 

Solution: Same as Problem-69 and below is an alternative way of coding the same. 
 

     public void Sorting012sDutchFlagProblem(int[] A){ 
 int low=0,mid=0,high= A.length -1; 
 while(mid <=high){ 
  switch(A[mid]){ 
   case 0:  
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    swap(A[low],A[mid]); 
    low++;mid++; 
    break; 
   case 1: 
    mid++; 
    break; 
   case 2: 
    swap(A[mid],A[high]); 
    high--; 
    break;  
  } 
 } 
     }  
 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-74 Maximum difference between two elements: Given an array ܣ[] of integers, find out the difference between any two 
elements such that larger element appears after the smaller number in ܣ[].  
Examples: If array is [2, 3, 10, 6, 4, 8, 1] then returned value should be 8 (Diff between 10 and 2). If array is [ 7, 9, 5, 6, 3, 2 ] then 
returned value should be 2 (Difference between 7 and 9) 

 

Solution: Refer to ݎ݁ݑݍ݊݋ܥ ݀݊ܽ ݁݀݅ݒ݅ܦ chapter. 
 

Problem-75 Given an array of 101 elements. Out of 101 elements, 25 elements are repeated twice, 12 elements are repeated 4 times, 
and one element is repeated 3 times. Find the element which repeated 3 times in O(1). 

 

Solution: Before solving this problem, let us consider the following ܺ ܱܴ operation property: ܽ  ܱܴܺ ܽ = 0. That means, if we apply the ܺ ܱܴ 
on the same elements then the result is 0.  
 

Algorithm: 
 ܱܴܺ all the elements of the given array and assume the result is  ܣ.  
 After this operation, 2 occurrences of the number which appeared 3 times becomes 0 and one occurrence remains the same. 
 The 12 elements that are appearing 4 times become 0. 
 The 25 elements that are appearing 2 times become 0. 
 So just ܱܴܺ’݅݊݃ all the elements gives the result. 

 

Time Complexity: O(݊), because we are doing only one scan. Space Complexity: O(1). 
 

Problem-76 Given a number  ݊, give an algorithm for finding the number of trailing zeros in ݊! . 
 

Solution: 
 

     public int NumberOfTrailingZerosInNumber(int n) { 
 int i, count = 0; 
 if(n < 0)  
  return -1; 
 for (i = 5; n / i > 0; i *= 5) 
  count += n / i; 
 return count; 
     } 
 

Time Complexity: O(݈݊݃݋).  
 

Problem-77 Given an array of 2݊ integers in the following format ܽ1 ܽ2 ܽ3 . . . ܽ݊ ܾ1 ܾ2 ܾ3 . . . ܾ݊. Shuffle the array to 
ܽ1 ܾ1 ܽ2 ܾ2 ܽ3 ܾ3 . . . ܽ݊ ܾ݊ without any extra memory. 

 

Solution: A brute force solution involves two nested loops to rotate the elements in the second half of the array to the left. The first loop runs 
݊ times to cover all elements in the second half of the array. The second loop rotates the elements to the left. Note that the start index in the 
second loop depends on which element we are rotating and the end index depends on how many positions we need to move to the left. 
 

     void ShuffleArray() { 
 int n = 4, A[] = {1,3,5,7,2,4,6,8}; 
 for (int i = 0, q =1, k = n; i < n; i++, k++, q++) { 
  for (int j = k; j > i + q; j--) { 
   int tmp = A[j-1]; 
   A[j-1] = A[j]; 
   A[j] = tmp; 
  } 
 } 
 for (int i = 0; i  < 2*n; i++)  
  System.out.println(A[i]); 
     } 
 

Time Complexity: O(݊ଶ). 
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Problem-78 Can we improve Problem-77 solution? 
 

Solution: Refer to the ݎ݁ݑݍ݊݋ܥ ݀݊ܽ ݁݀݅ݒ݅ܦ chapter. A better solution of time complexity O(݈݊݊݃݋) can be achieved using the 
 technique. Let us look at an example ݎݑܿ݊݋ܥ ݀݊ܽ ݁݀݅ݒ݅ܦ
 

1. Start with the array: ܽ1 ܽ2 ܽ3 ܽ4 ܾ1 ܾ2 ܾ3 ܾ4 
2. Split the array into two halves: ܽ1 ܽ2 ܽ3 ܽ4 ∶  ܾ1 ܾ2 ܾ3 ܾ4 
3. Exchange elements around the center: exchange ܽ3 ܽ4 with ܾ1 ܾ2 and you get: ܽ1 ܽ2 ܾ1 ܾ2 ܽ3 ܽ4 ܾ3 ܾ4 
4. Split ܽ1 ܽ2 ܾ1 ܾ2 into ܽ1 ܽ2 ∶  ܾ1 ܾ2.  Then split ܽ3 ܽ4 ܾ3 ܾ4 into ܽ3 ܽ4 ∶  ܾ3 ܾ4 
5. Exchange elements around the center for each subarray you get: ܽ1 ܾ1 ܽ2 ܾ2 and ܽ3 ܾ3 ܽ4 ܾ4 

 

Note that this solution only handles the case when ݊ =  2௜  where ݅ =  0, 1, 2, 3, etc. In our example ݊ =  2ଶ  =  4 which makes it easy to 
recursively split the array into two halves. The basic idea behind swapping elements around the center before calling the recursive function is 
to produce smaller size problems. A solution with linear time complexity may be achieved if the elements are of a specific nature. For example, 
if you can calculate the new position of the element using the value of the element itself. This is nothing but a hashing technique. 
 

Problem-79 Given an array A[], find the maximum j – i such that A[j] > A[i]. For example, Input: {34, 8, 10, 3, 2, 80, 30, 33, 1} and 
Output: 6  (j = 7, i = 1). 

 

Solution: Brute Force Approach: Run two loops. In the outer loop, pick elements one by one from the left. In the inner loop, compare the 
picked element with the elements starting from the right side. Stop the inner loop when you see an element greater than the picked element 
and keep updating the maximum ݆ − ݅ so far. 
 

     public int maxIndexDiff(int[] A){ 
         int maxDiff = -1; 
         int i, j;   

         for (i = 0; i < A.length; ++i){ 
             for (j = n-1; j > i; --j){ 
                 if(A[j] > A[i] && maxDiff < (j - i)) 
                     maxDiff = j - i; 
             } 
         } 
         return maxDiff; 
     } 
 

Time Complexity: O(݊ଶ). Space Complexity: O(1). 
 

Problem-80 Can we improve the complexity of Problem-79? 
 

Solution: To solve this problem, we need to get two optimum indexes of A[]: left index ݅ and right index ݆. For an element A[i], we do not 
need to consider A[i] for the left index if there is an element smaller than A[i] on the left side of A[i]. Similarly, if there is a greater element 
on the right side of A[j] then we do not need to consider this j for the right index.  
 

So we construct two auxiliary Arrays LeftMins[] and RightMaxs[] such that LeftMins[i] holds the smallest element on the left side of A[i] 
including A[i], and RightMaxs[j] holds the greatest element on the right side of A[j] including A[j]. After constructing these two auxiliary arrays, 
we traverse both these arrays from left to right.  
 

While traversing LeftMins[] and RightMaxs[], if we see that LeftMins[i] is greater than RightMaxs[j], then we must move ahead in LeftMins[] 
(or do i++) because all elements on the left of LeftMins[i] are greater than or equal to LeftMins[i]. Otherwise we must move ahead in 
RightMaxs[j] to look for a greater ݆ –  ݅ value. 
 

     public int maxIndexDiff(int[] A){ 
         int maxDiff, n= A.length; 
         int i, j; 
         int *LeftMins = (int *)malloc(sizeof(int)*n); 
         int *RightMaxs = (int *)malloc(sizeof(int)*n); 
         LeftMins[0] = A[0]; 
         for (i = 1; i < n; ++i) 
             LeftMins[i] = min(A[i], LeftMins[i-1]);   

         RightMaxs[n-1] = A[n-1]; 
         for (j = n-2; j >= 0; --j) 
             RightMaxs[j] = max(A[j], RightMaxs[j+1]); 
 

         i = 0, j = 0, maxDiff = -1; 
         while (j < n && i < n){ 
             if (LeftMins[i] < RightMaxs[j]){ 
                 maxDiff = max(maxDiff, j-i); 
                 j = j + 1; 
             } 
             else 
                 i = i+1; 
         } 
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          return maxDiff; 
     } 
 

Time Complexity: O(݊). Space Complexity: O(݊). 
 

Problem-81 Given an array of elements, how do you check whether the list is pairwise sorted or not? A list is considered pairwise 
sorted if each successive pair of numbers is in sorted (non-decreasing) order. 

  

Solution:  
 

     public boolean isPairwiseSorted(int[] A) { 
        if (A.length == 0 || A.length == 1) 
           return true; 
        for (int i = 0; i < A.length - 1; i += 2){ 
           if (A[i] > A[i+1]) 
              return false; 
        } 
     } 

 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-82 Which is faster and by how much, a linear search of only 1000 elements on a 5-GHz computer or a binary search of 1 
million elements on a 1-GHz computer. Assume that the execution of each instruction on the 5-GHz computer is five times faster than 
on the 1-GHz computer and that each iteration of the linear search algorithm is twice as fast as each iteration of the binary search 
algorithm. 

 

Solution: A binary search of 1 million elements would require ݈݃݋ଶ
ଵ,଴଴଴,଴଴଴ or about 20 iterations at most (i.e., worst case). A linear search of 

1000 elements would require 500 iterations on the average (i.e., going halfway through the array). Therefore, binary search would be 
ହ଴଴
ଶ଴

=

25 faster (in terms of iterations) than linear search. However, since linear search iterations are twice as fast, binary search would be 
ଶହ
ଶ

 or about 
12 times faster than linear search overall, on the same machine. Since we run them on different machines, where an instruction on the 5-GhZ 

machine is 5 times faster than an instruction on a 1-GHz machine, binary search would be 
ଵଶ
ହ

 or about 2 times faster than linear search! The 
key idea is that software improvements can make an algorithm run much faster without having to use more powerful software. 
 

Problem-83 Given an array of integers, give an algorithm that returns the ݐ݋ݒ݅݌ index of this array. ܲ݅ݐ݋ݒ index is the index where 
the sum of the numbers to the left of the index is equal to the sum of the numbers to the right of the index. If no such index exists, we 
should return -1. If there are multiple pivot indexes, you should return the left-most pivot index. 

 

Example 1: Input:  A = [1, 8, 4, 7, 6, 7], Output: 3 
Explanation: The sum of the numbers to the left of index 3 (A[3] = 7) is equal to the sum of numbers to the right of index 3. Also, 3 is the 
first index where this occurs. 

 

Example 2: Input: A = [2, 3, 4], Output: -1 
Explanation: There is no index that satisfies the conditions in the problem statement. 

 

Solution: We need to quickly compute the sum of values to the left and the right of every index. Let's say we knew ݉ݑ݈ܵܽݐ݋ݐ as the sum of 
the numbers, and we are at index ݅. If we knew the sum of numbers leftsum that are to the left of index ݅, then the other sum to the right of 
the index would just be ݉ݑ݈ܵܽݐ݋ݐ − [݅]ܣ   −  .݉ݑݏݐ݂݈݁ 
 

As such, we only need to know about ݈  to check whether an index is a pivot index in constant time. Let's do that: as we iterate through ݉ݑݏݐ݂݁
candidate indexes i, we will maintain the correct value of leftsum. 
 

    public int pivotIndex(int[] A) { 
        int totalSum = 0, leftsum = 0; 
        for (int x: A) totalSum += x; 
        for (int i = 0; i < A.length; ++i) { 
            if (leftsum == totalSum - leftsum - A[i]) return i; 
            leftsum += A[i]; 
        } 
        return -1; 
    } 
 

Time Complexity: O(݊), where ݊ is the length of array A. Space Complexity: O(1), the space used by ݈݂݁݉ݑݏݐ and ݉ݑ݈ܵܽݐ݋ݐ. 
 

Problem-84 Given two strings s and t which consist of only lowercase letters. String t is generated by random shuffling string s and then 
add one more letter at a random position. Find the letter that was added in t. 
 

Example Input:  s = "abcd"   t = "abcde"           Output: e 
Explanation: 'e' is the letter that was added. 

 

Solution: Refer Other Programming Questions section in Hacks on Bitwise Programming chapter.    
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12.1 What are Selection Algorithms? 
 

 ℎ݉ is an algorithm for finding the ݇௧௛ smallest/largest number in a list (also called as ݇௧௛ order statistic). This includesݐ݅ݎ݋݈݃ܽ ݊݋݅ݐ݈ܿ݁݁ܵ
finding the minimum, maximum, and median elements. For findingthe  ݇ ௧௛ order statistic, there are multiple solutions which provide different 
complexities, and in this chapter we will enumerate those possibilities.  

12.2 Selection by Sorting 
 

A selection problem can be converted to a sorting problem. In this method, we first sort the input elements and then get the desired element. 
It is efficient if we want to perform many selections.  

 

For example, let us say we want to get the minimum element. After sorting the input elements we can simply return the first element (assuming 
the array is sorted in ascending order). Now, if we want to find the second smallest element, we can simply return the second element from 
the sorted list.  
 

That means, for the second smallest element we are not performing the sorting again. The same is also the case with subsequent queries. Even 
if we want to get ݇௧௛ smallest element, just one scan of the sorted list is enough to find the element (or we can return the ݇௧௛-indexed value if 
the elements are in the array). 

 

From the above discussion what we can say is, with the initial sorting we can answer any query in one scan, O(݊). In general, this method 
requires O(݈݊݊݃݋) time (for ݃݊݅ݐݎ݋ݏ), where ݊ is the length of the input list. Suppose we are performing ݊ queries, then the average cost 

per operation is just ௡ ௟௢௚௡
௡

≈O(݈݊݃݋). This kind of analysis is called ܽ݉݀݁ݖ݅ݐݎ݋ analysis.   

12.3 Partition-based Selection Algorithm 
 

For the algorithm check Problem-6. This algorithm is similar to Quick sort. 

12.4 Linear Selection Algorithm - Median of Medians Algorithm 
 

Worst-case performance  O(݊) 
Best-case performance  O(݊) 
Worst-case space complexity  O(1) auxiliary 

 

Refer to Problem-11. 

12.5 Finding the K Smallest Elements in Sorted Order 
 

For the algorithm check Problem-6. This algorithm is similar to Quick sort. 

12.6 Selection Algorithms: Problems & Solutions 
 

Problem-1 Find the largest element in an array ܣ of size ݊. 
 

Solution:  Scan the complete array and return the largest element. 
 

     public void FindLargestInArray(int n, int[] A) { 
 int large = A[0]; 
 for (int i = 1; i <= n-1; i++) 
       if(A[i] > large) 
   large = A[i]; 
 System.out.println(“Largest: ” + large); 
     } 
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Time Complexity - O(݊). Space Complexity - O(1). 
 

Note: Any deterministic algorithm that can find the largest of ݊ keys by comparison of keys takes at least ݊ − ૚ comparisons. 
 

Problem-2 Find the smallest and largest elements in an array ܣ of size ݊. 
 

Solution: 
     public void FindSmallestAndLargestInArray (int[] A, int n) { 
 int small = A[0]; 
 int large =A[0]; 
 for(int i = 1; i <= n-1; i++) 
  if(A[i] < small) 
   small = A[i]; 
  else if(A[i] > large) 
   large = A[i]; 

System.out.println(“Smallest: “ + small + “ Largest: ” + large); 
     } 
 

Time Complexity - O(݊). Space Complexity - O(1). The worst-case number of comparisons is 2(݊ − 1). 
 

Problem-3 Can we improve the previous algorithms? 
 

Solution:  Yes. We can do this by comparing in pairs. 
 

     public void FindWithPairComparison (int A[], int n) {// n is assumed to be even. Compare in pairs. 
 int large = small = -1; 
 for (int i = 0; i <= n - 1; i = i + 2) {      // Increment i by 2. 
  if(A[i] < A[i + 1]) { 
   if(A[i] < small) 
    small = A[i]; 
   if(A[i + 1] > large) 
    large = A[i + 1]; 
  } 
  else {  
                                     if(A[i + 1] < small) 
    small = A[i + 1]; 
   if(A[i] > large) 
    large = A[i]; 
  } 
 } 

System.out.println(“Smallest: “ + small + “ Largest: ” + large); 
     } 
 

Time Complexity - O(݊). Space Complexity - O(1). 

Number of comparisons: ቐ
ଷ௡
ଶ

− 2, ݊݁ݒ݁ ݏ݅ ݊ ݂݅
ଷ௡
ଶ

− ଷ
ଶ

݀݀݋ ݏ݅ ݊ ݂݅ 
 

Summary: 
Straightforward comparison – 2(݊ −  1) comparisons 
Compare for min only if comparison for max fails 
Best case: increasing order – ݊ −  1 comparisons 
Worst case: decreasing order – 2(݊ −  1) comparisons 
Average case: 3݊/2 −  1 comparisons 

 

Note: For divide and conquer techniques refer to the ݎ݁ݑݍ݊݋ܥ ݀݊ܽ ݁݀݅ݒ݅ܦ chapter. 
 

Problem-4 Give an algorithm for finding the second largest element in the given input list of elements. 
 

Solution: Brute Force Method 
 

Algorithm: 
 

 Find the largest element: needs ݊ −  1 comparisons 
 Delete (discard) the largest element 
 Again find the largest element: needs ݊ −  2 comparisons 

 

Total number of comparisons: ݊ − 1 + ݊ − 2 =  2݊ − 3  
 

Problem-5 Can we reduce the number of comparisons in Problem-4 solution? 
 

Solution: The Tournament method: For simplicity, assume that the numbers are distinct and that ݊ is a power of 2. We pair the keys and 
compare the pairs in rounds until only one round remains. If the input has eight keys, there are four comparisons in the first round, two in 
the second, and one in the last. The winner of the last round is the largest key. The figure below shows the method.  
 

The tournament method directly applies only when ݊ is a power of 2. When this is not the case, we can add enough items to the end of the 
array to make the array size a power of 2. If the tree is complete then the maximum height of the tree is ݈݊݃݋. If we construct the complete 

12 10 5 15 18 12 4 16 
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binary tree, we need ݊ − 1 comparisons to find the largest. The second largest key has to be among the ones that were lost in a comparison 
with the largest one. That means, the second largest element should be one of the opponents of the largest element. The number of keys that 
are lost to the largest key is the height of the tree, i.e. ݈݊݃݋ [if the tree is a complete binary tree]. Then using the selection algorithm to find 
the largest among them, take ݈ − ݊݃݋ 1 comparisons. Thus the total number of comparisons to find the largest and second largest keys is ݊ +
݊݃݋݈  − 2. 
 

 
 
 
 
 
 
 
 
 
 
 
 

 

Problem-6 Find the ݇-smallest elements in an array ܵ of ݊ elements using the partitioning method. 
 

Solution: Brute Force Approach: Scan through the numbers ݇  times to have the desired element. This method is the one used in bubble sort 
(and selection sort), every time we find out the smallest element in the whole sequence by comparing every element. In this method, the 
sequence has to be traversed ݇ times. So the complexity is O(݊ ×  ݇). 
 

Problem-7 Can we use the sorting technique for solving Problem-6? 
 

Solution:  Yes. Sort and take the first ݇ elements. 
 

1. Sort the numbers. 
2. Pick the first ݇ elements. 

 

The time complexity calculation is trivial. Sorting of ݊ numbers is of O(݈݊݊݃݋) and picking ݇ elements is of O(݇).  
The total complexity is O(݈݊݊݃݋ +  ݇)  = O(݈݊݊݃݋). 
 

Problem-8 Can we use the ݃݊݅ݐݎ݋ݏ ݁݁ݎݐ technique for solving Problem-6? 
 

Solution:  Yes.  
 

1. Insert all the elements in a binary search tree. 
2. Do an InOrder traversal and print ݇ elements which will be the smallest ones. So, we have the ݇ smallest elements. 

 

The cost of creation of a binary search tree with ݊ elements is O(݈݊݊݃݋) and the traversal up to ݇ elements is O(݇). Hence the complexity 
is O(݈݊݊݃݋ + ݇)  = O(݈݊݊݃݋). 
 

Disadvantage: If the numbers are sorted in descending order, we will be getting a tree which will be skewed towards the left. In that case, the 

construction of the tree will be 0 +  1 +  2 + . . . + (݊ −  1)  = 
௡(௡ିଵ)

ଶ
 which is O(݊ଶ). To escape from this, we can keep the tree balanced, 

so that the cost of constructing the tree will be only ݈݊݊݃݋. 
 

Problem-9 Can we improve the ݃݊݅ݐݎ݋ݏ ݁݁ݎݐ technique for solving Problem-6? 
 

Solution:  Yes. Use a smaller tree to give the same result. 
 

1. Take the first ݇ elements of the sequence to create a balanced tree of ݇ nodes (this will cost ݈݇݇݃݋). 
2. Take the remaining numbers one by one, and 

a. If the number is larger than the largest element of the tree, return. 
b. If the number is smaller than the largest element of the tree, remove the largest element of the tree and add the new 

element. This step is to make sure that a smaller element replaces a larger element from the tree. And of course the cost 
of this operation is ݈݇݃݋ since the tree is a balanced tree of ݇ elements.  

 

Once Step 2 is over, the balanced tree with ݇ elements will have the smallest ݇ elements. The only remaining task is to print out the largest 
element of the tree.  
 

Time Complexity: 
1. For the first ݇ elements, we make the tree. Hence the cost is ݈݇݇݃݋. 
2. For the rest ݊ −  ݇ elements, the complexity is O(݈݇݃݋).  

 

Step 2 has a complexity of (݊ − + ݇݃݋݈݇ The total cost is .݇݃݋݈ (݇  (݊ − = ݇݃݋݈ (݇   This bound is actually .(݇݃݋݈݊)which is O ݇݃݋݈݊
better than the ones provided earlier. 
 

Problem-10 Can we use the partitioning technique for solving Problem-6? 
 

Solution:  Yes. 
 

Algorithm 
1. Choose a pivot from the array. 

12 10 5 15 18 12 4 16 

12 15 
18 16 

  15  
18 

18 
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2. Partition the array so that: ݓ݋݈]ܣ. . . − ݐ݊݅݋݌ݐ݋ݒ݅݌ => ݐ݊݅݋݌ݐ݋ݒ݅݌ => [1 + ݐ݊݅݋݌ݐ݋ݒ݅݌]ܣ  1. . ℎ݅݃ℎ]. 
3. if  ݇ <  .then it must be on the left of the pivot, so do the same method recursively on the left part ݐ݊݅݋݌ݐ݋ݒ݅݌ 
4. if  ݇ =  .ݐ݊݅݋݌ݐ݋ݒ݅݌ to ݓ݋݈ then it must be the pivot and print all the elements from ݐ݊݅݋݌ݐ݋ݒ݅݌ 
5. if  ݇ >  .then it must be on the right of pivot, so do the same method recursively on the right part ݐ݊݅݋݌ݐ݋ݒ݅݌ 

 

The top-level call would be kthSmallest = Selection(1, n, k). 
 

        public static int partition(int[] A, int start, int end) { 
            int pivot = A[start]; 
            int pivotPosition = start++; 
            while (start <= end) { 
                // scan for values less than the pivot 
                while ((start <= end) && (A[start] < pivot)) { 
                    start++; 
                }   

                // scan for values greater than the pivot 
                while ((end >= start) && (A[end] >= pivot)) { 
                    end--; 
                } 
                 if (start > end) { 
                    // swap the end uncoformed  
                    // element with the pivot 
                   swap(A, pivotPosition, end);  
                } 
                else { 
                    // swap unconformed elements: 
                    // start that was not lesser than the pivot  
                    // and end that was not larger than the pivot 
                    swap(A, start, end); 
                } 
            } 
            return end; 
        } 
        private static int orderStatistic(int[] A, int k, int start, int end) { 
            int pivotPosition = partition(A, start, end); 
            if ( pivotPosition == k - 1) { 
                return A[k - 1]; 
            } 
            if (k - 1 < pivotPosition ) { 
                return orderStatistic(A, k, start, pivotPosition - 1); 
            } 
            else { 
                return orderStatistic(A, k, pivotPosition + 1, end); 
            } 
        } 
        // iterative version 
        private static int orderStatistic(int[] A, int k, int start, int end) { 
             int pivotPosition = partition(A, start, end); 
            while (pivotPosition != k - 1) { 
                if (k - 1 < pivotPosition) { 
                    end = pivotPosition - 1; 
                } 
                else { 
                    start = pivotPosition + 1; 
                } 
         
                pivotPosition = partition(A, start, end); 
            } 
            return A[k - 1]; 
        } 
        public static int kthSmallest(int[] A, int k) { 
            return orderStatistic(A, k, 0, A.length - 1); 
        } 
 

Time Complexity: O(݊ଶ) in worst case as similar to Quicksort. Although the worst case is the same as that of Quicksort, this performs much 
better on the average [O(݈݊݇݃݋) − Average case].  
 

Problem-11 Can we find ݇௧௛ −largest element using Problem-6 solution? 
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Solution: Computing the ݇௧௛ largest element is the same task, with the only difference that we have to translate the ݇ value, since the largest 
elements are located at the end of the array. So we'll have to translate ݇ using this formula: ݇ = .ܣ  − ℎݐ݈݃݊݁  ݇ +  1. 
 

        public static int kthLargest(int[] A, int k) { 
            return orderStatistic(A, A.length - k + 1, 0, A.length - 1); 
        } 
 

Problem-12 Find the ݇௧௛-smallest element in an array ܵ of ݊ elements in best possible way. 
 

Solution: This problem is similar to Problem-6 and all the solutions discussed for Problem-6 are valid for this problem. The only difference 
is that instead of printing all the ݇ elements, we print only the ݇௧௛element. We can improve the solution by using the ݉݁݀݅ܽ݊ ݏ݊ܽ݅݀݁݉ ݂݋ 
algorithm. Median is a special case of the selection algorithm. The algorithm Selection(A, ݇) to find the ݇௧௛ smallest element from set ܣ of  
݊ elements is as follows: 
 

Algorithm: ܵ  (A, k)݊݋݅ݐ݈ܿ݁݁

1. Partition ܣ into ݈ܿ݁݅ ቀ௟௘௡௚௧௛(஺)
ହ

ቁ groups, with each group having five items (the last group may have fewer items). 
2. Sort each group separately (e.g., insertion sort). 
3. Find the median of each of the 

௡
ହ
 groups and store them in some array (let us  say ܣᇱ). 

4. Use ݈ܵ݁݁ܿ݊݋݅ݐ recursively to find the median of ܣᇱ (median of medians). Let us asay the median of medians is ݉. 

݉ ᇱܣ)݊݋݅ݐ݈ܿ݁݁ܵ = ,
೗೐೙೒೟೓(ಲ)

ఱ
ଶ

); 

5. Let ݍ =  # elements of ܣ smaller than ݉; 
6. If(݇ == + ݍ   1)  

return ݉; 
/* Partition with pivot */ 

7. Else partition ܣ into ܺ and ܻ 
 ܺ = {items smaller than ݉} 
 ܻ = {items larger than ݉} 

 
/* Next,form a subproblem */ 

8. If(݇ < + ݍ  1) 
return Selection(X, k); 

9. Else 
return Selection(Y, k – (q+1)); 

 

Before developing recurrence, let us consider the representation of the input below. In the figure, each circle is an element and each column 
is grouped with 5 elements. The black circles indicate the median in each group of 5 elements. As discussed, sort each column using constant 
time insertion sort. 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 
 
 
 
 
 
 
 

 
 
 
 
 
 

 
 

Medians

Median of medians
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In the figure above the gray circled item is the median of medians (let us call this ݉). It can be seen that at least 1/2 of 5 element group 
medians  ݉. Also, these 1/2 of 5 element groups contribute 3 elements that are ≤  ݉ except 2 groups [last group which may contain fewer 
than 5 elements, and other group which contains ݉ ]. Similarly, at least 1/2 of 5 element groups contribute 3 elements that are ≥  ݉ as shown 

above. 1/2  of  5 element groups contribute 3 elements, except 2 groups gives: 3(ଵ
ଶ
 ௡

ହ
-2) ≈ ଷ௡

ଵ଴
− 6. The remaining are ݊  − (ଷ௡

ଵ଴
− 6) ≈ ଻௡

ଵ଴
+

6. Since 
଻௡
ଵ଴

+ 6 is greater than 
ଷ௡
ଵ଴

− 6 we need to consider 
଻௡
ଵ଴

+ 6 for worst. 
 

Components in recurrence: 
 

 In our selection algorithm, we choose ݉, which is the median of medians, to be a pivot, and partition A into two sets ܺ and ܻ. We need 
to select the set which gives maximum size (to get the worst case). 

 The time in function ݈ܵ݁݁ܿ݊݋݅ݐ when called from procedure ݊݋݅ݐ݅ݐݎܽ݌. The number of keys in the input to this call to ݈ܵ݁݁ܿ݊݋݅ݐ is ௡
ହ
. 

 The number of comparisons required to partition the array. This number is ݈݁݊݃ݐℎ(ܵ), let us say ݊.   

We have established the following recurrence:  ܶ(݊)  = ܶ ቀ௡
ହ

ቁ + Θ(݊) + ,(ܺ)ܶ}ݔܽܯ  ܶ(ܻ)} 
 

From the above discussion we have seen that, if we select median of medians m as pivot, the partition sizes are: 
ଷ௡
ଵ଴

− 6 and ଻௡
ଵ଴

+ 6. If we 
select the maximum of these, then we get: 
 

                                              ܶ(݊)    =    ܶ ቀ௡
ହ

ቁ +  Θ(݊) + ܶ ቀ଻௡
ଵ଴

+ 6ቁ 

                                                           ≈    ܶ ቀ௡
ହ

ቁ   + Θ(݊) +   ܶ ቀ଻௡
ଵ଴

ቁ  +  O(1) 
                                                           ≤     ܿ ଻௡

ଵ଴
 +   ܿ ௡

ହ
  +  Θ(݊)  + O(1) 

Finally, ܶ(݊)  = Θ(݊) 
 

Problem-13 In Problem-11, we divided the input array into groups of 5 elements. The constant 5 play an important part in the analysis. 
Can we divide in groups of  3 which work in linear time? 
 

Solution: In this case the modification causes the routine to take more than linear time. In the worst case, at least half of the  ௡
ଷ
 medians 

found in the grouping step are greater than the median of medians ݉, but two of those groups contribute less than two elements larger than 
݉. So as an upper bound, the number of elements larger than the pivotpoint is at least:  
 

2(ଵ
ଶ
௡

ଷ
−2)  ≥  ௡

ଷ
− 4 

  

Likewise this is a lower bound. Thus up to ݊ − (௡
ଷ

− 4) = ଶ௡
ଷ

+ 4 elements are fed into the recursive call to ݈ܵ݁݁ܿݐ. The recursive step that 

finds the median of medians runs on a problem of size  ௡
ଷ
, and consequently the time recurrence is: 

ܶ(݊) = ܶ(࢔
૜
)+ܶ(2݊/3 + 4) +Θ(݊). 

 

Assuming that ܶ(݊) is monotonically increasing, we may conclude that ܶ(ଶ௡
ଷ

 +  4)  ≥  ܶ(ଶ௡
ଷ

) ≥  2ܶ(௡
ଷ

), and we can say the upper bound for 

this as ܶ(݊)  ≥  3ܶ(௡
ଷ

) + Θ(݊), which is O(݈݊݊݃݋). Therefore, we cannot select 3 as the group sizee. 
 

Problem-14 Like in Problem-13, can we use groups of size 7? 
 

Solution: Following a similar reasoning, we once more modify the routine, now using groups of  7 instead of 5. In the worst case, at least half 
the ௡

଻
 medians found in the grouping step are greater than the median of medians ݉, but two of those groups contribute less than four 

elements larger than ݉. So as an upper bound, the number of elements larger than the pivotpoint is at least: 
  

4( 1/2  ݊/7 -2)  ≥  ଶ௡
଻

− 8. 
 

Likewise this is a lower bound. Thus up to ݊ − (
ଶ௡
଻

− 8) = 
ହ௡
଻

 + 8 elements are fed into the recursive call to Select. The recursive step that 

finds the median of medians runs on a problem of size ௡
଻
, and consequently the time recurrence is 

     Items>= Gray 

After sorting rearrange the 
medians so that all medians will 
be in ascending order Median of medians
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                                              ܶ(݊) = ܶ( ௡
଻

 ) + ܶ(ହ௡
଻

 +  8 )  + O(݊) 
                                              ܶ(݊) ≤ ܿ ࢔

ૠ
  + ܿ(ହ௡

଻
 +  8) + O(݊) 

                                                         ≤ ܿ
݊
7 +  ܿ

5݊
7  +  8ܿ +  ܽ݊,  ݐ݊ܽݐݏ݊݋ܿ ܽ ݏ݅ ܽ

                                                          = ܿ݊ −  ܿ
݊
7 +  ܽ݊ +  9ܿ 

                                                          = (ܽ +  ܿ) ݊ − (ܿ
݊
7  −  9ܿ). 

This is bounded above by (ܽ +  ܿ) ݊ provided that ܿ ௡
଻

 −  9ܿ  ≥  0. Therefore, we can select 7 as the group size. 
 

Problem-15 Given two arrays each containing ݊ sorted elements, give an O(݈݊݃݋)-time algorithm to find the median of all 2݊ 
elements. 

 

Solution: The simple solution to this problem is to merge the two lists and then take the average of the middle two elements (note the union 
always contains an even number of values). But, the merge would be Θ(݊), so that doesn't satisfy the problem statement. To get ݈݊݃݋ 
complexity, let ݉݁݀݅ܽ݊ܣ and ݉݁݀݅ܽ݊ܤ be the medians of the respective lists (which can be easily found since both lists are sorted). If 
== ܣ݊ܽ݅݀݁݉  then that is the overall median of the union and we are done. Otherwise, the median of the union must be between ,ܤ݊ܽ݅݀݁݉ 
> ܣ݊ܽ݅݀݁݉ Suppose that .ܤ݊ܽ݅݀݁݉ and ܣ݊ܽ݅݀݁݉  Then we need to find the median of .(the opposite case is entirely similar) ܤ݊ܽ݅݀݁݉ 
the union of the following two sets: 
 

=< ݔ | ܣ ݊݅ ݔ} => ݔ | ܤ ݊݅ ݔ} {ܣ݊ܽ݅݀݁݉   {ܤ݊ܽ݅݀݁݉ 
 

So, we can do this recursively by resetting the ܾݏ݁݅ݎܽ݀݊ݑ݋ of the two arrays. The algorithm tracks both arrays (which are sorted) using two 
indices. These indices are used to access and compare the median of both arrays to find where the overall median lies. 
 

public class MedianInTwoSortedArrays { 
    public double findMedianSortedArrays(int A[], int B[]) { 
        int lengthA = A.length; 
        int lengthB = B.length; 
        if ((lengthA + lengthB) % 2 == 0) { 
            double r1 = (double) findMedianSortedArrays(A, 0, lengthA, B, 0, lengthB, (lengthA + lengthB) / 2); 
            double r2 = (double) findMedianSortedArrays(A, 0, lengthA, B, 0, lengthB, (lengthA + lengthB) / 2 + 1); 
            return (r1 + r2) / 2; 
        } else 
            return findMedianSortedArrays(A, 0, lengthA, B, 0, lengthB, (lengthA + lengthB + 1) / 2); 
    } 
     public int findMedianSortedArrays(int A[], int startA, int endA, int B[], int startB, int endB, int k) { 
        int n = endA - startA; 
        int m = endB - startB;   

        if (n <= 0) 
            return B[startB + k - 1]; 
        if (m <= 0) 
            return A[startA + k - 1]; 
        if (k == 1) 
            return A[startA] < B[startB] ? A[startA] : B[startB];   

        int midA = (startA + endA) / 2; 
        int midB = (startB + endB) / 2; 
         if (A[midA] <= B[midB]) { 
            if (n / 2 + m / 2 + 1 >= k) 
                return findMedianSortedArrays(A, startA, endA, B, startB, midB, k); 
            else 
                return findMedianSortedArrays(A, midA + 1, endA, B, startB, endB, k - n / 2 - 1); 
        } else { 
            if (n / 2 + m / 2 + 1 >= k) 
                return findMedianSortedArrays(A, startA, midA, B, startB, endB, k); 
            else 
                return findMedianSortedArrays(A, startA, endA, B, midB + 1, endB, k - m / 2 - 1); 
        } 
    } 
} 
 

Time Complexity: O(݈݊݃݋), since we are reducing the problem size by half every time. 
 

Problem-16 Let ܣ and ܤ be two sorted arrays of ݊ elements each. We can easily find the ݇௧௛ smallest element in ܣ in O(1) time by 
just outputting ܣ[݇]. Similarly, we can easily find the ݇ ௧௛ smallest element in ܤ. Give an O(݈݇݃݋) time algorithm to find the ݇ ௧௛ smallest 
element overall { ݅. ݁., the ݇௧௛ smallest in the union of ܣ and ܤ.  

 

Solution: It’s just another way of asking Problem-15. 
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Problem-17 Find the ࢑ smallest elements in sorted order: Given a set of ݊  elements from a totally-ordered domain, find the ݇  smallest 
elements, and list them in sorted order. Analyze the worst-case running time of the best implementation of the approach.  

 

Solution: Sort the numbers, and list the ݇ smallest. 
ܶ(݊) =  Time complexity of sort + listing ݇ smallest elements =  Θ(݊ ݈݊݃݋)  + Θ(݊) =  Θ(݊ ݈݊݃݋)  

 

Problem-18 For Problem-17, if we follow the approach below then what is the complexity? 
 

Solution: Using the priority queue data structure from heap sort, construct a min-heap over the set, and perform extract-min ݇ times. Refer 
to the ܲ(ݏ݌ܽ݁ܪ) ݏ݁ݑ݁ݑܳ ݕݐ݅ݎ݋݅ݎ chapter for more details. 
 

Problem-19 For Problem-17, if we follow the approach below then what is the complexity? 
Find the ݇௧௛-smallest element of the set, partition around this pivot element, and sort the ݇ smallest elements. 

 

Solution: 
 

  ܶ(݊)     = ℎݐ݇ ݂݋ ݕݐ݅ݔ݈݁݌݉݋ܿ ݁݉݅ܶ   − + ݐݏ݈݈݁ܽ݉ݏ + ݐ݋ݒ݅݌ ݃݊݅݀݊݅ܨ   ݔ݂݅݁ݎ݌ ݃݊݅ݐݎ݋ܵ 
                =  Θ(݊) + Θ(݊)  + Θ(݈݇݇݃݋)  =  Θ(݊ +  (݇݃݋݈݇
Since, ݇ ≤  ݊, this approach is better than Problem-17 and Problem-18. 
 

Problem-20 Find ݇ nearest neighbors to the median of ݊ distinct numbers in O(݊) time. 
 

Solution: Let us assume that the array elements are sorted. Now find the median of ݊ numbers and call its index as ܺ (since array is sorted, 
median will be at 

௡
ଶ
 location). All we need to do is select ݇ elements with the smallest absolute differences from the median, moving from 

ܺ − 1 to  0,  and ܺ + 1 to ݊ − 1 when the median is at index ݉.  
 

Time Complexity: Each step takes Θ(݊). So the total time complexity of the algorithm is Θ(݊). 
 

Problem-21 Is there any other way of solving Problem-20? 
 

Solution: Assume for simplicity that n is odd and k is even. If set A is in sorted order, the median is in position ݊/2 and the ݇ numbers in A 
that are closest to the median are in positions (݊ −  ݇)/2 through (݊ +  ݇)/2.  
 

We first use linear time selection to find the (݊ −  ݇)/2, ݊/2, and (݊ +  ݇)/2 elements and then pass through set A to find the numbers 
less than the (݊ + ݇)/2 element, greater than the (݊ − ݇)/2 element, and not equal to the ݊/2 element.  The algorithm takes O(݊) time as 
we use linear time selection exactly three times and traverse the ݊ numbers in ܣ once. 
 

Problem-22 Given (ݔ,  axis to minimize the construction cost-ݔ coordinates of ݊ houses, where should you build a road parallel to (ݕ
of building driveways? 

 
 
 
 
 
 
 
 
 
 
 

 
 

 
 
 
 

Solution: The road costs nothing to build. It is the driveways that cost money. The driveway cost is proportional to its distance from the road. 
Obviously, they will be perpendicular. The solution is to put the street at the median of the ݕ coordinates. 
 

Problem-23 Given a big file containing billions of numbers, find the maximum 10 numbers from that file.  
 

Solution: Refer to the ܲݏ݁ݑ݁ݑܳ ݕݐ݅ݎ݋݅ݎ chapter. 
 

Problem-24 Suppose there is a milk company. The company collects milk every day from all its agents. The agents are located at 
different places. To collect the milk, what is the best place to start so that the least amount of total distance is travelled? 

 

Solution: Starting at the median reduces the total distance travelled because it is the place which is at the center of all the places. 
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SYMBOL TABLES 
 

Chapter 

13 
 

 
 

13.1 Introduction 
 

Since childhood, we all have used a dictionary, and many of us have a word processor (say, Microsoft Word) which comes with a spell checker. 
The spell checker is also a dictionary but limited in scope. There are many real time examples for dictionaries and a few of them are: 
 

 Spell checker 
 The data dictionary found in database management applications 
 Symbol tables generated by loaders, assemblers, and compilers 
 Routing tables in networking components (DNS lookup) 

 

In computer science, we generally use the term ‘symbol table’ rather than ‘dictionary’ when referring to the abstract data type (ADT).   

13.2 What are Symbol Tables? 
 

We can define the ݈ܾ݁ܽݐ ݈݋ܾ݉ݕݏ as a data structure that associates a ݁ݑ݈ܽݒ with a ݇݁ݕ. It supports the following operations: 
 

 Search whether a particular name is in the table 
 Get the attributes of that name 
 Modify the attributes of that name 
 Insert a new name and its attributes 
 Delete a name and its attributes 

 

There are only three basic operations on symbol tables: searching, inserting, and deleting.   
 

Example: DNS lookup. Let us assume that the key in this case is the URL and the value is an IP address. 
 

 Insert URL with specified IP address 
 Given URL, find corresponding IP address 

 

 

Key[Website] Value [IP Address] 
www.CareerMonks.com 128.112.136.11 

www.AuthorsInn.com 128.112.128.15 

www.AuthInn.com 130.132.143.21 

www.Logillu.com 128.103.060.55 
www.CareerMonk.com 209.052.165.60 

13.3 Symbol Table Implementations 
 

Before implementing symbol tables, let us enumerate the possible implementations. Symbol tables can be implemented in many ways and 
some of them are listed below. 

Unordered Array Implementation 
 

With this method, just maintaining an array is enough. It needs O(݊) time for searching, insertion and deletion in the worst case. 

Ordered [Sorted] Array Implementation 
 

In this we maintain a sorted array of keys and values.  
 

 Store in sorted order by key 
 keys[i] = ݅௧௛ largest key 
 values[i] = value associated with ݅௧௛ largest key 

 

Since the elements are sorted and stored in arrays, we can use a simple binary search for finding an element. It takes O(݈݊݃݋) time for 
searching and O(݊) time for insertion and deletion in the worst case. 

http://www.CareerMonks.com
http://www.AuthorsInn.com
http://www.AuthInn.com
http://www.Logillu.com
http://www.CareerMonk.com
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Unordered Linked List Implementation 
 

Just maintaining a linked list with two data values is enough for this method. It needs O(݊) time for searching, insertion and deletion in the 
worst case. 

Ordered Linked List Implementation 
 

In this method, while inserting the keys, maintain the order of keys in the linked list. Even if the list is sorted, in the worst case it needs 
O(݊) time for searching, insertion and deletion. 

Binary Search Trees Implementation 
 

Refer to ܶݏ݁݁ݎ chapter. The advantages of this method are: it does not need much code and it has a fast search [O(݈݊݃݋) on average]. 

Balanced Binary Search Trees Implementation 
 

Refer to ܶ  in worst case for search, insert and delete (݊݃݋݈)chapter. It is an extension of binary search trees implementation and takes O ݏ݁݁ݎ
operations.  

Ternary Search Implementation 
 

Refer to ܵݐ݅ݎ݋݈݃ܣ ݃݊݅ݎݐℎ݉ݏ chapter. This is one of the important methods used for implementing dictionaries. 

Hashing Implementation 
 

This method is important. For a complete discussion, refer to the ݏܽܪℎ݅݊݃ chapter. 

13.4 Comparison Table of Symbols for Implementations 
 

Let us consider the following comparison table for all the implementations.  
 

Implementation Search Insert Delete 

Unordered Array ݊ ݊ ݊ 
Ordered Array (can be implemented with array binary search) ݈݊݃݋ ݊ ݊ 
Unordered List ݊ ݊ ݊ 
Ordered List ݊ ݊ ݊ 
Binary Search Trees (O(݈݊݃݋) on average) ݈݊݃݋݈ ݊݃݋݈ ݊݃݋ 
Balanced Binary Search Trees (O(݈݊݃݋) in worst case) ݈݊݃݋݈ ݊݃݋݈ ݊݃݋ 
Ternary Search (only change is in logarithms base)  ݈݊݃݋݈ ݊݃݋݈ ݊݃݋ 
Hashing (O(1) on average) 1 1 1 

 

Notes: 
 

 In the above table, ݊ ݅s the input size.  
 Table indicates the possible implementations discussed in this book. But, there could be other implementations. 
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14.1 What is Hashing? 
 

In this chapter we introduce so-called ܽݏݕܽݎݎܽ ݁ݒ݅ݐܽ݅ܿ݋ݏݏ, that is, data structures that are similar to arrays but are not indexed by integers, 
but other forms of data such as strings. One popular data structures for the implementation of associative arrays are hash tables. To analyze 
the asymptotic efficiency of hash tables we have to explore a new point of view, that of average case complexity. Hashing is a technique used 
for storing and retrieving information as quickly as possible. It is used to perform optimal searches and is useful in implementing symbol 
tables.  

14.2 Why Hashing? 
 

In the ܶݏ݁݁ݎ chapter we saw that balanced binary search trees support operations such as ݅݊݁ݐ݈݁݁݀ ,ݐݎ݁ݏ and ܿݎܽ݁ݏℎ in O(݈݊݃݋) time. In 
applications, if we need these operations in O(1), then hashing provides a way. Remember that worst case complexity of hashing is still O(݊), 
but it gives O(1) on the average. 

14.3 Hash Table ADT 
 

The hash table structure is an unordered collection of associations between a key and a data value. The keys in a hash table are all unique so 
that there is a one-to-one relationship between a key and a value. The operations are given below. 
 

 HashTable: Creates a new hash table 
 Get: Searches the hash table with key and return the value if it finds the element with the given key 
 Put: Inserts a new key-value pair into hash table 
 Delete: Deletes a key-value pair from hash table 
 DeleteHashTable: Deletes the hash table 

14.4 Understanding Hashing 
 

In simple terms we can treat ܽݕܽݎݎ as a hash table. For understanding the use of hash tables, let us consider the following example: Give an 
algorithm for printing the first repeated character if there are duplicated elements in it. Let us think about the possible solutions.  
 

The simple and brute force way of solving is: given a string, for each character check whether that character is repeated or not. The time 
complexity of this approach is O(݊ଶ) with O(1) space complexity. 
 

Now, let us find a better solution for this problem. Since our objective is to find the first repeated character, what if we remember the previous 
characters in some array? 
 

We know that the number of possible characters is 256 (for simplicity assume ܫܫܥܵܣ characters only). Create an array of size 256 and 
initialize it with all zeros. For each of the input characters go to the corresponding position and increment its count. Since we are using arrays, 
it takes constant time for reaching any location. While scanning the input, if we get a character whose counter is already 1 then we can say that 
the character is the one which is repeating for the first time.  
 

     public char FirstRepeatedChar ( char [] str ) { 
 int count[256]; //additional array 
 for(int i=0; i<256; ++i) 
  count[i] = 0; 
 for(int i=0; i< str.length; ++i) { 
  if(count[str[i]]==1) { 
       System.out.println(str[i]); 
       break; 
  } 
  else  count[str[i]]++; 
 } 
 if(i==len) 
      System.out.println("No Repeated Characters"); 
 return 0; 
     } 
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Why not Arrays? 
 

Arrays can be seen as a mapping, associating with every integer in a given interval some data item. It is finitary, because its domain, and 
therefore also its range, is finite. There are many situations when we want to index elements differently than just by integers. Common 
examples are strings (for dictionaries, phone books, menus, data base records), or structs (for dates, or names together with other identifying 
information). 
 

In many applications requiring associative arrays, we are storing complex data values and want to access them by a key which is derived from 
the data. A typical example of keys are strings, which are appropriate for many scenarios. For example, the key might be a student id and the 
data entry might be a collection of grades, perhaps another associative array where the key is the name of assignment or exam and the data is 
a score. We make the assumption that keys are unique in the sense that in an associative array there is at most one data item associated with 
a given key. In some applications we may need to complicate the structure of keys to achieve this uniqueness. This is consistent with ordinary 
arrays, which have a unique value for every valid index. 
 

In the previous problem, we have used an array of size 256 because we know the number of different possible characters [256] in advance. 
Now, let us consider a slight variant of the same problem. Suppose the given array has numbers instead of characters, then how do we solve 
the problem? 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

In this case the set of possible values is infinity (or at least very big). Creating a huge array and storing the counters is not possible. That means 
there are a set of universal keys and limited locations in the main memory. To solve this problem we need to somehow map all these possible 
keys to the possible memory locations.  
 

From the above discussion and diagram it can be seen that we need a mapping of possible keys to one of the available locations. As a result, 
using simple arrays is not the correct choice for solving the problems where the possible keys are very big. The process of mapping the keys 
to available main memory locations is called ℎܽݏℎ݅݊݃. 
 

Note: For now, do not worry about how the keys are mapped to locations. That depends on the function used for conversions. One such 
simple function is ݇݁݁ݖ݅ݏ ݈ܾ݁ܽݐ % ݕ. 

14.5 Components of Hashing 
 

Hashing has four key components: 
 

1) Hash Table 
2) Hash Functions 
3) Collisions 
4) Collision Resolution Techniques 

14.6 Hash Table 
 

Hash table is a generalization of array. With an array, we store the element whose key is ݇ at a position ݇ of the array. That means, given a 
key ݇, we find the element whose key is ݇ by just looking in the ݇௧௛ position of the array. This is called ݀݅݃݊݅ݏݏ݁ݎ݀݀ܽ ݐܿ݁ݎ. 
 

Direct addressing is applicable when we can afford to allocate an array with one position for every possible key. But if we do not have enough 
space to allocate a location for each possible key, then we need a mechanism to handle this case. Another way of defining the scenario is: if 
we have less locations and more possible keys, then simple array implementation is not enough.  
 

In these cases one option is to use hash tables. Hash table or hash map is a data structure that stores the keys and their associated values, and 
hash table uses a hash function to map keys to their associated values. The general convention is that we use a hash table when the number 
of keys actually stored is small relative to the number of possible keys. 
 

A hash table is a collection of items which are stored in such a way as to make it easy to find them later. Each position of the hash table, often 
called a ݐ݋݈ݏ (or a ܾݐ݁݇ܿݑ), can hold an item and is named by an integer value starting at 0. For example, we will have a slot named 0, a slot 
named 1, a slot named 2, and so on. Initially, the hash table contains no items so every slot is empty.  
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14.7 Hash Function 
 

The first idea behind hash tables is to exploit the efficiency of arrays. So: to map a key to an entry, we first map a key to an integer and then 
use the integer to index an array A. The first map is called a ℎܽݏℎ ݂݊݋݅ݐܿ݊ݑ. The hash function is used to transform the key into the slot 
index (or bucket index). Ideally, the hash function should map each possible key to a unique slot index, but it is difficult to achieve in practice. 
 

Given a collection of elements, a hash function that maps each item into a unique slot is referred to as a ݐ݂ܿ݁ݎ݁݌ ℎܽݏℎ ݂݊݋݅ݐܿ݊ݑ. If we know 
the elements and the collection will never change, then it is possible to construct a perfect hash function. Unfortunately, given an arbitrary 
collection of elements, there is no systematic way to construct a perfect hash function. Luckily, we do not need the hash function to be perfect 
to still gain performance efficiency. 
 

One way to always have a perfect hash function is to increase the size of the hash table so that each possible value in the element range can 
be accommodated. This guarantees that each element will have a unique slot. Although this is practical for small numbers of elements, it is 
not feasible when the number of possible elements is large. For example, if the elements were nine-digit Social Security numbers, this method 
would require almost one billion slots. If we only want to store data for a class of 25 students, we will be wasting an enormous amount of 
memory. Our goal is to create a hash function that minimizes the number of collisions, is easy to compute, and evenly distributes the elements 
in the hash table. There are a number of common ways to extend the simple remainder method. We will consider a few of them here. 
 

The ݂ݐ݁݉ ݈݃݊݅݀݋ℎ݀݋ for constructing hash functions begins by dividing the elements into equal-size pieces (the last piece may not be of 
equal size). These pieces are then added together to give the resulting hash value. For example, if our element was the phone number 436-
555-4601, we would take the digits and divide them into groups of 2 (43,65,55,46,01). After the addition, 43+65+55+46+01, we get 210. If we 
assume our hash table has 11 slots, then we need to perform the extra step of dividing by 11 and keeping the remainder. In this case 210 % 
11 is 1, so the phone number 436-555-4601 hashes to slot 1. Some folding methods go one step further and reverse every other piece before 
the addition. For the above example, we get 43+56+55+64+01=219 which gives 219 % 11=10. 

How to Choose Hash Function? 
 

The basic problems associated with the creation of hash tables are: 
 

 An efficient hash function should be designed so that it distributes the index values of inserted objects uniformly across the table. 
 An efficient collision resolution algorithm should be designed so that it computes an alternative index for a key whose hash index 

corresponds to a location previously inserted in the hash table. 

 We must choose a hash function which can be calculated quickly, returns values within the range of locations in our table, and 
minimizes collisions. 

Characteristics of Good Hash Functions 
 

A good hash function should have the following characteristics: 
 

 Minimize collisions 
 Be easy and quick to compute 
 Distribute key values evenly in the hash table 
 Use all the information provided in the key 
 Have a high load factor for a given set of keys 

14.8 Load Factor 
 

The load factor of a non-empty hash table is the number of items stored in the table divided by the size of the table. This is the decision 
parameter used when we want to rehash ݎ݋ expand the existing hash table entries. This also helps us in determining the efficiency of the 
hashing function. That means, it tells whether the hash function is distributing the keys uniformly or not. 
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ݎ݋ݐ݂ܿܽ ݀ܽ݋ܮ =
݈ܾ݁ܽݐ ℎݏℎܽ ݊݅ ݏݐ݈݊݁݉݁݁ ݂݋ ݎܾ݁݉ݑܰ

݁ݖ݅ݏ ݈ܾ݁ܽݐ ℎݏܽܪ  

14.9 Collisions 
 

Hash functions are used to map each key to a different address space, but practically it is not possible to create such a hash function and the 
problem is called ܿ݊݋݅ݏ݈݈݅݋. Collision is the condition where two keys are hashed to the same slot.  

14.10 Collision Resolution Techniques 
 

Fortunately, there are effective techniques for resolving the conflict created by collisions. The process of finding an alternate location for a key 
in the case of a collision is called ܿ݊݋݅ݐݑ݈݋ݏ݁ݎ ݊݋݅ݏ݈݈݅݋. Even though hash tables have collision problems, they are more efficient in many 
cases compared to all other data structures, like search trees. There are a number of collision resolution techniques, and the most popular 
are direct chaining and open addressing.  
 

 Direct Chaining (or Closed Addressing): An array of linked list application 
o Separate chaining 

 Open Addressing: Array-based implementation 
o Linear probing (linear search) 
o Quadratic probing (nonlinear search) 
o Double hashing (use multiple hash functions) 

 

Of course, the ideal solution would be to avoid collisions altogether. We might try to achieve this goal by choosing a suitable hash function. 

14.11 Separate Chaining 
 

A first idea to explore is to implement the associative array as a linked list, called a chain or a linked list. Separate chaining is one of the most 
commonly used collision resolution techniques. It is usually implemented using linked lists. Collision resolution by chaining combines linked 
representation with hash table. When two or more elements hash to the same location, these elements are constituted into a singly-linked list 
called a ܿℎܽ݅݊. In chaining, we put all the elements that hash to the same slot in a linked list. If we have a key k and look for it in the linked 
list, we just traverse it, compute the intrisic key for each data entry, and compare it with k. If they are equal, we have found our entry, if not 
we continue the search. If we reach the end of the chain and do not find an entry with key k, then no entry with the given key exists.  
 

In separate chaining, each slot of the hash table is a linked list. To store an element in the hash table you must insert it into a specific linked 
list. If there is any collision (i.e. two different elements have same hash value) then store both the elements in the same linked list. 
 

As an example, consider the following simple hash function: 
 

ℎ(݇݁ݕ) =  ݁ݖ݅ݏ ݈ܾ݁ܽݐ % ݕ݁݇
 

In a hash table with size 7, keys 27 and 130 would get 6 and 4 as hash indices respectively. 
 

Slot  
0  
1  
2  
3  
4  (130, “John”) 
5  
6  (27, “Ram”) 

 

If we insert a new element (18, “Saleem”), that would also go to the fourth index as 18%7 is 4. 
 

Slot   
0   
1   
2   
3   
4  (130, “John”)  (18, “Saleem”) 
5   
6  (27, “Ram”)  

 

The cost of a lookup is that of scanning the entries of the selected linked list for the required key. If the distribution of the keys is sufficiently 
uniform, then the average cost of a lookup depends only on the average number of keys per linked list. For this reason, chained hash tables 
remain effective even when the number of table entries (݊) is much higher than the number of slots. 
 

For separate chaining, the worst-case scenario is when all the entries are inserted into the same linked list. The lookup procedure may have 
to scan all its entries, so the worst-case cost is proportional to the number (݊) of entries in the table.  
 

The worst-case behavior of hashing with chaining is terrible: all ݊ keys hash to the same slot, creating a list of length ݊. The worst-case time 
for searching is thus )( ݊) plus the time to compute the hash function--no better than if we used one linked list for all the elements. Clearly, 
hash tables are not used for their worst-case performance. 
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14.12 Open Addressing 
 

In open addressing all keys are stored in the hash table itself. This approach is also known as ݈ܿ݀݁ݏ݋ ℎܽݏℎ݅݊݃. This procedure is based on 
probing. A collision is resolved by probing. 
 

Linear Probing 
 

The interval between probes is fixed at 1. In linear probing, we search the hash table sequentially. starting from the original hash location. If 
a location is occupied, we check the next location. We wrap around from the last table location to the first table location if necessary. The 
function for rehashing is the following: 
 

(ݕ݁݇)ℎݏℎܽ݁ݎ = (݊ +  ݁ݖ݅ݏ݈ܾ݁ܽݐ %(1
 

One of the problems with linear probing is that table items tend to cluster together in the hash table. This means that the table contains groups 
of consecutively occupied locations that are called ݈ܿ݃݊݅ݎ݁ݐݏݑ.  
 

Clusters can get close to one another, and merge into a larger cluster. Thus, the one part of the table might be quite dense, even though 
another part has relatively few items. Clustering causes long probe searches and therefore decreases the overall efficiency. 
 

The next location to be probed is determined by the step-size, where other step-sizes (more than one) are possible. The step-size should be 
relatively prime to the table size, i.e. their greatest common divisor should be equal to 1. If we choose the table size to be a prime number, 
then any step-size is relatively prime to the table size. Clustering cannot be avoided by larger step-sizes. 
 

Quadratic Probing  
 

The interval between probes increases proportionally to the hash value (the interval thus increasing linearly, and the indices are described by 
a quadratic function). The problem of clustering can be eliminated if we use the quadratic probing method. Quadratic probing is also referred 
to as ݉݅݀ −  .method ݁ݎܽݑݍݏ
 

In quadratic probing, we start from the original hash location ݅. If a location is occupied, we check the locations ݅ + 1ଶ , ݅ + 2ଶ, ݅ + 3ଶ, ݅ +
4ଶ... We wrap around from the last table location to the first table location if necessary. The function for rehashing is the following: 
 

(ݕ݁݇)ℎݏℎܽ݁ݎ = (݊ + ݇ଶ)% ݁ݖ݅ݏ݈ܾ݁ܽݐ 
 

.Let us assume that the table size is 11 (0 :݈݁݌݉ܽݔܧ .10) 
 

Hash Function: h(key)  =  key mod 11  
 

 :ݏݕ݁݇ ݐݎ݁ݏ݊ܫ
= 11 ݀݋݉ 1   9 
= 11 ݀݋݉ 19  8 
= 11 ݀݋݉ 2  2 
= 11 ݀݋݉ 13  2 →  2 + 1ଶ = 3 
= 11 ݀݋݉ 25  3 →  3 + 1ଶ = 4 
= 11 ݀݋݉ 24  2 → 2 + 1ଶ , 2 + 2ଶ = 6 
= 11 ݀݋݉ 21  10 
= 11 ݀݋݉ 9  9 →  9 + 1ଶ , 9 + 2ଶ ݉9 ,11 ݀݋ + 3ଶ ݉11 ݀݋ = 7 
 
 

Even though clustering is avoided by quadratic probing, still there are chances of clustering. Clustering is caused by 
multiple search keys mapped to the same hash key. Thus, the probing sequence for such search keys is prolonged by repeated conflicts along 
the probing sequence. Both linear and quadratic probing use a probing sequence that is independent of the search key. 
 

Double Hashing 
 

The interval between probes is computed by another hash function. Double hashing reduces clustering in a better way. The increments for 
the probing sequence are computed by using a second hash function. The second hash function ℎ2 should be:  
 

ℎ2(݇݁ݕ)  ≠ 0 and ℎ2 ≠  ℎ1 
 

We first probe the location ℎ1(݇݁ݕ). If the location is occupied, we probe the location ℎ1(݇݁ݕ) + ℎ2(݇݁ݕ), ℎ1(݇݁ݕ) + 2 ∗ ℎ2(݇݁ݕ), ... 
 

 :݈݁݌݉ܽݔܧ                                                                                     
Table size is 11 (0. .10) 
Hash Function: assume  ℎ1(݇݁ݕ) =    and 11 ݀݋݉ ݕ݁݇ 
                                              ℎ2(݇݁ݕ)  =  (7 ݀݋݉ ݕ݁݇) – 7 
 

  :ݏݕ݁݇ ݐݎ݁ݏ݊ܫ
 

= 11 ݀݋݉ 58  3 
= 11 ݀݋݉ 14  3 →  3 + 7 = 10 
= 11 ݀݋݉ 91  3 →  3 + 7, 3 + 2 ∗ 11 ݀݋݉ 7 = 6 
= 11 ݀݋݉ 25  3 →  3 + 3, 3 + 2 ∗ 3 = 9 

 

0  
1  
2 2 
3 13 
4 25 
5 5 
6 24 
7 9 
8 19 
9 31 
10 21 

 

0  
1  
2  
3 58 
4 25 
5  
6 91 
7  
8  
9 25 
10 14 
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14.13 Comparison of Collision Resolution Techniques 
Comparisons: Linear Probing vs. Double Hashing 
 

The choice between linear probing and double hashing depends on the cost of computing the hash function and on the load factor [number 
of elements per slot] of the table. Both use few probes but double hashing take more time because it hashes to compare two hash functions 
for long keys. 

Comparisons: Open Addressing vs. Separate Chaining 
 

It is somewhat complicated because we have to account for the memory usage. Separate chaining uses extra memory for links. Open 
addressing needs extra memory implicitly within the table to terminate the probe sequence. Open-addressed hash tables cannot be used if the 
data does not have unique keys. An alternative is to use separate chained hash tables.  

Comparisons: Open Addressing methods 
 

Linear Probing  Quadratic Probing Double hashing 
Fastest among three Easiest to implement and deploy Makes more efficient use of memory 

Uses few probes Uses extra memory for links and it does not probe 
all locations in the table Uses few probes but takes more time 

A problem occurs known as 
primary clustering A problem occurs known as secondary clustering More complicated to implement 

Interval between probes is fixed - 
often at 1. 

Interval between probes increases proportional to 
the hash value 

Interval between probes is computed by 
another hash function 

14.14 How Hashing Gets O(1) Complexity 
 

We stated earlier that in the best case hashing would provide a O(1), constant time search technique. However, due to collisions, the number 
of comparisons is typically not so simple. Even though a complete analysis of hashing is beyond the scope of this text, we can state some well-
known results that approximate the number of comparisons necessary to search for an item. From the previous discussion, one doubts how 
hashing gets O(1) if multiple elements map to the same location. 
 

The answer to this problem is simple. By using the load factor we make sure that each block (for example, linked list in separate chaining 
approach) on the average stores the maximum number of elements less than the ݈ݎ݋ݐ݂ܿܽ ݀ܽ݋. Also, in practice this load factor is a constant 
(generally, 10 or 20). As a result, searching in 20 elements or 10 elements becomes constant. 
 

If the average number of elements in a block is greater than the load factor, we rehash the elements with a bigger hash table size. One thing 
we should remember is that we consider average occupancy (total number of elements in the hash table divided by table size) when deciding 
the rehash.  
 

The access time of the table depends on the load factor which in turn depends on the hash function. This is because hash function distributes 
the elements to the hash table. For this reason, we say hash table gives O(1) complexity on average. Also, we generally use hash tables in cases 
where searches are more than insertion and deletion operations. 

14.15 Hashing Techniques 
 

There are two types of hashing techniques: static hashing and dynamic hashing 
 

Static Hashing  
 

If the data is fixed then static hashing is useful. In static hashing, the set of keys is kept fixed and given in advance, and the number of primary 
pages in the directory are kept fixed. 
 

Dynamic Hashing    

If the data is not fixed, static hashing can give bad performance, in which case dynamic hashing is the alternative, in which case the set of keys 
can change dynamically. 

14.16 Problems for which Hash Tables are not suitable 
 

 Problems for which data ordering is required 
 Problems having multidimensional data 
 Prefix searching, especially if the keys are long and of variable-lengths 
 Problems that have dynamic data 
 Problems in which the data does not have unique keys. 

14.17 Bloom Filters 
 

A Bloom filter is a probabilistic data structure which was designed to check whether an element is present in a set with memory and time 
efficiency. It tells us that the element either definitely is ݊ݐ݋ in the set or may be in the set. The base data structure of a Bloom filter is a ݐ݅ܤ 
 .The algorithm was invented in 1970 by Burton Bloom and it relies on the use of a number of different hash functions .ݎ݋ݐܸܿ݁
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How it works? 
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Now that the bits in the bit vector have been set 
for 1ݐ݈݊݁݉݁ܧ and 2ݐ݈݊݁݉݁ܧ; we can query 
the bloom filter to tell us if something has been 
seen before.  
 
The element is hashed but instead of setting the 
bits, this time a check is done and if the bits that 
would have been set are already set the bloom 
filter will return true that the element has been 
seen before. 

 

A Bloom filter starts off with a bit array initialized to zero. To store a data value, we simply apply ݇ different hash functions and treat the 
resulting ݇ values as indices in the array, and we set each of the ݇ array elements to 1. We repeat this for every element that we encounter. 
 

Now suppose an element turns up and we want to know if we have seen it before. What we do is apply the ݇ hash functions and look up the 
indicated array elements. If any of them are 0 we can be 100% sure that we have never encountered the element before - if we had, the bit 
would have been set to 1. However, even if all of them are one, we still can't conclude that we have seen the element before because all of the 
bits could have been set by the ݇ hash functions applied to multiple other elements. All we can conclude is that it is likely that we have 
encountered the element before. 
 

Note that it is not possible to remove an element from a Bloom filter. The reason is simply that we can't unset a bit that appears to belong to 
an element because it might also be set by another element. 
 

If the bit array is mostly empty, i.e., set to zero, and the ݇ hash functions are independent of one another, then the probability of a false 
positive (i.e., concluding that we have seen a data item when we actually haven't) is low. For example, if there are only ݇ bits set, we can 
conclude that the probability of a false positive is very close to zero as the only possibility of error is that we entered a data item that produced 
the same ݇ hash values - which is unlikely as long as the ‘has’ functions are independent. 
 

As the bit array fills up, the probability of a false positive slowly increases. Of course when the bit array is full, every element queried is 
identified as having been seen before. So clearly we can trade space for accuracy as well as for time. 
 

One-time removal of an element from a Bloom filter can be simulated by having a second Bloom filter that contains elements that have been 
removed. However, false positives in the second filter become false negatives in the composite filter, which may be undesirable. In this 
approach, re-adding a previously removed item is not possible, as one would have to remove it from the ݀݁ݒ݋݉݁ݎ filter. 

Selecting hash functions 
 

The requirement of designing ݇ different independent hash functions can be prohibitive for large ݇. For a good hash function with a wide 
output, there should be little if any correlation between different bit-fields of such a hash, so this type of hash can be used to generate multiple 
݇ ,... ,hash functions by slicing its output into multiple bit fields. Alternatively, one can pass ݇ different initial values (such as 0, 1 ݐ݊݁ݎ݂݂݁݅݀  
- 1) to a hash function that takes an initial value – or add (or append) these values to the key. For larger ݉ and/or ݇, independence among 
the hash functions can be relaxed with negligible increase in the false positive rate.  

Selecting size of bit vector 
 

A Bloom filter with 1% error and an optimal value of k, in contrast, requires only about 9.6 bits per element — regardless of the size of the 
elements. This advantage comes partly from its compactness, inherited from arrays, and partly from its probabilistic nature. The 1% false-
positive rate can be reduced by a factor of ten by adding only about 4.8 bits per element. 

Space advantages 
 

While risking false positives, Bloom filters have a strong space advantage over other data structures for representing sets, such as self-balancing 
binary search trees, tries, hash tables, or simple arrays or linked lists of the entries. Most of these require storing at least the data items 
themselves, which can require anywhere from a small number of bits, for small integers, to an arbitrary number of bits, such as for strings 

Element1 

HashFunction1 

HashFunction2 
 

Element2 

HashFunction1 

HashFunction2 
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(tries are an exception, since they can share storage between elements with equal prefixes). Linked structures incur an additional linear space 
overhead for pointers. 
 

However, if the number of potential values is small and many of them can be in the set, the Bloom filter is easily surpassed by the deterministic 
bit array, which requires only one bit for each potential element. 

Time advantages 
 

Bloom filters also have the unusual property that the time needed either to add items or to check whether an item is in the set is a fixed 
constant, O(݇), completely independent of the number of items already in the set. No other constant-space set data structure has this property, 
but the average access time of sparse hash tables can make them faster in practice than some Bloom filters. In a hardware implementation, 
however, the Bloom filter shines because its k lookups are independent and can be parallelized. 
 

Implementation 
 

Refer to ܲ݊݋݅ݐܿ݁ܵ ݏ݈ܾ݉݁݋ݎ. 

14.18 Hashing: Problems & Solutions 
 

Problem-1 Implement a separate chaining collision resolution technique. Also, discuss time complexities of each function. 
 

Solution: To create a hashtable of given size, say ݊, we allocate an array of ݊/ܮ  (whose value is usually between 5 and 20) pointers to list, 
initialized to NULL. To perform ܵ݁ܽܿݎℎ/݁ݐ݈݁݁ܦ/ݐݎ݁ݏ݊ܫ operations, we first compute the index of the table from the given key by using 
ℎܽݏℎ݂݊݋݅ݐܿ݊ݑ and then do the corresponding operation in the linear list maintained at that location. To get uniform distribution of keys 
over a hashtable, maintain table size as the prime number.  
 

     public class ListNode { 
 private int key; 
 private int data; 
 private ListNode next; 
 public int getKey() { 
  return key; 
 } 
 public void setKey(int key) { 
  this.key = key; 
 } 
 public int getData() { 
  return data; 
 } 
 public void setData(int data) { 
  this.data = data; 
 } 
 public ListNode getNext() { 
  return next; 
 } 
 public void setNext(ListNode next) { 
  this.next = next; 
 }  
     } 
     public class HashTableNode { 
 private int blockCount; 
 private ListNode startNode; 
 public int getBlockCount() { 
  return blockCount; 
 } 
 public void setBlockCount(int blockCount) { 
  this.blockCount = blockCount; 
 } 
 public ListNode getStartNode() { 
  return startNode; 
 } 
 public void setStartNode(ListNode startNode) { 
  this.startNode = startNode; 
 }  
     } 
     public class HashTable { 
 private int tSize; 
 private int count; 
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 private HashTableNode[] table; 
 public int getTSize() { 
  return tSize; 
 } 
 public void setTSize(int size) { 
  tSize = size; 
  table = new HashTableNode[size]; 
 } 
 public int getCount() { 
  return count; 
 } 
 public void setCount(int count) { 
  this.count = count; 
 } 
 public HashTableNode[] getTable() { 
  return table; 
 } 
 public void setTable(HashTableNode[] table) { 
  this.table = table; 
 }  
     } 
     public class HashTableOperations { 
 public final static int LOADFACTOR = 20; 
 public static HashTable createHashTable(int size){ 
  HashTable h = new HashTable(); 
  //count is set to zero by default; 
  h.setTSize(size/LOADFACTOR); 
  for(int i=0;i<h.getTSize();i++){ 
   h.getTable()[i].setStartNode(null); 
  } 
  return h; 
 } 
 public static int hashSearch(HashTable h, int data){ 
  ListNode temp; 
  temp = h.getTable()[Hash(data, h.getTSize())].getStartNode();     
 while(temp) { 
   if(temp.data == data)   
    return 1; 
   temp = temp.next; 
  } 
  return 0; 
 
 } 
 public static void hashInsert(HashTable h, int data){ 
  int index; 
  ListNode temp, newNode; 
  if(hashSearch(h, data)) 
   return 0; 
  index = Hash(data, h.getTSize()); //Assume Hash is a built-in function 
  temp = h.getTable()[index].next; 
  newNode = new ListNode(); 
  if(newNode == null) { 
   System.out.println("Memory Error”); 
   return;  
  } 
  newNode.setKey(index); 
  newNode.data = data; 
  newNode.next = h.getTable()[index].next; 
  h.getTable()[index] .next = newNode; 
  h.getTable()[index].setBlockCount(h.getTable()[index].getBlockCount() + 1); 
  h.setCount(h.getCount() + 1); 
  if(h.getCount() / h.getTSize()  > LOAD_FACTOR)    
   Rehash(h); 
  return; 
 } 
 public static boolean hashDelete(HashTable h, int data){ 
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          ListNode temp, prev; 
          int index = Hash(data, h.getTSize()); 
  for(temp = h.getTable()[index].next, prev = null; temp;  
                              prev = temp, temp = temp.next) { 
   if(temp.data == data) { 
    if(prev != null)    
     prev.next = temp.next; 
    temp = null; 
    h.getTable()[index].setBlockCount(h.getTable()[index].getBlockCount() - 1); 
    h.setCount(h.getCount() - 1);              
    return 1; 
   } 
  } 
  return 0; 
 } 
 public static void rehash(HashTable h){ 
  int oldsize, i, index; 
  ListNode p, temp, temp2; 
  HashTableNode oldTable; 
  oldsize = h.getTSize(); 
  oldTable = h.getTable(); 
  h.setTSize(h.getTSize() * 2); 
  h = new HashTable(); 
  if(!h.getTable()) {  
   System.out.println( “Memory Error”); 
   return;  
  } 
  for(i = 0; i < oldsize; i++) { 
   for(temp = oldTable[i].next; temp; temp = temp.next) { 
    index = Hash(temp.data, h.getTSize()); 
    temp2 = temp;  
    temp = temp.next; 
    temp2.next = h.getTable()[i].next; 
    h.getTable()[index] .next = temp2; 
   } 
  } 
 
 } 
     } 
 

CreatHashTable – O(݊). HashSearch – O(1) average. HashInsert – O(1) average. HashDelete – O(1) average. 
 

Problem-2 Given an array of characters, give an algorithm for removing the duplicates.  
 

Solution: Start with the first character and check whether it appears in the remaining part of the string using a simple linear search. If it repeats, 
bring the last character to that position and decrement the size of the string by one. Continue this process for each distinct character of the 
given string. 
 

     public void RemoveDuplicates(char[] s, int n) { 
 for(int i = 0; i < n; i++) { 
  for(int j = i+1; j < n; ) { 
   if(s[i] == s[j])   
    s[j] = s[--n]; 
   else  j++; 
  } 
 } 
 s[i] = ‘\0’; 
     } 
 

Time Complexity: O(݊ଶ). Space Complexity: O(1). 
 

Problem-3 Can we find any other idea to solve this problem in better time than O(݊ଶ)? Observe that the order of characters in 
solutions do not matter.  

 

Solution: Use sorting to bring the repeated characters together. Finally scan through the array to remove duplicates in consecutive positions. 
 

     //With Char[] as input 
     public static void removeDuplicates(char[] str, int len) { 
 if (str == null)  return; 
 if (len < 2)     return; 
 int tail = 1; 
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   int j = i+l-1; 
   M[i][j] = MAX_VALUE;  
   // Try all possible division points i..k and k..j 
   for (int k=i; k<=j-1; k++) { 
    int thisCost = M[i][k] + M[k+1][j] + P[i-1]*P[k]*P[j]; 
    if(thisCost < M[i][j]) { 
     M[i][j] = thisCost; 
     S[i][j] = k; 
    } 
   } 
  } 
 } 
      } 
 

How many sub problems are there? In the above formula, ݅ can range from 1 ݋ݐ ݊ and ݆ can range from 1 ݋ݐ ݊. So there are a total of ݊ଶ 
subproblems, and also we are doing ݊ − 1 such operations [since the total number of operations we need for Aଵ × Aଶ × Aଷ × . . . × ܣ௡ ise 
݊ − 1]. So the time complexity is O(݊ଷ).  
Space Complexity: O(݊ଶ). 
 

Problem-16 For the Problem-15, can we use greedy method? 
 

Solution: ݕ݀݁݁ݎܩ method is not an optimal way of solving this problem. Let us go through some counter example for this. As we have seen 
already, ݃ݕ݀݁݁ݎ method makes the decision that is good locally and it does not consider the future optimal solutions. In this case, if we use 
 .then we always do the cheapest multiplication first. Sometimes it returns a parenthesization that is not optimal ,ݕ݀݁݁ݎܩ
 

Example: Consider Aଵ × Aଶ × Aଷ with dimensions 3 × 100, 100 × 2 and 2 × 2. Based on ݃ݕ݀݁݁ݎ we parenthesize them as:  Aଵ × (Aଶ × Aଷ) 
with 100 · 2 · 2 + 3 · 100 · 2 = 1000 multiplications. But the optimal solution to this problem is: (Aଵ × Aଶ) × Aଷ with 3 · 100 · 2 + 3 · 2 · 2 = 
612 multiplications. ∴ we cannot use ݃ݕ݀݁݁ݎ for solving this problem. 
 

Problem-17 Integer Knapsack Problem [Duplicate Items Permitted]: Given ݊ types of items, where the ݅௧௛ item type has an integer 
size ݏ௜ and a value ݒ௜. We need to fill a knapsack of total capacity ܥ with items of maximum value. We can add multiple items of the 
same type to the knapsack. 
Note: For Fractional Knapsack problem refer to ݐ݅ݎ݋݈݃ܣ ݕ݀݁݁ݎܩℎ݉ݏ chapter. 

 

Solution: Input: ݊ types of items where ݅௧௛ type item has the size ݏ௜ and value ݒ௜. Also, assume infinite number of items for each item type. 
 

Goal: Fill the knapsack with capacity ܥ by using ݊ types of items and with maximum value.  
 

One important note is that it’s not compulsory to fill the knapsack completely. That means, filling the knapsack completely [of size ܥ] if we 
get a value V and without filling the knapsack completely [let us say  C − 1] with value U and if V <  U then we consider the second one. In this 
case, we are basically filling the knapsack of size C − 1. If we get the same situation for ܥ − 1 also, then we try to fill the knapsack with ܥ − 2 
size and get the maximum value.  
 

Let us say M(j) denotes the maximum value we can pack into a ݆ size knapsack. We can express M(j) recursively in terms of solutions to sub 
problems as follows: 

(݆)ܯ  = ቊ݉ܽݔ൛ܯ(݆ − 1), ݆)ܯ௜ୀଵ ௧௢ ௡൫ݔܽ݉ − ௜)൯ݏ + ݆ ݂݅           ,௜ൟݒ ≥ 1
0,                                                                                         ݂݅ ݆ ≤ 0

 
 

For this problem the decision depends on whether we select a particular ݅௧௛ item or not for a knapsack of size ݆.   
 If we select ݅௧௛ item, then we add its value ݒ௜  to the optimal solution and decrease the size of the knapsack to be solved to ݆ − ௜ݏ .  
 If we do not select the item then check whether we can get a better solution for the knapsack of size ݆ − 1.  

 

The value of (ܥ)ܯ will contain the value of the optimal solution. We can find the list of items in the optimal solution by maintaining and 
following “back pointers”. 
 

Time Complexity: Finding each ܯ(݆) value will require (݊) time, and we need to sequentially compute ܥ such values. Therefore, total 
running time is (݊ܥ).  Space Complexity: (ܥ).  
 

Problem-18 0-1 Knapsack Problem: For Problem-17, how do we solve it if the items are not duplicated (not having an infinite number 
of items for each type, and each item is allowed to be used for 0 or 1 time)? 
 

Real-time example: Suppose we are going by flight, and we know that there is a limitation on the luggage weight. Also, the items which 
we are carrying can be of different types (like laptops, etc.). In this case, our objective is to select the items with maximum value. That 
means, we need to tell the customs officer to select the items which have more weight and less value (profit).  

 

Solution: Input is a set of ݊ items with sizes ݏ௜ and values ݒ௜ and a Knapsack of size ܥ which we need to fill with a subset of items from the 
given set. Let us try to find the recursive formula for this problem using DP. Let ܯ(݅, ݆) represent the optimal value we can get for filling up 
a knapsack of size ݆ with items 1 … ݅. The recursive formula can be given as: 
 

,݅)ܯ ݆) = ݅)ܯ} ݔܽܯ − 1, ݆), ݅)ܯ − 1, ݆ − (௜ݏ +  {௜ݒ
 
 
 
 

݅௧௛ item is not used ݅௧௛ item is used 
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Time Complexity: O(݊ܥ), since there are ݊  ,(ܥ݊)subproblems to be solved and each of them takes O(1) to compute. Space Complexity: O ܥ
where as Integer Knapsack takes only O(ܥ). 
 

Now let us consider the following diagram which helps us in reconstructing the optimal solution and also gives further understanding. Size of 
below matrix is ܯ. 
 

     
      

      

݅)ܯ  − 1, ݆ − ݅)ܯ  (௜ݏ − 1, ݆)   

,݅)ܯ    ݆)   

      
 

Since ݅ takes values from 1 … ݊ and ݆ takes values from 1 …  subproblems. Now let us see what the above formula ܥ݊ there are a total of ,ܥ
says: 
 

 ܯ(݅ − 1, ݆): Indicates the case of not selecting the ݅௧௛ item. In this case, since we are not adding any size to the knapsack we have 
to use the same knapsack size for subproblems but excluding the ݅௧௛ item. The remaining items are ݅ − 1. 

  ܯ(݅ − 1, ݆ − (௜ݏ +  ௜ indicates the case where we have selected the ݅௧௛ item. If we add the ݅௧௛ item then we have to reduce theݒ
subproblem knapsack size to  ݆ −  to the optimal solution. The remaining items ܑܞ ௜ and at the same time we need to add the valueݏ
are ݅ − 1.  

 

Now, after finding all ܯ(݅, ݆) values, the optimal objective value can be obtained as: ݔܽܯ௝{ܯ(݊, ݆)} 
This is because we do not know what amount of capacity gives the best solution. 
 

In order to compute some value ܯ(݅, ݆), we take the maximum of ܯ(݅ − 1, ݆) and ܯ(݅ − 1, ݆ − (௜ݏ + ,݅)ܯ) ௜. These two valuesݒ ݆) 
and ܯ(݅ − 1, ݆ − ,݅)ܯ ,௜)) appear in the previous row and also in some previous columns. Soݏ ݆) can be computed just by looking at two 
values in the previous row in the table.  
 

Problem-19 Making Change: Given ݊  types of coin denominations of values ݒଵ  < ଶݒ   < . . . < ଵݒ ௡ (integers). Assumeݒ  = 1, so that 
we can always make change for any amount of money ܥ. Give an algorithm which makes change for an amount of money ܥ with as few 
coins as possible. 

 

Solution:  
 
 
 
 
 
 
 
 
 
This problem is identical to the Integer Knapsack problem. In our problem, we have coin denominations, each of value ݒ௜. We can construct 
an instance of a Knapsack problem for each item that has a size ݏ௜, which is equal to the value of ݒ௜ coin denomination. In the Knapsack we 
can give the value of every item as −1. 
 

Now it is easy to understand an optimal way to make money ܥ with the fewest coins is completely equivalent to the optimal way to fill the 
Knapsack of size ܥ. This is because since every value has a value of −1, and the Knapsack algorithm uses as few items as possible which 
correspond to as few coins as possible. 
 

Let us try formulating the recurrence. Let ܯ(݆) indicate the minimum number of coins required to make change for the amount of money 
equal to ݆. 

(݆)ܯ = ݆)ܯ}௜݊݅ܯ − {(௜ݒ + 1 
 

What this says is, if coin denomination ݅  was the last denomination coin added to the solution, then the optimal way to finish the solution with 
that one is to optimally make change for the amount of money j − v୧ and then add one extra coin of value ݒ௜. 
 

      static int[] Table = new int[n + 1]; 
      public int MakingChange(int n) { 
 if(n < 0)  
                 return -1; 
 if(n == 0)  
                 return 0; 
 if(Table[n] != -1) 
  return Table[n]; 

j 

௜ݒ+  

 i 

Coin Denominations 
 

Value 

Knapsack Items 
 

          Size   ݏ௜       Value  -1 

= 
 ௜ݒ

Optimal way to make change 
for amount of money equal to C 
 

Optimal way to exactly fill a capacity ܥ Knapsack.
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 int ans = -1; 
 for ( int i = 0 ; i < num_denomination ; ++i ) 
  ans = Min( ans , MakingChange(n - denominations [ i ] ) ) ; 
 return Table[ n ] = ans + 1 ; 
      } 
 

Time Complexity: O(݊ܥ). Since we are solving ۱ sub-problems and each of them requires minimization of  ݊ terms. Space Complexity: 
O(݊ܥ). 
 

Problem-20 Longest Increasing Subsequence: Given a sequence of ݊ numbers ܣଵ . . .ܣ௡, determine a subsequence (not necessarily 
contiguous) of maximum length in which the values in the subsequence form a strictly increasing sequence. 
 

Solution: Goal: To find a subsequence that is just a subset of elements and does not happen to be contiguous. But the elements in the 
subsequence should form a strictly increasing sequence and at the same time the subsequence should contain as many elements as possible. 
 

For example, if the sequence is (5,6,2,3,4,1,9,9,8,9,5), then (5,6), (3,5), (1,8,9) are all increasing sub-sequences. The longest one of them 
is (2, 3, 4, 8, 9), and we want an algorithm for finding it. 
 

First, let us concentrate on the algorithm for finding the longest subsequence. Later, we can try printing the sequence itself by tracing the table. 
Our first step is finding the recursive formula. First, let us create the base conditions. If there is only one element in the input sequence then 
we don’t have to solve the problem and we just need to return that element. For any sequence we can start with the first element ([1]ܣ). Since 
we know the first number in the LIS, let's find the second number ([2]ܣ). If [2]ܣ is larger than [1]ܣ then include [2]ܣ also. Otherwise, we 
are done – the LIS is the one element sequence ([1]ܣ).  
 

Now, let us generalize the discussion and decide about ݅௧௛  element. Let ܮ(݅) represent the optimal subsequence which is starting at position 
 The optimal way to obtain a strictly increasing subsequence ending at position ݅ is to extend some subsequence .[݅]ܣ and ending at [1]ܣ
starting at some earlier position ݆. For this the recursive formula can be written as: 
 

(݅)ܮ = {(݆)ܮ}௝ழ௜ ௔௡ௗ ஺[௝]ழ஺[௜]ݔܽܯ + 1 
 

The above recurrence says that we have to select some earlier position ݆ which gives the maximum sequence. The 1 in the recursive formula 
indicates the addition of ݅௧௛ element.  
 
 
 
 

Now after finding the maximum sequence for all positions we have to select the one among all positions which gives the maximum sequence 
and it is defined as: 
 

 {(݅)ܮ}௜ݔܽܯ
   

      static int[] LISTable = new int[n + 1]; # Where n = A.length 
      public int LongestIncreasingSequence( int[] A ) { 
 int i, j, max = 0; 
 for ( i = 0; i < A.length; i++ )  
  LISTable[i] = 1; 
 

 for ( i = 0; i< A.length; i++ ) { 
  for ( j = 0; j < i; j++ ) {    
                                 if( A[i] > A[j] && LISTable[i] < LISTable[j] + 1 ) 
   LISTable[i] = LISTable[j] + 1;   
  } 
 } 
 

 for ( i = 0; i < A.length; i++)  
  if( max < LISTable[i] ) 
   max = LISTable[i]; 
 return max; 
      } 
 

Time Complexity: O(݊ଶ), since two ݂ݎ݋ loops. Space Complexity: O(݊), for table. 
 

Problem-21 Longest Increasing Subsequence: In Problem-20, we assumed that ܮ(݅) represents the optimal subsequence which is 
starting at position [1]ܣ and ending at ܣ[݅]. Now, let us change the definition of ܮ(݅) as: ܮ(݅) represents the optimal subsequence which 
is starting at position ܣ[݅] and ending at ܣ[݊]. With this approach can we solve the problem? 

 

Solution: Yes. The logic and reasoning is completely same.  
 
 
 
 
 

Let ܮ(݅) represent the optimal subsequence which is starting at position ܣ[݅] and ending at ܣ[݊]. The optimal way to obtain a strictly increasing 
subsequence starting at position ݅ is going to be to extend some subsequence starting at some later position ݆. For this the recursive formula 
can be written as: 

(݅)ܮ = {(݆)ܮ}௜ழ௝ ௔௡ௗ ஺[௜]ழ஺[௝]ݔܽܯ + 1 
 

  1      …….                         ݆         ………..                  ݅ 

              ݅                     ݆                     … . .                     ݊ 
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We have to select some later position ݆ which gives the maximum sequence. The 1 in the recursive formula is the addition of ݅௧௛ element. 
After finding the maximum sequence for all positions select the one among all positions which gives the maximum sequence and it is defined 
as: 

 {(݅)ܮ}௜ݔܽܯ
 

      static int[] LISTable = new int[n + 1]; # Where n = A.length 
      public int LongestIncreasingSequence( int[] A, int n ) { 
 int i, j, max = 0; 
 for ( i = 0; i < A.length; i++ )  
  LISTable[i] = 1;  
 for(i = A.length – 1; i >= 0; i++) { 
  // try picking a larger second element 
  for( j = i + 1; j < A.length; j++ )  { 
   if( A[i] < A[j] && LISTable [i] < LISTable [j] + 1) 
    LISTable[i] = LISTable[j] + 1;   
  } 
 } 
 for ( i = 0; i < A.length; i++ ) { 
  if( max < LISTable[i] ) 
   max = LISTable[i]; 
 } 
 return max; 
      } 
 

Time Complexity: O(݊ଶ), since two nested ݂ݎ݋ loops. Space Complexity: O(݊), for table. 
 

Problem-22 Is there an alternative way of solving Problem-21? 
 

Solution:  Yes. The other method is to sort the given sequence and save it into another array and then take out the “Longest Common 
Subsequence” (LCS) of the two arrays. This method has a complexity of O(݊ଶ). For the LCS problem refer to the ݐℎ݁݊݋݅ݐܿ݁ݏ ݕݎ݋ of this 
chapter. 
  

Problem-23 Box Stacking: Assume that we are given a set of ݊ rectangular 3 − D boxes. The dimensions of ݅௧௛ box are height ℎ௜, 
width ݓ௜ and depth ݀௜. Now we want to create a stack of boxes which is as tall as possible, but we can only stack a box on top of another 
box if the dimensions of the 2 −D base of the lower box are each strictly larger than those of the 2 −D base of the higher box. We can 
rotate a box so that any side functions as its base. It is possible to use multiple instances of the same type of box.  

 

Solution: Box stacking problem can be reduced to LIS [Problem-21]. 
 

Input: ݊  boxes where ݅ ௧௛ with height ℎ௜, width ݓ௜ and depth ݀௜. For all ݊  boxes we have to consider all the orientations with respect to rotation. 
That is, if we have, in the original set, a box with dimensions 1 × 2 × 3, then we consider 3 boxes, 

1 × 2 × 3 ⟹ ቐ
1 × (2 × 3), ,1 ݐℎ ℎ݁݅݃ℎݐ݅ݓ ℎ 3ݐ݀݅ݓ ݀݊ܽ 2 ݁ݏܾܽ
2 × (1 × 3), ,2 ݐℎ ℎ݁݅݃ℎݐ݅ݓ ℎ 3ݐ݀݅ݓ ݀݊ܽ 1 ݁ݏܾܽ
3 × (1 × 2), ,3 ݐℎ ℎ݁݅݃ℎݐ݅ݓ ℎ 2ݐ݀݅ݓ ݀݊ܽ 1 ݁ݏܾܽ

 

 

This simplification allows us to forget about the rotations of the boxes and we just focus on the stacking of ܖ boxes with each height as ℎ௜  and 
a base area of (ݓ௜ × ݀௜). Also assume that ݓ௜ ≤ ݀௜. Now what we do is, make a stack of boxes that is as tall as possible and has maximum 
height. We allow a box ݅  on top of box ݆  only if box ݅  is smaller than box ݆  in both the dimensions. That means, if ݓ௜ < ௝ && ݀௜ݓ < ௝݀ . Now 
let us solve this using DP. First select the boxes in the order of decreasing base area. 
 
 
            
 
  
  
 

Now, let us say ܪ(݆) represents the tallest stack of boxes with box ݆ on top. This is very similar to the LIS problem because the stack of ݊ 
boxes with ending box ݆ is equal to finding a subsequence with the first ݆ boxes due to the sorting by decreasing base area. The order of the 
boxes on the stack is going to be equal to the order of the sequence.Now we can write ܪ(݆) recursively. In order to form a stack which ends 
on box ݆, we need to extend a previous stack ending at ݅. That means, we need to put ݆ box at the top of the stack [݅ box is the current top of 
the stack]. To put ݆ box at the top of the stack we should satisfy the condition ݓ௜ > ௝ܽ݊݀ ݀௜ݓ > ௝݀  [this ensures that the low level box has 
more base than the boxes above it]. Based on this logic, we can write the recursive formula as: 
 

(݆)ܪ = {(݅)ܪ} ௜ழ௝ ௔௡ௗ ୵౟வ୵ౠୟ୬ୢ ୢ౟வୢౠݔܽܯ + ℎ௜ 
 

Similar to the LIS problem, at the end we have to select the best ݆ over all potential values. This is because we are not sure which box might 
end up on top. 

 {(݆)ܪ}௝ݔܽܯ
Time Complexity: O(݊2). 
 

Problem-24 Building Bridges in India: Consider a very long, straight river which moves from north to south. Assume there are ݊  cities 
on both sides of the river: ݊ cities on the left of the river and ݊ cities on the right side of the river. Also, assume that these cities are 

 
1 2 ݆ …….. …….. 

Decreasing base area 
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numbered from 1 to ݊  but the order is not known. Now we want to connect as many left-right pairs of cities as possible with bridges such 
that no two bridges cross. When connecting cities, we can only connect city ݅ on the left side to city ݅ on the right side.  

 

Solution:   Goal: Construct as many bridges as possible without any crosses between the cities on the left side of the river and the cities on the 
right side.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

To understand better let us consider the diagram below. In the diagram it can be seen that there are ݊ cities on the left side of river and ݊ 
cities on the right side of river. Also, note that we are connecting the cities which have the same number [a requirement in the problem]. Our 
goal is to connect the maximum cities on the left side of river to cities on the right side of the river, without any cross edges. Just to make it 
simple, let us sort the cities on one side of the river. 
 

If we observe carefully, since the cities on the left side are already sorted, the problem can be simplified to finding the maximum increasing 
sequence. That means we have to use the LIS solution for finding the maximum increasing sequence on the right side cities of the river. 
 

Time Complexity: O(݊ଶ), (same as LIS). 
  

Problem-25 Subset Sum: Given a sequence of ݊ positive numbers ܣଵ . . .ܣ௡, give an algorithm which checks whether there exists a 
subset of ܣ whose sum of all numbers is ܶ? 

 

Solution:  This is a variation of the Knapsack problem. As an example, consider the following array: 
 

= ܣ  [3, 2, 4, 19, 3, 7, 13, 10, 6, 11] 
 

Suppose we want to check whether there is any subset whose sum is 17. The answer is yes, because the sum of 4 +  13 =  17 and 
therefore {4, 13} is such a subset. Let us try solving this problem using DP. We will define ݊  ×  ܶ matrix, where ݊  is the number of elements 
in our input array and ܶ is the sum we want to check.  
 

Let, ܯ[݅, ݆]  =  1 if it is possible to find a subset of the numbers 1 through ݅ that produce sum ݆ and ܯ[݅, ݆]  =  0 otherwise.  
 

,݅]ܯ ݆]  = − ݅]ܯ)ݔܽܯ   1, ݆], − ݅]ܯ  1,  ([௜ܣ − ݆
 

According to the above recursive formula similar to the Knapsack problem, we check if we can get the sum ݆ by not including the element 
݅ in our subset, and we check if we can get the sum ݆ by including ݅ and checking if the sum ݆ − ܣ௜ exists without the ݅௧௛ element. This is 
identical to Knapsack, except that we are storing 0/1’s instead of values. In the below implementation we can use binary OR operation to get 
the maximum among ܯ[݅ −  1, ݆] and ܯ[݅ −  1, ݆ −  .[௜ܣ 
 

      public int SubsetSum( int A[], int n, int  T ) { 
 int i, j, M[n+1][T +1]; 
            M[0][0]=0; 
 
 

            for (i=1; i<= T; i++) 
       M[0][i]= 0; 
 
 

            for (i=1; i<=n; i++) { 
       for (j = 0; j<= T; j++) { 
  M[i][j] = M[i-1][j] || M[i-1][j - A[i]]; 
       } 
            } 
            return M[n][T]; 
      } 
 

How many subproblems are there? In the above formula, ݅ can range from 1 ݋ݐ ݊ and ݆ can range from 1 ݋ݐ ܶ. There are a total of ݊ܶ 
subproblems and each one takes O(1). So the time complexity is O(݊ܶ) and this is not polynomial as the running time depends on two 
variables [݊ and ܶ], and we can see that they are an exponential function of the other.  Space Complexity: O(݊ܶ).  
 

Problem-26 Given a set of ݊ integers and the sum of all numbers is at most ܭ. Find the subset of these ݊ elements whose sum is 
exactly half of the total sum of ݊ numbers. 

 

Solution: Assume that the numbers are ܣଵ . . .ܣ௡. Let us use DP to solve this problem. We will create a boolean array ܶ with size equal to 
ܭ + 1. Assume that ܶ[ݔ] is 1 if there exists a subset of given ݊ elements whose sum is ݔ. That means, after the algorithm finishes, ܶ[ܭ] will 
be 1, if and only if there is a subset of the numbers that has sum ܭ. Once we have that value then we just need to return ܶ[2/ܭ]. If it is 1, 
then there is a subset that adds up to half the total sum. 
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Initially we set all values of  ܶ to 0. Then we set ܶ [0] to 1. This is because we can always build 0 by taking an empty set. If we have no numbers 
in ܣ, then we are done! Otherwise, we pick the first number, [0]ܣ. We can either throw it away or take it into our subset. This means that the 
new ܶ[] should have ܶ[0] and ܶ[[0]ܣ] set to 1. This creates the base case. We continue by taking the next element of ܣ. 
 

Suppose that we have already taken care of the first i − 1 elements of A. Now we take A[i] and look at our table T[]. After processing i − 1 
elements, the array T has a 1 in every location that corresponds to a sum that we can make from the numbers we have already processed. 
Now we add the new number, A[i]. What should the table look like? First of all, we can simply ignore A[i]. That means, no one should 
disappear from T[] – we can still make all those sums. Now consider some location of T[j] that has a 1 in it. It corresponds to some subset of 
the previous numbers that add up to j. If we add A[i] to that subset, we will get a new subset with total sum j + A[i]. So we should set T[j +
A[i]] to 1 as well. That's all. Based on the above discussion, we can write the algorithm as: 
 

      static int[] T = new int[n + 1]; # Where n = A.length 
      public int SubsetHalfSum( int[]  A, int n ) { 
 int K = 0; 
 for( int i = 0; i < n; i++ )  
  K += A[i]; 
 T[0] = 1; 
 

 for( int i = 1; i <= K; i++ )  // initialize the table 
  T[i] = 0; 
 

 for( int i = 0; i < n; i++ ) {        // process the numbers one by one 
  for( int j = K - A[i]; j >= 0; j--)  { 
   if( T[j] )  
    T[j + A[i]] = 1; 
  } 
 } 
 return T[K / 2]; 
      } 
 

In the above code, ݆  loop moves from right to left. This reduces the double counting problem. That means, if we move from left to right, then 
we may do the repeated calculations.  
 

Time Complexity: O(݊ܭ), for the two ݂ݎ݋ loops. Space Complexity: O(ܭ), for the boolean table ܶ. 
 

Problem-27 Can we improve the performance of Problem-26? 
 

Solution: Yes. In the above code what we are doing is, the inner ݆ loop is starting from ܭ and moving left. That means, it is unnecessarily 
scanning the whole table every time.  
 

What we actually want is to find all the 1 entries. At the beginning, only the 0th entry is 1. If we keep the location of the rightmost 1 entry in 
a variable, we can always start at that spot and go left instead of starting at the right end of the table.  
 

To take full advantage of this, we can sort ܣ[] first. That way, the rightmost 1 entry will move to the right as slowly as possible. Finally, we 
don't really care about what happens in the right half of the table (after ܶ[2/ܭ]) because if ܶ[ݔ] is 1, then ܶ[ݔܭ] must also be 1 eventually – 
it corresponds to the complement of the subset that gave us ݔ. The code based on above discussion is given below. 
 

      static int[] T = new int[n + 1]; # Where n = A.length 
      public int SubsetHalfSumEfficient( int[]  A, int n ) { 
 int K = 0; 
 for( int i = 0; i < n; i++ )  
  K += A[i]; 
 

 Sort(A,n)); 
 

 T[0] = 1;          // initialize the table 
 for( int i = 1; i <= sum; i++ )  
  T[i] = 0; 
 int R = 0;        // rightmost 1 entry 
 

 for( int i = 0; i < n; i++) {          // process the numbers one by one 
  for( int j = R; j >= 0; j--) { 
   if( T[j] )  
    T[j + A[i]] = 1; 
   R = min(K / 2, R + C[i] ); 
  } 
 } 
 return T[K / 2]; 
      } 
 

After the improvements, the time complexity is still O(݊ܭ), but we have removed some useless steps. 
 

Problem-28 Counting Boolean Parenthesizations: Let us assume that we are given a boolean expression consisting of symbols 
,′݁ݑݎݐ′ ,′݁ݏ݈݂ܽ′ ′ܽ݊݀′, ,′ݎ݋′  For .݁ݑݎݐ Find the number of ways to parenthesize the expression such that it will evaluate to .′ݎ݋ݔ′ ݀݊ܽ
example, there is only 1 way to parenthesize ′݁ݑݎݐ ݎ݋ݔ ݁ݏ݈݂ܽ ݀݊ܽ ݁ݑݎݐ′ such that it evaluates to ݁ݑݎݐ.  
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Solution: Let the number of symbols be n and between symbols there are boolean operators like and, or, xor, etc. For example, if ݊ = 4,
 Our goal is to count the numbers of ways to parenthesize the expression with boolean operators so that it evaluates to .ܨ ݎ݋ݔ ܶ ݀݊ܽ ܨ ݎ݋ ܶ
 .then it evaluates to true (ܨ ݎ݋ݔ (ܶ ݀݊ܽ ܨ) ) ݎ݋ ܶ In the above case, if we use .݁ݑݎݐ
 

(ܨ ݎ݋ݔ(ܶ ݀݊ܽ ܨ) )ݎ݋ ܶ =  ݁ݑݎܶ
 

Now let us see how DP solves this problem. Let ܶ(݅, ݆) represent the number of ways to parenthesize the sub expression with symbols ݅ … ݆ 
[symbols means only ܶ and ܨ and not the operators] with boolean operators so that it evaluates to ݁ݑݎݐ. Also, ݅ and ݆ take the values from 1 
to ݊. For example, in the above case, ܶ(2, 4)  =  0 because there is no way to parenthesize the expression ܨ ݎ݋ݔ ܶ ݀݊ܽ ܨ to make it ݁ݑݎݐ. 
 

Just for simplicity and similarity, let ܨ(݅, ݆) represent the number of ways to parenthesize the sub expression with symbols ݅ … ݆ with boolean 
operators so that it evaluates to ݂ ܶ The base cases are .݁ݏ݈ܽ (݅, ݅) and ܨ(݅, ݅). Now we are going to compute ܶ (݅, ݅ + 1) and ܨ(݅, ݅ + 1) for all 
values of ݅. Similarly, ܶ(݅, ݅ + 2) and ܨ(݅, ݅ + 2) for all values of ݅ and so on. Now let’s generalize the solution. 
 

ܶ(݅, ݆) = ෍ ቐ
ܶ(݅, ݇)ܶ(݇ + 1, "݀݊ܽ" ݎ݋݂                                                                ,(݆
,݅)݈ܽݐ݋ܶ ݇)݈ܽݐ݋ܶ(݇ + 1, ݆) − ,݅)ܨ ݇)ܨ(݇ + 1, "ݎ݋" ݎ݋݂           ,(݆
ܶ(݅, ݇)ܨ(݇ + 1, ݆) + ,݅)ܨ ݇)ܶ(݇ + 1, "ݎ݋ݔ" ݎ݋݂                         ,(݆

௝ିଵ

௞ୀ௜

 

 

Where, ݈ܶܽݐ݋(݅, ݇) = ܶ(݅, ݇) + ,݅)ܨ ݇). 
 

 

 
 

What this above recursive formula says is, ܶ(݅, ݆) indicates the number of ways to parenthesize the expression. Let us assume that we have 
some sub problems which are ending at ݇. Then the total number of ways to parenthesize from ݅ ݋ݐ ݆ is the sum of counts of parenthesizing 
from ݅ ݋ݐ ݇ and from ݇ + ݇ To parenthesize between ݇ and .݆ ݋ݐ 1 + 1 there are three ways: “ܽ݊݀”, “ݎ݋” and “ݎ݋ݔ”. 
 

 If we use “ܽ݊݀” between ݇ and ݇ + 1, then the final expression becomes ݁ݑݎݐ only when both are ݁ݑݎݐ. If both are ݁ݑݎݐ then we 
can include them to get the final count.  

 If we use “ݎ݋”, then if at least one of them is ݁ݑݎݐ, the result becomes ݁ݑݎݐ. Instead of including all three possibilities for “ݎ݋”, we 
are giving one alternative where we are subtracting the “false” cases from total possibilities.  

 The same is the case with “ݎ݋ݔ”. The conversation is as in the above two cases. 
 

After finding all the values we have to select the value of ݇, which produces the maximum count, and for ݇ there are ݅ ݋ݐ ݆ − 1 possibilities. 
 

How many subproblems are there? In the above formula, ݅ can range from 1 ݋ݐ ݊, and ݆ can range from 1 ݋ݐ ݊. So there are a total of ݊ଶ 
subproblems, and also we are doing summation for all such values. So the time complexity is O(݊ଷ). 
 

Problem-29 All Pairs Shortest Path Problem: Floyd's Algorithm: Given a weighted directed graph ܩ = (ܸ, = ܸ where ,(ܧ
 {1, 2, . . . , ݊}. Find the shortest path between any pair of nodes in the graph. Assume the weights are represented in the matrix ܥ[ܸ][ܸ], 
where ܥ[݅][݆] indicates the weight (or cost) between the nodes ݅ and ݆. Also, ܥ[݅][݆]  =  ∞ or -1 if there is no path from node ݅ to node 
݆. 

 

Solution: Let us try to find the DP solution (Floyd’s algorithm) for this problem. The Floyd’s algorithm for all pairs shortest path problem 
uses matrix 1]ܣ. . ݊][1. . ݊] to compute the lengths of the shortest paths. Initially,  
 

,݅]ܣ ݆] = ,݅]ܥ ݆]  ݂݅  ݅ ≠  ݆ 
            = 0          ݂݅  ݅ =  ݆ 

 

From the definition, ܥ[݅, ݆]  =  ∞ if there is no path from ݅ to ݆. The algorithm makes ݊ passes over A. Let A଴, Aଵ, . . . , A୬ be the values of ܣ 
on the ݊ passes, with A଴ being the initial value.   
 

Just after the k − 1୲୦ iteration, A୩ିଵ[݅, ݆]  = smallest length of any path from vertex ݅ to vertex ݆ that does not pass through the vertices {݇ +
1, ݇ + 2, … . ݊}. That means, it passes through the vertices possibly through {1, 2, 3, … , ݇ − 1}. 
 

In each iteration, the value ܣ[݅][݆] is updated with minimum of A୩ିଵ[݅, ݆] and A୩ିଵ[݅, ݇] + A୩ିଵ[݇, ݆]. 

,݅]ܣ ݆] = min ൜A୩ିଵ[݅, ݆]                          
A୩ିଵ[݅, ݇] + A୩ିଵ[݇, ݆] 

 
 

The ݇௧௛ pass explores whether the vertex ݇ lies on an optimal path from ݅ to ݆, for all ݅, ݆. The same is shown in the diagram below. 
 
 
 
 
 
 
 
 
 
 

      public void Floyd(int[][] C, int[][] A, int n) {  
 int i, j, k; 

1 2 … ݅ … ݇ ݇ + 1 … ݆ … ݊ 
           

ܽ݊݀, ,ݎ݋  ݎ݋ݔ

A୩ିଵ[݇, ݆] 
A୩ିଵ[݅, ݇] 

A୩ିଵ[݅, ݆] 

k 

j 

i 
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 for(i = 0, i <= n - 1;i + +) 
                  for(j = 0; j <= n - 1, j + +) 
            A[i][j] = C[i][j]; 
 

 for(i = 0;i <= n - 1;i + +) 
            A[i][i] = 0; 
 

 for(k = 0;k <= n - 1;k + +) { 
  for(i = 0;i <= n - 1;i + +) { 
                       for(j = 0;j <= n - 1, j + +) 
    if(A[i][k] + A[k][j] < A[i][j]) 
     A[i][j] = A[i][k] + A[k][j]; 
  } 
 } 
      } 
 

Time Complexity: O(nଷ). 
 

Problem-30 Optimal Binary Search Trees: Given a set of ݊ (sorted) keys 1]ܣ. . ݊], build the best binary search tree for the elements 
of ܣ. Also assume that each element is associated with ݂  which indicates the number of times that a particular item is searched ݕܿ݊݁ݑݍ݁ݎ
in the binary search trees. That means we need to construct a binary search tree so that the total search time will be reduced. 

 

Solution: Before solving the problem let us understand the problem with an example. Let us assume that the given array is A =
[3, 12, 21, 32, 35]. There are many ways to represent these elements, two of which are listed below. 
 
 
 
 
 
 
 
 
 
 
 

Of the two, which representation is better?  The search time for an element depends on the depth of the node. The average number of 
comparisons for the first tree is: 

1+2+2+3+3

5
= 11

5
 and for the second tree, the average number of comparisons is: ଵାଶାଷାଷାସ

ହ
= ଵଷ

૞
. Of the two, the 

first tree gives better results. 
 

If frequencies are not given and if we want to search all elements, then the above simple calculation is enough for deciding the best tree. If the 
frequencies are given, then the selection depends on the frequencies of the elements and also the depth of the elements. For simplicity let us 
assume that the given array is ܣ and the corresponding frequencies are in array ܨ .ܨ[݅] indicates the frequency of ݅ ௧௛ element ܣ[݅]. With this, 
the total search time S(root) of the tree with root can be defined as:  
 

(ݐ݋݋ݎ)ܵ = ෍(݀݁ݐ݌ℎ(ݐ݋݋ݎ, ݅) + 1) × ([݅]ܨ
௡

௜ୀଵ

 
 

In the above expression, ݀ ,ݐ݋݋ݎ)ℎݐ݌݁ ݅) + 1 indicates the number of comparisons for searching the ݅ ௧௛ element. Since we are trying to create 
a binary search tree, the left subtree elements are less than root element and the right subtree elements are greater than root element. If we 
separate the left subtree time and right subtree time, then the above expression can be written as:  
 

(ݐ݋݋ݎ)ܵ = ෍(݀݁ݐ݌ℎ(ݐ݋݋ݎ, ݅) + 1) × [݅]ܨ
௥ିଵ

௜ୀଵ

+ ෍ [݅]ܨ
௡

௜ୀଵ

+ ෍ ,ݐ݋݋ݎ)ℎݐ݌݁݀) ݅) + 1) × [݅]ܨ
௡

௜ୀ௥ାଵ

 

 

Where ݎ indicates the position of the root element in the array. 
 

If we replace the left subtree and right subtree times with their corresponding recursive calls, then the expression becomes: 

(ݐ݋݋ݎ)ܵ = ݐ݋݋ݎ)ܵ → (ݐ݂݈݁ + ݐ݋݋ݎ)ܵ → (ݐℎ݃݅ݎ + ෍ [݅]ܨ
௡

௜ୀଵ

 

Binary Search Tree node declaration 
 

Refer to ܶݏ݁݁ݎ chapter. 
 

Implementation: 
 

      public BinarySearchTreeNode OptimalBST(int[] A, int[] F, int low, int high) { 
 int r, minTime = 0; 
 BinarySearchTreeNode newNode = new BinarySearchTreeNode(); 
 if(newNode == null) { 
       System.out.println("Memory Error"); 
       return; 
                } 
 for (r =0, r <= n-1; r++) { 

12 

3 32 

21 35 

12 

3 21 

35 

32 
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  root.left = OptimalBST(A, F, low, r-1); 
  root.right = OptimalBST(A, F, r+1, high); 
  root.data = A[r]; 
  if(minTime > S(root)) 
   minTime = S(root); 
 } 
 return minTime; 
      } 
 

Problem-31 Optimal Strategy for a Game: Consider a row of ݊  coins of values ݒଵ ... ݒ௡, where ݊  is even [since it’s a two player game]. 
We play this game with the opponent. In each turn, a player selects either the first or last coin from the row, removes it from the row 
permanently, and receives the value of the coin. Determine the maximum possible amount of money we can definitely win if we move 
first.  

 

Solution: Let us solve the problem using our DP technique. For each turn either we or our opponent selects the coin only from the ends of 
the row. Let us define the subproblems as: 
 
 
 
 
 
 

ܸ(݅, ݆): denotes the maximum possible value we can definitely win if it is our turn and the only coins remaining are ݒ௜ ... ݒ௝. 
 

Base Cases: ܸ(݅, ݅), ܸ(݅, ݅ + 1) for all values of ݅.  
From these values, we can compute ܸ(݅, ݅ + 2), ܸ(݅, ݅ + 3) and so on. Now let us define ܸ(݅, ݆) for each sub problem as:  
 

ܸ(݅, ݆) = ݔܽܯ ൜݊݅ܯ ൜
ܸ(݅ + 1, ݆ − 1)

ܸ(݅ + 2, ݆) ൠ + ௜ݒ , ݊݅ܯ ൜
ܸ(݅, ݆ − 2)

ܸ(݅ + 1, ݆ − 1)ൠ +  ௝ൠݒ
 

In the recursive call we have to focus on i୲୦ coin to ݆ ௧௛ coin (ݒ௜  . . .  ௝). Since it is our turn to pick the coin, we have two possibilities: either weݒ
can pick ݒ௜  or ݒ௝. The first term indicates the case if we select ݅௧௛ coin (ݒ௜) and the second term indicates the case if we select ݆௧௛ coin (ݒ௝). 
The outer ݔܽܯ indicates that we have to select the coin which gives maximum value. Now let us focus on the terms: 
 

 Selecting ݅௧௛  coin: If we select the ݅௧௛  coin then the remaining range is from ݅ + Since we selected the ݅௧௛ .݆ ݋ݐ 1  coin we get the 
value ݒ௜ for that. From the remaining range  ݅ + ݅ the opponents can select either ,݆ ݋ݐ 1 + 1௧௛ coin or ݆ ௧௛  coin. But the opponents 
selection should be minimized as much as possible [the ݊݅ܯ term]. The same is described in the below figure. 

 
 
 
 
 
 
 

 Selecting the ݆ ௧௛ coin: Here also the argument is the same as above. If we select the ݆ ௧௛  coin, then the remaining range is from i to j −
1. Since we selected the ݆௧௛  coin we get the value ݒ௝ for that. From the remaining range i to j − 1, the opponent can select either the 
݅௧௛  coin or the ݆ − 1௧௛ coin. But the opponent’s selection should be minimized as much as possible [the ݊݅ܯ term].  

 
 
 

 
 
 
 

How many subproblems are there? In the above formula, ݅ can range from 1 ݋ݐ ݊ and ݆ can range from 1 ݋ݐ ݊. There are a total of ݊ଶ 
subproblems and each takes O(1) and the total time complexity is O(݊ଶ). 
 

Problem-32 Tiling: Assume that we use dominoes measuring 2 × 1 to tile an infinite strip of height 2. How many ways can one tile a 
2 × ݊ strip of square cells with 1 × 2 dominoes? 

 

Solution: Notice that we can place tiles either vertically or horizontally. For placing vertical tiles, we need a gap of at least 2 ×  2. For placing 
horizontal tiles, we need a gap of 2 ×  1. In this manner, the problem is reduced to finding the number of ways to partition ݊ using the 
numbers 1 and 2 with order considered relevant [1]. For example: 11 =  1 +  2 +  2 +  1 + 2 +  2 +  1.  
 
 
 
 
 
 

If we have to find such arrangements for 12, we can either place a 1 at the end or we can add 2 in the arrangements possible with 10. Similarly, 
let us say we have ܨ௡ possible arrangements for n. Then for (݊ + 1), we can either place just 1 at the end ݎ݋ we can find possible arrangements 
for (݊ − 1) and put a 2 at the end. Going by the above theory: 

1 2 … ݅ … 
  … ݆ … ݊ 

 ଶݒ ଵݒ
 

 ௜ݒ …
 

 ௝ݒ    …      
 

 ௡ݒ 
 

Opponent’s selection range: ݅ +  ݆ ݋ݐ 1
 

1 2 … ݅ ݅ + 1   ݆ − 1 ݆ … ݊ 
 ଶݒ ଵݒ

 
… v୧ 

 
 ௜ାଵݒ

 
 ௝ିଵݒ … …

 
 ௝ݒ

 
 ௡ݒ 

 

   Opponent’s selection range: ݅ ݋ݐ ݆ − 1 
 

1 2 … ݅ ݅ + 1   ݆ − 1 ݆ … ݊ 
 ଶݒ ଵݒ

 
 ௜ݒ …

 
 ௜ାଵݒ

 
 ௝ିଵݒ … …

 
 ௝ݒ

 
 ௡ݒ 
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= ௡ାଵܨ                                                                 ௡ܨ   ௡ିଵܨ + 
 

Let’s verify the above theory for our original problem:  
 

 In how many ways can we fill a 2 ×  1 strip: 1 → Only one vertical tile. 
 In how many ways can we fill a 2 ×  2 strip: 2 → Either 2 horizontal or 2 vertical tiles. 
 In how many ways can we fill a 2 ×  3 strip: 3 → Either put a vertical tile in the 2 solutions possible for a 2 ×  2 strip, or put 2 

horizontal tiles in the only solution possible for a 2 ×  1 strip. (2 +  1 =  3). 
 Similarly, in how many ways can we fill a 2 ×  ݊ strip: Either put a vertical tile in the solutions possible for 2 ܺ (݊ − 1) strip or put 

2 horizontal tiles in the solution possible for a 2 × (݊ − 2) strip. (ܨ௡ିଵ + ܨ௡ିଶ). 
 That’s how we verified that our final solution is: ܨ௡  = + ௡ିଵܨ  = ଵܨ ௡ିଶ withܨ   1 and ܨଶ =  2. 

 

Problem-33 Edit Distance: Given two strings ܣ of length ݉ and ܤ of length ݊, transform ܣ into ܤ with a minimum number of 
operations of the following types: delete a character from ܣ, insert a character into ܣ, or change some character in ܣ into a new character. 
The minimal number of such operations required to transform ܣ into ܤ is called the ݁݀݅݁ܿ݊ܽݐݏ݅݀ ݐ between ܣ and ܤ.  

 

Solution: Before going to solution, let us consider the possible operations for converting string ܣ into ܤ. 
 If ݉ >  ݊, we need to remove some characters of ܣ 
 If ݉ ==  ݊, we may need to convert some characters of ܣ 
 If ݉ <  ݊, we need to remove some characters from ܣ 

 

So the operations we need are insertion of a character, replacement of a character and deletion of character and their corresponding cost 
codes are defined below. 
 

Costs of operations: 
Insertion of  a character ௜ܿ 
Replacement of a character ܿ௥ 
Deletion of character ܿௗ 

 

Now let us concentrate on recursive formulation of the problem. Let, ܶ(݅, ݆) represents the minimum cost required to transform first ݅ 
characters of ܣ to first ݆ characters of ܤ. That means, 1]ܣ … ݅] to 1]ܤ … ݆]. 

ܶ(݅, ݆) = ݉݅݊

⎩
⎨

⎧
ܿௗ + ܶ(݅ − 1, ݆)                                       
ܶ(݅, ݆ − 1) + ௜ܿ                                         

൜ܶ(݅ − 1, ݆ − [݅]ܣ ݂݅           ,(1 == [݆]ܤ
ܶ(݅ − 1, ݆ − 1) + ܿ௥ [݅]ܣ ݂݅       ≠ [݆]ܤ

 

Based on above discussion we have the following cases. 
 If we delete ݅௧௛ character from ܣ, then we have to convert remaining ݅ − 1 characters of ܣ to ݆ characters of ܤ 
 If we insert ݅௧௛ character in ܣ, then convert these ݅ characters of ܣ to ݆ − 1 characters of ܤ 
 If ܣ[݅] == ݅ then we have to convert remaining ,[݆]ܤ − 1 characters of ܣ to ݆ − 1 characters of ܤ 
 If ܣ[݅] ≠ ݅ then we have to replace ,[݆]ܤ ௧௛ character of ܣ to ݆ ௧௛ character of B and convert remaining ݅ − 1 characters of ܣ to ݆ − 1 

characters of ܤ 
 

After calculating all the possibilities we have to select the one which gives the lowest cost. 
 

How many subproblems are there? In the above formula, ݅ can range from 1 ݋ݐ ݉ and ݆ can range from 1 ݋ݐ ݊. This gives ݉݊ subproblems 
and each one take O(1) and the time complexity is O(݉݊). Space Complexity: O(݉݊) where ݉ is number of rows and ݊ is number of 
columns in the given matrix. 
 

    public int editDistance(String A, String B) { 
        int[][] Table = new int[A.length() + 1][B.length() + 1]; 
        // Initialization 
        for(int i = 0; i <= A.length(); i++) 
            Table[i][0] = i; 
        for(int i = 0; i <= B.length(); i++) 
            Table[0][i] = i; 
        for(int i = 1; i <= A.length(); i++){ 
            for(int j = 1; j <= B.length(); j++){ 
                if(A.charAt(i - 1) == B.charAt(j - 1)){ 
                    Table[i][j] = Table[i - 1][j - 1]; 
                }else{ 
                    Table[i][j] = 1 + Math.min(Table[i - 1][j - 1], Math.min(Table[i - 1][j], Table[i][j - 1])); 
                } 
            } 
        } 
        return Table[A.length()][B.length()]; 
    } 
 

Problem-34 Longest Palindrome Subsequence: A sequence is a palindrome if it reads the same whether we read it left to right or right 
to left. For example ܣ, ,ܥ ,ܩ ,ܩ ,ܩ ,ܩ ,ܥ ݊ Given a sequence of length .ܣ , devise an algorithm to output the length of the longest palindrome 
subsequence. For example, the string ܯ,ܣ,ܩ,ܩ,ܶ,ܥ,ܣ,ܣ,ܯ,ܤ,ܥ,ܶ,ܥ,ܩ,ܣ has many palindromes as subsequences, for instance: 
,ܣ ,ܩ ܶ, ,ܥ ,ܯ ,ܥ ܶ, ,ܩ  .has length 9 ܣ
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Solution: Let us use DP to solve this problem. If we look at the sub-string A[i, . . , j] of the string ܣ, then we can find a palindrome sequence of 
length at least 2 if A[i] ==  A[j]. If they are not the same, then we have to find the maximum length palindrome in subsequences A[i + 1, . . . , j] 
and A[i, . . . , j − 1].  
 

Also, every character ܣ[݅] is a palindrome of length 1. Therefore the base cases are given by ܣ[݅, ݅] = 1. Let us define the maximum length 
palindrome for the substring A[i, . . . , j] as L(i, j). 
 

,݅)ܮ ݆)  = ൜ܮ(݅ +  1, ݆ −  1) + [݅]ܣ ݂݅          ,2  == [݆]ܣ 
+ ݅)ܮ}ݔܽܯ  1, ݆), ,݅)ܮ ݆ − ݁ݏ݅ݓݎℎ݁ݐ݋     ,{(1  

,݅)ܮ                                                                           ݅) =   1 for all ݅ =  ݊ ݋ݐ 1
 

    public int LongestPalindromeSubsequence(int[] A) { 
 int max  = 1, n = A.length, i, k; 
 int [][]L = new int[n][n]; 
 for (i  = 1; i<= n -1; i++) { 
  L[i][i] =1; 
              if(A[i]==A[i+1]) { 
        L[i][i + 1]  = 1; 
        max = 2; 
              } 
              else L[i][i + 1]  = 0; 
 } 
 for (k=3;k<= n;k++) { 
  for (i  = 1;i <= n-k +1; i++) { 
   j =  i + k - 1; 
   if(A[i] == A[j]) { 
    L[i, j] =  2 + L[i + 1][j - 1]; 
    max = k; 
   } 
   else L[i, j]  = max(L[i + 1][j - 1], L[i][j - 1]); 
  } 
 } 
 return max; 
    } 
 

Time Complexity: First ݂ݎ݋ loop takes O(݊) time while the second ‘for’ loop takes O(݊ −  ݇) which is also O(݊). Therefore, the total 
running time of the algorithm is given by O(݊ଶ). 
 

Problem-35 Longest Palindrome Substring: Given a string ܣ, we need to find the longest sub-string of ܣ such that the reverse of it is 
exactly the same. 

 

Solution: The basic difference between the longest palindrome substring and the longest palindrome subsequence is that, in the case of the 
longest palindrome substring, the output string should be the contiguous characters, which gives the maximum palindrome; and in the case 
of the longest palindrome subsequence, the output is the sequence of characters where the characters might not be contiguous but they should 
be in an increasing sequence with respect to their positions in the given string. 
 

Brute-force solution exhaustively checks all ݊ (݊ +  1) / 2  possible substrings of the given n-length string, tests each one if it's a palindrome, 
and keeps track of the longest one seen so far. This has worst-case complexity O(݊ଷ), but we can easily do better by realizing that a palindrome 
is centered on either a letter (for odd-length palindromes) or a space between letters (for even-length palindromes). Therefore we can examine 
all ݊ +  1 possible centers and find the longest palindrome for that center, keeping track of the overall longest palindrome. This has worst-
case complexity O(݊ଶ). 
 

Let us use DP to solve this problem. It is worth noting that there are no more than O(݊ଶ) substrings in a string of length ݊ (while there are 
exactly 2௡ subsequences). Therefore, we could scan each substring, check for a palindrome, and update the length of the longest palindrome 
substring discovered so far. Since the palindrome test takes time linear in the length of the substring, this idea takes O(݊3) algorithm. We can 
use DP to improve this. For 1 ≤ ݅ ≤  ݆ ≤  ݊, define 
 

,݅)ܮ ݆)  = ൜1, [݅]ܣ ݂݅ … . ,is a palindrome substring [݆]ܣ
0,                                                                   otherwise  

,݅]ܮ                                                                      ݅]  =  1 , 
,݅]ܮ              ݆] = ,݅]ܮ ݅ + 1] , [݅]ܣ ݂݅ == ݅]ܣ + 1], ≥ 1 ݎ݋݂ ݅ ≤  ݆ ≤  ݊ − 1. 

 

Also, for string of length at least 3,  
 

,݅]ܮ                                    ݆]  = + ݅]ܮ)   1, ݆ − [݅]ܣ ݀݊ܽ [1  =  . ([݆]ܣ
 

Note that in order to obtain a well-defined recurrence, we need to explicitly initialize two distinct diagonals of the boolean array ܮ[݅, ݆], since 
the recurrence for entry [݅, ݆] uses the value [݅ −  1, ݆ −  1], which is two diagonals away from [݅, ݆] (that means, for a substring of length ݇, 
we need to know the status of a substring of length ݇ −  2).  
 

      public int LongestPalindromeSubstring(int[] A) { 
 int max  = 1, n = A.length, i, k; 
 int [][]L = new int[n][n]; 
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 for (i  = 1; i<=n-1; i++) { 
  L[i][i] =1; 
              if(A[i]==A[i+1]) { 
        L[i][i + 1]  = 1; 
        max = 2; 
              } 
              else L[i][i + 1]  = 0; 
 } 
 for (k=3;k<=n;k++) { 
  for (i  = 1;i <= n-k +1; i++) { 
   j =  i + k - 1; 
   if(A[i] == A[j] && L[i + 1][j - 1]) { 
    L[i][j] =  1; 
    max = k; 
   } 
   else L[i][j]  = 0; 
  } 
 } 
 return max; 
      } 
 

Time Complexity: First for loop takes O(݊) time while the second for loop takes O(݊ −  ݇) which is also O(݊). Therefore the total running 
time of the algorithm is given by O(݊ଶ). 
 

Problem-36 Given two strings ܵ and ܶ, give an algorithm to find the number of times ܵ appears in ܶ. It’s not compulsory that all 
characters of S should appear contiguous to ܶ . For example, if ܵ  =  ܾܽ and ܶ  =  ܾܾܽܽ݀ܿ then the solution is 4, because ܽ ܾ is appearing 
4 times in ܾܾܽܽ݀ܿ. 

 

Solution:  Input: Given two strings ܵ[1. . ݉] and ܶ[1 … ݉].    Goal: Count the number of times that ܵ appears in ܶ. 
Assume ܮ(݅, ݆) represents the count of how many times ݅ characters of ܵ are appearing in ݆ characters of ܶ. 

,݅)ܮ ݆) = ݔܽܯ

⎩
⎨

⎧
0,                                                                          ݂݅ ݆ = 0 
1,                                                                          ݂݅ ݅ = 0
݅)ܮ − 1, ݆ − 1) + ,݅)ܮ  ݆ − 1), ݂݅ ܵ[݅] == ܶ[݆]
݅)ܮ − 1, ݆),                                              ݂݅ ܵ[݅] ≠ ܶ[݆]

 

If we concentrate on the components of the above recursive formula, 
 

 If ݆ = 0, then since ܶ is empty the count becomes 0. 
 If ݅ =  0, then we can treat empty string ܵ also appearing in ܶ and we can give the count as 1. 
 If S[i] == T[j], it means ݅௧௛ character of ܵ and ݆௧௛ character of ܶ are the same. In this case we have to check the subproblems with 

݅ − 1 characters of S and ݆ − 1 characters of ܶ and also we have to count the result of ݅ characters of ܵ with ݆ − 1 characters of ܶ. 
This is because even all ݅ characters of ܵ might be appearing in ݆ − 1 characters of ܶ. 

 If S[i] ≠ T[j], then we have to get the result of subproblem with ݅ − 1 characters of ܵ and ݆ characters of ܶ. 
 

After computing all the values, we have to select the one which gives the maximum count. 
 

How many subproblems are there? In the above formula, ݅ can range from 1 ݋ݐ ݉ and ݆ can range from 1 ݋ݐ ݊. There are a total of ݉݊ 
subproblems and each one takes O(1). Time Complexity is O(݉݊). 
Space Complexity: O(݉݊) where ݉ is number of rows and ݊ is number of columns in the given matrix. 
 

Problem-37 Given a matrix with ݊  rows and ݉  columns (݊ ×  ݉). In each cell there are a number of apples. We start from the upper-
left corner of the matrix. We can go down or right one cell. Finally, we need to arrive at the bottom-right corner. Find the maximum 
number of apples that we can collect. When we pass through a cell, we collect all the apples left there.  

 

Solution: Let us assume that the given matrix is ܣ[݊][݉]. The first thing that must be observed is that there are at most 2 ways we can come 
to a cell - from the left (if it's not situated on the first column) and from the top (if it's not situated on the most upper row). 
 

       

   

 

  

  S[i][j-1] S[i][j]   

      
 

To find the best solution for that cell, we have to have already found the best solutions for all of the cells from which we can arrive to the 
current cell. From above, a recurrent relation can be easily obtained as: 
 

ܵ(݅, ݆) = ቊܣ[݅][݆] + ݔܽܯ  ൜ܵ(݅, ݆ − 1),          ݂݅ ݆ > 0
ܵ(݅ − 1, ݆),         ݂݅ ݅ > 0 ൠቋ 

 

S[i-1][j] 
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ܵ(݅, ݆) must be calculated by going first from left to right in each row and process the rows from top to bottom, or by going first from top to 
bottom in each column and process the columns from left to right.  
 

      public int FindApplesCount(int[][] A) { 
 int[][] S = new int[A.length][ A[0].length]; 
 for(int i = 0;i<n;i++) { 
  for(int j = 0;i<m;j++) { 
   S[i][j] = A[i][j]; 
   if(j>0 && S[i][j] < S[i][j] + S[i][j-1])  
                                                 S[i][j] += S[i][j-1]; 
   if(i>0 && S[i][j] < S[i][j] + S[i-1][j]) 
    S[i][j] +=S[i-1][j]; 
  } 
 } 
 return S[n][m]; 
      } 
 

How many such subproblems are there? In the above formula, ݅  can range from 1 ݋ݐ ݊ and ݆  can range from 1 ݋ݐ ݉. There are a total of ݊ ݉ 
subproblems and each one takes O(1). Time Complexity is O(݊݉). Space Complexity: O(݊݉), where ݉  is number of rows and ݊  is number 
of columns in the given matrix. 
 

Problem-38 Similar to Problem-37, assume that we can go down, right one cell, or even in a diagonal direction. We need to arrive at 
the bottom-right corner. Give DP solution to find the maximum number of apples we can collect t. 

 

Solution: Yes. The discussion is very similar to Problem-37. Let us assume that the given matrix is A[n][m]. The first thing that must be 
observed is that there are at most 3 ways we can come to a cell - from the left, from the top (if it's not situated on the uppermost row) or from 
the top diagonal. To find the best solution for that cell, we have to have already found the best solutions for all of the cells from which we can 
arrive to the current cell. From above, a recurrent relation can be easily obtained: 
 

ܵ(݅, ݆) = ൞ܣ[݅][݆] + ݔܽܯ  ቐ
ܵ(݅, ݆ − 1),                             ݂݅ ݆ > 0
ܵ(݅ − 1, ݆),                             ݂݅ ݅ > 0
ܵ(݅ − 1, ݆ − 1), ݂݅ ݅ > 0 ܽ݊݀ ݆ > 0

ቑൢ 

 

ܵ(݅, ݆) must be calculated by going first from left to right in each row and process the rows from top to bottom, or by going first from top to 
bottom in each column and process the columns from left to right.     

      

  

  

  

  S[i][j-1] S[i][j]   

      
 

How many such subproblems are there? In the above formula, ݅  can range from 1 to ݊ and ݆ can range from 1 ݋ݐ ݉. There are a total of ݊ ݉ 
subproblems and and each one takes O(1). Time Complexity is O(݊݉). 
Space Complexity: O(݊݉) where ݉ is number of rows and ݊ is number of columns in the given matrix. 
 

Problem-39 Maximum size square sub-matrix with all 1’s: Given a matrix with 0’s and 1’s, give an algorithm for finding the maximum 
size square sub-matrix with all 1s. For example, consider the binary matrix below. 
            0  1  1  0  1 

1  1  0  1  0 
0  1  1  1  0 
1  1  1  1  0 
1  1  1  1  1 
0  0  0  0  0 

    

  The maximum square sub-matrix with all set bits is  
1  1  1 
1  1  1 
1  1  1 

 

Solution: Let us try solving this problem using DP. Let the given binary matrix be ܤ[݉][݉]. The idea of the algorithm is to construct a 
temporary matrix ܮ[ ][ ] in which each entry ܮ[݅][݆] represents size of the square sub-matrix with all 1’ݏ including ܤ[݅][݆] and ܤ[݅][݆] is the 
rightmost and bottom-most entry in the sub-matrix. 
 

Algorithm: 
1) Construct a sum matrix ܮ[݉][݊] for the given matrix ܤ[݉][݊]. 

a. Copy first row and first columns as is from ܤ[ ][ ] to ܮ[ ][ ]. 
b. For other entries, use the following expressions to construct L[ ][ ] 
          if(ܤ[݅][݆] ) 

[݆][݅]ܮ       = ݆][݅]ܮ)݊݅݉  − 1], ݅]ܮ − 1][݆], ݅]ܮ − 1][݆ − 1]) +  1; 
          else ܮ[݅][݆]  =  0; 

S[i-1][j] S[i-1][j-1] 
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2) Find the maximum entry in ܮ[݉][݊]. 
3) Using the value and coordinates of maximum entry in ܮ[݅], print sub-matrix of ܤ[ ][ ]. 

 

      public static int maxSubSquareMatrixWith1s(int[][] A) { 
 final int n = A.length; 
 final int m = A[0].length; 
 // will hold the size of the largest square sub-matrix with all 1s including L[i][j] 
 // where L[i][j] is the rightmost and "bottommost" cell of the sub-matrix. 
 int[][] L = new int[n][m]; 
 for(int i = 0; i < n; i++) { 
  L[i][0] = A[i][0]; 
 } 
 // L[0][:] = A[0][:] 
 for(int j = 0; j < m; j++) { 
  L[0][j] = A[0][j]; 
 } 
 for(int i = 1; i < n; i++) { 
  for(int j = 1; j < m; j++) { 
   if(A[i][j] == 1) { 
    L[i][j] = Math.min(Math.min(L[i][j - 1], L[i - 1][j]), L[i - 1][j - 1]) + 1; 
   } else { 
    L[i][j] = 0; 
   } 
  } 
 } 
 int max = Integer.MIN_VALUE; 
 for(int i = 0; i < n; i++) { 
  for(int j = 0; j < m; j++) { 
   max = Math.max(max, L[i][j]); 
  } 
 } 
 return max; 
      }  
 

How many subproblems are there? In the above formula, ݅ can range from 1 to ݊ and ݆ can range from 1 to ݉. There are a total of ݊݉ 
subproblems and each one takes O(1). Time Complexity is O(݊݉). Space Complexity is O(݊݉), where ݊ is number of rows and ݉ is 
number of columns in the given matrix. 
 

Problem-40 Maximum sum sub-matrix: Given an ݊  ×  ݊ matrix ܯ of positive and negative integers, give an algorithm to find the sub-
matrix with the largest possible sum. 

 

Solution: Let ݎ]ݔݑܣ, ܿ] represent the sum of rectangular subarray of ܯ with one corner at entry [1, 1] and the other at [ݎ, ܿ]. Since there are 
݊ଶ such possibilities, we can compute them in O(݊ଶ) time. After computing all possible sums, the sum of any rectangular subarray of ܯ can 
be computed in constant time. This gives an O(݊ସ) algorithm: we simply guess the lower-left and the upper-right corner of the rectangular 
subarray and use the ݔݑܣ table to compute its sum. 
 

Problem-41 Can we improve the complexity of Problem-40? 
 

Solution: We can use the Problem-4 solution with little variation, as we have seen that the maximum sum array of a 1 − D array algorithm 
scans the array one entry at a time and keeps a running total of the entries. At any point, if this total becomes negative, then set it to 0. This 
algorithm is called ݏ’݁݊ܽ݀ܽܭ algorithm. We use this as an auxiliary function to solve a two-dimensional problem in the following way.  
 

     public static void findMaximumSubMatrix(int[][] A){ 
          //computing the vertical prefix sum for columns 
          int[][] M = new int[A.length][A.length]; 
          for (int i = 0; i < A.length; i++) { 
               for (int j = 0; j < A.length; j++) { 
     if (j == 0)  
  M[j][i] = A[j][i]; 
      else  
  M[j][i] = A[j][i] + M[j - 1][i]; 
 } 
      } 
     int maxSoFar = 0, min , subMatrix; 
     //iterate over the possible combinations applying Kadane's Alg. 
     for (int i = 0; i < A.length; i++) { 
 for (int j = i; j < A.length; j++) { 
     min = 0; 
     subMatrix = 0; 
     for (int k = 0; k < A.length; k++) { 
  if (i == 0) { 
      subMatrix += M[j][k]; 
  } else { 
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      subMatrix += M[j][k] - M[i - 1 ][k]; 
  } 
  if(subMatrix < min){ 
      min = subMatrix; 
  } 
  if((subMatrix - min) > maxSoFar){ 
      maxSoFar = subMatrix - min; 
  }                     
                         } 
                    } 
               } 
          System.out.print("Result::"+maxSoFar); 
     } 
     public static void main(String[] args) { 
 int A[][] = {{1, 2, -1, -4, -20}, 
  {-8, -3, 4, 2, 1}, 
  {3, 8, 10, 1, 3}, 
  {-4, -1, 1, 7, -6} 
        }; 
 findMaximumSubMatrix(A); 
     } 
 

Time Complexity: O(݊ଷ). 
 

Problem-42 Given a number ݊, find the minimum number of squares required to sum a given number ݊. ݏ݈݁݌݉ܽݔܧ: min[1] = 1 = 
1ଶ, min[2] = 2 = 1ଶ + 1ଶ,  min[4] = 1 = 2ଶ, min[13] = 2 = 3ଶ + 2ଶ. 

 

Solution: This problem can be reduced to a coin change problem. The denominations are 1 to √݊.  Now, we just need to make change for 
݊ with a minimum number of denominations. 
 

Problem-43 Finding Optimal Number of Jumps To Reach Last Element: Given an array, start from the first element and reach the 
last by jumping. The jump length can be at most the value at the current position in the array. The optimum result is when you reach the 
goal in the minimum number of jumps. Example: Given array A = {2,3,1,1,4}. Possible ways to reach the end (index list) are: 

 0,2,3,4 (jump 2 to index 2, and then jump 1 to index 3 and then jump 1 to index 4) 
 0,1,4 (jump 1 to index 1, and then jump 3 to index 4) 

Since second solution has only 2 jumps it is the optimum result. 
 

Solution: This problem is a classic example of Dynamic Programming. Though we can solve this by brute-force, it would be complex. We 
can use the LIS problem approach for solving this. As soon as we traverse the array, we should find the minimum number of jumps for 
reaching that position (index) and update our result array. Once we reach the end, we have the optimum solution at last index in result array.  
 

    public static Collection<Integer> optimalJumps (int[] A) { 
        int[] jumpLength = new int[A.length]; 
        int[] prevIndex = new int[A.length]; 
        for (int i = 1; i < A.length; i++) { 
            int min = Integer.MAX_VALUE; 
            for (int j = 0; j < i; j++) { 
                int diff  = i - j; // calculate differences in array indexes 
                // if jump is possible && if this the shortest jump from the start  
                if ((A[j] >= diff) && (jumpLength[j] < min)) { 
                        min = jumpLength[j] + 1; 
                        jumpLength[i] = min; 
                        prevIndex[i] = j; 
                    } 
                } 
        } 
        List<Integer> list = new ArrayList<Integer>(); 
        int ctr = A.length - 1; 
        while (ctr > 0) { 
            list.add(ctr); 
            ctr = prevIndex[ctr]; 
        } 
        list.add(0); 
        Collections.reverse(list); 
        return Collections.unmodifiableCollection(list); 
    }  
 

The above code will return optimum number of jumps. To find the jump indexes as well, we can very easily modify the code as per 
requirement.  
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Time Complexity: Since we are running 2 loops here and iterating from 0 to ݅  in every loop, then total time takes will be 1 +  2 +  3 +  4 +
 … +  ݊ − 1. So time efficiency O(݊) = O(݊ ∗ (݊ − 1)/2) = O(݊ଶ).  
Space Complexity: O(݊) space for result array. 
 

Problem-44 Explain what would happen if a dynamic programming algorithm is designed to solve a problem that does not have 
overlapping sub-problems.   

Solution: It will be just a waste of memory, because the answers of sub-problems will never be used again. And the running time will be the 
same as using the Divide & Conquer algorithm. 
 

Problem-45 Christmas is approaching. You’re helping Santa Claus to distribute gifts to children. For ease of delivery, you are asked 
to divide ݊ gifts into two groups such that the weight difference of these two groups is minimized. The weight of each gift is a positive 
integer. Please design an algorithm to find an optimal division minimizing the value difference. The algorithm should find the minimal 
weight difference as well as the groupings in O(݊ܵ) time, where ܵ  is the total weight of these ݊  gifts. Briefly justify the correctness of your 
algorithm.  

 

Solution: This problem can be converted into making one set as close to 
ௌ
ଶ
 as possible. We consider an equivalent problem of making one set 

as close to W=ቔௌ
ଶ
ቕ as possible. Define FD(݅,  .to be the minimal gap between the weight of the bag and W when using the first ݅ gifts only (ݓ

WLOG, we can assume the weight of the bag is always less than or equal to W. Then fill the DP table for 0≤i≤ ݊ and 0≤ ݓ ≤W in which 
F(0, ݓ) = W for all ݓ, and  
 

,݅)ܦܨ (ݓ = ݅)ܦܨ}݊݅݉ − 1, ݓ − ௜ݓ−(௜ݓ , ݅)ܦܨ − 1, ݅)ܦܨ} ݂݅ {(ݓ − 1, ݓ − (௜ݓ ≥  ௜ݓ
݅)ܦܨ =                                              − 1,  otherwise (ݓ
 

This takes O(݊ܵ) time. ܦܨ(݊, ܹ) is the minimum gap. Finally, to reconstruct the answer, we backtrack from (݊, ܹ). During backtracking, if 
,݅)ܦܨ ݆) = ݅)ܦܨ − 1, ݆) then ݅  is not selected in the bag and we move to F(݅ − 1, ݆). Otherwise, ݅  is selected and we move to F(݅ − 1, ݆ −  .(௜ݓ
 

Problem-46 A circus is designing a tower routine consisting of people standing atop one another's shoulders. For practical and aesthetic 
reasons, each person must be both shorter and lighter than the person below him or her. Given the heights and weights of each person 
in the circus, write a method to compute the largest possible number of people in such a tower. 

 

Solution: It is same as Box stacking and Longest increasing subsequence (LIS) problem.  
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COMPLEXITY 
CLASSES 

 

Chapter 

20 
 

 
 

20.1 Introduction 
 

In the previous chapters we have solved problems of different complexities. Some algorithms have lower rates of growth while others have 
higher rates of growth. The problems with lower rates of growth are called ݁ܽݕݏ problems (or ݁ܽݏ݈ܾ݉݁݋ݎ݌ ݀݁ݒ݈݋ݏ ݕݏ) and the problems 
with higher rates of growth are called ℎܽ݀ݎ problems (or ℎܽݏ݈ܾ݉݁݋ݎ݌ ݀݁ݒ݈݋ݏ ݀ݎ). This classification is done based on the running time (or 
memory) that an algorithm takes for solving the problem. 
 

Time Complexity Name Example Problems 

O(1) Constant Adding an element to the front of a linked list 

 
Easy solved problems 
 

O(݈݊݃݋) Logarithmic Finding an element in a binary search tree 

O(݊) Linear Finding an element in an unsorted array 

O(݈݊݊݃݋) Linear Logarithmic Merge sort 

O(݊ଶ) Quadratic Shortest path between two nodes in a graph 

O(݊ଷ) Cubic Matrix Multiplication 

O(2௡) Exponential The Towers of Hanoi problem 
Hard solved problems 

O(݊!) Factorial Permutations of a string 
 

There are lots of problems for which we do not know the solutions. All the problems we have seen so far are the ones which can be solved 
by computer in deterministic time. Before starting our discussion let us look at the basic terminology we use in this chapter. 

20.2 Polynomial/Exponential Time 
 

Exponential time means, in essence, trying every possibility (for example, backtracking algorithms) and they are very slow in nature. Polynomial 
time means having some clever algorithm to solve a problem, and we don't try every possibility. Mathematically, we can represent these as: 
 

 Polynomial time is O(݊௞), for some ݇.  
 Exponential time is O(݇௡), for some ݇. 

20.3 What is a Decision Problem? 
 

A decision problem is a question with a ݋݊/ݏ݁ݕ answer and the answer depends on the values of input. For example, the problem “Given an 
array of ݊ numbers, check whether there are any duplicates or not?” is a decision problem. The answer for this problem can be either ݏ݁ݕ 
or ݊݋ depending on the values of the input array. 
 
 
 
 

20.4 Decision Procedure 
 

For a given decision problem let us assume we have given some algorithm for solving it. The process of solving a given decision problem in 
the form of an algorithm is called a ݀݁ܿ݅݁ݎݑ݀݁ܿ݋ݎ݌ ݊݋݅ݏ for that problem.  

20.5 What is a Complexity Class? 
 

In computer science, in order to understand the problems for which solutions are not there, the problems are divided into classes and we call 
them as complexity classes. In complexity theory, a ܿݏݏ݈ܽܿ ݕݐ݅ݔ݈݁݌݉݋ is a set of problems with related complexity. It is the branch of theory 
of computation that studies the resources required during computation to solve a given problem.  
 

The most common resources are time (how much time the algorithm takes to solve a problem) and space (how much memory it takes). 
 

Algorithm Input 

Yes 

No 
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20.6 Types of Complexity Classes 
P Class 
 

The complexity class ܲ is the set of decision problems that can be solved by a deterministic machine in polynomial time (ܲ stands for 
polynomial time). ܲ problems are a set of problems whose solutions are easy to find. 

NP Class 
 

The complexity class ܰܲ (ܰܲ stands for non-deterministic polynomial time) is the set of decision problems that can be solved by a non-
deterministic machine in polynomial time. ܰܲ class problems refer to a set of problems whose solutions are hard to find, but easy to verify.  
 

For better understanding let us consider a college which has 500 students on its roll. Also, assume that there are 100 rooms available for 
students. A selection of 100 students must be paired together in rooms, but the dean of students has a list of pairings of certain students who 
cannot room together for some reason.  
 

The total possible number of pairings is too large. But the solutions (the list of pairings) provided to the dean, are easy to check for errors.  If 
one of the prohibited pairs is on the list, that's an error. In this problem, we can see that checking every possibility is very difficult, but the 
result is easy to validate. 
 

That means, if someone gives us a solution to the problem, we can tell them whether it is right or not in polynomial time. Based on the above 
discussion, for ܰܲ class problems if the answer is ݏ݁ݕ, then there is a proof of this fact, which can be verified in polynomial time. 

Co-NP Class 
 

݋ܥ − ܰܲ is the opposite of ܰܲ (complement of ܰܲ). If the answer to a problem in ݋ܥ − ܰܲ is ݊݋, then there is a proof of this fact that can 
be checked in polynomial time.  
 

ܲ Solvable in polynomial time  

  answers can be checked in polynomial time ݏܻ݁ ܲܰ
݋ܥ −  answers can be checked in polynomial time ݋ܰ ܲܰ

 

Relationship between P, NP and Co-NP 
 

Every decision problem in ܲ is also in ܰܲ. If a problem is in ܲ, we can verify YES answers in polynomial time. Similarly, any problem in P 
is also in ݋ܥ − ܰܲ. 
 
 

 
 
 
 
 
 
 
 

One of the important open questions in theoretical computer science is whether or not ܲ = ܰܲ. Nobody knows. Intuitively, it should be 
obvious that ܲ ≠  ܰܲ, but nobody knows how to prove it. 
 

Another open question is whether ܰܲ and ݋ܥ − ܰܲ are different. Even if we can verify every YES answer quickly, there’s no reason to think 
that we can also verify NO answers quickly.  
 

It is generally believed that ܰܲ ≠ ݋ܥ  − ܰܲ, but again nobody knows how to prove it.  
 

NP-hard Class 
 

It is a class of problems such that every problem in ܰܲ reduces to it. All ܰܲ-hard problems are not in ܰܲ, so it takes a long time to even 
check them. That means, if someone gives us a solution for ܰܲ-hard problem, it takes a long time for us to check whether it is right or not. 
 

A problem ܭ is ܰܲ-hard indicates that if a polynomial-time algorithm (solution) exists for ܭ then a polynomial-time algorithm for every 
problem is ܰܲ. Thus: 
 

ܲ can be solved in polynomial time, then ܭ is ܰܲ-hard implies that if ܭ = ܰܲ 
 
 

 
 
 
 
 
 
 

P 

NP Co-NP 

NP-Hard 
NP 
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NP-complete Class 
 

Finally, a problem is ܰܲ-complete if it is part of both ܰܲ-hard and ܰܲ. ܰܲ-complete problems are the hardest problems in ܰܲ. If anyone 
finds a polynomial-time algorithm for one ܰܲ-complete problem, then we can find polynomial-time algorithm for every ܰܲ-complete 
problem. This means that we can check an answer fast and every problem in ܰܲ reduces to it.  
 

 
 
 
 
 
 
 

Relationship between P, NP Co-NP, NP-Hard and NP-Complete 
 

From the above discussion, we can write the relationships between different components as shown below (remember, this is just an 
assumption).  
 
 
 
 

 
 
 
 
 
 
 
 

The set of problems that are ܰܲ-hard is a strict superset of the problems that are ܰܲ-complete. Some problems (like the halting problem) 
are ܰܲ-hard, but not in ܰܲ. ܰܲ-hard problems might be impossible to solve in general. We can tell the difference in difficulty between ܰܲ-
hard and ܰܲ-complete problems because the class ܰܲ includes everything easier than its "toughest" problems – if a problem is not in ܰܲ, it 
is harder than all the problems in ܰܲ. 

Does P==NP? 
 

If ܲ  =  ܰܲ, it means that every problem that can be checked quickly can be solved quickly (remember the difference between checking if an 
answer is right and actually solving a problem).  
 

This is a big question (and nobody knows the answer), because right now there are lots of ܰ ܲ-complete problems that can't be solved quickly.  
If ܲ =  ܰܲ, that means there is a way to solve them fast. Remember that "quickly" means not trial-and-error. It could take a billion years, but 
as long as we didn't use trial and error, it was quick. In future, a computer will be able to change that billion years into a few minutes. 

20.7 Reductions 
 

Before discussing reductions, let us consider the following scenario. Assume that we want to solve problem ܺ but feel it’s very complicated. 
In this case what do we do?  
 

The first thing that comes to mind is, if we have a similar problem to that of ܺ (let us say ܻ), then we try to map ܺ to ܻ and use ܻ’ݏ solution 
to solve ܺ also. This process is called reduction. 
 

 
 
 
 
 
 
 
In order to map problem ܺ to problem ܻ, we need some algorithm and that may take linear time or more. Based on this discussion the cost 
of solving problem ܺ can be given as: 
 

ܺ ݃݊݅ݒ݈݋ݏ ݂݋ ݐݏ݋ܥ = + ܻ ݃݊݅ݒ݈݋ݏ ݂݋ ݐݏ݋ܥ   ݁݉݅ݐ ݊݋݅ݐܿݑܴ݀݁ 
 

Now, let us consider the other scenario. For solving problem ܺ, sometimes we may need to use ܻ’ݏ algorithm (solution) multiple times. In 
that case, 
 

ܺ ݃݊݅ݒ݈݋ݏ ݂݋ ݐݏ݋ܥ = ∗ ݏ݁݉݅ܶ ݂݋ ݎܾ݁݉ݑܰ  + ܺ ݃݊݅ݒ݈݋ݏ ݂݋ ݐݏ݋ܥ   ݁݉݅ݐ ݊݋݅ݐܿݑܴ݀݁ 
 

The main thing in ܰܲ-Complete is reducibility. That means, we reduce (or transform) given ܰܲ-Complete problems to other known ܰܲ-
Complete problem. Since the ܰܲ-Complete problems are hard to solve and in order to prove that given ܰܲ-Complete problem is hard, we 
take one existing hard problem (which we can prove is hard) and try to map given problem to that and finally we prove that the given problem 
is hard. 
 

Note: It’s not compulsory to reduce the given problem to known hard problem to prove its hardness. Sometimes, we reduce the known hard 
problem to given problem. 

Instance of 
Input (for ܺ) 

 
 
 
 
 
 

Algorithm for ܺ 
 

 
Algorithm for ܻ Solution to I 

P 

NP 
Co-NP 

NP-Complete 

NP-Hard 

NP 
NP-Complete 

NP-Hard 
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Important NP-Complete Problems (Reductions) 
 

Satisfiability Problem: A boolean formula is in ܿ݉ݎ݋݂ ݈ܽ݉ݎ݋݊ ݁ݒ݅ݐܿ݊ݑ݆݊݋ (CNF) if it is a conjunction (AND) of several clauses, each of 
which is the disjunction (OR) of several literals, each of which is either a variable or its negation. For example:  (ܽ ∨   ܾ ∨  ܿ ∨  ݀ ∨  ݁)  ∧
 (ܾ ∨  ~ܿ ∨ ~݀)  ∧  (~ܽ ∨  ܿ ∨  ݀)  ∧  (ܽ ∨ ~ܾ) 
 

A 3-CNF formula is a CNF formula with exactly three literals per clause. The previous example is not a 3-CNF formula, since its first clause 
has five literals and its last clause has only two.  
 

2-SAT Problem: 3-SAT is just SAT restricted to 3-CNF formulas: Given a 3-CNF formula, is there an assignment to the variables so that the 
formula evaluates to TRUE? 
 

2-SAT Problem: 2-SAT is just SAT restricted to 2-CNF formulas: Given a 2-CNF formula, is there an assignment to the variables so that the 
formula evaluates to TRUE? 
 

Circuit-Satisfiability Problem: Given a boolean combinational circuit composed of AND, OR and NOT gates, is it satisfiable?. That means, 
given a boolean circuit consisting of AND, OR and NOT gates properly connected by wires, the Circuit-SAT problem is to decide whether 
there exists an input assignment for which the output is TRUE.  
 

Hamiltonian Path Problem (Ham-Path): Given an undirected graph, is there a path that visits every vertex exactly once? 
 

Hamiltonian Cycle Problem (Ham-Cycle): Given an undirected graph, is there a cycle (where start and end vertices are same) that visits every 
vertex exactly once? 
 

Directed Hamiltonian Cycle Problem (Dir-Ham-Cycle): Given a directed graph, is there a cycle (where start and end vertices are same) that 
visits every vertex exactly once? 
 

Travelling Salesman Problem (TSP): Given a list of cities and their pair-wise distances, the problem is to find the shortest possible tour that 
visits each city exactly once. 
 

Shortest Path Problem (Shortest-Path): Given a directed graph and two vertices s and t, check whether there is a shortest simple path from ݏ 
to ݐ. 
 

Graph Coloring: A ݇ -coloring of a graph is to map one of ݇  ‘colors’ to each vertex, so that every edge has two different colors at its endpoints. 
The graph coloring problem is to find the smallest possible number of colors in a legal coloring. 
 

3-Color problem: Given a graph, is it possible to color the graph with 3 colors in such a way that every edge has two different colors? 
 

Clique (also called complete graph): Given a graph, the ܧܷܳܫܮܥ problem is to compute the number of nodes in its largest complete subgraph. 
That means, we need to find the maximum subgraph which is also a complete graph. 
 

Independent Set Problem (Ind_Set):  Let ܩ be an arbitrary graph. An independent set in ܩ is a subset of the vertices of ܩ with no edges 
between them. The maximum independent set problem is the size of the largest independent set in a given graph. 
 

Vertex Cover Problem (Vertex-Cover): A vertex cover of a graph is a set of vertices that touches every edge in the graph. The vertex cover 
problem is to find the smallest vertex cover in a given graph. 
 

Subset Sum Problem (Subset-Sum): Given a set ܵ of integers and an integer ܶ, determine whether ܵ has a subset whose elements sum to ܶ. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Integer Programming: Given integers ௜ܾ, a୧୨ find 0/1 variables x୧ that satisfy a linear system of equations. 
 

෍ a୧୨x୨ = ௜ܾ

ே

௝ୀଵ

  1 ≤ ݅ ≤  ܯ

x୨ ∈ {0,1} 1 ≤ ݆ ≤ ܰ 
 

In the figure, arrows indicate the reductions. For example, Ham-Cycle (Hamiltonian Cycle Problem) can be reduced to CNF-SAT. Same is 
the case with any pair of problems. For our discussion, we can ignore the reduction process for each of the problems. There is a theorem 
called ݏ’݇݋݋ܥ ܶℎ݁݁ݎ݋  ݉which proves that Circuit satisfiability problem is NP-hard. That means, Circuit satisfiability is a known ܰܲ-hard 
problem. 
 

Note: Since the problems below are ܰ ܲ-Complete, they are ܰ ܲ and ܰ ܲ-hard too. For simplicity we can ignore the proofs for these reductions. 

TSP 

CNF-SAT 

3-CNF-SAT Clique 

3-Color Dir-Ham-Cycle 

Planar-3-Color Ham-Cycle 

Ind-Set Vertex-Cover 

Ham-Path 

Set-Cover 
 

Subset-Sum 

Shortest-Path Schedule Knapsack 

Integer Programming Partition 

NP-hard unless P=NP 
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20.8 Complexity Classes: Problems & Solutions 
 

Problem-1 What is a quick algorithm? 
 

Solution: A quick algorithm (solution) means not trial-and-error solution. It could take a billion years, but as long as we do not use trial and 
error, it is efficient. Future computers will change those billion years to a few minutes. 
 

Problem-2 What is an efficient algorithm? 
 

Solution: An algorithm is said to be efficient if it satisfies the following properties: 
 

 Scale with input size. 
 Don’t care about constants. 
 Asymptotic running time: polynomial time. 

 

Problem-3 Can we solve all problems in polynomial time? 
 

Solution: No. The answer is trivial because we have seen lots of problems which take more than polynomial time.  
 

Problem-4 Are there any problems which are ܰܲ-hard? 
 

Solution: By definition, ܰܲ-hard implies that it is very hard. That means it is very hard to prove and to verify that it is hard. Cook’s Theorem 
proves that Circuit satisfiability problem is ܰܲ-hard. 
 

Problem-5 For 2-SAT problem, which of the following are applicable? 
(a) ܲ    (b) ܰܲ     (c) ܲܰ݋ܥ (d) ܰܲ-Hard 
(e) ܲܰ݋ܥ-Hard   (f) ܰܲ-Complete   (g) ܲܰ݋ܥ-Complete 

 

Solution:  2-SAT is solvable in poly-time. So it is ܲ, ܰܲ, and ܲܰ݋ܥ. 
 

Problem-6 For 3-SAT problem, which of the following are applicable? 
(a) ܲ    (b) ܰܲ     (c) ܲܰ݋ܥ (d) ܰܲ-Hard 
(e) ܲܰ݋ܥ-Hard   (f) ܰܲ-Complete   (g) ܲܰ݋ܥ-Complete 
 

Solution: 3-SAT is NP-complete. So it is NP, NP-Hard, and NP-complete. 
 

Problem-7 For 2-Clique problem, which of the following are applicable? 
(a) ܲ    (b) ܰܲ    (c) ܲܰ݋ܥ  (d) ܰܲ-Hard 
(e) ܲܰ݋ܥ-Hard   (f) ܰܲ-Complete   (g) ܲܰ݋ܥ-Complete 

 

Solution: 2-Clique is solvable in poly-time (check for an edge between all vertex-pairs in O(nଶ) time). So it is ܲ, ܰܲ, and ܲܰ݋ܥ. 
 

Problem-8 For 3-Clique problem, which of the following are applicable? 
(a) ܲ    (b) ܰܲ    (c) ܲܰ݋ܥ  (d) ܰܲ-Hard 
(e) ܲܰ݋ܥ-Hard   (f) ܰܲ-Complete   (g) ܲܰ݋ܥ-Complete 

 

Solution: 3-Clique is solvable in poly-time (check for a triangle between all vertex-triplets in O(݊ଷ) time). So it is ܲ, ܰܲ, and ܲܰ݋ܥ. 
 

Problem-9 Consider the problem of determining. For a given boolean formula, check whether every assignment to the variables 
satisfies it. Which of the following is applicable? 
(a) ܲ    (b) ܰܲ    (c) ܲܰ݋ܥ  (d) ܰܲ-Hard 
(e) CoNP-Hard   (f) ܰܲ-Complete   (g) ܲܰ݋ܥ-Complete 

 

Solution: Tautology is the complimentary problem to Satisfiability, which is NP-complete, so Tautology is ܲܰ݋ܥ-complete. So it is ܲܰ݋ܥ, 
 .complete-ܲܰ݋ܥ hard, and-ܲܰ݋ܥ
 

Problem-10 Let ܵ be an ܰܲ-complete problem and ܳ and ܴ be two other problems not known to be in ܰܲ. ܳ is polynomial time 
reducible to ܵ and ܵ is polynomial-time  reducible to ܴ. Which one of the following statements is true? 

     (a) ܴ is ܰܲ-complete       (b) ܴ is ܰܲ-hard      (c) ܳ is ܰܲ-complete         (d) ܳ is ܰܲ-hard. 
 

Solution:  ܴ is ܰܲ-hard (b). 
 

Problem-11 Let ܣ be the problem of finding a Hamiltonian cycle in a graph ܩ =  (ܸ,  the problem ܤ with |ܸ| divisible by 3 and ,(ܧ
of determining if Hamiltonian cycle exists in such graphs. Which one of the following is true? 
(a) Both ܣ and ܤ are ܰܲ-hard                            (b) ܣ is ܰܲ-hard, but ܤ is not  
(c) ܣ is ܰܲ-hard, but ܤ is not                             (d) Neither ܣ nor ܤ is ܰܲ-hard 

 

Solution: Both ܣ and ܤ are ܰܲ-hard (a). 
 

Problem-12 Let ܣ be a problem that belongs to the class ܰܲ. State which of the following is true?  
(a) There is no polynomial time algorithm for ܣ. 
(b) If ܣ can be solved deterministically in polynomial time, then ܲ =  ܰܲ. 
(c) If ܣ is ܰܲ-hard, then it is ܰܲ-complete. 
(d) ܣ may be undecidable. 

 

Solution: If ܣ is ܰܲ-hard, then it is ܰܲ-complete (c).  
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Problem-13 Suppose we assume ܸ ݔ݁ݐݎ݁ − ܰ is known to be ݎ݁ݒ݋ܥ ܲ-complete. Based on our reduction, can we say ݐ݊݁݀݊݁݌݁݀݊ܫ −
 ?is ܰܲ-complete ݐ݁ܵ

 

Solution: Yes. This follows from the two conditions necessary to be ܰܲ-complete:  
 

 Independent Set is in ܰܲ, as stated in the problem. 
 A reduction from a known ܰܲ-complete problem. 

 

Problem-14 Suppose ݐ݁ܵ ݐ݊݁݀݊݁݌݁݀݊ܫ is known to be ܰܲ-complete. Based on our reduction, is ܸ݁ݎ݁ݒ݋ܥ ݔ݁ݐݎ ܰܲ-complete?  
 

Solution: No. By reduction from Vertex-Cover to Independent-Set, we do not know the difficulty of solving Independent-Set. This is because 
Independent-Set could still be a much harder problem than Vertex-Cover. We have not proved that. 
 

Problem-15 The class of NP is the class of languages that cannot be accepted in polynomial time. Is it true? Explain. 
 

Solution:  
 

 The class of NP is the class of languages that can be ݂݀݁݅݅ݎ݁ݒ in ݁݉݅ݐ ݈ܽ݅݉݋݊ݕ݈݋݌. 
 The class of P is the class of languages that can be ݀݁ܿ݅݀݁݀ in ݁݉݅ݐ ݈ܽ݅݉݋݊ݕ݈݋݌. 
 The class of P is the class of languages that can be ܽܿܿ݁݀݁ݐ݌ in ݁݉݅ݐ ݈ܽ݅݉݋݊ݕ݈݋݌. 

 

ܲ ⊆  ܰܲ and “languages in P can be accepted in polynomial time”, the description “languages in NP cannot be accepted in polynomial time” 
is wrong. 

 

The term NP comes from nondeterministic polynomial time and is derived from an alternative characterization by using nondeterministic 
polynomial time Turing machines. It has nothing to do with “cannot be accepted in polynomial time”. 
 

Problem-16 Different encodings would cause different time complexity for the same algorithm. Is it true? 
  

Solution: True. The time complexity of the same algorithm is different between unary encoding and binary encoding. But if the two encodings 
are polynomially related (e.g. base 2 & base 3 encodings), then changing between them will not cause the time complexity to change. 
 

Problem-17 If P = NP, then NPC (NP Complete) ⊆ P. Is it true? 
 

Solution: True. If P = NP, then for any language L ∈ NP C (1) L ∈ NPC (2) L is NP-hard. By the first condition, L ∈ NPC ⊆ NP = P ⇒ 
NPC ⊆ P. 
 

Problem-18 If NPC ⊆ P, then P = NP. Is it true? 
 

Solution: True. All the NP problem can be reduced to arbitrary NPC problem in polynomial time, and NPC problems can be solved in 
polynomial time because NPC ⊆ P. ⇒ NP problem solvable in polynomial time ⇒ NP ⊆ P and trivially P ⊆ NP implies NP = P. 
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21.1 Introduction 
 

In this chapter we will cover the topics which are useful for interviews and exams.  

21.2 Hacks on Bitwise Programming 
 

In ܥ and ܥ + + we can work with bits effectively. First let us see the definitions of each bit operation and then move onto different techniques 
for solving the problems. Basically, there are six operators that ܥ and ܥ + + support for bit manipulation: 
 

Symbol Operation 
& Bitwise AND 
| Bitwise OR 
^ Bitwise Exclusive-OR 

≪ Bitwise left shift 

≫ Bitwise right shift 
~ Bitwise complement 

21.2.1 Bitwise AND 
 

The bitwise AND tests two binary numbers and returns bit values of 1 for positions where both numbers had a one, and bit values of 0 where 
both numbers did not have one: 

 01001011 
& 00010101 
 ---------- 

00000001 

21.2.2 Bitwise OR 
 

The bitwise OR tests two binary numbers and returns bit values of 1 for positions where either bit or both bits are one, the result of 0 only 
happens when both bits are 0: 

 01001011 
| 00010101 
 ---------- 

01011111 

21.2.3 Bitwise Exclusive-OR 
 

The bitwise Exclusive-OR tests two binary numbers and returns bit values of 1 for positions where both bits are different; if they are the same 
then the result is 0: 

 01001011 
^ 00010101 
 ---------- 

01011110 

21.2.4 Bitwise Left Shift 
 

The bitwise left shift moves all bits in the number to the left and fills vacated bit positions with 0. 
 

01001011 
<< 2 

-------- 
00101100 
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21.2.5 Bitwise Right Shift 
 

The bitwise right shift moves all bits in the number to the right. 
 

    01001011 
≫ 2 

-------- 
                        ??010010 

 

Note the use of ? for the fill bits. Where the left shift filled the vacated positions with 0, a right shift will do the same only when the value is 
unsigned. If the value is signed then a right shift will fill the vacated bit positions with the sign bit or 0, whichever one is implementation-
defined. So the best option is to never right shift signed values. 

21.2.6 Bitwise Complement 
 

The bitwise complement inverts the bits in a single binary number. 
 

01001011 
    ~ 

--------- 
10110100 

21.2.7 Checking Whether K-th Bit is Set or Not 
 

Let us assume that the given number is ݊. Then for checking the ܭ௧௛ bit we can use the expression: ݊ & (1 ≪ ܭ − 1). If the expression is 
true then we can say the ܭ௧௛ bit is set (that means, set to 1). 
            

ܭ 01001011 ݊ :݈݁݌݉ܽݔܧ = 4 

  1 ≪ ܭ − 1 00001000  
  ݊ & (1 ≪ ܭ − 1) 00001000  

21.2.8 Setting K-th Bit  
 

For a given number ݊, to set the ܭ௧௛ bit we can use the expression: ݊ | 1 ≪ ܭ) − 1) 
 

ܭ 01001011 ݊ :݈݁݌݉ܽݔܧ = 3 

 1 ≪ ܭ − 1 00000100  
 ݊ | (1 ≪ ܭ − 1) 01001111  

21.2.9 Clearing K-th Bit 
 

To clear ܭ௧௛ bit of a given number ݊, we can use the expression: ݊ & ~(1 ≪ ܭ − 1) 
 

ܭ 01001011 ݊ :݈݁݌݉ܽݔܧ = 4 

 1 ≪ ܭ − 1 00001000  
 ~(1 ≪ ܭ − 1) 11110111  
 ݊ & ~( 1 ≪ ܭ − 1) 01000011  

21.2.10 Toggling K-th Bit  
 

For a given number ݊, for toggling the ܭ௧௛ bit we can use the expression: ݊ ^(1 ≪ ܭ − 1) 
               

ܭ 01001011   ݊ :݈݁݌݉ܽݔܧ = 3 
 1 ≪ ܭ − 1 00000100  
 ݊ ^ (1 ≪ ܭ − 1) 01001111  

21.2.11 Toggling Rightmost One Bit 
 

For a given number ݊, for toggling rightmost one bit we can use the expression: ݊ & ݊ − 1 
 

 01001011 ݊ :݈݁݌݉ܽݔܧ
 ݊ − 1 01001010 

 ݊ & ݊ − 1 01001010 

21.2.12 Isolating Rightmost One Bit 
 

For a given number ݊, for isolating rightmost one bit we can use the expression: ݊ & − ݊ 
  

݈݁݌݉ܽݔܧ : ݊ 01001011 
 −݊ 10110101 

 ݊ & − ݊ 00000001 
 

Note: For computing –݊, use two’s complement representation. That means, toggle all bits and add 1. 
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21.2.13 Isolating Rightmost Zero Bit 
 

For a given number ݊, for isolating rightmost zero bit we can use the expression: ~݊ & ݊ + 1 
  

 01001011 ݊ :݈݁݌݉ܽݔܧ
 ~݊ 10110100 
 ݊ + 1 01001100 
 ~݊ & ݊ + 1 00000100 

21.2.14 Checking Whether Number is Power of 2 or Not 
 

Given number ݊, to check whether the number is in 2௡ form for not, we can use the expression: ݂݅(݊ & ݊ − 1 == 0) 
 

 01001011 ݊ :݈݁݌݉ܽݔܧ
 ݊ − 1 01001010 

 ݊ & ݊ − 1 01001010 
      ݂݅(݊ & ݊ − 1 == 0) 0 

21.2.15 Multiplying Number by Power of 2 
 

For a given number ݊, to multiply the number with 2௄ we can use the expression: ݊ ≪   ܭ
 

ܭ 00001011   ݊ :݈݁݌݉ܽݔܧ = 2 
 ݊ ≪  00101100 ܭ

21.2.16 Dividing Number by Power of 2 
 

For a given number ݊, to divide the number with 2௄ we can use the expression: ݊ ≫  ܭ
 

ܭ 00001011   ݊ :݈݁݌݉ܽݔܧ = 2 
 ݊ ≫  00000010 ܭ

21.2.17 Finding Modulo of a Given Number 
 

For a given number ݊, to find the %8 we can use the expression: ݊ & 07ݔ. Similarly, to find %32, use the expression: ݊ & 0ܨ1ݔ 
 

Note: Similarly, we can find modulo value of any number. 

21.2.18 Reversing the Binary Number 
 

For a given number ݊, to reverse the bits (reverse (mirror) of binary number) we can use the following code snippet: 
 

long n, nReverse = n;  
int s = sizeof(n);  
for (; n; n >>= 1) {    
     nReverse <<= 1; 
     nReverse |= n & 1; 
     s--; 
} 
nReverse <<= s; 

 

Time Complexity: This requires one iteration per bit and the number of iterations depends on the size of the number. 

21.2.19 Counting Number of One’s in Number 
 

For a given number ݊, to count the number of 1’ݏ in its binary representation we can use any of the following methods. 
 

Method1: Process bit by bit 
long n;  
long count=0;  
while(n) { 
     count += n & 1; 
     n >>= 1; 
} 

 

Time Complexity: This approach requires one iteration per bit and the number of iterations depends on system. 
 

Method2: Using modulo approach 
long n;  
long count=0;  
while(n) { 
     if(n%2 ==1)  
          count++; 
     n = n/2;  
} 
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Time Complexity: This requires one iteration per bit and the number of iterations depends on system. 
 

Method3: Using toggling approach: ݊ & ݊ − 1 
long n;  
long count=0;  
while(n) { 
     count++; 
     n &= n - 1;  
} 

 

Time Complexity: The number of iterations depends on the number of 1 bits in the number. 
 

Method4: Using preprocessing idea. In this method, we process the bits in groups. For example if we process them in groups of 4 bits at a 
time, we create a table which indicates the number of one’s for each of those possibilities (as shown below). 
 

0000→0 0100→1 1000→1 1100→2 
0001→1 0101→2 1001→2 1101→3 
0010→1 0110→2 1010→2 1110→3 
0011→2 0111→3 1011→3 1111→4 

 

The following code to count the number of 1s in the number with this approach: 
 

int Table = {0,1,1,2,1,2,2,3,1,2,2,3,2,3,3,4}; 
int count = 0; 
for(; n; n >>= 4) 
     count = count + Table[n & 0xF]; 
return count; 

 

Time Complexity: This approach requires one iteration per 4 bits and the number of iterations depends on system. 

21.2.20 Creating Mask for Trailing Zero’s 
 

For a given number ݊, to create a mask for trailing zeros, we can use the expression: (݊ & − ݊) − 1 
 

 01001011 ݊ :݈݁݌݉ܽݔܧ
−݊ 10110101 

݊ & − ݊ 00000001 
(݊ & − ݊) − 1 00000000 

 

Note: In the above case we are getting the mask as all zeros because there are no trailing zeros. 

27.2.21 Swap All Odd and Even Bits 
   

 01001011 ݊ :݈݁݌݉ܽݔܧ
Find even bits of given number (evenN) =  ݊ & 0xAA 00001010 
  Find odd bits of given number (oddN) =  ݊ & 0x55  01000001 

    evenN >>= 1   00000101 
    oddN <<= 1   10000010 

Final Expression: evenN | oddN 10000111 

21.2.22 Performing Average without Division 
 

Is there a bit-twiddling algorithm to replace ݉݅݀ = + ݓ݋݈)  ℎ݅݃ℎ) / 2 (used in Binary Search and Merge Sort) with something much faster? 
 

We can use ݉݅݀ = ݓ݋݈) + ℎ݅݃ℎ) >> 1. Note that using (݈ݓ݋ +  ℎ݅݃ℎ) / 2 for midpoint calculations won't work correctly when integer 
overflow becomes an issue. We can use bit shifting and also overcome a possible overflow issue: ݈ ݓ݋ + ((ℎ݅݃ℎ −  and the bit shifting (2 /(ݓ݋݈
operation for this is ݈ݓ݋ + ((ℎ݅݃ℎ − (ݓ݋݈ >> 1). 

21.3 Other Programming Questions 
 

Problem-1 Give an algorithm for printing the matrix elements in spiral order. 
 

Solution: Non-recursive solution involves directions right, left, up, down, and dealing their corresponding indices. Once the first row is printed, 
direction changes (from right) to down, the row is discarded by incrementing the upper limit. Once the last column is printed, direction 
changes to left, the column is discarded by decrementing the right hand limit. 
 

     
     
     
     
     

 
 

So, our top-most row is top, bottom-most row is bottom, left-most column is left and right-most column is right. As we keep printing elements 
of the matrix, we will bring them closer to each other. Initially – 
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top = 0 
right = m – 1 
bottom  = n – 1 
left = 0 

 

As per the arrow indication, in our top row, we will print elements from left to right. So the loop to print it will look something like – 
 

for (int i = left; i <= right; ++i) { 
    System.out.print( matrix[top][i] ); 
}   

++top; 
 

As you have noticed, the ++top is to bring it towards the center. Similarly, for printing the right column – 
 

for (int i = top; i <= bottom; ++i) { 
    System.out.print( matrix[i][right] ); 
} 
 

--right; 
 

Similarly, for printing the bottom row – 
 

for (int i = right; i >= left; --i) { 
    System.out.print( matrix[bottom][i] ); 
} 
 

--bottom; 
 

Similarly, for printing the left column – 
 

for (int i = bottom; i >= top; --i) { 
    System.out.print( matrix[i][left] ); 
} 
 

++left; 
 

Now all that’s left is to execute this printing in a proper order. We could have a control variable direction, which denotes the direction. If – 
 

direction == 1, print top row 
direction == 2, print right column 
direction == 3, print bottom row 
direction == 4, print left column 

 

public static void spiralOrder(final int[][] matrix) { 
    if (matrix.length == 0 || matrix[0].length == 0) { 
        return; 
    }   

    int top = 0, bottom = matrix.length - 1, left = 0, right = matrix[0].length - 1; 
    int direction = 1;   

    while (top <= bottom && left <= right) { 
        if (direction == 1) {    // left-right 
            for (int i = left; i <= right; ++i) { 
                System.out.print(matrix[top][i] + " "); 
            } 
 

            ++top; 
            direction = 2; 
        } else if (direction == 2) {     // top-bottom 
            for (int i = top; i <= bottom; ++i) { 
                System.out.print(matrix[i][right] + " "); 
            }   

            --right; 
            direction = 3; 
        } else if (direction == 3) {     // right-left 
            for (int i = right; i >= left; --i) { 
                System.out.print(matrix[bottom][i] + " "); 
            } 
 

            --bottom; 
            direction = 4; 
        } else if (direction == 4) {     // bottom-up 
            for (int i = bottom; i >= top; --i) { 
                System.out.print(matrix[i][left] + " "); 
            } 
 

            ++left; 
            direction = 1; 
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        } 
    } 
} 

 

Time Complexity: O(݉ × ݊). Space Complexity: O(1). 
 

Problem-2 Give an algorithm for shuffling the desk of cards. 
 

Solution: Assume that we want to shuffle an array of 52 cards, from 0 to 51 with no repeats, such as we might want for a deck of cards. First 
fill the array with the values in order, then go through the array and exchange each element with a randomly chosen element in the range from 
itself to the end. It's possible that an element will swap with itself, but there is no problem with that.    

public void Shuffle(int[] cards){ 
        int n = A.length  //assume  n = 52  
        for (int i=0; i<n; i++)  
            cards[i] = i;                                             // filling the array with card number 
        for (int i=0; i < n; i++) { 
           // The random() method returns a random number between 0.0 and 1.0. 
            int r = i + ( Math.random() * (n - i) );   // Random remaining position. 
            int temp = cards[i]; cards[i] = cards[r]; cards[r] = temp; 
        }         
        System.out.println("Shuffled Cards:"); 
        for (int i=0; i<n; i++)  
            System.out.println(cards[i]); 
} 

 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-3 Reversal algorithm for array rotation: Write a function rotate(A[], d, n) that rotates A[] of size ݊ by ݀ elements. For 
example, the array 1, 2, 3, 4, 5, 6, 7 becomes 3, 4, 5, 6, 7, 1, 2 after 2 rotations. 

 

Solution:  Consider the following algorithm. 
 

Algorithm: 
rotate(Array[], d, n) 
reverse(Array[], 1, d) ; 
reverse(Array[], d + 1, n); 
reverse(Array[], l, n); 

 

Let AB be the two parts of the input Arrays where A = Array[0..d-1] and B = Array[d..n-1]. The idea of the algorithm is:         
           Reverse A to get ArB. /* Ar is reverse of A */ 
           Reverse B to get ArBr. /* Br is reverse of B */ 
           Reverse all to get (ArBr) r = BA. 
           For example, if Array[] = [1, 2, 3, 4, 5, 6, 7], d =2 and n = 7 then, A = [1, 2] and B = [3, 4, 5, 6, 7] 
           Reverse A, we get ArB = [2, 1, 3, 4, 5, 6, 7], Reverse B, we get ArBr = [2, 1, 7, 6, 5, 4, 3] 
           Reverse all, we get (ArBr)r = [3, 4, 5, 6, 7, 1, 2] 
 

Implementation: 
       /* Function to left rotate Array[] of size n by d */ 
       void leftRotate(int[] Array, int d, int n) { 
              rvereseArray(Array, 0, d-1); 
              rvereseArray(Array, d, n-1); 
              rvereseArray(Array, 0, n-1); 
       } 
       /*UTILITY FUNCTIONS: function to print an Array */ 
       void printArray(int[] Array){ 
              for(int i = 0; i < A.length; i++) 
                     printf("%d ", Array[i]); 
              printf("%\n "); 
       } 
       /*Function to reverse Array[] from index start to end*/ 
       void rvereseArray(int[] Array, int start, int end) { 
              int i; 
              int temp; 
              while(start < end){ 
                     temp = Array[start]; 
                     Array[start] = Array[end]; 
                     Array[end] = temp; 
                     start++; 
                     end--; 
              } 
       } 
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Problem-4 Suppose you are given an array s[1...݊] and a procedure reverse (s,i,j) which reverses the order of elements in between 
positions i and j (both inclusive). What does the following sequence                  

do, where 1 < k <= n: 
  reverse (s, 1, k); 
  reverse (s, k + 1, n); 
  reverse (s, 1, n); 

 (a) Rotates s left by k positions  (b) Leaves s unchanged  (c) Reverses all elements of s  (d) None of the above 
 

Solution: (b). Effect of the above 3 reversals for any ݇ is equivalent to left rotation of the array of size ݊ by ݇ [refer to Problem-3]. 
 

Problem-5 Given a string that has set of words and spaces, write a program to move the spaces to ݂  of string, you need to traverse ݐ݊݋ݎ
the array only once and need to adjust the string in place. 

 "movethesepacestobeginning    "= ݐݑ݌ݐݑܱ "move these spaces to beginning" = ݐݑ݌݊ܫ    
 

Solution: Maintain two indices ݅ and ݆; traverse from end to beginning. If the current index contains char, swap chars in index ݅ with index ݆. 
This will move all the spaces to beginning of the array. 
 

       public void mySwap(char[] A, int i, int j){ 
            char temp=A[i]; 
            A[i]=A[j]; 
            A[j]=temp; 
       } 
       public void moveSpacesToBegin(char[] A){ 
            int i= A.length-1; 
            for(int j=i; j>=0; j--){ 
                 if(!isspace(A[j])) 
                      mySwap(A,i--,j); 
            } 
       } 
 

Time Complexity: O(݊) where ݊ is the number of characters in input array. Space Complexity: O(1). 
 

Problem-6 For the Problem-5, can we improve the complexity? 
 

Solution: We can avoid swap operation with a simple counter. But, it does not reduce the overall complexity. 
 

       public void moveSpacesToBegin(char[] A){ 
            int n=A.length-1,count=n; 
            int i=n; 
            for(;i>=0;i--){ 
                 if(A[i]!=' ') 
                      A[count--]=A[i]; 
            } 
            while(count>=0) 
                 A[count--]=' '; 
       } 
 

Time Complexity: O(݊) where ݊ is the number of characters in input array. Space Complexity: O(1). 
  

Problem-7 Given a string that has set of words and spaces, write a program to move the spaces to ݁݊݀ of string, you need to traverse 
the array only once and need to adjust the string in place. 

 "    movethesepacestoend"= ݐݑ݌ݐݑܱ "move these spaces to end" = ݐݑ݌݊ܫ      
 

Solution: Traverse the array from left to right. While traversing, maintain a counter for non-space elements in array. For every non-space 
character A[݅], put the element at A[ܿݐ݊ݑ݋] and increment ܿ  After complete traversal, all non-space elements have already been shifted .ݐ݊ݑ݋
to front end and ܿݐ݊ݑ݋ is set as index of first 0. Now, all we need to do is run a loop which fills all elements with spaces from ܿݐ݊ݑ݋ till end 
of the array. 
 

       public void moveSpacesToEnd(char[] A){ 
            int count = 0;   // Count of non-space elements 
            int n = A.length-1; 
            for (int i =0;; i <= n; i++) 
                 if (!isspace(A[i])) 
                      A[count++] = A[i];          

            while (count <= n) 
                 A[++count] = ' '; 
       } 
 

Time Complexity: O(݊) where ݊ is number of characters in input array. Space Complexity: O(1). 
 

Problem-8 Moving Zeros to end: Given an array of ݊  integers, move all the zeros of a given array to the end of the array. For example, 
if the given arrays is {1, 9, 8, 4, 0, 0, 2, 7, 0, 6, 0}, it should be changed to {1, 9, 8, 4, 2, 7, 6, 0, 0, 0, 0}. The order of all other elements 
should be same.  
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Solution: Maintain two variables ݅ and ݆; and initialize with 0. For each of the array element ܣ[݅], if ܣ[݅] non-zero element, then replace the 
element ܣ[݆] with element ܣ[݅]. Variable ݅ will always be incremented till  ݊ - 1 but we will increment ݆ only when the element pointed by ݅ is 
non-zero.  
 

       public void moveZerosToEnd(int[] A){ 
            int i=0,j=0; 
            while (i <= A.length - 1){   
                if (A[i] != 0){   
                      A[j++] = A[i];  
               } 
               i++; 
            } 
            while (j <= size - 1)    
                  A[j++] = 0; 
       } 

 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-9 For the Problem-8, can we improve the complexity? 
 

Solution: Using simple swap technique we can avoid the unnecessary second ݓℎ݈݅݁ loop from the above code. 
  

       public void mySwap(int[] A,int i,int j){ 
            int temp=A[i]; 
            A[i]=A[j]; 
            A[j]=temp; 
       } 
       public void moveZerosToEnd(int[] A){ 
            int i, j; 
            for(i=0,j=0; i<A.length; i++)    { 
                 if (A[i] !=0) 
                      mySwap(A,j++,i); 
            } 
       } 
 

Time Complexity: O(݊). Space Complexity: O(1). 
 

Problem-10 Variant of Problem-9 and Problem-10: Given an array containing negative and positive numbers; give an algorithm for 
separating positive and negative numbers in it. Also, maintain the relative order of positive and negative numbers. Input: -5, 3, 2, -1, 4, -
8 Output: -5 -1 -8 3 4 2 

 

Solution: In the moveZerosToEnd function, just replace the condition 0=! [݅]ܣ with 0 > [݅]ܣ. 
 

Problem-11 How do you check whether the given has big endian support or little endian support? 
 

Solution: We can use ByteOrder class in Java. 
 

       import java.nio.ByteOrder; 
       public class CheckEndian { 
 public static boolean isBigEndian() { 
    if(ByteOrder.nativeOrder().equals(ByteOrder.BIG_ENDIAN)) 
       return true; 
    return false; 
 } 
 public static boolean isLittleEndian() { 
    if(ByteOrder.nativeOrder().equals(ByteOrder.LITTLE_ENDIAN)) 
       return true; 
    return false; 
 } 
       } 
 

Problem-12 Given a number swap odd and even bits. 
 

Solution: 
 

    int swap(int num){ 
        int mask1 = 0xAAAAAAAA; 
        int mask2 = 0x55555555; 
        return (num << 1 & mask1) | ( num >> 1 & mask2); 
    } 
 

Problem-13 Equilibrium index of an array is an index such that the sum of elements at lower indexes is equal to the sum of 
elements at higher indexes. Given an n length array, find the K which makes A[0]+A[1]+....+A[K-1] = A[K+1]+A[K+2]+...+A[N-1]. 

 

Solution:  
 

       public static int equilibrium(int[] A){ 
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 int sum = 0, leftsum = 0; 
 for(int i = 0;i<A.length;i++){ 
  sum += A[i]; 
 }  
 for(int i = 0; i<A.length;i++){ 
  sum -= A[i]; 
  if(leftsum == sum){ 
   return i; 
  } 
  leftsum += A[i]; 
 } 
 return -1; 
       } 
       public static void main(String[] args) { 
 int[] A = {-7,1,5,2,-4,3,0}; 
 System.out.print(equilibrium(A)); // Would Print 3 
       } 
 

Problem-14 Given a number represented as an array of digits, plus one to the number. 
 

Solution:  
 

       public class AddOneToNumber { 
 public int[] addOneToNumber(int[] digits) { 
  int[] result = new int[digits.length]; 
  int one = 1; 
  for(int i = digits.length-1;i>=0;i--){ 
   result[i] = (digits[i]+one) % 10; 
   one = (digits[i]+one) / 10; 
  } 
  if(one!=0){ 
   int[] more = new int[digits.length+1]; 
   more[0] = one; 
   System.arraycopy(result, 0, more, 1, result.length); 
   result = more; 
  } 
  return result;   
 } 
       } 
 

Problem-15 Count the number of set bits in all numbers from 1 to ݊. 
 

Solution: We can use the technique of section 21.2.19 and iterate through all the numbers from 1 to ݊. 
 

    public int countNumberofSetbitsin1toN(int n) { 
        long i = 0, j, count = 0;  
        for (i = 1; i<=n; i++){ 
            j = i; 
            while(j>0) { 
                count++; 
                j = j & (j - 1);  
            } 
        } 
        return count;   
    } 
 

Time complexity: O(number of set bits in all numbers from 1 to ݊). 
 

Problem-16 Flower bed: Suppose you have a long flowerbed in which some of the plots are planted and some are not. However, 
flowers cannot be planted in adjacent plots - they would compete for water and both would die. Given a flowerbed (represented as an array 
containing 0 and 1, where 0 means empty and 1 means not empty), and a number ݊, return if n new flowers can be planted in it without 
violating the no-adjacent-flowers rule. 

 

 Example 1: Input: flowerbed = [1,0,0,0,1], n = 1    Output: True 
 Example 2: Input: flowerbed = [1,0,0,0,1], n = 2    Output: False 
 

Solution: The solution is very simple. We can find out the extra maximum number of flowers, count, that can be planted for the given 
flowerbed arrangement. To do so, we can traverse over all the elements of the flowerbed and find out those elements which are 0(implying 
an empty position). For every such element, we check if its both adjacent positions are also empty. If so, we can plant a flower at the current 
position without violating the no-adjacent-flowers-rule. For the first and last elements, we need not check the previous and the next adjacent 
positions respectively. 
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If the count obtained is greater than or equal to ݊, the required number of flowers to be planted, we can plant ݊ flowers in the empty spaces, 
otherwise not. 
 

    public boolean canPlaceFlowers(int[] flowerbed, int n) { 
        int i = 0, count = 0; 
        while (i < flowerbed.length) { 
            if (flowerbed[i] == 0 && (i == 0 || flowerbed[i - 1] == 0) && (i == flowerbed.length - 1 || flowerbed[i + 1] == 0)) { 
                flowerbed[i] = 1; 
                count++; 
            } 
            i++; 
        } 
        return count >= n; 
    } 
 

Time complexity: O(݊). A single scan of the flowerbed array of size ݊ is done. Space complexity: O(1). 
 

Problem-17 Given two strings s and t which consist of only lowercase letters. String t is generated by random shuffling string s and then 
add one more letter at a random position. Find the letter that was added in t. 

 

Example Input:  s = "abcd"   t = "abcde"           Output: e 
Explanation: 'e' is the letter that was added. 

 

Solution: Since there is only character difference between the two given strings, we can simply perform the XOR of all the characters from 
both the strings to get the difference. 
 

        public char findTheDifference(String s, String t) { 
 char c = 0; 
 for (int i = 0; i < s.length(); ++i) { 
         c ^= s.charAt(i); 
 } 
 for (int i = 0; i < t.length(); ++i) { 
         c ^= t.charAt(i); 
 } 
 return c; 
        } 
 

Time Complexity: O(݊), where ݊ is the length of arrays.  Space Complexity: O(1). 
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