




















































































































































































































































































































































































































































































































































































































































































































































































































































































































Data Structure and Algorithmic Thinking with Python Dynamic Programming 

Also, every character Ali] is a palindrome of length 1. Therefore the base cases are given by il[i, i] 1. Let us 
define the maximum length palindrome for the :rnbstring A[i, ... ,jJ as L(i,j). 

. . f/,(i + l,j - 1) + 2, i/ 1\[i] == Afjl 
l.(t,J) = Mux{l.(i + l,j),/.(i,j - 1)), otherwise 

l.(i, i) = I for a ll i = I w n 

def LongestPalindromcSubscqucnce(A): 
n = len(A) 
L =110 for x in range(n)J for x in range(n)J 
# palindromes with length J 
for i in range(O,n-1): 

LliJli] = I 
# palindromes with lcnglh up lo j+ I 
fork in rangc(2,n+I): 

#print L 

for i in range(O,n-k+ I): 
j = i+k- 1 
if A!il == ALil and k ==2: 

L[iJLij = 2 
if A[i] == ALiJ: 

LlilLiJ = 2 + L[i+l JLi-lJ 
else: 

l..li!Lil .. max( L[i+ 1 ]Lil , L[iJLi-11 ) 

re tum L[Oll n-11 
print LongestPalindromeSubscqucnce(''Carcer Monk Publications") 

Time Complexity: First 'for' loop takes O(n) time while Lhe second 'for' loop takes O(n - k) which is also O(n). 
Therefore, the total running lime of the algori thm is given by O(n2

). 

Problem-37 Longest Palindrome Substring: Given a string/I, we need LO find Lhe longest sub-string of A 
such thal Lhe reverse of it is exactly the same. 

Solution: The basic difference between the longest palindrome substring and the longest pa lindrome 
subsequence is that, i.n the case of the longest palindrome substring, the output st.ring s hould be the contiguous 
characters, which gives the maximum palindrome; and in the case of t he longest pa lindrome subsequence, the 
output is the sequence of c haracters where the characters might not be contiguous but they shou Id be in an 
increasing sequence with respect to Lheir positions in the given string. 

Brnte-force solution exhaustively c hecks a ll n (n + l) / 2 possible substrings of the given n-length string, tests 
each one if it's a palindrome, a nd keeps track of Lhc longest one seen so far. This has worst-case 
complexity O(n:1), bul we ca n easily do bet ler by rcali ;.t,ing thal a palindrome is centered on e ither a letter (for 
odd-length palindromes) or u space between letters (for even -length palindromes). Therefore we can examine a ll 
n + 1 poss ible centers o nd find the longest pa lindrome for thal center, keeping traek of the oven.di longest 
palindrnme. This has worst-case complex ily O(n2

). 

Let us use DP lo solve this problem. ll is worth noting that. the re arc no more than O(n2 ) s ubstrings in a string 
of length n (while there are exactly 2" subsequences). Therefore, we could scan each s ubstring, check for a 
palindrome, and update the length of the longest palindrome substring discovered so far. Since the palindrome 
test takes time linear in the length of the substring, this idea lakes 0(113) a lgorithm. We can use DP to improve 
this. ror 1 $ i $ j n, define 

L(i,j) = 
il Ali! .... 111/I is a palindrome substring, 

otherwise 
/.Ii.i i = I. 
1.li.jl = 1.li.i +II .if Alil == Ali+ 1. J./or l $ l $ j $ n - l. 

Also, for string of length al least 3, 

Lli,jj = (l.[i + 1,j - l l a11d Ali] = Aljl). 

Nole that in order to obtain a well-defined recurrence, we need lo explicitly initialize two distinct diagonals of the 
boolean array /, ji,jJ, ::iince the recurrence for entry ji,j l LIS\.!S the value [i - "l,j - 1J. which is two diagonals away 
from [i,j] (that mi.;ans, for a substring of kngt h k , wi.; need to know the stotus of a substring of length k - 2). 

def longestPalindromeSubslring(A): 
n = len(A) 
if n == 0: return '' 
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L=O 
for i in range(n): L[(i,i)I = True 
# k = j -i between 0 and n-1 
for k in range(n- 1 ): 

for i in ra ngc(n): 
j ~ i+k 
if j >"" n: continue 
if i+ l < .. j -1 : 

L[(i,j)) = Ll(i+ 1 j-1)) and Af i) == AUJ 
else: 

L[(i,j)) = AliJ == ALi) 
slart, end = maxffk for k in L if LlkJI, 

key=lambda x:xl l l-xlOIJ 
rclurn Alstart:cnd+ 11 

prinl longcstPalindromcSubstring('cabcbaabac') 
print longestPalindromcSubstring('abbaaa') 
print longestPalindromeSubstring(") 

Time Complexity: Pirsl for loop lakes 0(11) time while the second fo r loop la kes O(n - k) which is a lso O(n). 
Therefore the total running time of lhc algorithm is given by O(n2). 

Problem-38 Given two strings Sand T , give an a lgorilhm lo find the number of limes S appea rs in T. ll's not 
compu lsory thal a ll c haracters of S s hould appear contiguous to T. Por example, if S = ab and T = abadcb 
then the solution is 4, because ab is appearing 4 limes in abadcb. 

Solution: 

Input: Given two strings S[ I. . mj and TL I ... mj. 

Goal: Count the number of times that S appears in r. 
Assume t(i,j) represents the count of how many times i characters of S arc appearing in j characters of T. 

{

O, if J = 0 
. . 1, if; - 0 

/,(i.1) - Max L(i - 1,j - I)+ J,(1.1 - 1). 1f Sid -- T[JI 
t(i - 1,j), 1{ S[1 I -1- TIJ I 

If we concentrate on the components of the above recursive formula , 

• If j = 0, then since T is empty the count becomes 0. 
• If i = 0, then we can treat empty string S also appearing in T and we ca n give the count as 1. 
• If S[i) == TUJ. il means i'h character of S and ju' characlcr of T arc the same. In this case we have to c heck 

the s ubproblems with i - 1 characters of Sand j - 1 characters or T and a lso we have to cou nt Lhe resu lt 
of i characters of S wilhj - 1 c ha racters of T . This is because even a ll i cha racters of S might be 
a ppearing in j - I c ha racters o f T. 

• lfSliJ *TUI , then we have to get the resu lt of s ubproblem with i - I c hnructen> of Sand j characters oft. 

After computing a ll the values, we have lo select the one which gives the maximum count. 

How ma.ny subproblems are there? Jn the above formula, i can range from I to 111 and j can range from 1 ton. 
The re are a total of mn subproblems and each one takes 0(1). Time Complexity is O(mn). 
Space Complexity: O(mn) where 111 is number of rows and 11 is number of columns in the given matrix. 

Problem-39 Given a matrix with 11 rows and m columns (n x m). In each cell there arc a number of apples. 
We start from the upper-left corner of the matrix. We can go down or right one cell. Pinally, we need to arrive 
at the bottom-right corner. Pind the maximum number of npplcs that we can collect. When we pass through a 
cell, we collect all the apples left there. 

Solution: Let us assume that the given matrix is l1[11J1111J. The first thin~ that must be observed is that there arc 
at most 2 ways we can come to a ceU - from the left (if it's not situated on the fin>t column) and from the top (if 
it's not situated on the most upper row). 

Sli- llLil 
I 
T 

,_ 

Sli lLi - 11 ~ S!i Iii I 
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To find the best solution fo r that cell, we have to have already found the best solutions for a ll of the cells fro m 
which we can arrive lo the current cell. From above, a recu rrent relation can be easily obtained as: 

if j > 01} 
if i > 0 

S(i,j) mus t be calculated by going lirst from le ft lo right in each row a nd process the rows from top to bottom, or 
by going li rst from top to bollom in each column a nd process the columns from left to righl. 

def FindApplesCount(Apples, n, m): 
S =[[O for x in range(m)) for x in range(n)I 
S[Ol[O] = Apples[O)[OJ 
for i in range(l, n): 

S[iJ!O] = Apples[ilfOI + S[i-1 l!OJ 

for j in rangc(l, m): 
s101u1 = ApplcslOJUJ + S[OILi- 11 

for i in range( 1, n): 
for j in range( I, m): 

r1 = S[i]Li- 1 J 
r2 = S[i-1 ]Li] 
if (rl > r2): 

S!ilLil = Applcs[i]Lij+rl 
else: 

Sli!Lil = Applesli1Lil+r2 

return S(n-l)[m- 1] 

Apples= I (5, 24], I 15, 25], [27, 40), [SO, 6011 
print FindApplesCount(Apples, 4, 2) 

How many such subproblems are there? In the above formu la, i can range from 1 ton and j can ra nge 
from 1 tom. There are a total of nm s ubproblems a nd each one ta kes 0(1). Time Complexity is O(mn). Space 
Complexity: O(nm), where 111 is number of rows a nd 11 is numbe r of columns in the given matrix. 

Problem-40 Similar to Problem-39, assume that we can go down, right one cell , or even in a d iagona l 
direction. We need to a rrive Ht the bottom -right corner. Give DP solulion to lind the maximum number of 
a pples we ca n collccl. 

Solution: Yes. The d iscussion is very s imilar to Problem-39. Let us assume that th e given matr ix is A[n][rn]. The 
first th ing that must be observed is that there a rc at mosl 3 ways we can come to a cell - from the left, from the 
top (if it's not situated on the uppermost row) or from the top diagonal. To find th e best solution for that cell, we 
have to have a lready fou nd t he best solutions fo r a ll o f Lhc cells from which we can arrive to the curren t cell. 
From above, a recurre n t relation can be easi ly obt:.i incd: 

{ {

S(i,/ - 1), i/j >Ol} 
S(i, j) = 11[,i]ljJ + Max S(i - 1. /), i fi > O 

S(i - 1,j - 1), i( i > 0 and j > 0 

S(i, j) must be calculated by going lirst from left Lo right in each row and process the rows from top to bottom, or 
by going first from top to bottom in each column a nd process the columns from left to right. 

S[i- l ]lj - 1] Sli - l lLil 

---..... ~ 
S[i! Li- lt : S(ilLJI 

How many such subproblems a re there? In the a bove formu la, i can ra nge from 1 ton and j can range 
from 1 tom. There a rc a Lola ! of 11111 s ubproble ms a nd and each one tnkcs 0(1) . Time Complexity is O(mn). 
Space Complexity: O(nm) where 111 is number of rows a nd 11 is number of columns in the given ma trix. 

Proble m -41 Maximum s ize squa re s ub-m a trix with all l 's: Given o matrix with O's and 1 's, g ive an 
a lgorithm fo r finding lhc maximum s i7..<: square sub-matrix with a ll l s . For example, consider the binary 
matrix below. 
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0 1 I 0 1 
1 1 0 I 0 
0 1 1 0 
1 1 0 
I I I I I 
0 0 0 0 0 

The maximum square sub-matrix with all set bits is 

1 1 I 
l l 1 
l l l 

Solution : Let us try solving this problem using DP. Let the given binary matrix be Bl'mlfm]. The idea of the 
a lgorithm is to construct u temporary matrix LI If I in whic h each entry /.[i]UI represents size of the square sub­
matrix with all 1 's inc luding /J(iJU] and B(iJUI is the 1·ightmost and bottom-mos t entry in the sub-matrix. 

Algor ithm: 

1) Construct a sum matrix l[mJl nj for the given matrix /J(ml[n]. 
a. Copy lirst row and first colum ns as is from Bl 11 1 to LI II ]. 
b. ror other entries, use the following expressions to construct LI II J 

if(BliJU]) 
lliJU I = min(l[ilU-ll.L li-lllil.L li-1 lli - 1J) + 1; 

else llill/l = O; 
2) Find the maximum entry in lf ml[n). 
3) Using the value a nd coordinates of maximum entry in Llil, print sub-matrix of Bl If I· 

def squareBlockWilhAllOneslnMatrix(matrix, ZERO=O): 
nrows, ncols = len(matrix), (len(matrix[OI) if matrix else 0) 
if not (nrows and ncols): return 0 #empty matrix or rows 
Table = [[O)*ncols for _ in xrangc(nrows)] 
for i in rcvcrsed(xrange(nrows)): # for each row 

assert len(matrixfiJ) == ncols #matrix must be rectangular 
for j in reversed(xrange(ncols)): # for each clement in the row 

if matrixlilLiJ I= ZERO: 
TableliJU) = (1 + min( 

TableliJLi+ l J, # east 
Tableli+ l ILiJ. #south 
Table[i+l]li+l] #south-east 
)) if i < (nrows - 1) and j < (ncols - 1) else 1 #edges 

return max(e for rows in Table for c in rows) 

matrix=[[O, I , I, 0, 11, 11, l, 0, 1, OJ, [O, 1, 1, l, OJ, II, I , I, l, 01, fl , 1, l, 1, I], [O, 0, 0, 0, OIJ 
prinl squo.reBlockWithAllOncslnMatrix(matrix) 

How m any subproblems a re t here ? In the above formula, i ca n rnnge from 1to11 a nd j can ra nge from 1 tom. 
There a rc a total of 11m subproblems a nd each one takcsO(I). Time Complexity is O(nm). Space Complexity is 
O(mn). where n is number of rows and mis number of columns in the given matrix. 

Problem-42 Maximum s ize s ub-matrix with all l's : Given a matrix with O's a nd 1 's, give an algorithm for 
rinding the maximum si:t.e sub-matrix with all ls. For example, consider the binary matrix below. 

l 1 0 0 1 0 
0 1 I I 
l l J 0 
0 0 0 0 

The maximum sub-matrix with all set bits is 

l l 
l l 

Solution: If we draw a histogram of all l's cells in the above rows for a particular row, then maximum all l's 
sub-matrix ending in that row will be equal to maximum area rectangle in that histogram. Below is an example 
for 3rr1row in the above discussed matrix [lj: 

01110 l 1 
l 0 

0 1 I 0 0 
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If we calculate this area for all the rows, maximum area will be our answer. We can extend our solution very 
easily to rind start and end co-ordinates. For this, we need lo generate an auxiliary matrix Sllll where each 
clement represents the number of 1 s above and including it, up until lhe first 0. S[lll for the above matrix will be 
as shown below: 

1 100 I 0 
0 2 I I 2 I 
132230 
003300 

Now we can simply call our maximum rectangle in histogram on every row in Sllll and update the maximum 
area every time. Also we don't need any extra space for saving S. We can update original matrix (A) lo Sand after 
calculation, we can convert S back to A. 

def ma.ximumRectanglclnMatrix(sclf, malrixlnput): 
maxArca "'0 
rows • II 
columns"' II 
for i in rangc(O,lcn(matrixJnpul)): 

rowTemp = II 
colTemp = II 
for j in rangc(O, len(malrixlnput[Ol)): 

row'fcm p.a ppcnd (0) 
colTcmp.appcnd(O) 

rows.appcnd(rowTcmp) 
columns.append(colTcmp) 

for i in rangc(len(matrixlnput)- 1,- 1 ,-1 ): 
for j in range(len(matrixlnput(Ol)-1,-1,-1 ): 

area= 0 
if matrixlnputlilLil==' l ' : 

if i==len(matrixlnput)-1: 
rows[illil = 1 

else: 
rows[illil = rows[i+ l llil + l 

if j lcn(mat.rixlnpuqOJ)- 1: 
columns[iJLi] = l 

else: 
columnsliJLi] = columns[i)Li+ 1]+1 

area = columnslillil 
minCol - columnslilliJ 

fork in rangc(l, rows{illil): 
if minCol > columns(i+kJLij: 

minCol = columns[i+kllil 
if (k+ l )*minCol > area: 

area= (k+ I )*minCol 
ir maxArca < area: 

maxArca = area 
return maxArea 

Problem-43 Maximum sum sub-matrix: Given an 11 x 11 matrix M of posiLivc and negative integers, give an 
algorithm to rind the sub-matrix with the largest possible sum. 

Solution: Let AlLtjr,cl represent the sum of rcctangul:ir suburray of M with one corner at entry p, q and the 
other at [r,c]. Since there arc 11 2 such possibilities, we can compute them in 0(11i) time. After computing all 
possible sums, the sum of any rccwngular subarray of M can be com puled in constant time. This gives an 0(114

) 

algorithm: we simply guess the lowcr-lcfl and the upper-right comer of Lhc rccwngular subarray and use the 
Aux cable to compulc its sum. 

import sys 
def preComputeMatrix(A,n): 

global Aux 
for i in range (O,n): 

for j in range (0,n): 
if(i••O and j'""'0): 

Aux[i!Lil = AlijLiJ 
clif(i"'=O): 
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AuxlilLil +=Aux(iJLi-11 + A(iJLil 
elif(j==O): 

AuxliJLil +=Auxli-1 ILil + AlilLil 
else: 

Auxl iJLil +=Aux[i- l IUl+Aux[iJLi- l l-AuxJi- l lli-11 + Afillil 
def computcSum (A, i L, i2, j I , j2): 

if(il==O andj l .. =0): 
return Aux[i2JLi21 

elif(i l ==O): 
return Aux(i2JLi21 - Aux(i21Lil-1J 

elif(j l ==O): 
return AuxJi2Jli21 - Aux[i 1-1 JLi21 

else: 
return Aux[i2JLi21 - Aux(i21Li 1-11- Auxli l - llli21 + Auxli 1- llli 1- 11 

def gclMaxMatrix(A,n): 
ma.xSum = -sys.maxint 
for rowl in range (0,n): 

for row2 in range (O,n): 
for con in range (O,n): 

for col2 in range (0,n): 

Dynamic Programming 

maxSum = max(maxSum,computeSum(A,row l ,row2,coll .col2)) 
return maxSum 

A• (1-l, -2, -3, -41. r-s. -6, -7, -81.(-9, - 10, - 11, - 121.(-13, -14, -15, -1611 
n 4 
Aux =[(O for x in rangc(n)I for x in rangc(n)I 
preComputeMalrix(A,n) 
print getMaxMatrix(A,n) 

Problem-44 Can we improve the complexity of Problem-43? 

Solution: We can use Problem-7 solution with little vuriulion, us we have seen that the maximum sum array of 
a 1 - D array a lgorithm scans the array one ent ry at o time and keeps a running total of the entries. At any 
point, if this total becomes negative, then set it to 0. This nlgori thm is called Kadww's algorithm. We use this us 
an auxiliary function to solve a two-dimensional problem in the following way. 

import sys 
def preComputeMalrix(A, n): 

global Aux 
for i in range (O,n): 

for j in range (0,n): 
if(i• .. O und .i="'O): 

AuxliJLil • AliJLil 
clif(i• .. 0): 

AuxliJLil +=Auxlilli- 11 + AJilLil 
clif(j==O): 

AuxliJUJ +=Aux(i-1 JUI + Alillil 
else: 

Aux(iJLil +=Aux(i-l llil+Auxli)Li- 11-Aux[i- l lli-1 j + A(ilUJ 

def computeSum(A, il, i2, j I , j2): 
if(i Jc=O andj l••O): 

return Auxli21Li21 
e lif(i l ==O): 

return Auxli21Li2] - Aux[i2 1Li 1- 1 I 
e lif(j 1 ==O): 

return Aux[i2)Li2) - Aux[ i 1-1 JLi21 
e lse: 

return Auxli21Li21 - Awqi2)Li 1- IJ- Auxli 1- llli21 + Auxli 1- llli 1- 1) 

def getSubmatSum( r l, cl, r2, c2): 
if(rl == 0 and cl •• 0): 

return Auxlr211c21 
if (rl == 0): 

return Aux[r211c21 - /\ux[r2llcl - l l 
if(c l == 0): 
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return Aux!r2Jlc2j - Aux[rl - lJlc2] 
return Auxlr2)(c2] - Auxlrl - 1Hc2] - Auxlr211cl - 1] + Auxlrl - lllcl - 11 

def getMaxMatrix(A,n): 
globalma.x = 0 
for i in range (0,n): 

for j in range (i,n): 
localmax = 0 
fork in range (O,n): 

return globaJmax 

localmax = max(locaJmax+getSubma LSum(i, k, j , k), 0) 
globalmax = max(localmax, globalmax) 

A= ll-1, -2, 13, -41, 1-5, -6, -7, -8 J,(-9. 10, - 11 , - 12] .l- 13, - 14, - 15, -161] 
n=4 
Aux "'110 for x in rangc(n)J for x in rangc(n)J 
preComputeMatrix(A,n) 
print getMaxMatrix(A,n) 

Time Complexity: O(n3 ) . 

Problem-45 Given a number n, find the minimum number of squares required to sum a given number n. 
Examples: mini 11 = l = 12 , minl21 = 2 = 12 + 12 , minl4J = l = 22 , minll31=2 = 32 + 22 . 

Solution: This problem can be reduced to a coin change problem. The denominations are I to ,/Ii.. Now, we just 
need lo make change for n wilh a minimum number of denominations. 

Problem-46 Finding Optimal Number of Jumps To Reach Last Element: Given an a rray, start from the 
first clement a nd reach the last by jumping. The jump length can be at most the value at the current position 
in the a rray. The optimum result is when you reach the goal in the minimum number of jumps. Example: 
Given array A = (2,3, 1, 1,4}. Possible ways lo reach the end (index lisl) a re: 

• 0 ,2,3,4 Uump 2 to index 2, and then jump I lo index 3, and Lhen jump I to index 4) 
• 0, 1,4 Uump I to index I , and then jump 3 to index 4) 

Since second solulion has on ly 2 jumps il is the opti mum rcsul L. 

Solution: This problem is a c lassic cxo mplc of Dynamic Programming. Though we can solve this by bru te-force, 
it would be com plex. We can use the LIS problem approach for solving this. A-s soon as we traverse Lhc array, we 
should find the minimum number of jumps for reaching Lhal position (index) and update our result array. Once 
we reach the end, we have lh e optimum solulion a l last index in result a rray. 

How can we find the optimum number of jumps for every position (index)? For first index, the optimum 
number of jumps will be zero. Please note that if va lue a l first index is zero, we can't jump to any element and 
return infinite. For n + 1°1 clement, initialize rcsultln + I J ai:; infinite. Then we should go through a loop from 
0 ... n, and a t eve ry index i, we s hould sec if we are able lo jump lo rt+ I from i or not. If possible, then see if total 
number of jumps (rcsull[i[ + 1) is less tha n rcsultj11 + 1 [, then upda te rcsu ltln + 1 j, clscjusl continue lo next index. 

import sys 
def miJ1Jumps(A): 

n = len(A) 
jumps= [OJ*(n) 
if (n == 0 or AIOI == 0): 

return sys.maxi.nt + l 

jumps[OI = 0 
for i in range(l ,n): 

jumpslil = sys. ma.xinl + 
for j in range(O, i): 

if (i <= j + ALiJ and jumps Lil I= sys.maxint + 1): 
jumpslil = minUumpsliJ, jumps LiJ + 1) 
brea k 

return jumps[n-11 

A = [1, 3, 6, 1, 0 , 9] 
print "Minimum number of jumps lo reach end is ", minJumps(A) 

A= 12,3, l, 1,41 
print "Minimum number of jumps to reach end is", minJumps(A) 

Above code will return optimum number of jumps. To find U1e jump indexes as well, we can very easily modify 
the code as per requirement. 
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Time Complexity: Since we are running 2 loops here and iterating from O to i in ever-y loop Lhen tota l Lime takes 
will be 1 + 2 + 3 + 4 + ... + n - 1. So time efficiency 0(11) = O(n * (n - 1)/2) = O(n2). 

Space Complexity: O(n) space ror result array. 

Problem-47 Explain whal would happen if a dynamic programming a lgorithm is designed l.o solve a problem 
thal docs not have overlapping sub-problems. 

Solution: IL will be just a wasle of memory, because I.he answers of sub-problems will never be used again. And 
the running time will be the same as using the Divide & Conquer algorithm. 

Problem-48 Given a sequence of n positive numbers totaling to T, check whether there exists a subsequence 
totaling to X, where X is less than or equal lo T. 

Solution: Let's call the given Sequence S for convenience. Solving this problem, there a re two approaches we 
could take. On the one hand, we could look through a ll the possible sub-sequences of S lo sec if any of them 
s um up to X. This approach, however, wou ld Lake an exponentia l amount of work since there arc 2" possible 
sub-sequences in S. On the other hand, we could list a ll lhe sums between 0 und X und then try 10 find n sub­
sequence for each one of them until we find one for X. This second approach LUrns oul to bc quil.c a lot faster: 
O(n x T). Here are lhe steps: 

0. Create a boolean array called sum of size X+l: As you might guess, when we arc done filling the array, 
all the sub-sums between 0 and X that can be calculaled from S will be set to lrue and I.hose that 
cannol be reached will be set to false. For example if S={2,4,7,9} then sum[5J=falsc while sum[ 13J=lruc 
since 4+9= 13. 

1. Initial ize sum{) to faJse: Before any computation is performed , assumc/prclcnd that each sub-sum is 
unreachable. We know that's not I.rue, but for now let's be outrageous. 

2. ScL sum at index 0 to true:This truth is self-evident. By taking no clements from S, we end up with an 
empty sub-sequence. Therefore we can mark sum[O!=t.ruc, since the sum of nothing is zero. 

3. To fill the rest of the table, we arc going to use the following trick. Let S=(2,4,7,9}. Then starting with 0, 
each time we find a positive sum, we will add an clement from S lo that sum to get a greater sum. For 
example, since sum(O]=truc and 2 is in S, then sum[0+2] must also be true. Therefore, we set 
sum[0+21=sum[2]=true. Then from sum[2[=truc and e lement 4 , we can say sum[2+4 [=sum[6]=truc, and 
so on. 

Step 3 is known as the relaxation step. First we started with a n absurd assumption that no sub-scqucncc of S 
can sum up to any number. Then as we find evidence to thc contrary, wc relax our assumption. 

Alternative implementation: This alternative is easier to read, but it does not halt for small X. In the actual 
code, each for-loop checks for "not sum[X)" since that's really all we care about and shou ld slop once we find it. 
Also this time complexity is 0(11 x T) and space complexity is O(T) 

subSum = [False! * ( X + 1 ) 
sumf Ol = True 
for a in A: 

for i in range(sum(A), a-1.-1): T = sum(A) 
if not sum[i] and sum[i - aJ: 

sum[iJ =True 

def positiveSubseLSum( A, X ): 
# prelim.inary 
if X < 0 or X > sum( A ): # T = sum(A) 

return False 

# algorithm 
subSurn =[False[* ( X + l ) 
subSum(O] = True 
p=O 
while not subSum(XI and p <!en( A): 

a= AfpJ 
q=X 
while not subSum[X] and q >=a: 

if not subSum[ql and subSum[q - a[: 
subSum[q] =True 

q -= l 
p += 1 

return subSum(XJ 
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Problem-49 You arc climbing a stair case. It Lakes 11 steps to reach to the top. Each time you can either 
climb I or 2 steps. In how many distinct ways can you climb to the top? 

Solution: The easiest idea is u fo'ibonacci number. lib(n) .. lib(n - 1) + lib(n-2). The 11 11'stnirs is from either 11 - I tit 
the stair or the 11 - 2"1 stair. I lowever rec ursive is time-consuming. We know thnt recursion can be written in 
loop, t he trick here is 1101 construct n length of n arruy, on ly three dement array is enough. 

Problem -SO Christmns is approaching. You're helping Suntu Cluus t<> distribute gifts to c hildren. For case of 
delivery, you arc asked lo divide 11 gifts into two groups such that Lhe weight difference of these two groups is 
minimized. The weight of each gift is a positive integer. Please design an algorithm to find an optimal division 
minimizing the value difference. The algorithm should find the minimal weight difference as well as the 
groupings in O(nS) time, where S is the total weight of these 11 gifts. Briefly justify the correctness of your 
algorithm. 

Solut ion: This problem can be converted into making one set as close to ~ as possible. We consider an 
2 

equivalent problem of making one set as close to w~ l~ I as possible. Deline FD(1. w) to be the minimal gup 

bet ween the weight of the bag nnd W when using the first i gifts only. WLOU , we cnn nssume the weight of the 
bag is always less than or equal lo W. The n fill the DP tnble for Os;is; n a nd Os; w S W in which F(O, w) = W for a ll 
w, and 

FD(i, w) = min{FD(i - 1. w - w,)-w1• FD(i - 1, w)} if (FD(i - 1, w - w,) ~ w1 
= FD(i - I, w) otherwise 

This lakes O(nS) lime. F/J(n. W) is lhc minimum gop. Finully, to reconstruct the nnswer, we backtrack from 
(11. W). During backtracking, if PD(i,j) = FD(i - l,j) then 1 is 1101 selected in the bag and we move to F(i - 1,j). 
Otherwise, 1 is selected and we move to P(i - LJ - iv,). 
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20 

20.1 Introduction 
In lhe previous chapters we have solved problems of different complcxilies. Some a lgorithms have lower rates of 
growth whi le olhers have higher rates of growth. The problems with lower rates of growth an.: ca lled easy 
problems (or easy so/11ecl problems) and the problems with higher rates of growth arc ca lled hard problems (or 
hard sollled problems). This c lassification is done based on the running time (or memory) that an algorithm takes 
for solving the problem. 

Time Complexity Name Example Problems 
0(1) Constant Adding an element to the front of a linked list 

0(10911) Logarithmic Finding an clement in a binary search tree 

O(n) Linear Finding an element in an unsorted array 

O(nlogn) Linear Logarithmic Merge sort 

O(n2) Quadratic Shortest path between two nodes in a graph Easy solved problems 
O(n3) Cubic MaLrix M ultiplicalion 

0(2") Exponential The Towers of Hanoi problem 
Hard solved problems 

O(n!) Factorial Permutations of a string 

There are lots of problems for which we do not know the solutions. AJI the problems we have seen so far arc the 
ones which can be solved by computer in deterministic time. Before starling our discussion let us look at the 
basic terminology we use in this chapter. 

20.2 Polynomial/Exponential Time 
Exponential Lime means, in essence, trying every possibility (for example, backtracking algorithms) and they a rc 
very slow in nature. Polynomial time means having some clever algorithm to solve a problem, and we don't lry 
every possibility. Mathematically, we can represent these as: 

• Polynomial Lime is O(nk), for some k. 
• Exponential time is O(k"). for some k. 

20.3 What is a Decision Problem? 
A decision problem is a question with a yes/no answer and the answer depends on Lhe values of input. For 
example, the problem "Given an array of 11 numbers, check whether then: are any dupUcalcs or not?" is a 
decision problem. The answer for this problem can be either yes m- no depending on Lhe values of the input 
array. 

Yes 

Inpu t Algorithm 

No 
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20.4 Decision Procedure 
For a given decision problem let us assume we have given some algorithm f01· solving it. The process of solving a 
given decision problem in Lhe form of an a lgorithm is called a decision procedure for that problem. 

20.5 What is a Complexity Class? 
In computer science, in order to understa nd the problems for which solutions are not there, the problems are 
divided into classes and we call them as complexity classes. In complexity theory, a complexity class is a set of 
problems with related complexity. It is the branch oft heory of computation that studies the resources required 
during computation to solve a given problem. 

The most common resou rces a re lime (how much t ime the a lgorithm takes to solve a problem) and space (how 
much memory it takes). 

20.6 Types of Complexity Classes 

P Class 
The complexity class P is the set of decision problems that can be solved by a deterministic machine in 
polynomial time (P stands for po lynomia l time). I' problems arc a set of problems whose solutions are easy to 
find. 

NP Class 
The complexity class NP (NP s tands for non-deterministic polynomial time) is the set of decision problems that 
can be solved by a non-deterministic machine in polynomial time. NP class problems refer to a set of problems 
whose solutions are hard to find, but easy to ve rify. 

For better understanding Jet us consider a college which has 500 students on its roll. Also, assume that there 
arc 100 rooms a vaila ble for students. A selection of I 00 students mus t be pa ired together in rooms, bul the dean 
of students has a list of pairings of certain students who ca nnot room together for some reason. 

The total po:;sible number of pairing:; is loo la rge. But the solutions (the lis t o f pa irings) provided lo the dean, 
arc easy to check for errors. If one of the prohibited pairs is on the li:;t, that's an e rror. In this problem, we can 
see that checking every possibility is very diffic ult, but the result is easy to validate. 

Thal means, if someone gives us a solution lo the problem, we can tell them whether it is right or nol in 
polynomial lime. Based on the above discussion, for NP class problems if the answer is yes, then there is a proof 
of this fact, which can be vel'ificd in polynomia l time. 

Co-NP Class 
Co - NI' is t he opposite of NI' (complement of NI'). If the answer to a proble m in Co - NP is no, then there is a 
proof of this fact that can be c hecked in polynomial time. 

p Solvable in polynom ia l time 
NP Yes a nswers can be c hecked in polynomial time 
Co-NP No answers can be checked in polynomia l time 

Relationship between P, NP and Co-NP 
Every decision problem in P is also in NP. If a problem is in P, we can verify YES answers in polynomia l time. 
Similarly, any problem in Pis a lso in Co - NP. 
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One of the important open questions in theoretical computer science is whether or not P = NP. Nobody knows. 
Intuitively, it should be obvious that P =t= NP, but nobody knows how to prove it. 

Another open question is whether NP and Co - NP are different. Even if we can verify every YES answer quickly, 
there's no reason lo think thal we can also verify NO answers quickly. 

l t is generally believed t hat NP =t= Co - NP, but again nobody knows how to prove it. 

NP-hard Class 
It is a class of problems such that every problem in NP reduces to it. All NP-hard problems are not in NP, so it 
lakes a long time to even check them. That means, if someone gives us a solution for NP-hard problem, it takes 
a long time for us to check whether it is righ t or not. 

A problem K is NP-hard indicates that if a polynomia l-time a lgorithm (solution) exists for/( then a polynomial­
time a lgorithm for ever·y problem is NP. Thus: 

K is NP-ha rd implies that if/( ca n be solved in polynomial time, th en P = NP 

NP-Hard 

NP-complete Class 
Finally, a problem is NP-complete if it is part of both NP-hard and NP. NP-complete problems arc the hardest 
problems in NP. If anyone finds a polynomial-time a lgorithm for one NP-complete problem, then we ca n find 
polynomial-time algorithm for every NP-complete problem. This means that wc can check an answer fast and 
every problem in NP reduces to it. 

NP-Hard 

NP-Complete 

Relationship between P, NP Co-NP, NP-Hard and NP-Complete 
Prom the above discussion, we can write the rela tionships between different components as shown below 
(remember, this is just an assumption). 

NP-Hard 

NP-Complete 

The set of problems that a rc NP- ha rd is a s trict superset of the problem s t hat a rc NP-comple te. Some proble ms 
(like the ha iling problem) a rc NP-ha rd, but not in NP. NJJ-ha rd problems might be impossible Lo solve in general. 
We can tell t he difference in difficully between NP-hard and Nf'-complele problems because the c lass 
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NP includes everything easier tha n its "toughest" problems - if a problem is not in NP, it is harder than a ll the 
problems in NP. 

Does P==NP? 
If p = NP, it means that every problem thot can be c hecked quick ly can be solved quickly (remembe r the 
ctiffcrence between c hecking if a n answer is righl a nd actually solving a problem). 

This is a big question (a nd nobody knows the a nswer), because right now there a re lots of NP-complete problems 
that can't be solved quickly. If P = NP , that means there is a way to solve them fast. Remember that "quickly" 
means not trial-and-error. It could take a billion yea rs, but as long as we didn't use trial and error, it was quick. 
ln future, a computer will be able to c ha nge cha t billion years into a few minutes. 

20. 7 Reductions 
Before discussing red uc tions, let us consider the following scenario. Assume thal we wanl Lo solve proble m X 
but feel it's very complicated. In this case what do we do? 

The first thing that comes to mind is, if we have a s imilar problem to that of X (let us say Y), then we try to map 
X to Y and u se Y's solution to solve X a lso. This process is called reduction . 

Instance 
of lnput 
(for X) Algorithm fo r Y 

Algorithm for X 

8olulion 
to I 

In o rder to map problem X to problem Y, we need some a lgorithm and thnt may lake linear time or more. Based 
on this discussion the cost of solvi ng problem X co n be given ns: 

Cost of solvi11g X = Cost of so /vi119 Y + ReducLio11 Lime 

Now, le t us conside r the other scena rio . For solving problem X, sometimes we may need to use Y's algorithm 
(solution) multiple limes. In tha t case, 

Cost of solving X = Numher of 1'imes * Cos t of solving X + Reduction time 

The main thing in NP-Complete is reduc ibili ty. Tha l means, we reduce (or traJ1s form) given NP-Complete 
problems to other known NP-Complete problem. S ince the NP-Comple te problems a re ha rd to solve and in order 
to prove that given NP-Complete problem is ha rd, we take one existing ha rd problem (which we can prove is 
ha rd ) a nd lry t.o map g iven proble m Lo lhn t nnd fina lly we prove thal the given problem is hard. 

Note: IL's not compu lsory to reduce the give n proble m Lo known ha rd problem to prove its ha rdness. Sometimes, 
we reduce the known hard problem lo given problem. 

Important NP-Complete Problems (Reductions) 
Satisfiability Proble m: A boolea n formu la is in ccmj1111clive normal f'orm (CNF) if it is a conjunction (AND) of 
severa l c la uses, each of whic h is the d isjunc tion (OR) of several literals, each of whic h is either a varia ble o r its 
negation. For example: (Cl V b V c v cl v e) /\ (b v -c v - cl) /\ (- a v c v cl) /\ (a v - b) 

A 3-C NF formula is u CNF formu la wil h exactly three literals per clause. The previous example is not a 3-CNF 
formula, s ince its first clause has five litera ls a nd its last clause has only two. 

2-SAT Problem: 3-SAT is just SAT restricted to 3-CNF formulas: Given a 3-CNF formula, is there an assignment 
to the variables so tha t the form u la eva luates to TRUE? 

2-SAT Problem: 2-SAT is just SAT restricted to 2-CNF fonnulas: Given a 2-CNF' formula, is there an assignment 
to the variables so that the formula eva lua tes to TRUE? 

Circuit-Satisfiability Problem: Given a bookan combina tiona l c ircuit composed of ANO, OR and NOT gates, is 
it satisfiable?. Tha l meuns, given u boolean circuit consisting of AN D, OR and NOT gates propedy connected by 
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wires, the Circuit-SAT problem is to decide whether there exists an input assignment fo r which the ou tput is 
TRUE. 

CNF-SAT ._ ___ _ NP-hard unless P= NP 

3-CNF-SAT Clique 

Dir-Ham-Cycle 

l 
Ham-Cycle 

~ 

l 
Planar-3-Color 

Ind-Set Vcrlex-Covcr 

Set-Cover Subset-Sum 

Ham- Palh TSP 
Partition Integer Programming 

1 
Shortest-Path Schedule Knapsack 

Hamiltonia n Path Problem (Ha m-Path): Given an undirected graph, is there a path that visits cver-y vertex 
exactly once? 

Hamiltonian Cycle Problem (Ham-Cycle ): Given an undirectt:d graph, is there a cycle (where start and end 
vertices are same) that visits every vertex exactly once? 

Directe d Hamiltonian Cycle Problem (Dir-Ha m-Cycle ): Given a directed graph, is there a cycle (where start 
and end vertices a rc same) that visits every vertex exaclly once? 

Travelling Salesm an Problem (TSP): Given a list of cities and lhcir pair-wise distances, the problem is Lo find 
Lhe shortesl possible tour that visits each city exactly once. 

Shortest Path Problem (Shortest-Pat h): Given a directed graph and two vertices sand L, check whether there 
is a shortest simple path from s Lo t. 

Graph Colorin~ A k-coloring of a graph is to map one of k 'colors' to each vertex, so that every edge has two 
different colors al its endpoints. The graph coloring problem is to find the smallest possible number of colors in 
a legal coloring. 

3-Color problem: Given a graph, is it possible to color the graph with 3 colors in such a way that every edge has 
two different colors? 

Clique (also called complete graph): Given a graph, the Cl.IQ/JI:: problem is to compute the number of nodes in 
its largest complete subgraph. That means, we need to find the maximum subgraph which is also a complete 
graph. 
Independent Se t Problem (Ind_Set): Let G be an arbitrary graph. An independent set in G is a subset of the 
vertices of G with no edges between them. The maximum independent set problem is the size o f Lhe la rgesl 
independent set in a given graph. 

Vertex Cover Proble m (Vertex-Cover): A vcncx cover- of a graph is a set of vertices that touches every edge in 
the graph. The venex cover problem is Lo find the smallcsl vertex cover in a given graph . 

Subset Sum Proble m (Subset-Sum): Given a scl S of integers and an integer T, determine whether S has a 
subset whose elements sum to T. 
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Integer Programming: Given integers b,, a1i find 0/1 variables x1 thaL satisfy a Linear system of equations. 
N L a;;xi = bi 1 ::::; i ::::; M 

/ = I 
xi E {0.1} 1 ::::; j ::::; N 

In Lhe figure, arrows indicate Lhc reductions. For example, Ham -Cycle (Hamiltonian Cycle Problem) can be 
reduced to CNF-SAT. Same is the case with a ny pair of problems. For our discussion, we can ignore the 
reduction process for each of the problems. There is a theorem called Cook's Theor·em which proves that Circuit 
satisfiability problem is NP-hard. That means, Circuit satisfiability is a known NP-hard problem. 

Note: Since the problems below a rc NP-Complete, they are NP and NP-hard too. For s implicity we can ignore the 
proofs for these reductions. 

20.8 Complexity Classes: Problems & Solutions 
Problem-I What is a qu ick a lgorithm? 

Solution: A quick a lgorithm (solution) means not trial-and-error solu tion. It cou ld take a billion years, but as 
long as we do not use trial and error, it is efficient. Future computers will change those billion years to a few 
minutes. 

Problem-2 What is an effic ient a lgorithm? 

Solution: An a lgorithm is said lo be efficien t if it satisfies the following properties: 

• Scale with input si7..c. 
• Don't care about constants. 
• Asymptotic running time: polynomial time. 

Problem-3 Can we solve all problems in polynomial Lime? 

Solution: No. The answer is trivial because we have seen lots of problems wh ich take more than polynomial 
time. 

Problem-4 Arc there any problems which arc NP-hard? 

Solution: By definition, NP-hard implies that it is very hard. Thal means it is very hard to prove and to verify 
thaL it is ha1·d. Cook's Theorem proves that Circuit satisfiability problem is NP- hard. 

Por 2-SAT problem, which of the following are applicable? Problem-5 
(a) P (b) NP (c) CoNP(d) NP-Hard 
(c) CoNP- Hard (f) NP-Complete (g) CoNP-Completc 

Solution: 2-SAT is solvable in poly-Lime. So it is P, NP, a nd CoNP. 

Por 3-SAT problem, whic h of the fo llowing arc applicable':> Problem-6 
(u) P (b) NP (c) CoN/'(cl) N/'-Ha rcl 
(e) CoNJ>- Hard (f) NP-Complete (g) CoNP-Complelc 

Solution: 3-SAT is NP-complete. So it is NP, NP- Hard, and NP-complete. 

Problem-7 
(a) P 

For 2-Clique problem, which of the following are applicable? 
(b) NP (c) CoN I' 

(c) CoNP- ll urd (I) NP-Complete (g) CoNP-Complete 
(d) NP- Hard 

Solution: 2-Clique is solvable in poly-lime (check for an edge between a ll vertex-pairs in O(n2) Lime). So it is 
P,NP, and CoNP. 

Problem-8 
(a) P 

For 3-Cliquc problem, which of the following arc applicable':> 
(b) NP (c) CoNP 

(e) CoNP-Hard (I) NP-Complete (g) CoNP-Complctc 
(d) NP-Hard 

Solution: 3-Clique is solvable in poly-time (check for a triangle between nil vertex- triplets in O(n3 ) Lime). So it is 
P, NP, and CoNP. 

Problem-9 Consider the problem of determining. For a give n boolean formula, check whether every 
assignment lo the varia bles satisfies it. Which of the following is applicable·:> 
(u) /> (b) NP (c) CoNP (d) NP- llard 
(c) CoNP-1 lard (f) NP-CompleLe (g) CoNP-Complctc 
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S o lution: Tautology is the complimentary problem lo Satis fi a bility, which is NP-complete, so Tautology is CoNP­
complete. So it is CoNP, CoNP-hard, a nd CoNP-completc. 

Problem-10 Let S be a n NP-complete proble m a nd Q a nd R be two olhc r problems not known lo be in NP. Q 
is polynomia l lime reduc ible to S a nd S is polynomial-lime red uc ible lo R. Whic h one of the following 
statements is true? 

(a ) U is NP-complete (b) U is Nl' - h ard (c) Q is NP-complete (d) Q is Nl'-ha rd. 

Solution: R is NP-ha rd (b). 

Problem-11 Let A be the problem of finding a Hamiltonian cycle in a gr a ph G = (V, £), with WI divisible by 3 
and B the problem of determining if Ha miltonia n cycle exis ts in such gra phs. Which one of the following is 
true? 
(a) Both A a nd Bare NP-hard 
(c) A is NP- ha rd, but 8 is not 

Solution: Both A a nd 8 arc NP- h a rd (a ). 

(b) A is NP- hard , bul 8 is nol 
(d) Neither A no r 8 is NP-hard 

Problem-12 Let A be a problem that belongs to the class NP. State whic h of Lhe following is true? 
(a ) There is no polynomial Lime algorithm for A. 
(b) If A can be solved deterministically in polynomial time, then P = NP. 
(c) If A is NP-hard, then it is NP-complete. 
(d) A may be undec idable. 

Solution: If A is NP-hard, then it is NP-complete (c). 

Problem-13 Suppose we assume Vertex - Cover is known to be NP-complete. Based on our reduc lion, can we 
say Independent - Set is NP-comple te? 

Solution: Yes. This follows from the two conditions necessary to be Nf'-completc: 

• Independent Set is in NP, as stated in the problem. 
• A reduction from a known NP-complete proble m. 

Problem-14 Suppose Independent Set is known to be NP-complete. Based on our reduction, is Vertex Cover 
NP-complete? 

Solution: No. By reduction fro m Vertex-Cover to fndepende nl -Set, we do not know the difficu lty of solving 
Independent-Set. This is because Independent-Sci could sti ll be a much ha rder problem th a n Ve r-tcx-Cover. We 
have not proved Lhal. 

Problem-15 
Explain. 

The class of NP is the class of la nguages that cannot be accepted in polynomia l time. Is it true? 

Solution: 

• The class of NP is Lhe c lass of la ng uages thal ca n be verified in poly11nmial time. 
• The class of Pis lhc c lass of la nguages that ca n be decided in polynomial time. 
• The c lass of P is the c lass of la nguages lhal ca n be accepted in µo/ynomial lime. 

P !;;;; NP a nd "la nguages in P can be accepted in poly nomia l Lime", the description "la nguages in NP cannot be 
accepted in polynomia l time" is wrong. 

The term NP comes from nondeterministic polynomial lime a nd is derived from a n a lternative characleri7,ation 
by using nondetermin istic polynomial time Turing machines. fl has nothing lo do with "cannot be accepted in 
polynomial lime". 

Problem-16 Diffe re nt e ncodings would ca use d ifferent time complexity for the same a lgori thm. Is it tr-ue? 

Solution: Tr·uc . The time complexity of the same a lgorithm is different between unary encoding and binary 
encoding. But if Lhe two encodings arc polynomiully rela ted (e.g. base 2 & busc 3 encodin~s), the n cha nging 
between them will not cause the time complexity lo c ha nge. 

Problem-17 If P = NP, then NPC (NP Complete) i;; P. Is it true? 

Solution: True. If P = NP, the n for any la nguage L E NP C (1) L E NPC (2 ) Lis NP-hard. By the first condition, L E 
NPC !;;;; NP= P ~ NPC i;; P. 

Problem-18 If NPC ~ P, the n P = NP. Is it true? 

Solut ion : True. All the NP problem can be reduced to arbitrary NPC proble m in polynomia l time, a nd NPC 
problems can be solved in polynomial time because NPC ~ P. ~ NP problem solvable in polynomia l lime ~ NP!;;;; 
P and trivially P i;; NP implies NP = P. 

20.8 Complexity Classes: Problems & Solutions 459 



Daw Structure and Algorithmic Thinking with Python 

MISCELLANEOUS 

CONCEPTS 

21.1 Introduction 
In this chapter we will cover the topics which are useful for interviews and exams. 

21.2 Hacks on Bitwise Programming 

Mi scellaneous Concepts 

CIIAl->TEl< 

21 

In C and C ++we can work with bits effectively. Pirst let us see the definitions of each bit operation and then 
move onto different techniques for solving the problems. Basically , there are six operators that C and C + 
+support for bit manipulalion: 

Symbol Operation 
& Bitwise AND 

I Bitwise OR 
/\ Bitwise Exclusive-OR 
« Bitwise left shift 
» Bitwise right shift 
- Bitwise complement 

21.2.1 Bitwise AND 

The bitwise AND tests two binary numbers and returns bit values of 1 for positions where both numbers had a 
one, and bit values of 0 where both numbers did not have one: 

21.2.2 Bitwise OR 

01001011 
& 00010101 

00000001 

The bitwise OR tests lwo binary numbers and r<::lurns bit values of 1 for positions where either bit or both bits 
arc one, the result of 0 only huppcns when both bits are 0: 

21 .1 In troduction 

0 I 001011 
00010101 

01011111 
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21.2.3 Bitwise Exclusive-OR 
The bitwise Exclusive-OR tests two binary numbers and returns bi t values of 1 for positions where both bits arc 
different; if they are the same then lhc result is 0: 

21.2.4 Bitwise Left Shift 

010010 11 
A 00010 101 

0101 11 10 

The bitwise left shift moves all bits in the number to the left and fills vacated bit positions with 0. 

01001011 
<< 2 

00101100 

21.2.5 Bitwise Right Shift 
The bitwise right shift moves all bits in the number to the r ight. 

01001011 
» 2 

??0 10010 

Note the use of? for the fill bits. Where the left shift filled the vacated positions with 0, a right shift will do the 
same only when the value is unsigned. rf the value is signed then a ri ght shift will fill the vacated bit positions 
with the sign bit or 0, whichever one is implementation-defined. So the best option is to never right shift signed 
values. 

21.2.6 Bitwis e Compl ement 
The bitwise complement inverts the bits in a single binary number. 

01001011 

10110100 

21.2.7 Checki ng Whether K-th Bit is Set or Not 

Let us assume that the given number is n . Then for checking the Ku' bit we can use the expression: n & (1 « K -
1). If the expression is true then we can say the Ku' bit is set (that means, set to 1). 

Example: n = 01001011 and [( = 4 
1 « /( - 1 00001000 

n & (1 « /( - 1) 0000 I 000 

21.2.8 Sett in g K-th Bit 

For a given number n, to set the K11' bi t we can use the expression: n I I «(I< - 'l ) 

E'xample: 

21.2.9 Clearing K-th Bit 

n = 0·1001011 andK = 3 
1 « K - 1 00000100 

n I (1 « I< - 'l) 0 l 00 I I I I 

To clear [( 1·
1
' bit of a given number n, we can use the expression: 11 & - (1 « [( - 1) 

Example: I! = 010010 11 and K = 4 
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21.2.10 Toggling K-th Bit 

1 « K -1 00001000 
-(l«K -1) 11110111 

n&-(l«K -1) 0 1000011 

r or a given number 11, for toggling Lhe Kr11 bil we can use lhe expression: n "( I « K - 1) 

Hxamrile: n = 01001011 and K = 3 
1 « K - 1 00000100 

n"(l«K - 1) 01001111 

21.2.11 Toggling Rightmost One Bit 
ror a given number 11, for togglin g ri ghtmost one bit we can use the expression: 11 & 11 - 1 

/:'xample: n = 01001011 
n - 1 0100 l 0 1 0 

n & n - 1 0100l010 

21.2.12 Isolating Rightmost One Bit 
For a giv en number 11, for isolalin g ri ghLmost one bit we can use Lhc expression: n & - 11 

Hx ample: It = 01001011 
- 11 10 l l 0 I 0 I 

n & - n 0000000 1 

Note: For com puling - 11, use two's complement representation. That means, toggle all bits and add 1. 

21.2.13 Isolat ing Rightmost Zero Bit 

For a given number 11, for isolating rightmost :--.cro bit we can use the expression: - 11 & 11 + 1 

Hxample: 0100'1011 
10110100 
01001100 

-n & n + 1 00000 100 

11 = 
-n 

7l + 1 

21.2.14 Checking Whether Numb er is Power of 2 or Not 

Given number 11, lo check whether lhc number is in 2" form for not, we can ui;e the expression: i/(11 & 11 - 1 == 
0) 

Hxarnple: It = 
n-1 

n&n-1 
if(n & n - 1 == 0) 

OJ001011 
OlOOJOlO 
01001010 

0 

21.2.15 Multiplying Number by Power of 2 

Por a given number n, lo mulliply lhc number with 211 we can use the expression: 11 « K 

Example: 11 = 00001011 and K = 2 
n « K 00 I 0 I I 00 

21.2.16 Dividing Number by Power of 2 

For a given number 11, lo divide the number with 211 we can use the expression: n » K 

f:xample: 11 = 00001011 and K = 2 
n » K 000 I 00 I 0 
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21.2. 17 Finding Modulo of a Given Number 

For a given number 11, to find the %8 wc can use the expression: 11 & Ox7. SimiJarly, to find %32, use the 
expression: n & Ox IF 

Note: Similarly, we can find modulo value of any number. 

21.2. 18 Reversing the Binary Number 

For a given number n, to reverse the bits (reverse (mirror) of binary number) we can use the following code 
snippet: 

def rcverseNumber(n): 
nRcversc = n 
s - n.bit length() 
whilc(n): 

nReverse <<• I 
nReverse I= (n & I) 
s -= 1 
n >>= l 

nRcvcrse <<= s 
return nReversc 

n=4 
prin t n, rcverscNumbcr(n) 

Time Complexity: This requires one iteration per bit :rnd the number of iterations depends on the size of the 
number. 

21.2.19 Counting Number of One's in Number 
For a given number 11, to count the number of l's in its binary representation we can use any of Lhe following 
methods. 

Metbodl: Process bit by bit 

def numberOfOncs(n): 
count"'O 
whi lc(n): 

count += n & 1 
n >>= 1 

prinl count 

Time Complexity: This npprooch requires one it.era li on per bit nnd the number of it.erali ons depends on system. 

Mct hod2: Using mod1il o approuch 

def number0 f0ncs2(n): 
count=O 
whil e(n): 

if(n%2 == I): 
count+= 1 

n = n/2 
pri nt count 

Time Complexity: This requires one iteration per bit and the number of iterations depends on system. 

Method3: Using toggling appronch: 11 & 11 - I 

def number0f0nes3(n): 
COUl1t""'0 
while(n): 

count+- 1 
n &= n - I 

pri nt count 

Time Complexity: The number of iterations depends on the number of I bits in the number. 

Metbod4: Using preprocessing idea. In this met hod, we process the bits in groups. f'or example if we process 
Lhcm in groups of 4 bits at a time, we create n table which indicates the number of one's for each of lhose 
possibili ties (as shown below). 
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0000-.0 0100-.1 1000-1 1100--2 
0001-1 0101-+2 1001-2 1101-3 
0010-1 0110--2 1010-2 1110 ,3 
0011-2 0111-3 1011-+3 1111-.t 

The following code to count the number of ls in the number with this approach: 

def numbcr0f0ncs4(n): 
Table - 10, l , 1,2, l,2,2,3, 1,2,2,3,2,3,3,41 
counl = 0 
while {n): 

count= count+ Tableln & OxFI 
n >>= 4 

print count 

T1111r Compkxity: This npproorh requires one itcrntion p1·r 4 l>ils nn<I thr number of ilt'rations clrprnds on system. 

21.2.20 Creat ing Mask for Trailing Zero's 

For a given number 11, to create a mask for trail ing zeros, we can use the expression: (11 & - 11) - 1 

Hxam/)le: n = 
-n 

n &- n 

01001011 
10110101 
00000001 
00000000 (11 &- 11) - I 

Note: In the above case we arc getting the mask as all zeros because there arc no trailing 7.cros. 

27 .2.21 Swap all odd and even bits 

Hxamvle: n = 01001011 

Find even bits of given number {evenN) = n &. OxAA 00001010 
Find odd bits of given number (oddN) = 11 & Ox55 0 I 00000 I 

cvenN »= I 00000 I 0 I 
oddN «- 1 I 00000 I 0 

Final Expression: evenN I oddN 10000111 

21.2.22 Performing Average without Division 

ls there a bit-twiddling algorithm to replace mid = (low + high)/ 2 (used in Binary Search and Merge Sort) with 
something much foster? 

We cun use mic/ = (low+ high)>> 1. Note thut using (low I high)/ 2 for midpoint calculalions won't work 
correcll y when integer overOow becomes an issue. We eun use bit shifting and also overcome o possible ovcrnow 
issue: low I ((high - low)/ 2) and the bit shifting operation fo r this is low+ ((high - low) >> 1). 

21.3 Other Programming Questions with Solut ions 
Problem- I Give an algorithm for printing the matrix elements in spiral order. 

Solution: Non-recursive solution involves directions right. left, up, down, and dealing their corresponding 
indices. Once the first row is printed, direction changes (from right) to down, the row is discarded by 
incrcmen1111g the upper limit. Once the last column is printed, direction changes to left, the column is discarded 
by decrementing the right hand limit. 

def spirallterativc(n): 
dx,dy = 1,0 # Starting increments 
x,y - 0,0 #Starting localion 
matrix = l(Nonc)* n for j in range(n)) 
for i in xrunge(n**2): 

maLrixlxllyl i 
nx,ny • x+dx, y+dy 
if O< nx<n und O<=ny<n und matrixjnx]l nyj == None: 

x,y .. nx,ny 
else: 

dx,dy -dy,d:x 
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x,y = ::>t+d.X, y+dy 
return matrix 

def print$piral(matrix): 
11 = range(len(matrix)) 
fory inn: 

for x inn: 
print "%2i" % matrixlxJtyJ, 

print 

print§pkal(spirallterative(5)) 

Recursive: 

def spiral(n): 
def spiralPart(x, y, n): 

if x == - l and y == O: 
return -1 

if y .... (x+l) and x < (n // 2): 
ret\lrn spiralPart(x-1, y-1, n-1) + 4*(n-y) 

if x. < (n-y) and y �< �~� x: 
retu.tll spilf'cUPart(y-1, y, n) + (x-y) + 1 

if x >= (n-y) and y <= x: 
return spiralPart(x, y-1, n) + l 

if x >= (n-y) and y > x: 
return spira!Part(x+ 1, y, n) + l 

ifx < (n-y) and y > x: 
return spiralPart(x, y-1, n) - l 

array= ([OJ * n for j in xrange(n)I 
for x in xrange(n): 

for yin xrange(n): 
array[x](yJ = spiralPart(y, x, n) 

return array 
for row in spiral(S): 

print" ".j<>in("0/o2s" % x for x in row) 

Time Complexity: O(n2). Space Complexity: 0(1) . 

Problem-2 Give an algorilhm for shuffling the desk of cards. 

Miscellaneous Concepts 

Solution: Assume that we want to shuffle an array of 52 cards, from 0 to 51 with no repeats, such as we might 
want for a deck of cards. First fill the array with the values in order, then go through the array and exchange 
each element with a randomly chosen element in the range from itself to the end. It's possible that an clement 
will swap with itself, but there is no problem with that. 

import random 
def shuffle(cards): 

max = Jen(cards)- 1 
while max != 0: 

r = random.randint(O, max) 
cardslrl, cards[max] = cards(max), cards(r] 
max=max-1 

return cards 

data = range{!, 53) 
print shuffle(data) 

Time Complexity: O(n). Space Complexity: 0(1). 

Problem-3 Reversal algorithm for array rotation: Write a function rotate(A(j, d, n) that rotates All of size n 
by d elements. For example, the array 1, 2, 3, 4, S, 6, 7 becomes 3, 4, 5, 6, 7, l, 2 after 2 rotations. 

Solution: Consider the following algorithm. 

Algorithm: 
rotatc(Arrayll, d, n) 
rcverse(Array[I , 1, d) ; 
rcverse(Array[I, d + 1, n); 
reverse(Array[I, 1, n); 
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Let AB be the two parts of the input Arrays where A Array[O .. d- 1 [ and B /\rray!d .. n- LI. The idea of lhe 
algorithm is: 

Reverse A to gel ArB. / * Ar is reverse of A * / 
Reverse B to gel ArBr. / * Br is reverse of B * / 
Reverse all to get (ArBr) r = 8/\. 
F'or example, if Array![ = I l , 2, 3, 4, 5, 6, 71, d =2 and n = 7 then, A = 11, 21 and B = !3, 4, 5, 6, 71 
Reverse A, we gel ArB = J2, J., 3, 4, 5, 6, 71, Reverse B, we gel ArBr = J2, I, 7, 6, 5, 4, 31 
Reverse all , we gel (ArBr) r = [3, 4, 5, 6, 7, 1, 2] 

def rotateLi st(A, K): 
n = K % len(A) 
word= A[::-1) #Reverses the list 
return A!n:J + wordlJen(A)-n:J 

A= !7,3,2,3,3,6,3) 
print A, rot.ateLi st(A, 3) 

Problem-4 Suppose you arc given an array sl l ... n l and a procedure reverse (s,ij) which reverses the order 
of elements in between posilions i and j (both inclusive). Whal does the foll owing sequence 

do, where I < k <= n: 
reverse (s, 1, k); 
reverse (s, k + l, n); 
reverse (s, 1, n); 

(a) Rotates s left by k positions (b) Leaves s unchanged (c) Reverses all elements of s (d) None of the 
above 

Solution: (b). Effect of Lhe above 3 1·cvcrsals for nny k is equivalent lo left rota lion of the array of size 11 by k 
[refer Problem-3]. 

Problem-5 Finding Anagrams in Dictionary: you arc given these 2 files: dicLionary. t.xl and jumblcs.lxt 
Thejumbles.txt file contains a bunch of scrambled words. Your job is to print out those jumbles words, l 
word to a line. After each jumbled word, print a list of real dictionary words that could be formed by 
unscrambling thejumbled word. The dictionary words that you have to choose from arc in the diclionary.Lxt 
file. Sample conlenl of jumbles.: 

nwae: wean anew wane 
eslyep: sleepy 
rpeoims: semipro imposer promise 
ettniner: renitent 
ahieryrhe: hierarchy 
dica: acid cadi ca.id 
dobol: blood 

% 

Solution: Step-By-Step 
Step 1: lniti ali7,ation 

Open Lhc dictionary.LXt fi le and read the words into an array (before going further verify by echoing out 
the words back from the array out to the screen). 

• Declare a hash table variable. 
Step 2: Process the Dictionary for each dictionary word in the array. Do the follow ing: 
We now have a hash table where each key is the sorted form of a dictionary word and the value associated lo it 
is a string or array of dictionary words that sort to that same key. 

• Remove the newline off the encl of each word via chomp($word); 
• Make a sorted copy of the word - i.e. rearrange the individual chars in the string to be sorted 

alphabetically 
• Think of the sorted word as the key value and think of the set of all dictionary words that sort to lhe 

exact same key word as being the value of the key 
• Query the hashtablc to sec if the sortedWord is already one of the keys 
• Jf it is not already presenl then insert the sorted word as key and the unsorted original of the word as 

the value 
• Else concal the unsorted word onto the value string already OLll there (put a space in between) 

Step 3: Process the jumbled word file 
• Read through the jumbled word fil e one word at a lime. As you read each j umbled word chomp it and 

make a sorted copy (the sorted copy is your key) 
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• Print the unsorted jumble word 
• Query the hashtable for the sorted copy. If found, print the associated value on same line as key and 

then a new line. 
Step 4: Celebrate, we are all done 

Sample code in Perl: 

open("MYFIL E", <dictionary. txl>); 
while(<MYFILE>){ 

$row=$_; 
chomp($row); 
push(@wo1·ds,$row); 

} 
my %hasbdic = 0; 
#step 2 
foreacb $words(@words){ 

I 

@not sorled=split (/ /, $words); 
@sortt.'C! "' sort (@not sorted); 

$name=join("" ,@sorted); 
if (exists $hashdic{$name}) { 

$hashdic{$name}. =" $words"; 
} 
else { 

$hashdicj$name}=$words; 

$si7..e=keys %hashclic; 

#step 3 
open("jumbled", <jumbles. bet>); 
while( <jumbled>){ 

$jum = $_; 
chomp($jum); 

@nol_sorted l =split (/ /, $jum); 
@sorted I= sort(@not_sortcdl); 
$name l =join("" ,@sorted l); 

if(length($hashdic!$namel})< 1) { 
print "\n$jum : NO MATCHES"; 

} 
else { 

@value=split(/ / ,$hashdic{$name I)); 
print "\n$jum: @values"; 

#step I 

Problem-6 Pathways: Given a matrix as shown below, calculate the number of ways for reaching 
destination 8 from A. 

A 

Solution: Before finding the solution, we try to understand Lhc problem with a simpler version. The small est 
problem that we can consider is the number of possible routes in a 1x 1 grid. 

From the above figure, it can be seen that 

• From both the bollom-left and Lhc top-right corners there's only one possible route to the destination. 
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• From the top-left corner there arc triv iall y two possible routes. 

Similarly , for 2x2 and 3x3 grids, we can ri ll the matrix us: 

�~� 
0 1 1 
I 2 3 
J 3 6 

From the above discussion, it is clear that to reuch the bottom ri ght corner from left top corner, lhc paths are 
overlapping. As unique paths could overlap at certain points (grid cell s), we could try to alter the previous 
algor ithm, as a way to avoid foll owing the same path again. If we sta rt rilling 4x 4 and SxS, we can easily ligure 
out the solutjon based on our childhood mathematics concepts. 

0 1 .I 1 0 1 1 1 1 
I 2 3 4 1 2 3 4 5 
l 3 6 10 I 3 6 10 15 
I 4 10 20 I 4 JO 20 35 

I 5 15 35 70 

Are you able to ri gurc out the pau crn? It is the same as Pascals tr iangle. So, lo rind the number of ways, we can 
simply scan through the table and keep counting them while we move from left to right and top lo bottom 
(starting with lefl -Lop). We can even solve this problem with mathematical equation of Pascals triangle. 

Problem -7 Given a string tJ1at has a set of words and spaces, wri te a program to move the spaces to f r ont 
of string. You need to traverse l he array only once and you need to adj ust the string in place. 
Input ="move these spaces to beginning" Ottt pltl =" movethcsepacestobcginning" 

Solution: Maintain two indices i and j; traverse from end lo beginning. If the current index contains char, swap 
chars in index i with index j . This will move all t he spaces to beginning of the array . 

def moveSpacesToBegin(A): 
i=len(A)-1 

dataJjst = list(A) #strings atr immutable. Covert iL to list 
j =i 
for j in range(i,- 1, - 1): 

if(nol da la li sllil- isspace()): 
tcmp=da.lali stlil 
data listj ij adalalistLi I 
dat.alistLi l"' temp 
i -= l 

A = " .join(dataJjst) 
return A 

A = "move l hese spaces to beginning" 
pri nt A, " \n", moveSpacesTn8egin(A) 

Time Complexil y : O (n) where 11 is lhe number or chnracters in the input urrny. Space Complexity: 0 (1). 

Problem-8 For the Problem-7, can we im prove the complexity? 

Solution: We can avoid a swap operation with a simple counter. But, it docs not reduce the overall complcxjty . 

def moveSpacesToBegin(A): 
n=<len(A)- l 
dataJjst = list(A) 
count=i = n 
for j in range(i,O, - I ): 

if(not dataHslLi].isspace()): 
da lalist[co·u ntJ= datalisLLi] 
counl -= 1 

while(count>=O): 
datali stlcount]=' ' 
count -= 1 

A = " .join(datali st) 
return A 

A ="move these spaces to beginning" 
print A, " \n", moveSpaccsToBegin(A) 

Time Complexj ty: 0 (11) where 11 is Lhe number of characters in input array. Space Complexity : 0(1). 
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Problem-9 Given a string that has a set of words and spaces, write a program to move the spaces to end of 
string. You need to traverse the array only once and you need to adjust the string in place. 
Input = "move these spaces to end" Output = "movcthcscpaccstoend • 

Solution : Traverse the array from left to r ight. While LI·avcrsing, maintain a counter for non-space elcmems in 
array. For every non-space character AliJ. put the clement at Al co1111tj and incrcmcnl count. After complete 
trnvcrsal, all non-space clcmcnls have already been shifted 10 front end and count is set as index of firsl 0. Now, 
all we need to do is run a loop which fills all clements with spaces from count till end of the array. 

def moveSpaccsToEnd(A): 
n• len(A)-1 
datalist = li sl(A) 
count•i = 0 
for i in rungc(i,n): 

if(not datalist(ij.isspace()): 
datalist(countj= datalistlil 
count+= l 

whilc(cou nt<• n): 
dntalist(counl)='' 
count+= 1 

A= ".join(datalist) 
return A 

A = "move these spaces to beginning" 
print A, "\ n", moveSpaccsToEnd(A) 

Time Complexity: 0(11) where 11 is number of characters in input array. Space Complexity: 0(1). 

Problem-10 Moving Zeros to end: Given an array of 11 integers, move all the zeros of a given array to the end 
of the array. For example, if the given array is {I, 9, 8, 4, 0, 0, 2, 7, 0, 6, O}, it should be changed to {I, 9, 8, 4, 
2, 7, 6, 0, 0, 0, O}. The order of all other elements should be same. 

Solution: Maintain two variables i and j ; and initi alize with 0. For each of the array clement Ali]. if 11(il non-r.cro 
element, then replace the clement 111/J with clement 11lil· Variable i will always be incremented till 11 - 1 but we 
will increment j only when the clement pointed by i is non-zero. 

def moveZcrosToEnd(A): 
i• j .. O 
while (i < .. Icn(A) - 1 ): 

if (A[ij != 0): 

i += 1 

ALiJ = A(i) 
j += 1 

while (j <= len(A) - l ): 
AUi • 0 
j +• I 

return A 
A• [7,0,0,3,0,2,3,3,6,3] 
print A,"\n", moveZerosToEnd(A) 

Time Complexity: O(n). Space Complexity: 0( 1 ). 

Probl cm -11 For Problem-10, can we improve Lhe complexity? 

Solution : Using simple swap technique we can avoid the unnecessary second wllil e loop from the above code. 

def mySwap(A, i, j): 
temp /\(ij;A(il•Alil;Alil=temp 

def movcZcrosioEnd2(A): 
i j•O 
while (i < .. len(A) - 1 ): 

if (A(il !=O): 
mySwap(A,j, i) 
j += l 

i += l 
return/\ 

A 17,0,0,3,0,2,3,3,6,31 
print A,"\n" , moveZerosToEnd2(A) 
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Time Complexity: O(n). Space Complexity: 0(1). 

Problem-12 Vnriant of Problem-10 and Problem- 11: Given an array containing negative and pos1uve 
numbers; give an algorithm for separating positive and negative numbers in it. Also, maintain the relative 
order of posit ive <lnd negative numbers. Input: -5, 3, 2. - 1, 4, -8 Output: -5 - 1 -8 3 4 2 

Solut ion: In the 111ovelernsToH11d function, just replace the condition Ali! !=O with Altl < 0. 

Problcm-13 

Solution: 

Given a number represented as an array of digits, plus one to the number. 

from _ future import division 
import random 
def plus one(digils): 

print digits, '+ 1 =', 
curry I 
for i in rcvcrscd(xrange(len(digits))): 

x = digitsli l 
curry, x divmod(x+carry, 10) 
digitslil ... x 

if carry> 0: digits.insert(O,carry) 
print digits 
return digits 

if name �~� ' main_'· 
plus one(l l ,2,3,41) 
plus one(ll,9,91) 
plus one(l9,9,91) 
plus_one(IO]) 

Problem-14 Give a shuffle algorithm for an array. 

Solution: The Fisher-Yates shuffle algorithm was described by Ronald A. Fisher and Frank Yates in their book 
Statistical tables for biological, agricultural and medical research. The basic method given for generating a 
random pcrmutntion of the numbers l through 11 goes as follows: 

I. Write down the numbers from I through n. 
2. Pit:k u rnndom number k between one and the number of unstruck numbers remaining (inclusive). 
3. Counting from the low end, strikc out the kth number not yet struck out, and write it down elsewhere. 
4. Repeat from step 2 until all the numbers have been struck out. 
5. The sequence of numbers writlen down in step 3 is now a random permutation of the original numbers. 

The algorilhm described by Durstenfeld differs from that given by Fisher and Yates in a small but significant 
way. Whercus a naive computer implementation of risher and Yates' method would spend needless time 
counting the remaining numbers in step 3 above, Dur:;tenfcld':; solution i:; to move the strnck numbers to the 
end or the l ist by swupping them with the last unstruck number al each iteration. This reduces the algori thm's 
time complexity to 0(11), compared Lo O (ni ) for the naive implementation. 

import random 
def ::ihuffleArray(A): 

n .. lcn(A) 
i = n - l 

while i>O: 
j .. int((random.random OJ% (i+l)) 
tmp - Ali - l );A[j-1) = A[j); Ali) = tmp 
i - I 

A - I 1,3,5,6,2,4,6,8) 
shuffi cArra.y(A) 
print A 
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